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Abstract

We consider a Hele-Shaw model that describes tumor growth subject to nutrient supply. The model is
derived by taking the incompressible limit of porous medium type equations, and the boundary instability
of this model was recently studied in [16] using asymptotic analysis. In this paper, we further prove the
existence of nonsymmetric traveling wave solutions to the model in a two dimensional tube-like domain,
which reflect intrinsic boundary instability in tumor growth dynamics.
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1. Introduction

Tumors remain one of the most severe diseases threatening human life and health. The in-
stability of the tumor boundary, characterized by the formation and evolution of finger-like
protrusions, plays a crucial role in tumor invasion and metastasis. These structures enable tumor
cells to infiltrate surrounding healthy tissues more efficiently, contributing to the aggressiveness
of malignant tumors [2,7,53]. Consequently, understanding the mechanisms underlying these
morphological instabilities is of both theoretical and clinical significance. This paper investigates
these mechanisms within the framework of a mathematical model that has gained increasing at-
tention in recent years [11,12,26,35,46]. To highlight the relevance of this model, we first review
the development and classification of mathematical tumor growth models.

Mathematical modeling has become a powerful tool for studying tumor growth dynam-
ics, offering insights into the fundamental mechanisms that drive morphological instabilities
[3,8,19,23]. Existing tumor growth models can be broadly classified into two main categories.
The first category consists of reaction-diffusion models, which describe the spatiotemporal evolu-
tion of tumor cell density using parabolic-type partial differential equations (PDEs) incorporating
proliferation, diffusion, and chemotaxis [44,49]. These models effectively capture the macro-
scopic dynamics of tumor expansion and have been extensively studied in mathematical oncol-
ogy. The second category includes Hele-Shaw-type free boundary models, which were originally
developed to describe the flow of a viscous fluid confined between two closely spaced parallel
plates and were first applied to model tumor growth by Greenspan in [24,25]. In this frame-
work, the tumor is treated as a saturated domain with a moving free boundary, where the internal
pressure determines the boundary evolution through Darcy’s law. These models have been par-
ticularly useful for studying the formation of finger-like structures observed in tumor invasion.

A fundamental challenge in the mathematical study of Hele-Shaw-type tumor growth models
is the analysis of their well-posedness and boundary instability. Unlike Stefan problems [17],
parabolic-type free boundary problems, Hele-Shaw-type models lack time regularization due to
their elliptic nature. Although local existence results have been established [5], its long-time gen-
eral well-posedness remains an open problem. In the past two decades, two major advances have
been made in addressing the mathematical challenges of these models. For one thing, Friedman
and his collaborators studied a class of Hele-Shaw-type tumor growth models by perturbing radi-
ally symmetric solutions, establishing the existence of nonsymmetric steady-state solutions with
simple-mode perturbations [3,22]. Their results provided key insights into the mechanisms of
boundary instability. For another thing, Perthame et al. rigorously derived a class of Hele-Shaw-
type free boundary problems as the incompressible limit of porous medium equations (PME),
bridging the gap between reaction-diffusion models and Hele-Shaw models [46]. This connec-
tion offers a unified framework linking two widely used modeling paradigms. In the following,
we refer to such incompressible-imit models as the PME-derived Hele-Shaw models.

Although the PME-derived Hele-Shaw models share some similarities with those initially pro-
posed by Greenspan [24,25] and further developed by Friedman et al. [5,10,18-21], they exhibit
significant differences. Notably, in the Greenspan-type models, the pressure can take negative
values and the boundary conditions depend on the curvature of the interface. Moreover, in these
models, the coefficient in front of the curvature term usually serves as the bifurcation parameter
in boundary instability studies [4,9,10,27,52]. In contrast, in the PME-derived models, the pres-
sure, as the limit of a density power function, must remain nonnegative and vanish at the tumor
boundary. For a detailed discussion of these differences, we refer the reader to [14]. Importantly,
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while significant progress has been made in analyzing boundary instabilities in Greenspan-type
models, the instability properties of PME-derived Hele-Shaw models remain largely unexplored.

The objective of this paper is to investigate boundary instability in a PME-derived Hele-Shaw
type tumor growth model in dimension two. The model under consideration, first proposed in
[47], is given by

—Ap =Goc, in D(r), (1.1a)
p=0, on 3D(1), (1.1b)
—Ac+ rc=0, in D(r), (1.1c)
—Ac+c=cp, in R\ D(), (1.1d)

where G, cg, A > 0, and x € D(r) C R? represents the tumor domain at time ¢, p(X, t) is the
internal pressure, and c(X, ¢) denotes the nutrient concentration. The boundary evolution follows
Darcy’s law:

vlgp =—Vp-nlyp, (I.1e)

where n stands for the outer normal vector on the free boundary. The model (1.1) can be inter-
preted as follows: Goc is the growth rate function. Within the tumor, nutrients are consumed by
tumor cells at a rate of A, while outside the tumor, nutrients are supplied by the vascular network
in the healthy region, with the supply rate proportional to the concentration difference cp — ¢ for
the density of the background nutrients cp.

A recent study by Feng et al. [16] investigated the boundary instability of (1.1) using an
asymptotic analysis approach, which complements the current understanding of this model [15,
33,38,39,47]. They initialize a small perturbation to (1.1) around the symmetric solutions with
perturbation profiles given by cosine functions and perturbation amplitude €(¢) small enough,
which reduced the evolution of the boundary perturbation to the dynamics of the perturbation
amplitude, in particular, they derived the so-called boundary evolution equation (see [8]):

and characterized the boundary instability by determining the sign of E (A, /). When it takes a
positive value, the finger-like structures grow; otherwise, the boundary degenerates to the sym-
metric one. The main result in [16] interprets that the nutrient consumption rate A can trigger
the boundary instability in (1.1). Specifically, the boundary remains stable for any perturbation
frequency if A < 1. However, for A > 1, there is a threshold value for the perturbation frequency,
below which the boundary instability occurs, although higher frequencies remain stable. Re-
cently, the boundary instability for the same model in dimension three has been explored using
asymptotic analysis in [40].

In this paper, we further reveal the intrinsic boundary instability of model (1.1) by proving the
existence of nonsymmetric traveling wave solutions in a tube-like domain. The proof is based
on linking such traveling wave solutions to the nontrivial bifurcation branches to a nonlinear
functional equation

F(, 1) =0,
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where £ is a function that describes the boundary profile and A is the parameter of nutrient con-
sumption rate in the model. The symmetric traveling wave solutions of (1.1) are naturally linked
to the branch of trivial solutions (0, ). Our main result demonstrates that the above functional
equation admits nontrivial solutions (for which & # 0), and such solutions can be interpreted as a
curve parameterized by € in the (£, A) phase plane. We summarize it as follows (see Theorem 3.8
for a more precise version):

Theorem 1.1. For each perturbation frequency | € N, there exists a bifurcation point )»6 such
that one can find a bifurcation branch (&.(y), A¢) (parameterized by the small parameter 0 <
€ K 1) starting from (0, )\6) such that F(&:(y), Ae) = 0. Thus, there exist nontrivial traveling
wave solutions to the model with the boundary profile given by &.(y) associated with nutrient
consumption rate Ac.

The proof of the theorem is carried out by investigating the Fréchet derivative of the nonlin-
ear map F'(§, 1) on the line (0, A), denoted as F¢(0, A). In particular, we show that F¢ (0, A) as
a bounded linear operator can be characterized in terms of an eigenvalue problem (see Proposi-
tion 3.4, Remark 3.5, and Remark 3.5), with the complete basis of eigenfunctions given by cosine
functions, and the associated eigenvalues coincide with E (1, [). Finally, utilizing the explicit ex-
pression of E(A,l), we conclude the proof by determining the bifurcation points and verifying
the assumptions of the celebrated Crandall-Rabinowitz theorem (Theorem 3.7).

As discussed above, model (1.1) is derived from taking the incompressible limit of the PME
type model (see (2.3)-(2.7) below). Therefore, we provide a detailed literature review of incom-
pressible limit studies in tumor growth models. Perthame et al. first generalized related studies to
tumor growth models in the seminal work [46], which facilitates numerous impressive works
in this direction [11-13,26,35,37,41]. The Hele-Shaw asymptotic limit of the tumor growth
model [11,45,46,48] was initially studied. For the tumor growth model with Brinkman’s pres-
sure law governing the motion, the authors in [37] established an optimal uniform convergence
of the density and the pressure, where the optimality says the convergence in Lp, norm. The
two-species case’s Hele-Shaw (incompressible) limits were proved in [12,13]. The Hele-Shaw
limit of the PME with the non-monotonic (even non-local) reaction terms through the approach
of the obstacle problem was completed in [26,35]. The existence of weak solutions and the free
boundary limit of a tissue growth model with autophagy were obtained in [41], respectively.
The singular limit of the PME with a drift was discussed in [36]. Recently, the convergence
of free boundaries in the incompressible limit of tumor growth models was considered in [50].
In addition, the incompressible limits for chemotaxis, even with growth effect, were shown in
[6,28,29].

Before concluding, we draw the reader’s attention to recent works [32,34], which investigate
the boundary behavior of models closely related to (1.1), but with nutrient dynamics governed
by a parabolic type equation. In [32], the authors establish boundary regularity for the coupled
model and further demonstrate that when nutrient diffusion is absent and cell death is neglected,
the tumor density exhibits a regularizing effect. Based on this, [34] shows that if nutrient diffusion
is small, the tumor patch boundary remains within a small neighborhood of the smooth boundary
obtained in the nondiffusive case studied in [32].

Organization of this paper. In Section 2, we provide a formal derivation of the Hele-Shaw
model by taking the incompressible limit of a density model in the type of porous medium equa-
tion. In Section 3, we prove the existence of nonsymmetric traveling wave solutions to this model
in a tube-like domain by using the Crandall-Rabinowitz Theorem.

4
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2. Model derivation

This section is devoted to providing a formal derivation of the model (1.1) by taking the
incompressible limit of a cell density model of the PME type. We begin by introducing this cell
density model in the following subsection.

2.1. A cell density model of PME type

We let p,,, (X, t) to denote the tumor cell density, start from the initial state o, 0(X), and Dy, ()
be the supporting set of p, (X, t) that is

Dy (1) = (X[ pm (%, 1) > 0} . 2.0

Physically, it presents the tumoral region at time . We assume the pressure inside the tumor
follows the constitutive relationship of

m m—1
Poy(om) = ——0pn > (2.2)
m—1
and the tumor cell moving velocity is governed by the Darcy’s law V = —V P,,. Thus, in partic-
ular, the boundary expansion is characterized by V|yp,, = —V Pylsp,, and D,,(t) remains finite

for any ¢ < oo provided D(0) is compact. On the other hand, we employ ¢, (X, t) to denote the
nutrient concentration and assume the cells’ production rate is proportional to it. With the above
assumption, the evolution of p,, satisfies the following porous medium equation (PME) with
source term:

0 om — V- (omV Pp) = Gocpm, t20, Go>0. (2.3)

Regarding the nutrient concentration c,,, it is governed by the following reaction-diffusion equa-
tion in general:

T0Cm — Acy +Y(om, cm) =0, 2.4)

where the parameter t > 0 characterizes the nutrient change time scale, and the binary function
W(pom, cm) describes the overall effects of the nutrient supply outside the tumor and the nutrient
consumption inside the tumor. Considering the timescale parameter T < 1 (see, e.g. [1,4]), we
drop it to get the elliptical form of nutrient equation,

—Acy +Y(om, cm) =0. (2.5)

Then, we focus on the so-called in vivo regime in [16], in which the nutrients are provided by
vessels of the healthy tissue surrounding the tumor. Mathematically, we assume the nutrient
is consumed at a rate of A > 1 in the tumor cell saturated region S,,(t) = {X|on (X,1) > 1}.
While, outside S, (), the nutrient supply is determined by the concentration difference from
the background, cg — ¢;,, with the rate of (1 — p;,)+. Thus, the binary function takes the form of

Y(om, Cm) = 2omCm - X8, — (1 — pm)+(cB — Cm) - XS5, » (2.6)

5
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where f, = max{f, 0}. Or equivalently,
—Acy + Appmem =0, for x €85,,(2), (2.7a)
—Acy = — pp)+(cB —cm), for x eR"\ S, (t). (2.7b)

By now, we have finished introducing the cell density model ((2.3) coupled with (2.6), equiv-
alently, (2.7)).

2.2. A formal derivation

In this subsection we derive (1.1) formally. Firstly, by multiplying m,o,’n”_1 on the both sides
of equation (2.3) one gets the equation for pressure

3 Py = |V P>+ (m — 1) Py (AP + Gocm) . (2.8)

Then, by sending m — 0o and let (pso, Pxo, Coo) denote the limit density, pressure, and nutrient,
respectively. One can formally obtain the so-called complementarity condition:

Poo(APoo + Gocoo) = 0. 2.9)

At the same time, the limit density po, satisfies the following equation in the distributional sense:

d
Epoo =V (poV Poo) = G0PooCo0s (2.10)

with Py, compels po, only take value in the range of [0, 1] for any initial date p o € [0, 1]. And
Py belongs to the Hele-Shaw monotone graph:

0 0< poo <1,

Poo(poo) = { 0.,00), el @2.11)

Observe that, in general, the supporting set of p is larger than that of P,,. However, a transpar-
ent regime called “patch solutions” exists for a large class of initial data, in which the two sets
coincide with each other, denoted by Dy, (¢). At the same time, the limit density evolves in the
form of poo = XD, (1), Where x4 presents the characteristic function of the set A. In this specific
regime, (2.7) reduce to

—Acoo +rcao =0,  for x € Du(t), (2.12a)
—ACoo =CB — Coos for x € R"\ Dgo(2). (2.12b)

While, (2.9) and (2.11) together yields

— APy = Gocoo, in Doo(r), (2.13a)
Py =0, on 9D (7). (2.13b)
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Finally, by dropping the subscripts in (2.12) and (2.13), and replacing P by p in (2.13), one gets
the desired model (1.1). We emphasize that before taking the incompressible limit, the pressure
function (2.8) and the nutrient functions (2.7) are coupled strongly to each other. However, for-
tunately, by taking the incompressible limit and further restricting ourselves to the patch solution
regime, the two equations decoupled automatically.

The above derivation can be presented rigorously. For the reader’s convenience, we provide a
complete proof in Appendix A.

3. Bifurcation analysis

This section is dedicated to proving the existence of nonsymmetric traveling wave solutions
for (1.1) in a tube-like domain. We begin by introducing the necessary notations in Section 3.1,
followed by solving symmetric solutions in Section 3.2. In Section 3.3, we describe the nonsym-
metric solutions obtained by perturbing symmetric ones and outline our proof strategy. Finally,
Sections 3.4 through 3.7 present the detailed proof, following the framework established at the
end of Section 3.3.
3.1. Model set up

To begin with, let 2 denote the entire tube-like domain defined as follows,

Q={(x,y) | (x,y) € (=00, +00) x [—m, 7]}, 3.1

and we post periodic boundary conditions for the y variable. For any 27 periodic even function
&(y), the tumor region is defined by

QSZ{(X,)’”XSé(Y)a ye[_ﬂ',ﬂ]}, (32)
and the associated boundary is given by

B ={(x, lx=§(), yel-nxl}. (3.3)
We employ the superscripts (i) and (0) to denote the solutions inside and outside the tumor region,

respectively. Inside the tumor region, the nutrient and pressure (cD(x, y; &), pD(x, y; €)) satisfy
that

—Ac® 42D =0, in g, (3.42)
~ApV =GocV, in Q. (3.4b)

In contrast, outside the tumor region, we require (c©(x, y; &), p(o) (x, y; €)) to satisfy

“AC® 4O —¢p. in Q\ Q, (3.4¢c)
—Ap@ =Goc®, at Q\ Q. (3.4d)

The inner solutions and the outer solutions are matched at the boundary in the following sense

7
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¢V = O, at B, (3.4e)
d . 0
—cV=—cO  a B 3.4
m’ “wmS o e (340)
p(i) = p(o) = O, at Bg, (34g)

where % represents the outer normal derivative of the tumor region ¢ on the boundary 3.
Besides, we also require that

M < 00, at x=—00, (3.4h)
@ =cp at x=4o0, (3.41)
p(i) <00, at x=-—oo. (3.4)

Note that the pressure is extended to the entire domain only for technical purposes and, thus, we
do not require p(o) (x, y; &) to be bounded at x = +o00. And, for notation simplicity we introduce:

c(x,y;6) =V, y;8) + 0, y;:8),  plx,y;8) = pPx,y;8) + pOx, y:6).  (3.5)

We emphasize that for arbitrary (£(y), A), the boundary profile is not steady in general; it tends
to evolve according to Darcy’s law, and the normal speed v on the boundary is given by

vlg, = =V i, (3.6)

where n stands for the outer normal vector on Be.

Our goal is to demonstrate that perturbing the symmetric solutions, where £(y) = 0, of equa-
tion (3.4) can result in nontrivial solutions, where the boundary profile £(y) # 0 remains steady
and propagates to the right at a constant speed. To achieve this, the next subsection is dedicated
to solving for symmetric solutions.

3.2. Symmetric solutions

For symmetric solutions, the tumor occupies the left half of the tube and we denote it by ¢
as follows

Qo = {(x, y)|x =0}, (3.7
and the corresponding boundary is given by
Bo={(x,y)|x =0}. (3.8)

Provide any A > 0, by solving (3.4) but with Q¢ and B replaced by Q¢ and By, respectively, we
get symmetric solutions as follows:
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Dx) = %eﬂ& for x<0, (3.9)
x)=cp — i‘%’ﬁe—& for x>0, (3.9b)
Py () = ,\((\;;)X.j-BD - Mcj;’x'igl)eﬁ)‘, for x<0, (3.9¢)
P(()O)(x) =Gocp (_xz_z + «/X{ lefx + \/X()L\/_)_Ll—i- l)x - «/%/—)i_\- 1) , for x>0, (3.9d)

and the associated traveling speed is given by

(@)

0 Gy -
vo() = — g") )= ——0 8
X

NN

Finally, we define (co(x), po(x)) in the same way as (3.5).

(3.9¢)

3.3. The perturbed system

This subsection aims to clarify the type of nonsymmetric solution we are looking for and
introduce the corresponding notations.

In the previous subsection, we demonstrated that the Hele-Shaw problem can be easily solved
under the symmetric assumption. In the subsequent subsections, we aim to show that by per-
turbing the vertical boundary with profiles possessing a certain symmetry, such as cos/y (with
[ € N), and a small amplitude 0 < € < 1, nonsymmetric traveling wave solutions can be found
near a specific nutrient consumption rate )»6 (which depends on /). These solutions satisfy the
boundary value problem (3.4), where the boundary profile is approximately € cos/y.

We aim to establish the existence of a perturbed tumor region 2, with its boundary B, along
with a corresponding consumption rate A, such that the solution to (3.4) under (2, B, A¢)
remains a steady traveling wave propagating to the right at a constant speed vo(A) (recall (3.9¢)).
We denote this solution by (¢, ¢, p@, p{), and define (cc, pe) in the same way as (3.5).

In fact, such nontrivial solution (&, A¢, ce, pe) can be constructed explicitly in terms of an
elegant infinite series solution by using the boundary transformation technique in [22]. However,
the construction and proof of convergence of such infinite series are very complicated. To avoid
this tedious procedure, but justify the existence of such a nonsymmetric traveling wave solution,
we adopt the Crandall-Rabinowitz framework proposed in [3].

The Crandall-Rabinowitz theorem is developed to study the bifurcation behavior in nonlinear
equations. It provides conditions under which solutions branch off from trivial solutions in non-
linear functional equations. As an effective analysis tool, the Crandall-Rabinowitz theorem has
been widely applied to study the existence and stability of solutions in nonlinear systems, see,
e.g., [3,30,31,51]. In particular, the framework of utilizing the Crandall-Rabinowitz theorem to
study the bifurcation behavior of free boundary models was initially proposed by Friedman in
[3], then extensively employed to study the bifurcation phenomenon in different tumor growth
models, see [3,19,43,54,55].

The advantage of the Crandall-Rabinowitz theorem is that instead of constructing all the terms
inductively in the infinity series, we only need to investigate the linear part of the perturbation
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problem. More specifically, we construct a nonlinear functional map (see (3.28) for a more pre-
cise version):

F:XxR—Y, (&M F(E L

based on the leading order of the perturbation problem. Here, the periodic even function &(y)
represents the boundary profile, and the parameter A > 0 represents the nutrient consumption
rate in the model. Moreover, X and Y are the function spaces for & and F (&, A) that will be
specified more clearly later. The map ensures that the symmetric solution (0, A) corresponds to
the trivial solution of this map, that is, (0, 1) = O for all positive A. While, the nonsymmetric
solution

F(%—e: )Ls) =0,

which we seek, corresponds to a bifurcation branch parameterized by the perturbation amplitude
€. That s, it shall be viewed as a curve in the phase plane (&, A) originating from some bifurcation
point (0, Ag) with a tangent vector denoted by (t(y), tg) for now. Equivalently,

Ee()=€t(y)+ 0D, re=hro+erg+ 0. (3.10)

It should be noted that to ensure the existence of such a branch, a necessary condition is that

iF A —EOK +£0)» =0 3.11
TP ro| = 55000700 + 510000 =0 @3.11)

Otherwise, the Implicit Function Theorem can be applied by viewing € as the independent vari-
able to show that the trivial (symmetric) solution has to be the unique solution. Observe the fact
that F (0, A) =0 for all A > 0 yields % (0, X9) = 0. Thus, condition (3.11) reduces to

8F0)~ =0 3.12
35 0201 =0. (3.12)

The Crandall-Rabinowitz Theorem provides conditions on %—F(O, o) such that ensure the exis-
tence of the desired branch. The main steps for applying the Crandall-Rabinowitz Theorem are
as follows:

(1) Fix any A > 0, determine the Fréchet derivative of F'(§, 1) with respectto & € X at (0, A), de-
note it as F¢ (0, A) := % F (0, 1); and show that the Fréchet derivative F¢ (0, A), as a bounded
linear operator that maps X to Y, can be characterized in terms of an eigenvalue problem
(see equation (3.32)), with the complete basis of eigenfunctions are given by {cos/y};2;
(the Shauder basis of X), and associated eigenvalues, given by E(A,[) (see (3.23) for the
expression), are distinct, non-degenerate, and real.

(2) According to the last step, for any A > 0 and when 7 (y) coincide to a single basis function
cosly, we have

Fe(0,1)cosly = E(A,[)cosly.

10
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Thus, by utilizing the explicit expression of the eigenvalues, for each perturbation frequency
[ € N, one can determine a specific consumption rate )\6 > [? (see Proposition 3.1) such that
E(AL, 1) =0, so that (3.12) holds.

(3) To conclude that {(O, Aé)}i , are indeed bifurcation points that give rise to the desired non-
trivial branch of the functional equation F (&, 1) = 0, we verify that the Fréchet derivative
at these points, F¢ (0, Af)), satisfies the assumptions in the Crandall-Rabinowitz theorem.
Roughly speaking, the way of choosing )Lf) ensures that E(\}, k) =0 if and only if k = 1.

We establish the details of the above procedures in the following subsections.
3.4. The linearized system

We devote this subsection to studying the linearization of (3.4) under a small perturbation.
More specifically, we expand the solution in terms of the perturbation amplitude 0 < € < 1, and
derive the equations with boundary conditions for the first-order terms.

To begin with, we fix arbitrary A > 0 and take &(y) = €£(y), here &(y) characterize the per-
turbation profile. Since the amplitude of the perturbation is small, the corresponding solution of
3.4), (c(x,y; eé), p(x,y; ef,:-)), processes the following formal expansion with respect to €:

c(x,y; €€) = co(x) + eci(x, y; €€) + O(e?), (3.13a)
p(x,y; €€) = po(x) 4 €p1(x, y; €€) + O(€2), (3.13b)

with the zero-order terms represent the solutions to the symmetric solution solved in Subsection
3.2. When there is no ambiguity, for simplicity of notation we hide the dependence of €& in the
latter section. Also recall that the solutions are the combination of the inner part and outer part,
ie.c=cV 4@, p=p® 4 p© and analogously for

co=c+c’. ca=c’+c”. po=pd+py. p=p+p. (.14

Also notice that in this set up, the outer normal vector n on the free boundary B is given by

1 —eE' ()
J1HEE0)? 1+ €& ()2

n(ek(y),y) = - (1 +0(d), —E'(y) + 0(63)).

(3.15)
Utilizing the expansion (3.13), expression (3.15), and Taylor expansion, one can evaluate ¢ in
the following way

Vi, =Dk, y) (3.162)
= c(ed) + eV (€€, y) + 0(e?)

. -9 .
=c(0) + €& acgkc» +ec0, y) + 0(e?),
and the normal derivative a%c(i) is given by

11
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a 0 i = o -
Ho) @ @ )
PP IE—(axc (€&, ), 8yc (eé,y)> n(€&(y), y)

= <—CO)(G§) +e—

0 ax

= —c0>(0>+e§—c<”(0) bl 0, y) + 0(?).

ox ox

Similarly, for 0, p(i), and p(o) we have

g, =c(0) + es (0 + (0, y) + 0(€?),

]
an

pPVls, = pé‘)(O) +eé apg“ ©0) + ep?)(o, )+ 0,

J .
_p(l)|Bg =

o Py (0) + €& —2 pg)(O) te—

ox 0x

P15, = p{ (O +e§ PY0) +epV (0. y) + O(€?),

9 s = 20y 4 eéa—zp(")w) Felp
on E T x 0 ax2*t0 oax 1

8 d
g, = )(0)+esa 2co)<0>+e8 (0, ) + 0(e?),
O 000, 3) + 0,

20, y) + 0(€?).
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(3.16b)

Ve, y)+ 0(e?), eac;)(es y)+ 0<e2)> n(€E(y), y)

(3.16¢)

(3.16d)

(3.16¢)

(3.16f)

(3.16g)

(3.16h)

Plugging the expansion (3.13) into (3.4), the zero-order terms are canceled out, and we collect the
terms of order O (¢). Regarding the nutrient, the first order terms solve the following boundary

value problem

—Ac (1) +)\.C(1) 0
Ac(o) + c<10) =0,
0, y) =0, y),

T

C9x2 0 ax ox
c?)(—oo, y) < 00,
¢ (400, y) < 0.
While, for the pressure, the first order terms solve
_Ap(l) G CT)’
_Ap(o) G Cgo),
T ; - 0
E-—pPO)+p 0.0 =E- —p
X 0x

12

0 9 ) ;9 9
=56 0+ —c"(0,y)=§ - —¢ (0)+a—c

©0, y),

20) + p\”0, y) =0

)

(3.17a)
(3.17b)
(3.17¢)

(3.17d)

(3.17¢)
(3.176)

(3.182)
(3.18b)

(3.18c)
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= a i e 82 [§)
£ 2p0>(0)+ POy =& 2p0>(0)+ P, y). (3.18d)
(”( 00, y) < 00. (3.18¢)

By now, we finished deriving the equations and boundary conditions for the first-order terms.

In the next section, we further show that when the boundary profile & (y) is close to cos/y, the
first-order terms can be solved explicitly, from which one can figure out the so-called boundary
evolution function.

3.5. Single mode perturbation

We further investigate the situation when the perturbed profile is in the form of E(y) = cosly+
O (¢). In this context, the first-order terms presented in the last subsection, (c(ll)(x, y), p?)(x, y),

cgo) (x,y), pgo) (x,y)), can be solved explicitly, and from this, we further determine the boundary
evolution equation (see (3.23) for specific formula). This evolution function characterizes the
boundary evolution tendency, and the properties of it play a critical role in determining the bifur-
cation point (see equation (3.24)) and verifying the conditions in Crandrall-Rabinowitz Theorems
in the later sections. Thus, we investigate it at the end of this subsection (see Proposition 3.1).

The first-order terms capture the main reaction to the perturbation. When &(y) = e cosly +
0 (€?), the first order terms in (3.13) can be separated in the following way (see Section 3.2 in
[16] for a more rigorous justification):

Dix,yied) =D cosly,  ex, yieb) =) cosly, (3.19a)
Dy v cF)— © (. cEy— 5O
P (x, yi€B) = piy(x)cosly,  piP(x. yied)= py)(x)cosly. (3.19b)

By plugging (3.19) into (3.17) and (3.18), the equations reduce to

—028" + .+ 11, =0 for x <0, (3.20a)
—828°) + (1 + 11 =0 for x>0, (3.20b)
~02p0 + 125, = Go*l“l, for x <0, (3.20c)
—32p (‘” )+ 125y) = Gody), for x>0, (3.20d)

and the boundary conditions reduce to

dcch) (0) +2(0) = ey’ (0) +E°)(0), (3.20¢)
2¢0(0) + .81 (0) = 82¢f” (0) + 8,)(0), (3.20f)
axp(”(c» + 5(0) = 8 p(0) + 51 (0) =0, (3.20g)
3 (0) + 8, 51, (0) = 92 p (0) + 8 510, (3.20h)

and with,

13
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e’ (—00) <00, ¥ (+00) <00, pi’(—00) <00, (3.201)

recall that we do not require pgo)(+oo) < oo as mentioned before. Finally, by solving the above
boundary value problems, we get:

P L B (21a)
VAPV
&) = — Vhes i (3.21b)
VA+EZ+ V1412
0 () = Gocp ( | 1 ) eVAHx 3.210)
L Vi \\Va+1 a2+ V1+22 VAF2Z+ /1
P () = —God)(x) + Cre* + Cae™™, (3.21d)

where C1 and C are some constants that can be solved explicitly and do not contribute to the
proofs later, so we omit their expressions here.

Observe that, when &(y) = eé(y) = ecosly + O(ez), the normal speed on the boundary,
v(&(y), y), is governed by Darcy’s law as follows:

vEX),y) =~ (3.22)
= xp0><0> (9208 + 0.5 @) ecosty + O(e?)
=vo(A) + E(A,l)ecosly + 0(e?),
where vo(1) was defined in (3.9¢), and the expression of E (1, ) is given by
— _ 2
EQ. 1) = jS; (gji + ﬁ%) (3.23)

Intuitively, the zero-order term vg(A) represents the propagation speed of the wave, while E (A, )
is the so-called boundary evolution equation, which describes the evolution of the perturbation
amplitude. If E(X,[) > 0, the amplitude tends to grow, and if it takes negative values, the am-
plitude will decay, as discussed in Section 4 of [16]. Therefore, for a suitable )\6 (which will
later serve as the bifurcation point) such that E(A}, 1) = 0, the perturbation amplitude is sta-
ble up to O(e). It is thus reasonable to expect that nonsymmetric solutions can be found near
&E(y) =€coslyand A = )»6 by performing higher-order corrections. To substantiate the existence
of such Aé and verify some useful properties for the Crandall-Rabinowitz theorem later, we plot
E(A,1) in Fig. 1. Based on the graphs, we conclude that E (X, [) exhibits the following properties.

Proposition 3.1. (1) Given any integer | > 0, there exists unique Aé > I such that

Goca \/,\7—1 e ) e
f f+1 Jbreevizr) o

14

EQL D=
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1 2

E(\=100,)

-6

0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 2 4 6 8 10 12 14 16 18 20
A

Fig. 1. Fix G - cp = 100. Left: plot for E(A,[) with [ =5 and A € [0, 2000]. Right: plot for E(A,[) with A = 100 and
[ € [0, 20].

(2) Given any ) > 1, there exists a unique ly > 0, which may not be an integer, such that
E(X\,lp) =0. Furthermore, E(X,1) # 0 for any l # 0 or [ # ly.

The fact Aé > 12 holds, since one can easily check that

G I—it P2
EGuI) < OCB< +

<0, foran 0<A§lz.
v «/A+l2+\/1+12> g

The existence of )\6 can be shown by checking the limits and applying the intermediate value
theorem

lim E(L, ) = —o0,
A—0

lim E(, )= lim E(%,)= lim Gocg(V1+12—1Dx*+o0(x?) =07 .
A—400 x—0t ¥ x—0"

And, the existence of [y was proved similarly in [16] (see Corollary 3) by checking the asymptote.

However, to show uniqueness of )»6 and /o one needs to study the behavior of the derivatives,

which are given by

Gocg [ VA —1 I—VA+12
HEMN D) =— + 3.25
HEC-D 2/\3/2<\/X+1 \/)»+12+\/1+l2> -2
+G063 I+1 3 I+ 1412 .
W \WAWA+ 1?2 Vat BWa+ B+ VT+12)2)°
Gocp -1 W1I+P2+DWA+12=])
WEO, ) = + : 3.26
EeD="05 («/X+1 («/1+12+\/)»+12)«/)»+12\/1+12> (3:20

Rigorous verification of the sign of the above expression is difficult, but elementary, and does not
deepen the understanding of the main content. In addition, it can be easily verified by plotting the
curves using the above explicit expressions. Therefore, we decided to omit this part of the proof.
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3.6. A nonlinear functional and its Fréchet derivative

We introduce a nonlinear functional map inspired by (3.22), reducing the problem of proving
the existence of nonsymmetric traveling wave solutions for (3.4) to verifying that the kernel
of this map contains nontrivial bifurcation branch. To achieve this, we compute its Fréchet
derivative and demonstrate that it can be formulated as an eigenvalue problem, where the eigen-
values coincide with E (X, [); see (3.32). This facilitates the verification of the assumptions in the
Crandall-Rabinowitz theorem later.

To begin with, we introduce the functional spaces for the boundary profile &(y):

X"t ={f(y) e C"**: f(y)is 2 periodic and even}, (3.27a)

X']"+°‘ = closure of the linear space spanned by {cos jy, j =0,1,2,...}in X% (3.27b)

Note that all modes are included. Thus, any £(y) € X ;'H'“ can be represented as a Fourier series.
Inspired by the calculations in (3.22), we introduce the following nonlinear functional map:

0
zﬁﬁ”xReX%ﬁ(&MHF@M:—i@myﬁrwmy (3.28)

Regarding the expression of F(§, 1), p(x, y; &) stands for the pressure function in (3.4) associ-
ated with the boundary profile £(y) € X f“" and the nutrient consumption rate A > 0; and vg(A),
defined in (3.9¢), represents the travel speed of the solution.

By a computation similar to that in (3.16b), we observe that the normal derivative of p, which
determines the boundary moving speed, is approximately —g—;’, with an error of order O(e?).
Consequently, when the perturbation amplitude is small, F quantifies the difference between
the boundary moving speed of the perturbed problem and the symmetric traveling wave speed
associated with 1. Following a similar argument as in [3] (see Equation (3.20)) and [43] (see
Equation (27)), we assert that (&, A) forms a traveling wave solution to (3.4) if and only if

F(£,2) =0. (3.29)

The symmetric solutions naturally correspond to the trivial solution (0, A), while nonsymmetric
solutions (&¢, A¢), as defined in (3.10), correspond to nontrivial solutions of (3.29).

Next, we determine the Fréchet derivative of F (&, A) (with respect to &) at (0, 1), denoted as
F¢ (0, 1). To do this, one needs to rigorously justify the expansion in (3.13), which is given by
the following two lemmas.

Lemma 3.2. For any nutrient consumption rate A > 0, perturbation amplitude 0 < € < 1, and

perturbation profile £ (y) € C3T%(R), let (c, p) be the solution of the corresponding perturbation
problem defined in (3.13), then

< ClellEllcara )

et yied) o) ., 0

< ClelllE [l e+

s €f) —
e yied) =] 0

where C is a constant independent of €, and (co, po) stands for the unperturbed solutions given
in (3.9).
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Lemma 3.3. For any nutrient consumption rate % > 0, perturbation amplitude 0 < € < 1, and
perturbation profile € (y) € C3T*(R), let (c, p) be the solution of the corresponding perturbation
problem defined in (3.13), then

leCx, y: €8) — co(x) — €81 (x, y: €8) | crvaqy < ClelPE | e3taqr).
Ip(x, y; €6) — po(x) — €p1(x, y; €8) [l ca+a(qy < Clel* 1€l caver):
where C is a constant independent of €, and (co, po) stands for the unperturbed solutions,

(¢1, p1) corresponds to the Hanzawa transformation (see (B.7) and (B.8)) of the first-order
terms.

The proof of the above lemmas is standard but cumbersome. For the sake of exposition, we
provide a sketch of the proof in Appendix B. Using the above lemmas, one can determine the
Fréchet derivative F¢ (0, A), we summarize it in the following proposition.

Proposition 3.4. With the same assumptions as in Lemma 3.2 and Lemma 3.3, and £ (y) = €€ ().
Then, the Fréchet derivative F¢ (0, A) is given by

- - 92 op
[Fe0,m)]& = é 2 5 (0) — —(0 y; €é), (3.30)

where po is given in (3.9), and py(x, y; €€) is defined in (B.7). If E(y) further belongs to X?Jro‘,
ie., .;;(y) can be represented as a Fourier series, denoted as é(y) = Zfil ajcosly. Then, (3.30)
reduce to

[F:(0,1)]& Za;E(X,l) cosly, (3.31)

where the eigenvalue E (A, 1) € R is given by (3.23).

Remark 3.5. The operator defined in (3.30) is linear. In particular, the second term on the right-
hand side of (3.30) shall be viewed as a nonlocal linear operator that maps the shape of the

boundary &(y) = €& (y) to —%(O, y; €£). And the linearity can be seen more clearly when £

belongs further to Xf+°‘, as shown in (3.31).

Remark 3.6. When é neX :f+°‘, the Fréchet derivative Fg (0, 1) is characterized by the eigen-
value problem:

[Fe(0,0)]cosly = E(1,1)cosly. (3.32)
In the following, we provide a proof of Proposition 3.4.
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Proof. By using Lemma 3.2 and Lemma 3.3, and the fact that F'(0, A) =0, one has

[Pt = FO.0 —e(<E2po® ~ 01Oy e)) |, OSB3
Moreover, one can easily verify that
. o
Csw [ERne @+ pi i ed)| L, = (3.34)
1El e <1

In fact, since po(x) has an explicit formula, the boundedness of the first term follows directly.
While, the boundedness of the second follows a similar proof of Lemma 3.3 (apply classical
elliptic estimates to equation (3.18)). Then, estimates (3.33) and (3.34) together yield the map
defined in (3.30) is a bounded linear operator and therefore it is indeed a Fréchet derivative.

For the second part, when & € X?‘m and takes the form £(y) = ), a;cosly. By using the
orthogonality of the Fourier basis, one can solve each Fourier mode in the first-order term sepa-
rately in the same manner as in Section 3.5. Then, (3.30) further reduce to

[Fe0.1)]& =Y ar (=02 p0(0) = 8, 51.1(0) ) cos Ly, (3.35)
1

= ZalE(k, I)cosly.
I

By now, we have completed the proof. O

In the following subsection, we show that based on the eigenvalue problem (3.32) and the
properties of E(X,l) established in Proposition 3.1, we can determine bifurcation points and
further conclude the existence of desired bifurcation branches in equation (3.29).

3.7. Existence of nontrivial bifurcation branches

In [3], Borisovich and Friedman applied the Crandall-Rabinowitz theorem to establish the
existence of nonradially symmetric solutions to a tumor growth model derived from [25]. As
discussed in the Introduction, the model described by (3.4) is derived from the incompress-
ible limit of the PME, which makes it fundamentally different from the models developed from
[25]. In the latter models, non-radial symmetric solutions are typically sought. In contrast, in
the PME-derived models, the focus shall shift to finding nonsymmetric traveling wave solutions.
Fortunately, we are able to show that the bifurcation analysis framework introduced by Fried-
man, using the Crandall-Rabinowitz theorem, is still applicable. We carry out the proof in this
subsection. For the reader’s convenience, we first recall the Crandall-Rabinowitz theorem below.

Theorem 3.7. Let W, Z be real Banach spaces and F(w, () be a CP map, p > 3, which maps
a neighborhood of (0, wo) in W x R into Z. For any v € R, the Fréchet derivative F,,(0,v) :=
%F(O, v) maps W to Z. Suppose

(1) F(0, ) =0 forall i in a neighborhood of |1,
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(2) The kernel space of Fy, (0, v) is of one dimensional spanned by wo € W, i.e., Ker{F,, (0, no)}
= span{wo}.

(3) The range of Fy(0, o) has codimension 1, that is, dim{Z/Z1} = 1 with Z1 = Img{F, (0,
Ho)} € Z.

(4) The mix derivative Fy,, (w,7), w € W, r € R, satisfies []—'wM(O, y,o)] wo & Z1.

Then, (0, o) is a bifurcation point of equation F(w, i) = 0 in the following sense: In a neigh-
borhood of (0, o), the set of solutions of F(w, ) = 0 consists of two C?~2 smooth curves C,
and Cy, which intersect only at the point (0, o). Moreover, Cy is the curve (0, u) and Cy can be
parameterized by a small parameter € as follows:

Cy : (w(e), u(e)), € small, (w(0), 1(0)) = (0, uo), w'(0) = wo.

To apply Theorem 3.7 to the nonlinear map (3.28), the key step is to identify a bifurcation
point (0, Ag) such that the Fréchet derivative at this point, F: (0, A¢), satisfies the conditions out-
lined in Theorem 3.7. We demonstrate that this can be achieved using the properties of E(A,[)
established in Proposition 3.1. Consequently, (3.4) admits nonsymmetric traveling wave solu-
tions. This main result is summarized in the following main theorem.

Theorem 3.8. Consider the nonlinear map (3.28), which maps X?'Hx x R to X%’H’l. Assume
0 < € K 1. Then for each positive integer [, there exists a )»6 > 12 such that (0, )»6) is a bifurcation
point to F (&, M) =0 in the following sense: In a neighborhood of (0, Aé), the set of solutions of
F (&, 1) = 0 consists of two smooth curves Ci and Cy that intersect only at the point (0, Aé).
Moreover, Cy is the curve (0, L) and Cy can be parameterized as follows:

Ca i (Ec, Ae) 1= (E(€), Ale)), with € small, (£(0), A(0)) = (O, kf)), £€'(0) = cosly.

Remark 3.9. As we interpreted before, the nontrivial branch (C,) corresponds to nonsymmetric
traveling wave solutions to (3.4) with the steady boundary profile & (y) and consumption rate
Ae. Moreover, the traveling speed is given by vp(X¢) (recall (3.9¢)).

Remark 3.10. Note that by applying Crandrall-Rabinowitz theorem, we do not obtain any infor-
mation of A/(0). In fact, it can be computed using Corollary 2.3 in [42], this has been done in
a recent paper [55] for a different Hele-Shaw type tumor growth model. However, to calculate
A’(0), one needs to expand the perturbed solution to the order of O (62), which brings much more
computation. We do not provide such a calculation in this paper, but we point out that similar to
the calculation in [55], as a two-dimensional model, by using the symmetric of the basis function,
one can verify similarly that A’(0) = 0.

Finally, we provide the proof of Theorem 3.8.

Proof. According to Proposition 3.1, given any positive integer /, we can find a unique Af) > 2
such that E (X’ ,1) = 0. Then we show that (0, )\6) is indeed a bifurcation point to (3.29) by
verifying that the map F(€, A) indeed satisfies the conditions to apply Theorem 3.7 with the
setting W = X?*", Z= X%Jr“, w=E&, wy=cosly, u=Ax,and py = )»6.

For the differentiability of F, it is equivalent to establishing the regularity of the corresponding
PDEs. Firstly, note that the structure of the PDEs guarantees that F maps X f“‘ x R to X f“‘.
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Secondly, using classical elliptic estimates and the Sobolev imbedding theory, one can justify that
F (&, n) is differentiable to any order by repeating the process in the same way as Lemma 3.2
and Lemma 3.3. Therefore, F (£, 1) is C? with p > 3.

Next, we verify that assumptions (1) to (4) in Theorem 3.7 hold for F¢ (0, A). Firstly, (1)
obviously holds since these trivial solutions correspond to the symmetry solutions solved in
Section 3.2. Regarding assumptions (2) and (3), recall that X f+°‘ and X %Jr“ share the same set
of basis functions, and F¢ (0, A) as a bounded linear operator is characterized by the eigenvalue
problem (3.32) with real, distinct, and nondegenerated eigenvalues. Thus, to verify (2) and (3), it
is sufficient for us to check that our choice of kf) ensures:

EM, j)#0 forany j#1; and EG, 1) =0. (3.36)

Based on Proposition 3.1 and the way chosen kf) (recall (3.24)), condition (3.36) is indeed valid.
Finally, for assumption (4), it suffices for us to show 9, E ()J ,1) # 0. By using condition (3.24),
expression (3.25) yields,

Gocg I+1 [++1+412
2/ib \Jrh b+ 02 i+ (i 2 VTP

Note that the above value represents the slope at the intersection point of the curve with the
horizontal axis in the left graph of Fig. 1, thus it is always positive, and we conclude that

BEM )=

[Fa(o, ,\f))] cosly = [BAE()L{), l)] cosly ¢ Img [FS (o, Af))] . (3.37)

By now, we have finished verifying all the assumptions in the Crandall-Rabinowitz theorem.
Therefore, (0, )\6) is a bifurcation point to (3.29) and generates a nontrivial solution branch. O
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Appendix A. Incompressible limit

To verify the validity of the Hele-Shaw type free boundary problem (1.1), we provide the
rigorous derivation of its weak from via the incompressible limit from the PME-type tumor
growth model. Recall that the PME type density equation of tumor growth writes,

0t om = AP,Z: + GoPmCm,
T0rcm = Acm — Y(om, Cm), (A1)
cm — Ccpg, as|x| — oo,
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where W(p,, cp) is given by (2.6) and we set y := xs and x := xsc for convenience. The pres-

sure P, 1= 7 o1 satisfies

04 Py = (m = 1) Py (A Py + Goci) + |V Pl (A2)
The initial data is given by
(om (0), Pn(0)) := (0m,0, Pm,0)s XE R".
To align with the Hele-Shaw problem (1.1), we consider t = 0 for Eq. (A.1).

In the following, we first give some uniform in m a priori estimates of the solution
(Pms cms Pm). Then, we verify the incompressible limit through the weak solution and establish
the complementarity relation via the viewpoint of obstacle problem inspired by [26].

Lemma A.1 (A priori estimates). Assume that m > 2 and the initial data (om0, Pm.0) satisfy
lomoll 1 wmy = C, ALy 0+ GoPm,0cmoll L1 ey < C, IVomollpwny =C,

X
Puo(x) < coR§h<R—0>, IV P oll2rny < C

for some Ry, Co > 0 and h(x) := %(1 —|x|*) 4. Then, the solution (pm, Pm, cm) of (A.1) satisfies
the following uniform in m a priori estimates as

0<cm<cp, (x,1) € Qr, supp(Pn(t)) CBr,(0), 0<t<T, (A.3)
| PullLoeor) + lomll L0y < C(T), (A4)
sup [llem — CB||L2(R'1) + ||ch||L2(]Rn) + ||3tCm||Ll(]Rn)] <C(T), (A.5)

0<t<T
sup [118; omll 1 ey + 1V ol L1 ey < C(T), (A6)

0<t<T

19: P ll 19y + IV Pll 20y < C(T), (A7)

CoT

where RT = Rpe ™ .
Proof. By the comparison principle, we directly obtain
O<cm<cp, (x,1)€Qr. (A.8)

Inspired by [6], let Cp > Gocp and
1 2
hx) o= 2 (1= [P
n

Cot
Then, for given ¢ := CoRz(t)h(ﬁ), R(@) := RoeTO, it holds on the support of ¢ that
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Co Q) CoR(1)
¢ — (m — 1) (Ap + Gocp) —|V$|* = ———(R'(t) — ———) =0,
—_— n
<0

Suppose that P, o(x) < Co Réq& (Rio) with some Ry > 0, it follows from the comparison principle
that

Pln(xvt)§¢(xa t)v (Xv t)e QT'
The above conclusion means
supp(Ppu) C Bry(0), | PullLeecop) < C(T), (A9)

and further concludes for m > 2 that
supp(pm) C Bry (0), Nl omllLee(ory) < C(T) (A.10)

CoT
with Ry = Roe%. We multiply (A.1), by ¢;, — cp and obtain
[ 1Ventaxt [txon + 21 = purilion — cal'dx < [ xpmenle -~ calds
R~ R~ R~

Using the fact Axp0,; + X (1 — pm)+ = min{iy, x} > 0, the estimate (A.10), and Holder’s in-
equality yields

sup llew () — call 2y + sup Vel 2 < C(T). (A.11)
0<t<T 0<t<T

We use the equation (A.1), and Kato’s inequality, it holds
0 =< Aldrcm| = 10icm| A xpm + X (1 = pm)+) + 101 om|(Gox cm + Xlem — B, (A.12)
which implies
/Iatcm|dx < C/ |0; pm|dx, t > 0. (A.13)
Rn R7
By means of Kato’s inequality for (A.1);, we have
310¢ pm| < Ald; oy | + Gocgl0; pm| + Gopm|d;cm|. (A.14)

Taking (A.13) into consideration, and integrating the above inequality (A.14) on [0, ¢] for any
0<t<T, wehave

sup 2hpulziany + SUP 1iciluian) < CCT). (A.15)

0<t<T
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Parallel to the proof of the above estimate, it holds

sup [V omll L1y < C(T). (A.16)
0<t<T

We multiply the inequality equation (A.14); by 6(x) > 0 with —Af0 = xp Ryt and integrate on
Qr, then it yields

190 11y <161 oo Ry [0 o Ol 1 @y + 10 6m (Tl 1 o)
+ 1Gocld:pm| + Gopmldicm Il L1 (o] = C(T).

Hence, we obtain
m
10 Pull 107y < 55 10 Pl L1 01y + 2110 0 I L1 0y < C(T). (A.17)
om 2

In addition, it holds by integrating (A.2) on Q7 that

m 1 P.(T
VP < G P, + ——[IIP n "
I m||L2(QT) “m=2 ocsl mHLl(QT) m — 1[” m’OHLI(R ) 17 )HLI(R 2 (A.18)

<C(T).

Combining (A.8), (A.9), (A.11), (A.12), (A.15), (A.16), (A.17), and (A.18), we complete the
proof. 0O

Based on the basic a priori estimates in Lemma A.l, we derive some convergence results
for the solution p;,;, Py, ¢,y in m, and then further prove both the incompressible limit and the
complementarity relation.

Theorem A.2. Under the same initial assumptions of Lemma A. 1, there exists a pair of functions

(Poos Poos Co0), satisfying poo € L'(Q1) N L®(Q1) N BV(Q7), P € L'(Q7) N L¥(Q7) N
BV(Qr) N L*(0,T; H'(R™), coo — cp € L*(0, T; H'(R) N BV(Q7) with 0 < ¢o < c,
such that, after extracting subsequences, as m — oo, it holds

Pm —> Poos in LP(Qr) with 1 < p < 00, (A.19)
Py, — Pso, in L?(Qr) with1 < p < 00, (A.20)
Cm = Coos in L] (Qr) with1 < p < 0o, (A.21)
(1—pm)e = (1 — poo), in L?(Qr) with1 < p < 0. (A.22)

Moreover, the limit (poo, Coo, Po) Satisfies a Hele-Shaw type system as

01 Poo = AP + G0 PpooCoos inD'(Qr),
Acoo = V(po, Cx0), inD'(Qr),
Coo —> Cp, as|x|— oo.

0<poo =<1, Px(l—ps)=0, aeinQr,

(A.23)

23



Y. Feng, Q. He, J.-G. Liu et al. Journal of Differential Equations 440 (2025) 113433

with the initial data pso,0 € L'(R™) N L®(R") N BV (R™). Moreover, the complementarity rela-
tion holds as

Poo(APs + Gocoo) =0 in D' (R" x (0, 00)). (A.24)

Proof. Step 1, proof of (A.23). Based on verified estimates (A.3)-(A.7), then (A.19)-(A.21)
hold by the compactness embedding. Furthermore, (A.19) naturally proves (A.22). Taking
(A.19)-(A.22) into account, hence (A.23);_3 holds in the sense of distribution. Since 0 < P, <
C(T), it holds by passing to limit that

0<ps <1, ae.in Q7. (A.25)
In addition, we have P," ' = (%) = Pom P, which concludes after taking the limit in m that
Poo(1 — pso) =0, ae.in Q7. (A.26)

Hence, (A.25)-(A.26) prove (A.23),.
Step 2, proof of (A.24). We set a functional space

E:={ve H'®RHNL'R") |v>0,(v,1— Poo()) g1 g1 = 0}.

Let v be a function in E;, with 79 > 0, we use the density equation (A.1) and the pressure equation
(A.2) to obtain

/VPm -VPy,—puVPy,- v+ Gocy(v— Pp)dx

R?
1 d ) d
R~» R~ Rn
+/G0cmv(1 — pm)dx.
R~

Integrating on (g, fo + &) for any § > 0, we have

to+4
/ / VP, VP, —pumVPy,- v+ Gocy(v— Py)dxdt
o Rr

to+38

- ﬁ[/(aﬂ(z@ +8) — Py (to))dx — f / |V Py |2dxdt] (A.28)
R~ fh R~
to+35

+/v(,0m(lo+5) — pm(t0))dx + / /Gocmv(l — pm)dxdt.
R~ o R?
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Thanks to the lower semi-continuity of L?-norm, it holds

to+5
/ / VPs - VPy — VPs - V4 GoCoo(V — Pxo)dxdt
p Rn
to+5
< liminf / /VPm VP, —pVPy,- v+ Gocyy(v— Pp)dxdt
m—0o0
1 Rn
0 (A.29)
to+4
= liminf/ v(om (to + 8) — pm (t0))dx + / / GocooV(1 — poo)dxdt
m—0o0
R# o Rr
to+0
< liminf/ v(om(to + 8) — pm(to))dx + Gocp / / v(l — poo)dxdt.
m—0o0
]Rn 10 R"

‘We note that

d
E/pmvdxz—/pmVPm~Vvdx+/Gocmpmvdx.
R~ R~ R~

Then, it follows

d
|E/,omvdx|5C/|VPm||Vv|dx+GocB/,omvdx.
Rn Rn Rn

The first term on the right-hand side is bounded in L2(O, T), and the second term is
also bounded in L°°(0,T). We deduce that the function 7 — fR" pmvdx is bounded in
HY0, T) c cY%(0, T) and therefore converges uniformly in [0, T']. Since fRn vpmdx converges
t0 [gn Upoodx in D'(R), we have

/ v()om (G, t)dx — / V() Poo (-, t)dx locally uniformly in R .
Rn ]Rn

Consequently,

lirgiglof/ V() (om (X, to + 8) — pm (X, t0))dx

Rn

= [ 000t 10-+8) = poolx 0D (A30)
Rn

= [ 1Ot 10+8) = Ddx <0,
Rn
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We insert (A.30) into (A.29), it holds

to+4 to+48
1f/|vp°°|2 Gocoo P, ddt<1f/|vv|2 Gocoovdxdt
- —_ C X — —_ CooVAd X
s ) 0Co0 o0 =3 ) 0Co0

fh R» fh R~

to+48
Goc
+ 28 f(v,l—poo)Hl’H_ldt.

fo

Due to the fact Po, € BV (Qr), the trace theorem supports P;‘) = P, for the trace Pot of Pyo.
Hence, let § — 01, we get

VPP GoenPadr < [ Y20~ Goenvd
) — U0Co0 ool X = 27 0Coola X, (A.31)
R~ R~
where % tf)OH(v, 1 — poo) g1 g-1dt = (v, 1 — poo(t0)) g1 -1 = 0 as 1 — 0T is used since

1—pso € C([0,T], H~1). We can conclude that Pso(¢) is a global minimizer in E; a.e. t > 0.
Given a test function ¢ € C°(R" x (0, 00)), we take ve = Poo + € Poo9p = Poo(1 + €¢) with
le|] < 1sothat 1 + €@ > 0. Poo(l + €9) € E; holds evidently. Due to (A.31), we have

d |V
— [ — Gocoovedx] =0,
de le=0

2
R~

which yields

/ V Pso(t) - V(Pos(t)9) — GoCoo Poo()pdx =0, ae.t € Ry.
R?

Hence, the complementarity relationship (A.24) holds in the sense of distribution. O
Appendix B. Justification of the expansion
We devote this section to the proof of Lemma 3.2 and Lemma 3.3. To begin with, recall that

is the tube-like domain defined in (3.1). ¢ and ¢ correspond to the unperturbed and perturbed
tumor region, respectively. For concision, we denote the complementary sets as

§=Q\ Qo, Qf =Q\ Q. B.1)
Now, we provide the proof of Lemma 3.2 as follows.
proof of Lemma 3.2. Note that if we denote ¢® = ¢ — ¢y, then it satisfies
—A + 2t =0, in Q:NQ:=Q; (B.2a)
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~AS =1 —A)co—cp, in Qe NQG = Q; (B.2b)
—AC+ = —Deo+ep,  in QfNQ=Qs; (B.2¢)
—Al+ 8 =0, in QfNQY =y (B.2d)

Write them in a single equation, we get
—A 4 (hoxg +oxeg) = (=D —cp) - (1, — xe),  in 2 (B3

Observe the fact that Axq, + Xog can be treated as a function in L*°(£2), ¢ has already been

solved explicitly in Q2. Furthermore, the areas |2;| and |23| are bounded by € 1B | ¢3+e(R)- Then,

the classical W29 estimate of elliptic equations and Sobolev embedding theory together yield
the first inequality in Lemma 3.2. More precisely, for any ¢ > 2 and « = 1 — 2/¢q one has

e ey < e lwaa ey < 1L =2)e0 = ¢8) - (x, = xg:) Lo < ClelI€llc3rar)-
Finally, send ¢ — oo to complete the proof.

For the second inequality in Lemma 3.2, one can easily write down the equation for p® =
p — po, that is

—ApP=Goc®, in Q, (B.4)
Thus, by using Schauder estimate one has
1% ety < Gollelcie(g) = Clellléllcarew). O (B.5)

Next, observe the fact that (c(i), @, p(i), p(o)) are defined in Q¢ or Q¢, respectively. However,

the first-order terms (c(li), CEO), p?), pgo)) are only defined in Qo or (. Therefore, we need to

transform them to ¢ or Qg by Hanzawa transformation H¢, which is defined as follows:

(x, ) =He(x',y) = (' + I(x")eE, y), (B.6)
where Z € C® satisfies
0, if |¢]> 38, . d*z| ¢
7 = h P _
©) { L |§|<35, wit T <50

where § is a small positive scalar. Thus, Hg maps 20 to 2, and maps 2 to 2¢. We denote
e yieb)=c’ M yied), V0 yied) =M (L y)ied),  (BTa)
PP yied) = pPH (xoyieb). P yieb)=p (H (x.y)ieb).  (BTb)
Then, we further define
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1(x, y; €€) =8V (x, y; €8) + 80 (v, s €f), (B.8)
le(x, y; eé) = ﬁ(li)(x, y; eé) + fz(lo)(x, y; eg). B.9)

Now, we turn to the proof of Lemma 3.3. The detail of the proof is cumbersome, but the idea is
quite simple and in the same manner as the proof of the Lemma 3.2. Therefore, we only provide
a sketch of it.

proof of Lemma 3.3. The proof is similar to that of Lemma 3.2. Denote ¢® := ¢ — ¢y — €é
and similarly for p® := p — pg — €p1, where ¢ and p; are defined in the same manner as
(3.14). Then, one can write the equation for ¢® on the whole Q. Then, employ W>4 estimate
of the elliptic equations and embedding theory to obtain the nutrient estimate first, as we did in
Lemma 3.2. However, to do this, one needs to compute the first and second derivatives of ¢
with respect to (x, y), which further requires us to consider the change of variables induced by
the Hanzawa transformation. This process is cumbersome, but is standard. Therefore, we refer
the reader to Theorem 4.5 in [43] for a similar proof. Once the nutrient estimate is obtained, the
pressure estimate can be obtained using the Schauder estimate in the same way as in the proof of
Lemma3.2. O

Data availability
No data was used for the research described in the article.
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