
L8Last time : We discussed basis & dimension of two

subspaces :

· Col(A) : basis-pivot cols ; dim= rank=# pivots
· Nul(A) : basis = rectors in PVF ; dim=#free wars

Today we'll discuss the other two subspaces
/just replace A by ).

Why? This is the setup for orthogonality theory
- least squares/approximate solutions of Ax=b

.



The Row Space
Def: the row space of A is RowIA) = Col(AT).
The columns of At are the rows of A,

so

Row (A) - SpanGrows of A3.
This is a subspace of R"n = #columns of A

- now picture. =#entries of each now

(that's why we call it the "row picture)
The row space is a span > parametric description.

Eg: Row( =Col(3=Span(), (3) , (2)3
Fact: Row operations do not change the row space.

Proof : Say the rows are visV2, V3
.

· Rat=2Ri : the new rows are v
,
V+Zvi

,
Us
.

Span[v V2
,
v3] = Span5v,+2vi, Us]

because V+LESpanSuV,Va] and

Vi= (v2+ 2 v. ) - Zue Span&r, V+&vi, va?
· RicfR2 : the new rows are v

,
V,V,

and

SpanEvV2v3] = SpanEkV us? -



· R2x2 : the new rows are vi, 2vz, us ,
and

Spandvars? = SpandvZiaus ~ //
This is a column spacelot AT), so we know

how to find a basis (pirotcols of AT) .

Here's a

way to find a basis for RowlA) by doing elimination
on As not AT.

Thm : The nonzero rows in any REF of A form a basis
for Row(A).

Each nonzero now in an REF of A has exactly one

pivot in it
, so:

Consequence: dim Row(A) =# pivots = rank (A)

NB : This implies
rank(AT) = dim Col(AT) =dim Row() = rank (A)

which is not obvious ! It says A & At have

the same #pirots ,
but they may be in different

positions! We don't get this without the thm.



Row Rank = Column Rank

rank(A) = rank(AT)

Eg: Find a basic for Row (2)
(

~s basis : &(2) , (3
You can use

any
net

, eg . the ref :

I)
~ another() , (3



Proof of the Thm :

(1) Spans : now ops don't change the row space ,
and

The zero rows don't make the span any bigger.

(2) LI : A matrix in REF looks like this:

= pivot
O OSI right

S I = anything00 0

right00 0 O

Let's solve the rector equation
X Crow1) + Xz (row2) + Xy(row 3) =0 :

down &x)) + xz()Ys(% ) = 1)
The first coordinate is X1

=0 => X ,
=0

because #0 .

So this simplifies to

x2(8)x() = 1)
Now the 3r coordinate is Xz=0= Xz=0 .

Than X=0 => X3
=0. So the only solution

is X,
= Xz=Xy =0 I



The Left Null Space
↓(no neon(

Def : The left null space of A is Nul(AT).
This is the solution set of ATx =0

.

This is a subspace of R"m= #rows of A

- column picture .

=# cols of AT

The leftmull space is a solution set-> implicit description.

Why is it called the "left hull space"?

Ax = 0 Es O= /Ax)" = XTA
, so

Nul(AT) = Grow rectors X-IR* : XTA= 03

NullAT) is amull space ,
so you know how to compute

a basis (PVF of Ax=0). You can also find a basis

by doing elimination on A
,
not AT.

Thm/Procedure : To find a basis of NullAT) :

(1) Form the augmented matrix (AlIm).
(2) Eliminate to REF IUIES,

The rows of E to the right of the zero rows of U

form a basis for Nul(AT).

In fact, you can stop elimination once U is in REF ;

you don't need all of (UIE) to be in REF.



supplementThere's a slick proof in the &

'(TEg : Find a basis for Nul(2 =2

Form the augmented matrix & eliminate :

I↓O

zerof

↳ basis (i) 3
Check : (1 +11) (212) = 1000)/

NB : if you just want a basis for Nul(AT) and don't

have any other reason to do elimination onA
,
it's

easier to just find the PVF of Ax=0.

Since U is an REF of A ,
the#nonzero rows is the

# pivots of A = the rank of A.

Consequence : dim Nul(AT) = Frows-rank (A)

https://services.math.duke.edu/~jdr/2425s-218/materials/nulAT.pdf


NB : row operations change Nul(AT).

eg
: According to the thm,

to find a basis for

Null ),
we put this matrix in REF

2 I

&3
It's already in REF, so a basis is 3(%)3.
But we computed in a previous example that

(253(E)12 -1 -2

and Nul(2) has basis [
so Nul( *Null



Summary: The Four Subspaces
A : mxn matrix of rank

implicity/
Subspace of rowl dim basis parametriccol

M pivot cols
Col(A) IR" col of A parametric

vectors in

Nul (A) R" row n
- r

PVF implicit
nonzero rowsRow (A) R"now v
in REFA) parametric
last m-rNul(AT) IR" col m-r
rows of E implicit

The row picture subspaces Nul(A) , Row(A) are

unchanged by now operations
The column picture subspaces ColIA)

, NullAT) are

changed by now operations
The row & column pictures each have one parametric & one

implicit form subspace.

row picture column picture
dim CollA)

dim Nul(A) Nul(A) y
+ dim Nul(AT)

+ dim Row() & Col(A)
= n a Ra IRm

=
m



[DEMO 1] [DEMO 2] [DEMO 3] [DEMO 4]

The row space lives in the
..

now picture !
Thewull space lives in the

..
now picture !

The other two live in the ..
column picture!

That's how you keep them straight!

Here's an important numerical consequence It relates-

the dimension ("size") of the column space to the
dimension of the null space.

Rank- Nullity Theorem
dim Col(A) + dim NullA) = n

=#columns of A

NB : You can compute bases for all four subspaces by
doing elimination once on (AlIm)me(UIE)

(1) An REFof Any pivots us basis of Col(A)

(2) The RREF of Au> PVFu> basis of NulLA)

(3) An REFof Any nonzero rows-f basis of RowlA)

(4) Last mer rows of Ev> basis of Nul(AT)·

However, if you only need a basis for Nul(AT), just
find the RREF of A instead . )

https://services.math.duke.edu/~jdr/ila/demos/Axequalsb.html?mat=0,0,0:0,0,0:0,0,0&x=0,0,0&closed&lock=true
https://services.math.duke.edu/~jdr/ila/demos/Axequalsb.html?mat=1,2,-1:-2,-4,2:2,4,-2&x=0,0,0&closed&lock=true
https://services.math.duke.edu/~jdr/ila/demos/Axequalsb.html?mat=1,2,-1:-1,1,-2:-1,4,-5&x=0,0,0&closed&lock=true
https://services.math.duke.edu/~jdr/ila/demos/Axequalsb.html?mat=1,2,-1:-1,1,-2:-3,4,-5&x=0,0,0&closed&lock=true


Full-Rank Matrices

Since each now and each col has at most one pivot,

#pirots = rank(A) =min[#rows, #cols]

A "random" matrix will have the largest rank possible:
ie

,
this will be an equality. This is a very important

special case.

Def : An mxn matrix of rank r has:

· full column rank (FCR) if r= n
O

levery column has a pivot] I:
· fullrow rankRM

= 100%
NB :

· If A has FCR then norem
= A is tall or square (rows[#cols)
· If A has FRR then miren
= A is wide or square (#cols[frows)
· If A has FCR and FRR then ner = m

=> A is square.



Here is a list of properties of matrices that translate
into "pivot in every column" :

Thm : Let A be an men matrix.

The Following Are Equivalent:>Storagemattea
(1) A has full column rank

11) A has a pivot in every column

(11) A has no free columns

(2) Nul(A)= 303 + simple description of Nul(A)

(2) Ax=0 only has the trivial solution

(3) Ax= b has 0 or 1 solution for every belR?.

(4) A has linearly independent columns.
(4) dim Col(A) = n

(4") dim RowlA) =n

(5) Row(A) = IR" = simple description of Roo(A)

16) At has full now rank.

Notes: · (1) E3(6) because rank (A) = rank (AT).
· (2)

, (3), (4) all mean "no free variables" = 11")
· (4), (4") are because dim Col(t) =dim Row (A) =rank= n.

· 14 ")ED 1st because the only n-dimensional
subspace of IR" is all of IRV (17).



Here is a list of properties of matrices that translate
into "pirot in every now" :

Thm : Let A be an man matrix.

The Following Are Equivalent :
(1) A has full now rank

11) A has a pivot in everyrow

(2) Col(A) = /Re + simple description of Col(A)

(3) Ax= b is consistent for every beli

(4) A has linearly independent rows

(4) dim Col(A) = m

(4") dim Row(A) = m

(5) Nul(AT) = 503 + simple description of NulCAT(

(6) At has full column rank.

Notes:

· (2) EX(3) is the column picture criterion for consistency.
· (5)E)(1) because dim Nul (AT) = m-rank= m-

m = O

· (5)(4) because the rows of A are the cols of At
· (4)E (2) because the only m-dimensional

subspace of IR" is all of IR" (17).



If A has full column rank and full now rank then

r= m
= n = square and invertible (n pivots)

thm : Let A be an nxn (square) matrix.
The Following Are Equivalent :
(1) A is invertible.
(1) A hasn pinots.
11") A has full column rank.
↳ all of the equivalent conditions for FCR

(1") A has full now rank.
↳ all of the equivalent conditions for FRR

(2) There is a matrix At such that AA= In

12) There is a matrix At such that AA= In

(3) Ax=b has exactly I solution for every belR
↳ namely, X=Ab

(4) At is invertible.

Notes :

· We discussed (1) (l)E(2) ED(2)E (3) in L3.

· (1) E) (4) because rank (A) =rank(AT)
.



Consequence : Let Ve
, ..., In be rectors in IR"

-> nin matrix A= (w .. mn)
(1) Span[VVz, ...,Vn3 = IR"> ColA) = IR"

E) A has FRRES A is invertible

(2) SVVz, ...,Un] is LE ES Nul(A) = 903

# A has FCR ESA is invertible

Recall : SpanSvitz,...,Vn3 = /" and SVirz...,Un3 is LE

mean [VVz....,Un] is a basis for I".

Upshot : columns of
bases invertible
for I' nxnmatrices.


