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In many real-world scenarios, the underlying random fluctuations are non-Gaussian,
particularly in contexts where heavy-tailed data distributions arise. A typical example
of such non-Gaussian phenomena calls for Lévy noise, which accommodates jumps and
extreme variations. We propose the Random Batch Method for interacting particle sys-
tems driven by Lévy noises (RBM-Lévy), which can be viewed as an extension of the
original RBM algorithm in [S. Jin, L. Li and J.-G. Liu, Random batch methods (RBM)
for interacting particle systems, J. Comput. Phys. 400 (2020) 108877]. In our RBM-Lévy
algorithm, N particles are randomly grouped into small batches of size p, and interac-
tions occur only within each batch for a short time. Then one reshuffles the particles and
continues to repeat this shuffle-and-interact process. In other words, by replacing the
weak interacting force by the strong and sparse interacting force, RBM-Lévy dramati-
cally reduces the computational cost from O(N?2) to O(pN) per time step. Meanwhile,
the resulting dynamics converges to the original interacting particle system, even at the
appearance of the Lévy jump. We rigorously prove this convergence in Wasserstein dis-
tance, assuming either a finite or infinite second moment of the Lévy measure. Some
numerical examples are given to verify our convergence rate.
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1. Introduction

Interacting particle systems can effectively model various systems in both natural
and social sciences, such as molecules in fluids [22], plasma [4], swarming [7], [l
[I7, [45], chemotaxis [3| 28], flocking [II, 13| 26], synchronization [I0l 26], consensus
[42], random vortex model [40], and beyond. In the interacting particle system,
each individual is called a particle, and they interact with each other according to
some interacting force, which can be derived from existing physical or economical
theories such as the Newton’s second law. Traditionally, people add white noise with
continuous trajectories to describe the uncertainty of particle movement. However,
in many applications, the random fluctuation of is usually non-Gaussian, and people
usually use Lévy-type noises that allow jumps to model these phenomena [5 18] [29]
[43] [47]. In this paper, we focus on efficient simulation and its rigorous convergence
analysis of interacting particle systems driven by (pure jump) Lévy processes. For
the pairwise interacting case, direct evaluation of the interaction requires complexity
of O(N?) per time step. Inspired by the Random Batch Method (RBM) (for the
Gaussian noise case) proposed in [30], we extend this idea to the case where the noise
in the system has jumps. In detail, the random shuffle-interact idea of RBM can be
described as follows (also see in Algorithm [[lbelow): in each (kth) time interval, we
randomly divide {1,..., N} into % small batches, each with batch size p (p < N,
often p = 2), denoted by Cr, (¢ =1,2,..., %), and particles interact among each
other within each batch for a short time. Then, the particles are reshuffled, and the
process continues. Consequently, the computational cost is reduced to O(pN) per
time step while one may still have convergence, even in the Lévy noise case. In this
paper, we provide the first rigorous proof for the convergence guarantee of RBM
with Lévy noise and bounded interacting kernel with an explicit convergence rate.
The convergence analysis is valid for both finite and infinite second-moment cases.
In particular, our result is valid for the rotational invariant a-stable case, which is
applicable in various practical tasks.

Let us first introduce the basic settings of this paper. Consider the following
first-order pairwise interacting particle system driven by Lévy processes:

Xi(t) = X(0) — /0 VV(X(s))ds +/0 ﬁ ZK(Xj(S) — X(s))ds + L(t),
j#i
1<i<N, (1.1)

where X? € R, V : R? — RY, K : R? — R? and L‘(t) are N independent Lévy
processes with Lévy measure v satisfying v({0}) = 0 and

/ 1A |zPv(dz) < co. (1.2)
Rd

Moreover, the Lévy—Ito decomposition gives

L(t)P.V./Ot /Z<1z]\7(d5,dz)+/0t /|Z|>1ZN(ds,dz), (1.3)
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Random batch methods for Lévy particles

where N (dt,dz) is the Poisson measure and N (dt,dz) := N(dt,dz) — EN(dt,dz) =
N(dt,dz) — v(dz)dt is the compensated Poisson measure. Also, P.V. denotes the
Cauchy principle value, and in the followings we will omit this notation for sim-
plicity. We would refer the readers to [2] for more detailed introduction for the
Lévy process. We also provide some related basic knowledge in [Appendix A]of this
paper.

As we would see in Algorithm [Il the Random Batch Method replaces the weak
interaction force 5K (X7 — X*) between all pairs (X7, X*) with some strong
interaction force ZﬁK (X7 — X% within pairs selected in a small batch with size p. In
other words, the main modification in the RBM is replacing ﬁ Z#i K(X7— X%
(the total force acting on X?) with p%l Yjeczi K(X7=X'), where C C {1,..., N}
is a random batch of size p. Consequently, this replacement dramatically reduces the
computational cost from O(N?) to O(pN) per time step, and provides an unbiased
approximation for the force/velocity field of the original interacting particle system.
This means for any fixed deterministic sequence (z),,

1 - 1 .
JEC,jF#i j#i

where the randomness is from the random batch C. The above consistency property
is quite intuitive since conditioning on i € C, the probability that another index j is
chosen into C is K,;fl. This consistency property (L)) of the random batch indicates
that the modified dynamics in RBM should be close to the original interacting
particle system, and in fact it plays a significant role in our convergence analysis.

In detail, the Random Batch Method for (II]) acts as follows: Let x > 0 be the
constant time step, p be the batch size (assume that p divides N), and denote t,, :=
mk form = 0,1,2,.... For eachm, divide {1,..., N} into p batches .1, ..., Cpo n/p
randomly, for each ¢ and ¢ such that ¢ € C,, 4, update the X* by solving the following
SDE for t € [tm, timi1):

Xi(t) = X (ty) — /t VV(X(s))ds

m

+/t L ST K(X(s) - XU(s))ds + (L(t) — Li(tm)).  (1.5)

1
m P e,

Then one reshuffles the particles and continues to repeat this shuffle-and-interact
procedure. A detailed algorithm is demonstrated in Algorithm [l

Originally proposed in [30], the Random Batch Method for systems with contin-
uous noises has been applied to design various practical algorithms. For instance,
in [23, 33] 37, 38|, the authors combined the RBM and the Ewald algorithm and
proposed the so-called Random Batch Ewald (RBE) method for the molecular
dynamics. Other recent extensions of RBM include its application to sampling
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Algorithm 1. RBM-Lévy
1: form e {0,...,£ -1} do
2: Divide {1,2,..., N} into % batches randomly.
3: for each batch Cy, 4 (¢ =1,2,..., %) do
4: Update X' (where i € Cp,4) by solving the following SDE with ¢ €
[ty tint]:

dX' = —VV(X")dt + ]% > K(X7 - XY)dt+dL'.
FECm g, i
5: end for
6: end for

[36], interacting quantum particle systems [24] 4], second-order interacting parti-
cle systems [32], multi-species stochastic interacting particle systems [15] 3], the
Poisson-Nernst-Planck (PNP) equation [35], the Landau equation [8] and Landau-
type equations [I9], to name a few. On the other hand, instead of the Brownian
motion, the usage of Lévy noise is of great significance in various dynamical sys-
tems. In fact, in many real-world scenarios, the underlying random fluctuations are
non-Gaussian, particularly in contexts where heavy-tailed data distributions arise.
Typical examples include the COVID-19 deaths [I1]], hurricane-related losses [16],
etc. A typical example of such non-Gaussian phenomena calls for Lévy noise, which
accommodates jumps and extreme variations. For instance, recently the authors in
[B] used the Lévy noise to study the fluctuation of the stochastic gradient descent
(SGD) when the data (random mini-batch) has infinite variance. Also, the authors
of [47] studied the small-mass limit of interacting particle systems driven by Lévy
processes. Moreover, the mean-field theory for interacting particle systems driven
by noises with jumps has been investigated [39, 4], and other properties such as
the Smoluchowski—Kramers limit for SDEs driven by Lévy noises has been studied
[46] [48]. However, the efficient simulation of the interacting particle systems driven
by Lévy process remains open. The main contribution of this paper is addressing
this problem by applying the random batch idea to simulate this dynamics with
Lévy jumps, and providing a rigorous convergence guarantee as the time step s
tends to zero.

At first glance, after only a few iterations, the resulted dynamics would differ
a lot from the original dynamics, due to the difference between the weak interac-
tion and the strong interaction mentioned above. However, for k — 0, the RBM
dynamics would be close to the original one due to the law of large number in
time. In detail, we prove in Theorems 2.1 and that whether or not the Lévy
noise has finite second moment, RBM always converges to the interacting particle
system uniformly in time under Wasserstein distances (to be more specific, under
Wasserstein-2 distance when the second moment is finite, and under Wasserstein-1
distance when the second moment is infinite).
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Part of our techniques for the convergence analysis are similar to existing ones
(for instance, in [6l [30]). However, due to the discontinuous nature of the Lévy noise,
the associated analysis is not very trivial. For instance, one significant challenge we
overcome during the derivation in this paper is as follows:

e We address the possible singularity problem in the case when the Lévy process
does not have finite second moment. This problem shares the same nature of
the singularity of = +— %mo‘ at © = 0 for a € (1,2). We solve this issue
by introducing a regularized “norm” |- || = /|- |?> + € and choosing suitable

value of e.

Notably, our techniques can be naturally extended to analyze other systems, such as
the kinetic interacting particle systems with Lévy noise, and systems with unequal
particle masses. However, it is still unclear whether we could establish convergence
for more complicated cases, for instance, the space-inhomogeneous noise, and the
singular interacting kernels. We leave these as possible future work.

The rest of this paper is organized as follows. In Sec. Bl we prove the conver-
gence of RBM-Lévy to the original interacting particle system driven by the Lévy
processes. We consider the Lévy noise with finite second moments in Sec. 2.1l and
with infinite second moments in Sec. Some lemmas used in the main proofs are
given in Sec. Bl In Sec. d we run some numerical tests to evaluate the RBM-Lévy
algorithm and verify our theory in Sec. 2

2. Convergence Anlyasis for Random Batch Methods
with Lévy Noise

Recall the RBM for interacting particle system with Lévy noise defined in ().
In this section, under suitable assumptions for the Lévy measure v as well as for
the forces V (-), K(-,+), we prove its convergence to the interacting particle system
(T as the time step x — 0.

Denote pgl), ﬁgl) the first marginal distributions of (Il), (L), respectively, we
aim to estimate the Wasserstein-p distance (for p = 1, 2)

Wo(o 5. (2.1)

Note that for any two probability measure p, v, W, (p, v) is defined by

1/p
W, = inf —y|Pd .
(1, 1) ('yell'ﬁﬂ,v) /Rdxw lz -y w)

In our results below, we only consider p = 1,2 for simplicity: in Sec. 21l we
assume that the Lévy measure v has finite second moment, and show that the
error Wg(pgl),ﬁgl)) is at most O(y/k) uniformly in time. In Sec. 22 we assume
that the Lévy measure v only has finite first moment, and show that the error

Wi (pgl), ﬁgl)) is also at most O(y/k) uniformly in time.
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2.1. Systems driven by Lévy processes with finite second moments

We first consider the case where the Levy process has finite second moment. In
detail, we assume the following.

Assumption 1 (Finite second moment). The Lévy measure v satisfies
/ 12u(dz) < oo, (2.2)
|z[=1

Moreover, we need the following assumptions for V', K in the drift and the initial
states.

Assumption 2. Assume that K is bounded by Mg and Lg-Lipschitz, V is Ay-
strongly convex (i.e. function x — V(z) — 2¥|xz|? is convex), VV is Ly-Lipschitz.

Assumption 3. The initial states satisfy

X'(0) = X¥(0), su‘pIE|Xi(O)|2 < o0, supIE|V(Xi(O))|2 < 0. (2.3)

Theorem 2.1. Let pgl), [),El) be the first marginal distributions of (1), (LI,
respectively. Under Assumptions[BLBl for small time step k, there exists a positive
constant C' such that

sup Wa(pl", pV) < Cr3. (2.4)

t>0

Proof. We consider the synchronous coupling (same Lévy noise): for 1 <i < N,
X(t) = X"(0) - /t VV(X'(s))ds + /t L > K(X(s)
0 o N—1 o

— X'(s))ds + L'(t), -
cin i [ X% (s))ds L s
Xi(t) = Xi(0) /O VV(X"(s))ds + Y P 1#1_&;“@ e

— X'(s))ds + L'(t). o

Recall that ¢ = 1,2,..., % in Algorithm [Il and for each index ¢, there exists a ¢
such that i € Cp, 4. In (Z06]) and what follows, we denote such ¢ by ¢(7) so that one
always has i € Cpy, q(i)-

Denote

ZHt) = X(t) — X'(¢). (2.7)

Then, by exchangeability and Assumption 2 we have (some trivial details omitted)

SEIZ0P < ~Ow — 2L) /:EIZ%s)FdS + /OtE[Z%s) Xa (X (9)ds,  (2.8)
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where
XX = 3 KR - X))
J#1,J€Cm q(1)
*ﬁZKW(s) — X'(s)). (2.9)
J#i
Denote
R(t) == E[ZY(t) - X1 (X (1))] (2.10)
Then

o

R(t) = E[Z (tm) - X1 (Xe,)] + E[Z" (t) - (X 1 (X (1) = X1 (X (E)))]
+E[(Z (1) = 2 (tm)) - X1 (X (2))]
=L+ 1+ (2.11)
Clearly,
I =0. (2.12)

In fact, at t,,, the random batch C,, 4(;) is independent of )N(l(tm) and X%(t,,), and
since

E[Xn,i (X (tr))] = E[E[Xpn,i(X (tm)) | X*(tm),1 <i < NJJ =0

due to the consistency of the random batch, we know that I; = 0.
For the term Iy, by Lemma below, we have

E|ZY(t) — Z ' (tm)]? < CK?,  t € [tim,tm). (2.13)

Moreover, defining the F;, = o(f(i(s),Xi(s),Ck,q(i),k <m,1 <i<N,s<ty),
we prove in Lemma below that

E[Z (tm) - (X1 (X (1) = X1 (X (tm))] < COR(BIZ (b)) *)2. (2.14)

Consequently, combining with Lemma 3.2l and Young’s inequality, for any n > 0 to
be determined, we have

I, < Cr* + CryE|Z1(1)]2 < (C + 49) w2+ nE|Z ()2 (2.15)
U

For the term I3, since K is bounded by My Assumption 2] we know that
X1 (X (t)) is bounded by 2M . Therefore, using Lemma B.2] again, we have

I3 < Ck. (2.16)

Finally, combining the estimates for I, I5, I5, and choosing ¢ (in (Z15))) small
enough such that n < Ay — 2Lk, we have

E|Z1 (1) 2 g/o (—CE|Z(s) + C). (2.17)
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By using Gronwall’s inequality, and by definition of the Wasserstein-2 distance, we
obtain the desired uniform-in-time error estimate:

sup Wa(p, i) < Crt. (2.18)
t>0

Above, the values of the constant C' may vary but are all independent of the time
t and the particle number N. O

2.2. Systems driven by Lévy processes with infinite second
moments

In many applications, the Lévy measure does not have finite second-order moment.
For instance, if we consider instead the rotational invariant a-stable Lévy process
with o € (1,2), the corresponding RBM algorithm would still have convergence.
Moreover, the convergence is still non-asymptotic, thanks to the strong convexity
of the external potential V.

In detail, we replace Assumption [Il by the following weaker condition.

Assumption 4 (Finite first moment). The Lévy measure v satisfies
/ |z|v(dz) < oo. (2.19)
|z[=1

Theorem 2.2. Let pgl), [),(51) be the first marginal distributions of (1), (LI,
respectively. Under Assumptions2 BLEL for small time step k, there exists a positive
constant C' such that

sup Wl(pgl) , ﬁgl)) < Ck>. (2.20)

t>0

Proof. We still consider the synchronous coupling (same Lévy noise): for
1<i<N,

Xi(t):Xi(O)—/O VV(Xi(s))ds—k/O e SK(X(s)
J#i

— X(s))ds + L(t), (2.21)
Cily = 0y - [TV [ s
K1) = Xi(0) /0 V(i) + [ pl#i,jezc:m,qm K(X4(s)
— X'(s))ds + L(t) (2.22)
and denote
Zi(t) = X(t) — X(t). (2.23)

For € > 0, define
|x|e :== /]x]? + €2. (2.24)

2550034-8
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Then we have

IZl(f)|e=|Zl(0)le+/0 1ZH(s)[ 21 (s) - | —(VV(XH(s)) = VV(XH(s)))

S K(Ris) - X))

—1
p J#L,JE€CH q(1)
1 )
- J _x!
N1 ;K(X (5) — X(s)) | | ds. (2.25)

Taking expectation, since X'(0) = X*(0), and using the strongly-convexity of V(-),
the boundedness of K(-), as well as the exchangeability property of the particle
system, we have

E|Z'(t)]e < 6+/0 E[-(\v —2Lx)|Z"(s)|1 2" (s)’]ds

+ / E[|Z(s)|71 21 (s) - X1 (X ()], (2.26)
0
where

1 (X(s) = — Y K(X(s5)-X'(s))

J#1L,5€Cm q(1)
1 - -
— J _x!
N1 ZK(X (s) — X1(s)). (2.27)
J#1
Clearly, from the definition of | - |¢, we know that |z|c < |z| 4+ €. Then
~E[Z(s)|TMZ1 ()] < —E[Z ()12 (5)]e = €)?]

2
=E |—|Z'(s)|c +2¢ — NGOET:
< —E|Z'(s)|c + 2e. (2.28)
For the remaining term, we denote it by
R(t) :=E[Z' ()| Z1(t) - X a (X(1))]. (2.29)

Then
R(t) = E[Z" (tw)| 2 (tm) - X1 (X))
+E(|Z (tm)| 71 2" (tm) - (X1 (X (F)) = X1 (X (E)))]
+E[(Z' 0|71 21 (6) = 12" (tm)| 71 21 (tn)) - X1 (X (2))]
= Jy + Jo+ Js. (2.30)

2550034-9
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Similarly with (ZI2)), by consistency of the random batch,
Jy = 0. (2.31)

For the term Jo, since |Z1(t,,)|- | Z  (tm)] < 1, by Lemma B3 we have

Jo <E|Xm 1 (X (1)) — Xt (X (tm))| < Ckr. (2.32)
For the term J3, we consider the function f(x) := - Clearly, Vi) =
|z| 7t (1a— %) is always well-defined, and |V f(z)| < 2/e. Then, using the bounded-

ness of K(+) (so that X, 1(X (t)) is bounded by 2M ), as well as Holder’s continuity
property of Z! in Lemma B.2 we have

s < 2B|ZM(1) — 2N (t)] - 2My < CF. (2.33)
€ €

Combining all the above, we conclude that
t
E|Z ()] < e + / (—CE|Z(5)|. + Cle + 5 + re=1))ds. (2.34)
0

Finally, choosing € = sz for n < 1, by Grénwall’s inequality, and since |z| < |z].,
we have

E|Z'(t)| < E|Z' ()| < Ck>. (2.35)

Then, by definition of the Wasserstein-1 distance, we obtain the desired uniform-
in-time error estimate:

sup Wl(pgl) , ﬁgl)) < Ck?. (2.36)
>0

Above, the values of the constant C may vary but are all independent of the time
t and the particle number N. O

A significant corollary of our result is the following a-stable case.

Assumption 5. The Lévy measure v satisfies

297 ol ((d + «) /2)

- —(d+a) =
v(dz) = Cq,alz| dz, Caa = m2/d0(1 —a/2)

ac(1,2). (2.37)

Corollary 2.1 (Rotational invariant a-stable case). Let ,0,(51), ﬁgl) the first

marginal distributions of (1)), (LX), respectively. Under Assumptions 2 B B for
small time step k, there exists a positive constant C such that

sup Wi (o, 5iM)) < Crt. (2.38)
t>0

Furthermore, a very natural question is: why we consider different mea-
sures (Wasserstein-2 distance in Theorem 21)) and Wasserstein-1 distance for
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Theorem [2:2)? To our knowledge, the choice of order of the Wasserstein distances
is strongly related with the value of
P :=sup{p > 0: E|L(t)|’ < o}, (2.39)

which is determined by the integrability of the Lévy measure v. In other words,
the convergence topology is determined by the intensity of large jumps. Moreover,
after exactly the same derivation, we can see that if we replace

/>1 I2lv(dz) < oo (2.40)
by )
/>1 |z|“v(dz) < oo (2.41)

for some a € (1,2), then the result in Theorem can be correspondingly
replaced by
sup Wa(pgl),ﬁgl)) < Ck?. (2.42)
>0
In this paper, we consider the W; distance just for simplicity, and we separately
state the finite and infinite second moment cases because of the difference in the
proof. We summarize the W, (a € (1,2)) results discussed above into the following
corollary.

Assumption 6 (Finite pth moment). Fix « € (1,2). Lévy measure v satisfies
/ 2|7 1(dz) < oo, (2.43)
|z[=1

Corollary 2.2. Let pgl), ﬁgl) be the first marginal distributions of (LI)), (L3,
respectively. Under Assumptions2 BL6L for small time step k, there exists a positive
constant C' such that
sup Wa (ot itM) < Cr. (2.44)
t>0

3. Lemmas Used in the Proof

In this section, we provide some technical lemmas used in the proof of Theorems[2.1]
and The first lemma is the uniform-in-time moment bound for both the inter-
acting particle system and the associated RBM dynamics. We consider the finite
and infinite second moment cases separately.

Lemma 3.1 (Uniform-in-time moment estimate). Suppose Assumptions[2]
hold.

(1) Suppose Assumption[Dl holds. Then there exists positive constant C' independent
of i such that

supE[X ()2 < C < o0, supE|X'(#)?<C<oo, 1<i<N. (3.1)
>0 >0

2550034-11
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(2) Suppose AssumptionBl holds. Then there exists positive constant C independent
of i such that

supE[X (1) < C < 00, supE|X'(t)| <C <oo, 1<i<N. (3.2
>0 >0

Proof.

(1) Lévy jump with finite second-order moments. We first consider the pro-
cess X(t). By Ito’s formula, we have

IXT()]? = | X(0)]* + / 2X"(5—) - dX"(s) + (X))
+ Z(|Xi(s) — X(s—) — 2X(s—)AX(s)). (3.3)

s<t

Here, AX*(s) := X%(s) — X%(s—), and (X?)¢ denotes the continuous part of the
semimartingale X*. Recall that

X(t) _Xi(O)/O VV(X'(s))ds

/ N—lZK (X7(s) — X'(s))ds + Li(t), 1<i<N. (3.4)
J#i

Clearly, the continuous part of the semi-martingale X? has zero quadratic variation
({((X%)¢); = 0), since there is no Brownian motion. Moreover, recall that

Li(r) _//1 i(da, dz) //mzjw (ds, dz). (3.5)

Also note that fo Xi(s—)d(X?)¢ f X(s)d(X")e, we have

X2 = [X(0)2 + / 2X(s) - (— YV (X(s)

1 > K(X(s) - Xi(s))> ds

i

/ ) 2 = X () POV,

//>1 X (=) + 2" = | X" (s—)[*)v(dz)ds

+ / /Z<1(|Xi(8_) + Z|2 _ |Xi<3—)|2 — 9. XZ(S_))V(dZ)ds
(3.6)

2550034-12
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By Assumption[2] V is Ay -convex, and K is Lg-Lipschitz. Then since X!,..., XV
are exchangeable, we have

! i i 1 j i
E/O 2X(s) - | —=VV(X(s)) + mZK(X (s) — X'(s)) | ds

< —2(\, — 2Lx) /tE|Xi(s)|2ds. (3.7)
0

The term fg Joa(IX P (t=) + 2> — | X (t—)|*)N(dz, dt) is a martingale, so it has zero
mean. For the other terms involving the Lévy meausre v, by Young’s inequality, we
have

E/o /|Z|21(|Xi(8—) + z|2 _ |Xi(t_)|2)v(dz)d3

¢ ¢
= / / |z|2v(dz)ds + 2E/ X'(s—) - zv(dz)ds
0 Jjz>1 0 Jlzl>1

i Z2V z 1% z t i825
<(1+5) (/MH (d >)t+26 (1= 1)) [ EIXG)Pds, (39

where > 0 is a constant to be determined. For the other term, we have

T

= (/ |z|2u(dz)> t. (3.9)
|z|<1

Finally, since v is a Levy measure, f\z\<1 |2|?v(dz) < oo. By Assumption [
f|2|>1 |2|?v(dz) < oco. Hence, concluding all the above, choosing small § such that
ov({|z] > 1}) < Ay — 2Lk, we have

t

E|X(1)]2 < E|XT(0) — cl/ E| X(s)|2ds + Cot. (3.10)
0

By Gronwall’s inequality, and since sup; E|X%(0)|? < oo, we conclude that

supE| X (t)]* < C < . (3.11)
t>0
For X, using exactly the same argument, we can obtain
t
E[IX(t)]?|7,.] <E[X'(0)]* - Cy / E[|X"(s)*F,,]ds + Cat, t € [t tms1).
0

Consequently,

sup E| X (1)2 < C < . (3.12)
>0
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(2) Lévy jump with infinite second-order moments.
We first consider the process X. Recall that |z|. = /|z|? + €2 for € > 0. By Itd’s

formula, we have
(X' (t)]e = X" (0)] +/0 (X (s)]1 X (5) - (~VV(X'(s)

T S KX (s) — X (s))ds

J#

//Rd X7 (5=) + 2le — [ X*(s—)| )N (dz, ds)

/ />1 [ X" (s=) + 2le = | X" (s—)|e)v(dz)ds

[ el - X

—|X"(5)[eX " (s—) - 2)v(dz)ds. (3.13)

Note that the third line above is a martingale which has zero expectation. For the
first two lines, by Assumption [2 V is Ay-convex, and K is L g-Lipschitz. Then
since X', ..., X" are exchangeable, we have

E/O |X(s)| 71X (s) - ( VV(Xi(s ZK (X7 (s) — X'(s )))ds

Jséz

< [ MBI X))+ M)
0

t
< / (“AVEIX(8)]e + 2Ave + Mg )ds, (3.14)
0

where in the last inequality we have used the equality |z|. < |z| + e. For the third
line in BI3), since |V.|z|c| = |z|7t|z] < 1, we have

/ />1 X7 (5=) + zle — | X" (s—)|e)v(dz)ds < /Ot /Z>1|z|y(dz)ds

For the last line in [B.13), since |V2,|z|| = |7 1a — —|| < 2, we have

(3.15)

B[l Xl XX (o) 2tz

< %/0 /|Z|<1|z|2y(dz)ds. (3.16)
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Since v is a Lévy measure, we know that f\z\<1 |z|?v(dz) < co. Also, by Assump-
tion [ f\z\zl |z|v(dz) < oco. Therefore, by (BI3)—(3I4), there exists positive con-
stant C' such that

E|X(t)] <E|X'(0)]c + /Ot(AVmXi(s)le +C(l+e+e))ds.  (3.17)
By Gronwall’s inequality, there exists a positive constant C” independent of ¢ such
that
E|X ()| <C'(14+e+e ). (3.18)
Finally, choosing € = 1, and since |z| < |z|c, we have

sup E|X(t)| < oo. (3.19)

t>0

For X, using exactly the same argument, for ¢ > 0, we can obtain for ¢ €
[tmatm+1)a

E[| X (t)]|F:,.] < E|X(0)]? +/0 (=M\E[| X (5)|e|Fe, ]+ C(1 + e+ e 1))ds.

(3.20)
Consequently, choosing € = 1,
sup E|X ()] < oo. (3.21)
>0
O

The following Lemma states Holder’s continuity for the process Z1 (recall Z; =
X% — X%, The derivation does not depend on the properties of the noise, so the
proof is exactly the same with the Brownian motion case in [6] B0].

Lemma 3.2 (Hoélder’s continuity for the process Z'). Suppose Assumption[2
holds.

(1) Under Assumptions[dl there exists a positive constant C' independent of t, m,
K such that

E|ZY(t) — Z (tm)| < Ok, t € [tm,tmi1)- (3.22)

(2) Furthermore, under Assumptions[l there exists a positive constant C' indepen-
dent of t, m, k such that

B|Z () — Z (tm)]? < CK?,  t € [ty tmi1)- (3.23)

Proof. Since K(-) is bounded and VV(-) is Lipschitz by Assumption 2] and
using the uniform-in-time (first-order) moment bound obtained in Lemma Bl
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we have

E|ZY(t) — Z'(tm)| = E —/t (VV(X(s)) = VV(X(s)))ds

< Ly /t (E|XY(s)| + E| X (s)|)ds + 2Mg (t — t,) < Ck,
" (3.24)

for some positive C independent of m, t, N, p.
Similarly, using the uniform-in-time (first-order) moment bound obtained in
Lemma [3]], as well as Holder’s inequality, we have

E|Z} () — Z}(tn)|? = E ‘—/t (VV(X(s)) — VV (X (s)))ds

m

t 1 ; .

+ /tm ITJ.G;#K(X (5) - X(s)
1 j 1

m;mx (s) — X'(s)) | ds

< Ly(t—tm) /t (E|X1(s)| + E[X(s)|)ds + 2Mp (t — tn)?

< CK?, (3.25)

for some positive C' independent of m, t, N, p. O

The following lemma characterizes Holder’s continuity for the operator X, i
(recall its definition in ([Z3)). As we can see below, the derivation relies on the fact
that the first moment of the Lévy measure is finite.

Lemma 3.3 (Ho6lder’s continuity for X, 1). Recall the definition of X1
in 29):
1

Cua(X@) == ), KX(s) - X))
p—1
J#LIECm q(1)
1 o j 1
- ; K(X7(s) — XY(s)), (3.26)
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where s € [tm, tmy1). Suppose Assumption 2l holds.

(1) Under Assumptions [l there exists a positive constant C independent of t, m,
K such that

E[Z* (t) + (X1 (X (1) = X1 (X (tm))] < CK(E|Z" (tm)|?)?,
£ € [t tinst), (3.27)

(2) Under Assumptionsdl there exists a positive constant C independent of t, m,
K such that

E| X1 (X (1)) = X1 (X (t)] < Ch. (3.28)

Proof. By definition,
E['Xm,l(x(s)) - Xm,l(X(tm)) | Ft..]

1 - 1 .
-1 Z _ E[0K7(s) | F,.] — mZE[CsKJ(S) | Ftnls
JE€Cm q(1),J#1 J#1
(3.29)
where
OKI(s) = K(X7(s) — X'(5)) — K(X?(tm) — X (tm))
< Lg|6X1(s) —6X7(s)] (3.30)
and
6XI(s) = X'(s) — XI(t,,), 1<j<N. (3.31)
It is remaining to estimate 6X. Clearly,
[E[6X"(s) | Fi.,]]
- / E[-VV(X'(w) | Fi,,Jdu
tm
s 1 - -
+ / E|-— > EX(uw) - K(X'(w)) ]| F, | du
tm p j;éiijCWL,q(i)
+ / / zv(dz)du + 0|. (3.32)
tm |Z|21

Using boundedness of K, Lipschitz of VV, finite first moment, and Lemma 3.1l we
have

[EW%HﬂA

m

WW%HEJSCG+

). (3.33)
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Finally, taking expectation, using tower property of the conditional expectation and
Hoélder’s inequality, we have

E[Z (tm) - (X1 (X (1) = X1 (X ()]
= E[Z"(tm) - E[(Xin,1(X(t) = Xt (X (tm))) | Fr,.]]
< (E|Z (tm)*)?

[V

2

! 1 1 .y
x | Ck* + CE /t N—lz—i_pfl Z X7 (u)du

m Jj#1 J#LIECm qi)
1
< (E|Z"(tm)[?)?
2 2
X C/<;2+Cl<;/t]E #Z—FL Z X7 (u)| du
¢ N —14 p—1 :
m J#1 J#L,IE€Cm q(i)
1
< (E[Z"(tm)[?)?
t 1 1 :
2 i N2
x| Cr +2C/<;/t N712+p71l > E|X7 (u)|2du
m J#1 J#L,IECm qi)
(3.34)

By Assumption[]] using the (second-order) moment bound in Lemma Bl we obtain
E[Z" (tm) - (X1 (X (1) = X 1 (X ()] < CR(E|Zy,, [2)?. (3.35)

The derivation of the other claim is similar. By tower property of the conditional
expectation, we have

E[ X1 (X (1) = X1 (X (t)| = E[E[ X1 (X (1) = X1 (X ()| | F, ]
< ALKE[|6XY(s)| | F,] < Ok, (3.36)

where we have used Assumptionfland the (first-order) moment bound in Lemma[31]
in the last inequality. m|

4. Numerical Examples

In this section, we run some numerical examples to evaluate the RBM-Lévy algo-
rithm and verify our theory in Sec. @ The experiments were conducted on a server
running Ubuntu 20.04 with a 5.15.0-88-generic kernel, dual Intel Xeon Silver 4216
CPUs (64 cores), 125 GB RAM, and four NVIDIA TITAN Xp GPUs with CUDA
12.2 support.
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4.1. A simple test example

We first consider a simple artificial example to verify the results obtained in our
theory. In detail, in what follows, we test the dependence of the errors on the time
step &, the particle number N, and the time 7. In detail, we consider the following
one-dimensional interacting particle system with Lévy jump:

, , 1 XI(t) — X(t) .
dX'(t) = —aX"(t)dt . . dt + dL'(t 4.1
Ve
where a > 0 is a positive constant, and L(t) is a rotational invariant a-stable
Lévy process with o = 1.5. The interaction is clearly smooth, bounded and with
bounded derivatives. Moreover, it has a long-range interaction. In our experiments,
we take the initial state from the following distribution using the Metropolis-
Hastings MCMC algorithm:
V4 — 22
po(z) = B 1ya)<oy- (4.2)
T
To evaluate the error numerically, we use

BA(T) = 5 Y0 1X(T) = XU, (4.3)

Above, X' and X are coupled with the same Lévy jump and simulated with forward
Euler’s scheme with small time step 7 = 2715,

In Fig. [0l we consider the error at time T' = 1. We test the error E, for RBM-
Lévy with k = 274,275,276, 277 As we can see from Fig. [ for different N and
different a, the slope of the log-log curve is approximately % This means the con-
vergence rate is O(y/k), and is independent of N, which is consistent with our
theoretical result.

convergence rate of RBM-Levy, a = 1 convergence rate of RBM-Levy, a = 0

3.4
—e— N=50 —8— N=50

—e— N=100 -3.21 —e— N=100
| —e— nN=1000

—8— N=1000

|
w
o

-3.41

|
w
©

L

log error
1
IS
o

log error

-3.81

—4.0 4

-4.5 -4.0 -3.5 -3.0 -4.5 -4.0 -35 -3.0

log kappa log kappa
(a) (b)

Fig. 1. Error of RBM-Lévy versus time step at terminal time 7" = 1 (log-log scale): (a) a = 1
(with confining condition), (b) a = 0 (without confining condition). The particle number N is
50, 100, 1000 in each figure.
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error of RBM-Levy versus time computational cost of RBM-Levy

—e— EM
—8— RBM

0.035
0.030 4

0.025 4
10" 4

error
CPU running time

0.020 4

0.015 10 4

w

2 4 6 8 10 12 14 16 200 400 600 800 1000
T N

(a) (b)

Fig. 2. (a) Error of RBM-Lévy versus time T with configuration T' € {1,2,4,8,16}. x = 277,
N = 100. (b) CPU running time versus particle number N. a =1, s =277, T = 1.

0.010

In Fig. 2a), we test the long-time behavior of the RBM-Lévy algorithm. We
choose k =277, N = 100, and T = 1,2, 4,8,16. As we can see from Fig.[2la), when
a = 1 (namely, there is a strongly convex external potential), the convergence of
RBM-Lévy is uniform-in-time; when there is no such confining condition (a = 0),
the error of RBM would increase in time.

In Fig.2I(b), we test the computational complexity of the RBM-Lévy algorithm.
We choose a =1, k =277, T =1, and N = 50,100,200, 500, 1000. As we can see
from the results, the computational cost of RBM-Lévy is much cheaper.

4.2. Application to stochastic Cucker—Smale model

The Cucker—Smale model proposed by Cucker and Smale [I3][14] applies a nonlinear
second-order system to describe the behavior of particles swarm with Newton-type
interaction. It can effectively describe the flocking behaviors of animals such as
birds, fishes, and ants. The word “flocking” refers to general phenomena where
autonomous agents reach a consensus based on limited environmental information
and simple physical/social rules [25H27]. Here, we consider the following stochastic
Cucker—Smale model, which can capture the random fluctuation in practice more

precisely [21]:
d{Ei (t) = U; (t)dt,

N
dvi(t) = Z (|l () = @i (0)]) (v; () = vi(t))dt + (vi(t—) — ve(t))dLi(t),
(4.4)

where X;,v; €R, 0 € Ry, v(t) = & ZN L 0i(t), Li(t)(1 < i < N) are independent

Lévy processes with characteristics (0,07, v(+)), and the interaction kernel is of the
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following form:

1
(1+7r2)8"
It is known that when 3 € (0, %], the deterministic Cucker—Smale is unconditional
flocking [25H27]. Our experiment reveals that the Random Batch Method can effec-

tively simulate the stochastic Cucker—Smale model whether the model is flocking
or unflocking by choosing

O(r) = (4.5)

p=5 0=1 (4.6)

and different settings of the noises. We also choose v to be Lévy measure of some
compound Poisson process:

(dz) = A —— exp (%) dz (4.7)

velocity evolution of each particle (without random batch)

0.1 0.2
0.1
0.0
i 0.0
S o1 { s 019
0.2
-0.24
~0.34
-0.4
—-0.34
T T v v T T T T v v T T
0 10 20 30 40 50 0 10 20 30 40 50
t t
(a) (b)
velocity fluctuation evolution position diameter evolution
—— without random batch 331
0.5 4 —— with random batch
3.24
0.4 4
3.1
= 0.3 =
> %,
a o 3.0
0.2 4
2.9
0.14
2.8 —— without random batch
0.0 —— with random batch
0 10 20 30 40 50 0 10 20 30 40 50
t t
(c) (d)

Fig.3. o =1, A = 0.1 (white noise 4+ jump). flocking. (a) velocity evolution of each particle with-
out randam batch. (b) velocity evolution of each particle with random batch. (c) time evolution
of Dy(t) (d) time evolution of Dy (t).
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for some A > 0. Moreover, for each particle, the z-intitial distribution is i.i.d. chosen
to be po(z) (recall po(x) in ([E2), and the v-initial distribution is i.i.d. chosen to be
proportional to pg(0.1x).

In our experiments, we set the particle number N = 24, The stochastic Cucker—
Smale dynamics (with or without random batch on the drift) are simulated using
Euler’s scheme, and the time step for Euler scheme is 7 = 278, the time step for
choosing the random batch is x = 274, the batch size is p = 2.

As we can see from Fig. B below, when ¢ = 1, A = 0.1 (white noise + jump),
the model is flocking and the Random Batch Method can effectively simulate the
Cucker—Smale dynamics with much lower computational cost. Note that D, (t) and
D, (t) are defined by

D, (t) i= max (1) ()]

(4.8)
D,(t) := n}%xh}i(t) —v;(t)].

In the Appendix, we give some additional results under different settings of the
noise, which reveals that the Random Batch Method can effectively simulate the
model and preserve the flocking/unflocking nature of the system.

5. Conclusion

In this paper, we proposed the Random Batch Method for interacting particle sys-
tems driven by Lévy noises (RBM-Lévy), which can be viewed as an extension of the
original RBM algorithm in [30]. In our RBM-Lévy algorithm, one randomly shuf-
fles the IV particles into small batches of size p, and interacts particles only within
each batch for a short period of time. Then one repeats this shuffle-and-interact
procedure. Consequently, RBM-Lévy dramatically reduces the computational cost
from O(N?) to O(pN) per time step, while still ensuring the convergence to the
original interacting particle system, even when the noise allows jumps. Under the
assumptions of both finite or infinite second moment of the Lévy measure, we gave
rigorous proof of this convergence in terms of Wasserstein distances. Typical appli-
cations include systems with a-stable Lévy noises for a € (1,2). Remarkably, we
are not including the theoretical results for a € (0,1). This is mainly because our
proof is based on the coupling technique, and it is known that an a-stable process
cannot have finite o/th moment for o’ larger than a.. This then leads us to obtain a
Wasserstein-p convergence result for p < a, but the Wasserstein-p distance itself is
not a true distance for p < 1. On the other hand, we do believe that it is possible to
obtain a (sharp) Wasserstein convergence result using some other advanced PDE-
based techniques instead of the current coupling method. We leave it as a nontrivial
future work. Some numerical examples are given to verify our convergence rate and
show the applicability of RBM-Lévy. Some other possible future work may include
extensions to particle systems with Lévy noises and singular interaction kernels,
and to particle systems with multiplicative noises with jumps.
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Appendix A. Some Basics of Lévy Processes

In this section, we refer to [2] for some basic definitions in probability theory asso-
ciated with the Lévy process. We refer to [12] for more general jump processes. Let
L = (L(t),t > 0) be a stochastic process defined on a probability space (2, F, P).
We say that L; is a Lévy process if

(1) L(0) =0 a.s;
(2) L has independent and stationary increments;
(3) L is continuous in probability, i.e. for all a > 0, s > 0,

lim P(|L(t) - L(s)| > a) = 0.

Note that in the presence of the first two conditions, the third condition is equivalent
to

}in%P(|L(t)| >a) =0.

Also, the second condition implies that for fixed ¢ > 0, the random variable L(t) is
infinitely indivisible. This means for any n € N, there exists i.i.d. random variables
Yl("), Y™ such that L(t) equals to Y7, Yj(n) in the sense of distribution.
Moreover, the characteristic function of L(t) has the following Lévy-Khintchine
representation (here we consider the one dimension case Lévy process for simplicity
throughout this section):

Elexp(iuL(t))] = exp(tv(u)), Vu € R,
where the characteristic exponent of L(t) is given by
P(u) = ibu — %02’11/2 + /(ei“'z — 1 —iuzly<1y)v(dz). (A1)
Here, b,0 € R, and v is the Lévy measure of L satisfying
({0}) = 0, /1 A J2Pu(dz) < oc.

Correspondingly, for any Lévy process L(t), we have the following It6-Lévy decom-
position:

t t
L(t)=bt+oB: + / / zN(ds,dz) + / / 2N (ds,dz), (A.2)
0 Jlz|<1 0 Jz|>1

where N (dt,dz) is the Poisson measure and N (dt,dz) := N(dt,dz) — EN(dt,dz) =
N(dt,dz) —v(dz)dt is the compensated Poisson measure. Above, the triple (b, o2, v/)
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is often called the characteristic of a Lévy process. Moreover, the jump process
above as a semimartingale also satisfies the It6’s formula. In detail, letting X be a
semimartingale and f be a twice differentiable function, we have

F(X0) = £(Xo) /f dX+/f” x°)

+ Z (f(Xs) - f(Xs) - f/(Xsf)AXs)v (A3)

0<s<t

where X ¢ denotes the continuous part of the semimartingale X. In particular, if X
solves the following SDE driven by a (pure jump) Lévy process with characteristic
(0,0,v):

t
X =Xp +/ b(Xs)ds+ L(t), t>0, (A4)
0
then

F(X0) = £(Xo) + / F(X)b(X.)ds + / / (F(Xo- +2) — f(Xa))N(dz, ds)
Xoo +2)— f(Xs2))v(dz)ds
+/0 /Z>1(f( T 2) — f(Xa)w(d2)

* / / \<1(f(X87 +2) — f(Xoo) = f(Xs-)2)v(dz)ds. (A.5)

Appendix A.1. Rotational invariant a-stable Lévy processes

A real-valued random variable X is called stable if there exists real-valued sequences
(¢n)n, (dp)n with each ¢, > 0 such that

X1+ Xo+ -+ Xn L enX +dy, (A.6)

where X1,...,X,, are n independent of X, and it can be proved that the only
choice of the sequence ¢, is ¢, = onas for some o > 0 and a € (0,2] being its
index of stability [20, p. 166]. Alternatively, a stable process can be defined via
its characteristic function: A real-valued random variable X is stable if and only
if there exist o > 0, 5 € [-1,1], @ € (0,2] and b € R such that the characteristic
function of X is given by

1
exp (ibu — §U2u2) if =2,

Y(u) = B[] = { exp ibu — o%|ul|* [1 —ifsgn(u) tan (?)}} ifa#1,2,

{
exp {z’bu — olul [1 + w% sgn(u) log(|u|)} } ifa=1.
(A7)
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In particular, X is called rotational invariant a-stable if § = b = 0, namely, its
Lévy symbol n(u) := log(y(u)) satisfies

n(u) = —oul, (A.8)

where 6 = o for « # 2 and 6 = cr/\/§ if a = 2. It is also known that X has finite
pth moment when a > p.

Now, for a € (0,2), a real-valued Lévy process L,(t) is called a-stable if for
any ¢ > 0, the random variable L(¢) is stable. In particular, in this paper, we
focus on the rotational invariant a-stable Lévy process, where the Lévy symbol of
L(1) is n(u) = —|u]* (we take 0 = 1 in (A7) for simplicity). Consequently, the
characteristics of L () is (0,0, v,), where

_ 20710l ((1 + ) /2)
= (1+e) =
v(dz) = Cylz| dz, Cq: T —a/2)

Furthermore, it is well known that the rotational invariant a-stable Lévy process
corresponds to the fractional Laplacian operator (—A)?, which is a non-local one
and can be defined through the Fourier transform (see for instance, [44, Chap. 5]):

(A.9)

(—2)%p() == FHE[*p(E) (),  p(E) = Fp())(€)- (A.10)
In detail, the law p; of L, (t) solves a fractional heat equation:
dip=—(—A)2p. (A.11)

Clearly, this reduces to the classical heat equation when o = 2, namely, L, (t) is a
Brownian motion.

Appendix B. Additional Results for the Stochastic Cucker—Smale
Model

In this section, we provide more results of the random batch simulation of the
stochastic Cucker—Smale model discussed in Sec. In detail, we consider another
three different settings (two of them are not flocking): (1) o = 1, A = 0 (white
noise only, Fig. B)); (2) ¢ = 0, A = 0.1 (jump only, Fig. B2); (3) ¢ =0, A =0
(deterministic, Fig. [B3). The particle number is N = 2%. The stochastic Cucker—
Smale dynamics (with or without random batch on the drift) are simulated using
Euler’s scheme, and the time step for Euler scheme is 7 = 278, the time step for
choosing the random batch is © = 274, the batch size is p = 2.

As we can observe from Figs. [B.IHB.3] the existence of Brownian motion some-
how determines the flocking or unflocking behavior of the system. To our knowledge,
this phenomenon has no theoretical explanations under the current choice of the
interaction kernel in (£3). The random batch approach, in the current settings, can
effectively simulate the original model and capture the flocking/unflocking nature,
with much cheaper computational cost. Furthermore, inspired by these observa-
tions, it is meaningful to explore the nature of the fact that continuous noise makes
flocking easier, which is of independent interest.
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Fig. B.1.
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o =1, A = 0 (white noise only). flocking. (a) velocity evolution of each particle without

randam batch. (b) velocity evolution of each particle with random batch. (¢) time evolution of
D, (t) (d) time evolution of Dy (t).
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Fig. B.2.
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0.151

0.10

0.05

0.00 1

—0.05 1

—0.104

0 10

V(t)

velocity evolution of each particle (with random batch)

0.151

0.10 4

0.05

0.00

-0.051

-0.101

—0.154

-0.201

o =0, A =0.1 (jump only). unflocking. (a) velocity evolution of each particle without
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o =0, A =0 (deterministic). unflocking. (a) velocity evolution of each particle without

randam batch. (b) velocity evolution of each particle with random batch. (¢) time evolution of

D, (t) (d) time evolution of D4 (t).

2550034-27




J.-G. Liu & Y. Wang

ORCID

Jian-Guo Liul®| https://orcid.org/0000-0002-9911-4045
Yuliang Wang|®| https://orcid.org,/0000-0001-9769-7411

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

G. Albi and L. Pareschi, Binary interaction algorithms for the simulation of flocking
and swarming dynamics, Multiscale Model. Simul. 11(1) (2013) 1-29.

D. Applebaum, Lévy Processes and Stochastic Calculus (Cambridge University Press,
Cambridge, 2009).

A. L. Bertozzi, J. B. Garnett and T. Laurent, Characterization of radially symmetric
finite time blowup in multidimensional aggregation equations, STAM J. Math. Anal.
44(2) (2012) 651-681.

C. K. Birdsall and A. B. Langdon, Plasma Physics via Computer Simulation (CRC
Press, Boca Raton, 2018).

J. Blanchet, A. Mijatovi¢ and W. Yang, Limit theorems for stochastic gradient descent
with infinite variance, preprint (2024), arXiv:2410.16340.

Z. Cai, J.-G. Liu and Y. Wang, Convergence of Random Batch Method with replace-
ment for interacting particle systems, accepted by Math. Comp., preprint (2024),
arXiv:2407.19315.

E. Carlen, P. Degond and B. Wennberg, Kinetic limits for pair-interaction driven
master equations and biological swarm models, Math. Models Methods Appl. Sci.
23(07) (2013) 1339-1376.

J. A. Carrillo, S. Jin and Y. Tang, Random batch particle methods for the homoge-
neous Landau equation, Commun. Comput. Phys. 31 (2022) 997-1019.

J. A. Carrillo, L. Pareschi and M. Zanella, Particle based gpc methods for mean-field
models of swarming with uncertainty, Commun. Comput. Phys. 25(2) (2019) 508-531.
Y .-P. Choi, S.-Y. Ha and S.-B. Yun, Complete synchronization of Kuramoto oscillators
with finite inertia, Physica D 240(1) (2011) 32-44.

J. E. Cohen, R. A. Davis and G. Samorodnitsky, COVID-19 cases and deaths in the
United States follow Taylor’s law for heavy-tailed distributions with infinite variance,
Proc. Natl. Acad. Sci. USA 119(38) (2022) €2209234119.

S. N. Cohen and R. J. Elliott, Stochastic Calculus and Applications, Vol. 2 (Springer,
New York, 2015).

F. Cucker and S. Smale, Emergent behavior in flocks, IEEE Trans. Automat. Control
52(5) (2007) 852-862.

F. Cucker and S. Smale, On the mathematics of emergence, Japan. J. Math. 2 (2007)
197-227.

E. S. Daus, M. Fellner and A. Jiingel, Random-batch method for multi-species stochas-
tic interacting particle systems, J. Comput. Phys. 463 (2022) 111220.

V. de la Pena, H. Gzyl, S. Mayoral, H. Zou and D. Alemayehu, Prediction and esti-
mation of random variables with infinite mean or variance, Comm. Statist. Theory
Methods 54 (2025) 115-129.

P. Degond, J.-G. Liu and R. L. Pego, Coagulation—fragmentation model for animal
group-size statistics, J. Nonlinear Sci. 27 (2017) 379-424.

P. D. Ditlevsen, Observation of a-stable noise induced millennial climate changes from
an ice-core record, Geophys. Res. Lett. 26(10) (1999) 1441-1444.

K. Du and L. Li, A collision-oriented interacting particle system for Landau-type
equations and the molecular chaos, preprint (2024), arXiv:2408.16252.

2550034-28


https://orcid.org/0000-0002-9911-4045
https://orcid.org/0000-0001-9769-7411

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Random batch methods for Lévy particles

W. Feller, An Introduction to Probability Theory and Its Applications, Vol. 81 (John
Wiley & Sons, New York, 1991).

7. Feng, X. Wang and Y. Liu, Stochastic flocking dynamics of the Cucker-Smale model
driven by Lévy noise, J. Math. Phys. 65(11) (2024) 112704.

D. Frenkel and B. Smit, Understanding Molecular Simulation: From Algorithms to
Applications (Elsevier, Amsterdam, 2023).

Z. Gan, X. Gao, J. Liang and Z. Xu, Random Batch Ewald Method for dielectrically
confined Coulomb systems, STAM J. Sci. Comput. 47(4) (2025) B846-B874.

F. Golse, S. Jin and T. Paul, The random batch method for n-body quantum dynam-
ics, J. Comput. Math. 39(6) (2021) 897-922.

S.-Y. Ha, S. Jin, D. Kim and D. Ko, Uniform-in-time error estimate of the random
batch method for the Cucker-Smale model, Math. Models Methods Appl. Sci. 31(06)
(2021) 1099-1135.

S.-Y. Ha and J.-G. Liu, A simple proof of the cucker-smale flocking dynamics and
mean-field limit, Commaun. Math. Sci. 7(2) (2009) 297-325.

S.-Y. Ha and E. Tadmor, From particle to kinetic and hydrodynamic descriptions of
flocking, Kinet. Relat. Models 1(3) (2008) 415-435.

D. Horstmann, From 1970 until present: The Keller-Segel model in chemotaxis and
its consequences, Jahresber. Deutsch. Math.-Verein. 105 (2003) 103.

H. Huang and J. Qiu, The microscopic derivation and well-posedness of the stochastic
Keller-Segel equation, J. Nonlinear Sci. 31(1) (2021) 6.

S. Jin, L. Li and J.-G. Liu, Random batch methods (RBM) for interacting particle
systems, J. Comput. Phys. 400 (2020) 108877.

S. Jin, L. Li and J.-G. Liu, Convergence of the random batch method for interacting
particles with disparate species and weights, SIAM J. Numer. Anal. 59(2) (2021)
746-768.

S. Jin, L. Li and Y. Sun, On the Random Batch Method for second order interacting
particle systems, Multiscale Model. Simul. 20(2) (2022) 741-768.

S. Jin, L. Li, Z. Xu and Y. Zhao, A random batch Ewald method for particle systems
with Coulomb interactions, SIAM J. Sci. Comput. 43(4) (2021) B937-B960.

S. Jin and X. Li, Random batch algorithms for quantum Monte Carlo simulations,
Commun. Comput. Phys. 28(5) (2020) 1907-1936.

L. Li, J.-G. Liu and Y. Tang, Some Random Batch Particle Methods for the Poisson-
Nernst-Planck and Poisson-Boltzmann equations, Commun. Comput. Phys. 32(1)
(2022) 41-82.

L. Li, Z. Xu and Y. Zhao, A random-batch Monte Carlo method for many-body
systems with singular kernels, STAM J. Sci. Comput. 42(3) (2020) A1486-A1509.

J. Liang, P. Tan, Y. Zhao, L. Li, S. Jin, L. Hong and Z. Xu, Superscalability of the
random batch Ewald method, J. Chem. Phys. 156(1) (2022) 014114.

J. Liang, Z. Xu and Y. Zhao, Improved random batch Ewald method in molecular
dynamics simulations, J. Phys. Chem. A 126(22) (2022) 3583-3593.

M. Liang, M. B. Majka and J. Wang, Exponential ergodicity for SDEs and McKean-
Vlasov processes with Lévy noise, Ann. Inst. H. Poincaré Probab. Stat. 57(3) (2021)
1665-1701.

A. J. Majda, A. L. Bertozzi and A. Ogawa, Vorticity and incompressible flow. Cam-
bridge texts in applied mathematics, Appl. Mech. Rev. 55(4) (2002) B77-B78.

S. Méléard, Asymptotic behaviour of some interacting particle systems; McKean-
Vlasov and Boltzmann models, Probabilistic Models for Nonlinear Partial Differential
Equations (Springer, 1996), pp. 42-95.

2550034-29



J.-G. Liu & Y. Wang

42.

43.

44.

45.

46.

47.

48.

S. Motsch and E. Tadmor, Heterophilious dynamics enhances consensus, SIAM Rev.
56(4) (2014) 577-621.

M. Shkolnikov, Competing particle systems evolving by interacting Lévy processes,
Ann. Appl. Probab. 21(5) (2011) 1911-1932.

E. M. Stein, Singular Integrals and Differentiability Properties of Functions (Princeton
University Press, Princeton, 1970).

T. Vicsek, A. Czirdk, E. Ben-Jacob, I. Cohen and O. Shochet, Novel type of phase
transition in a system of self-driven particles, Phys. Rev. Lett. 75(6) (1995) 1226.

Z. Wang, L. Lv and J. Duan, Homogenization of dissipative Hamiltonian systems
under Lévy fluctuations, J. Nonlinear Sci. 33(1) (2023) 13.

Z. Wang, L. Lv, Y. Zhang, J. Duan and W. Wang, Small mass limit for stochastic
interacting particle systems with Lévy noise and linear alignment force, Chaos 34(2)
(2024) 023140.

S. Zhang, Smoluchowski-Kramers approximation for stochastic equations with Lévy-
noise, Ph.D. thesis, Purdue University (2008).

2550034-30



	Introduction
	Convergence Anlyasis for Random Batch Methods with Lévy Noise
	Systems driven by Lévy processes with finite second moments
	Systems driven by Lévy processes with infinite second moments

	Lemmas Used in the Proof
	Numerical Examples
	A simple test example
	Application to stochastic Cucker--Smale model

	Conclusion
	Some Basics of Lévy Processes
	Rotational invariant -stable Lévy processes

	Additional Results for the Stochastic Cucker--Smale Model


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


