
L6subspaces ... can be hard to motivate.

So far
,
to every matrix A we have associated two linear

spaces thru the origh :

11) Spandcols ofAY F all b rectors making Ax=b consistent)
This is a parametric description of a shape.

(2) Solution set of Ax=0 (= SpanErectors from PVFY)
This is an implicit description of a shape.

We want to introduce a notion of "linear space the 0"
called subspaces that is independent of the particular
way we have of describing it.

Another example (L3) : both
2x+ y+ 12

= 1
and 1) =H

x+2y + 97 =
- 1

are different descriptions of the same line!

We will get a lot of mileage out of changing our
description of our subspace to something more
convenient for the problem at hand . We want the

language to discuss the subspace as its own thing
la shape) , without carrying around auxiliary data (numbers).
That said, every subspace can be described as a span

:

subspaces and Spans are
are Spans subspaces



(The same is true if you replace "Span" by "Solution
set of a homogeneous system of lear equations")
So you can think "subspace =Span?????
lor "subspace = solutions of (?X = 0)

but of course we haven't chosen spancing rectors yet.

Another advantage: we get a criterion for a subset to
be a span.

Def: A subset of R" is any collection of rectors.

Eg: (a) : unit circle (b) : first quadrant (c) : coordinate axes

& (x,y) = x+y
=
=13 ((x ,y) : x z0yz07((x , y) : xy=0

These are all subsets.

They shouldn't be subspaces though- these don't look
like spans, and subspaces look like spans.

* &

* ↓



Def : A subspace of IR" is a subset V satisfying :

(1) [closed under +] If nveV then ureV

(2) (closed under scalar x]
If veU and ceR then civer .

13) [contains 07 OEV.

These conditions characterize "linear spaces thu O"

among all subsets.

NB : If V is closed under scalar x and ver

then OFOvEV as well, so (3) just forces V

to be nonempty: it says 33 is not a subspace.

Eg: In the examples above:

(a) (b) -v
()
upu

EDu

fails (1),(2), (3) fails only (2) fails only (1)

Here are some easy examples of subspaces.

Eg : so3 is a subspace :

(1) If uvedo3 then U=v=O Entr=OESO3-

(2) it vesos and cell then v=0= cu =OeSo]-
(3) 0503



NB : 503 = SpansT is also a span.

Eg : V= all of IR2 is a subspace

NB : IR" = Spanies...sent is also a span.

The properties are mainly useful for showing that a
subset is not a subspace : you just have to find
one counterexample to one of the axioms.

whole numbers

Eg: V= ((x,y) : X , yeY is not a subspace.

It fails (2) :

16) EV and IER but I(0) &V
·

We will verify that some subsets are subspaces :

Fact : A span is a subspace.

Proof: Let V=Spansvus--., Un3.
(1) Let uveV

.
Then there are scalars XiX2.... Xn

and Yes, ..., Ya such that

u= X,V + X2V+ - -XnVn

v = Y ,V + yaVzt -
- +YnVn .

Then utv = (X .V + X2V+...+Xn() +(YV + y2Vzt - - +ynVn)

= (x
,
+y.) v= + (x+yz)vz + -- + (xn+yn)uV.



(2) Let veV and cEIR
.

Then there are scalars

Xix2. ..., Xn such that

v = X,V + X2V+-- -XnVn
.

Then c
.

v = c (X ,V + X2k+...+Xnk)

= (x) vi + (x2)vz+..+ kXn)vnEV.

(3) 0 = 0 . v
,
+ 0 .

v2+... +O
.Unt V II

Conversely , if V is a subspace and v,vy ... UnEV,
X. Xy, ....,XnEIR then

*Vic X2V, ...,
XnVnEV by (2)

=> XIn +XBEV by (1)

=> (xin + X2V) +XzYEV by (1)

=.. =) X,V, + X 2V+ -- +XnVEV by (1)

So any linear combination of VoVa-Un is in V

=> Spandvik, ..., Un3 is contained in V.

Choose enoughVis to "fill up" V , then'

Fact : A subspace is a span.

More precisely, any subspace can be expressed as a
span (in infinitely many ways).



Fact : The solution set of a homogeneous system of
linear equations is a subspace.

We know how to use PVF to express the solution
set of Ax=0 as a span, so this follows from the
previous fact , but it is instructive to verity it directly.

Proof : Let V= (solution set of Ax=o)
(1) Let uveV . Then ur are solutions of Ax=0:

Auto Ar=O

=> Alutv) =Au+Ar = 0+O =0

Hence utv is also a solution of Ax=O, so

utreV.

(2) Let veV and CER
.

Then v is a solution of
Ax=0 :

Av=O => Alcv)= c. Ar= cO=0.

Hence C.V is also a solution of Ax=0, so creV.

(3) OtV because A.0=0 (this is the trivial
solution), Il



Fundamental Subspaces
To

any matrix A we will associate four subspaces:

ColIA) NulCA) Row(A) NulCAT)

These are just new names for things we have

already considered. We'll discuss (o) & Nul today.

Def : The column space of a matrix is the span
of its columns.

Notation : Col(A) = Span[Cols of A3

This is a subspace of Im m
=Frows of A

~ column picture =# entries in each
column

A column space is a span by definition, so we're
already verified it is a subspace.

conversely , SpanEvova--yun] is the column space of

the matrix with columns v,V ..., Un, so :

column
andSpans are interchangeable.

spaces

Eg: Coll= Span &(2) ,() Span((), (i0)3 =Col(E)



If A has columns Viva Un and X= (xy x2--.,Xn) then

Ax= (4 .-m)() = x,n+x202+ --- +xnm
Cusing the column-first definition) . Hence multiplying by all
vectors X gives all linear combinations of the columns:

Col(A) = EAx : xcIR"]

With this description we have another way to see

that beCol(A) there is an X such that Ax=b,
ie,S Ax=b is consistent.

Column Picture Criterion for Consistency, revisited:

Av=b is consistent () beColIA)

linfinitely
Many different matrices will have the same column space,

Eg : Col() = (the xy-plane I
j

= Col() =Ca( %) = - ..

lany 2 noncollinear rectors in the xy-plane span it

So there are many different descriptions of a subspace as
a Col space.



Def: The null space of a matrix A is the
solution set of Ax =0.

Notation : Nul(A) = [x : Ax=03
This is a subspace of IR"n =#columns
us now picture =#variables

We verified already that Nul(A) is a subspace.

Try not to be intimidated by the new terminology :

A null space is just the solution set

of a homogeneous system of equations

linfinitely
Many different matrices will have the same null space,

Indeed
,
now operations do not change the solution set!

Eg : Nul(Rt()N
etc.

So there are many different descriptions of a subspace as
a Nul space

We know how to find a spanning set for NullA):



Nul(t) F Spannedt(Gauss-

Work

Eg : Express Nul(2 iii) as a span/Col space .
We have to find the solution set of

(2i)x=0

in PVF.

(ii) in 108ii)
X ,=2x2 + Xy
u XzE X2 ~ = x()+X3 =

-

X4

5=
IAs with Col(A)

, there are infinitely many other ways
to do this .)

This procedure lets us pass between two descriptions
of a subspace : Nul no Span/Col



Perspective:

Col & Nul are two ways of describing a
subspace using matrices (so a computer can do
computations).

But when you hear subspace you should think shape:

* &

* #

You should not think numbers :

Col() Nul(2 =)



Implicit vs Parametric Descriptions

ColKA) is a span, so it is a parametric description :
-parameters

Col(2 all rectorof
->It is easy to producerectors in Col(A) :

(5) + 1) , <(2) - (5) , ... (o)()
-> It is hard to check if a vector is in CollA) :

1)Col()?> solve (x= (5) ...

Nul(A) is a solution set
,
so it is an implicit description :

equations

Nul(i) = E solutions X, +2x2+ 3xz = 0 3of 4x, +5x2+6xx=0

-> It is easy to check if a rector is in NulC :

(Nulli)? (n)(18)
-> It is hard to produce rectors in NulCA) :

(i) x=0() = x(-)



In practice, if someone hands you a subset V, either :

(a) You will find a counterexample to one of the
subspace axioms to show that V is not a subspace,
on

:

(b) You will express V as a column or null space
-> this verifies that V is a subspace
-> now you can do computations on V.

In particular, you will (basically) never verify that a subset
is a subspace using the 3 axioms .

Doing (b) is more of an art than a science, but one

rule of thumb is:

- Is V defined in terms of parameters?
Is it easy to produce rectors in V?
-> probably easier to express as a col space/span.

o Is V defined in terms of equations?
Is it easy to check if a rector is in V?
-> probably easier to express as a mill space.



Eg : V = ((x, y,z) ER" : x+y = z3

This is defined by an equation , so it's probably a
null space . In fact

,
x+y zz) X+y-z

=0

so V= Nul (11-1).

Eg : V= <(3) :b
7

This is defined by parameters. It's easy to produce
rectors in Vieg . a=1, b=2> (E) =V.

So it's probably a column space. Rewrite:

(3a+b) = a)+ b(i)
-> V=Span3() (il] =Colli) .


