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ABSTRACT. This paper establishes the hyper-contractivity in L°°(R%) (it’s
known as ultra-contractivity) for the multi-dimensional Keller-Segel systems
with the diffusion exponent m > 1 —2/d. The results show that for the super-
critical and critical case 1—2/d < m < 2—2/d, if |Uol|q2—m) /2 < Cd,m where
Ca,m is a universal constant, then for any t > 0, [|u(-,t)|| oo (ga) is bounded
and decays as ¢ goes to infinity. For the subcritical case m > 2 — 2/d, the
solution u(-,t) € L (R?) with any initial data Uy € Li_ (R?) for any positive
time.

1. Introduction and main theorem. We consider the Keller-Segel model in
spatial dimension d > 3:
up = Au™ — V- (uVe), x € R, ¢ >0,
—Ac=u, r €R? t>0, (1.1)
u(z,0) = Up(z) >0, z € RY,

where the diffusion exponent m is supercritical 0 < m < 2 — 2/d, critical m, =
2—2/d, and subcritical m > 2—2/d respectively. This model was proposed by Keller
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and Segel [13] to describe the biological phenomenon chemotaxis. Here u(z,t) rep-
resents the bacteria density, c(x, t) represents the chemical substance concentration
and it is given by the fundamental solution

c(z,t) = Cd/R Mdy, (1.2)

a |z —yl?=2
where

1 nd/?

dd—2)as T T(d2+1)
g is the volume of d-dimensional unit ball. The case m > 1 is called slow diffusion
and the case m < 1 is called fast diffusion [19, 20, 8].

The main characteristic of equation (1.1) is the competition between the diffusion
and the nonlocal aggregation. This is well represented by the free energy for m > 1

F(u) = b /Rd u™ (z)dx — %/Rd uc(x)dz. (1.4)

m—1

Cq = (1.3)

For m = 1, the first term of (1.4) is replaced by f]Rd ulogudz [16]. According to
different m, the competition results in different behaviors. Taking the mass invariant
scaling uy(x) = Au ()\1/ dy, )\t) into account we can observe that for the supercritical
case 1 <'m < 2—2/d, the aggregation dominates the diffusion for high density (large
A) and the density has finite-time blow-up [11, 12, 6, 17, 16, 4]. While for low density
(small \), the diffusion dominates the aggregation and the density has infinite-time
spreading [17, 18, 16, 2]. On the contrary, for the subcritical case m > 2 —2/d, the
aggregation dominates the diffusion for low density and prevents spreading, while
for high density, the diffusion dominates the aggregation thus blow-up is precluded
[17, 18, 14].

In this paper, we mainly focus on the hyper-contractivity for the Keller-Segel
model with m <2 —2/d and m > 2 — 2/d respectively. For non-degenerate Keller-
Segel equation with m = 1,d = 2, Blanchet, Dolbeault and Perthame [5] showed
that if the initial data ||Up||; < 87 and Uglog Uy € L*(R?), then for any 1 < ¢ < oo
and any ¢t > 0, there exists a continuous function h,(t) satisfying that for ¢ — 0

hg(t) = 00
and

(-, )l Laay < [|Uoll1hg(2).
Later, in 2012, Calvez, Corrias and Ebde [7] proved the local in time hyper-
contractive property for m = 1,d > 3, it reads that if Uy € (L' N L%)(R?), a > d/2
1
arbitrarily close to d/2, there exists a finite time T, = C(a) ([ga Ugdz) *=72
and a local weak solution u € L> ((0,7,); (L' N L*)(R?)) satisfying that for any
a < q < oo, there exists a constant C not depending on ||Up||¢(re) such that

/ u(-,t)0de < C (14+t79), ae. t € (0,T,).
Rd

For general m, in our previous paper [3], it is showed that for 0 < m < 2-—2/d, if
the initial data ||[Uo|42—m)/2 < Ca,m where Cq, is a universal constant depending
on d, m, then there exists a global weak solution. Furthermore, for 0 < m < 1-2/d,
the solution will vanish at finite time, and for m = 1 — 2/d, the LI(1 < ¢ < 00)
norm has exponentially decay in time with the initial data in L? norm. On the other
hand, for supercritical and critical case 1—2/d < m < 2—2/d, the solution satisfies
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lu(-, t)lq < C(dmtilw‘)“l) for any ¢ > 0 and any 1 < ¢ < oo, here « is a positive
constant. For the subcritical case m > 2 — 2/d, if the initial data Uy € L} (R?),
then the solution will be bounded in L4(R?) for any 1 < ¢ < oo.

For the hyper-contractive property in L norm (it’s also known as ultra-contracti-
vity [10]), Corrias and Perthame [9] proved the hyper-contractivity for the parabolic-

parabolic Keller-Segel model (d > 3)

ug = Au—V - (uVe), x € R, ¢ >0,

¢t —Ac=u—c, xR t>0, (1.5)

u(z,0) = Up(z) >0, z € R
The results show that if Uy € (L' N L%)(R?), d/2 < a < d, Vcy € L4RY), there is
a constant C(d, a) such that for

1Uol| Loy + [ Veoll Laray < C(d, a),
the parabolic-parabolic system has a weak solution satisfying the hyper-contractivity
type estimate for any ¢ > 0

lu(-,t) — G(t) * Uol| oo ey < Cta=d+e | - oo,

2
|z

where G(t) = WE_T is the heat kernel. In this paper, we will extend the

hyper-contractivity result in [3] to L™ norm for general m. The main results are

given below

Theorem 1.1. Letd >3, p= @ and m > 1—2/d. Assume Uy € L} (R?),
(i) For the supercritical case and the critical case 1 —2/d < m < 2—2/d, denote

n = Cg;nm — [|Uo]|Z2~™ where Cqm is a universal constant given by (3.1),
if n > 0, then there exists a global weak solution of (1.1) satisfying that for
0<t<l

[, ) llo (1.6)

1 1 1
< max [17 C(na HU0||1> m, d)] < (pteg—1)(BFm+dm/2) midil + mtdt1 ) : Wa
t

co(2m+d+2/d) m—1+2/d tm—1+2/d
and for 1 <t < oo
[Ju(-s )lloo (1.7)

1 1
< max [lv 0(777 ||U0||1a m, d)] ( (pFeg—L)(B+m+dm/2) mtdtl + mtd+1 ) .
t

eg(@m+d+2/d) m—1+2/d tm—1+2/d

4m(p+-eo) _ ||UO||2—m _n
p

where €y satisfies Greotme1)?5.T n

7.
(ii) For the subcritical case m > 2 —2/d, if m = 2, we also assume UplogUy €
LY(RY) and if m > 2, we assume Uy € L™ H(R?), then

1 1

lu( ) ||oo < max [1, C(||Ugll1, m, d)] (1 + tm+d+1> a7 0<t<l,
1

e O < max [, C00l . ) (14 i ) | <1<

Furthermore, for any T >ty > 0, the weak solution has the following regularities

u(z,t) € L™ (to, T; L N L (RY)) N L? (to, T; H(R?)), (1.8)
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and

uy € LP? (OTW

loc

14P1 (Rd)) NL? (to, T; H Y (RY)) for some p1,p2 > 1. (1.9)

This paper is organized as follows. In Section 2, we list some preliminary lemmas
which will be used to prove the L° norm. Section 3 is devoted to show the main
theorem on hyper-contractive property in L>(R%). Finally, Section 4 considers the
boundedness in L>(R%) uniformly in time.

2. Preliminary. Before proving hyper-contractive estimates, we need the follow-
ing preparations, some lemmas have been proved in [3].

Lemma 2.1. Let 1 < 2 < a(ij) and 2 < 2+ 2. Assume w € LY (R?) and

w'/* € HY(R?) with a > 0, then

b/a _%1 a
lwllyje < C(E)Cq ™ [lw]l} + Col| Vw/*|3,

where
9 (L _d=2 2 — 92
§= (ab 2d ) Y= 14 a ,
| 2d — bd + 2a
_ bos’
_1.8; 2 ) 1.1
and C(§) =46 3124 with = >3t and ¢’ = . Cy is an arbitrary positive
o 2d

constant.

Proof. The Sobolev inequality reads as follows

d(d—2) d+1\ ¢
Sallul3aarsy < IVull3, Sa= =22z 1Jrl/dl“( 5 ) : (2.1)

2d

1/a in (2.1) and the interpolation inequality with 1 < b/a < PI=)

taking u = w
yields

-0 0 —60a/2 —6
wllya < =Nl a0 = Tl w158 a-2) < Sa R T e T

—2)

whence follows

b/a 1-6)b/a a
wl2/¢ < C(d)wl]|{ =) Twt/||8, (2.2)
/
where
11 b0 /2
=125, Cd)=5;"".
a 2d

It is easy to verify that b < 2 if b/a < % + %. Therefore, by the Young inequality
we have

— 1)
b/a B b1-g)s’ B a
lwlly? < C(d)* Fo ]l + Vw5,
/ 5

6/
here ¢’ = 5% and b0 = 2 such that
d—
(-t
b/a—1

Let Cy = %5 and thus 879 = (005)_%5%1. We denote C(§) = (Tﬁc(éi,)é, v =

5(1—6)d’, this concludes the proof. O
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Now taking
2 2q 2mq(q — 1)

¢@=———, b= — == , W=1u
m+q—1 mtqg—1 "7 (m+q—1)2
in Lemma 2.1 we obtain the following lemma

Lemma 2.2. Letd >3, ¢ > 1,m > 1 —2/d, assume u € L} (R?) and i =

H'(RY), then

14 mol+2/d _ — -1 (2¢/d+m—1)
(ulld) ™ =7 < SVt D2 3 u)| {7 : (2.3)
and
1
2mq(q — 1) mig-1 Qg 2mq(g—1) 2 ]2/
a < “MBIZ2) gy, (1 - —) Sy B4 2)
||U‘H — (m+q )QH H2 2 d(m_|_q_ 1)2a || ||
where g = 1 + d%q:dgz, Qg = qu(z;_&/d <2 form>1-2/d.
Similarly letting
B 2 _2(q+1) B 2mgq
mt+qg—1""" m4q—1 "2 (m+q—1)2
in Lemma 2.1 leads to
+gq-—1

Lemma 2.3. Letd > 3, ¢ > 0,m > 2 —2/d, assume u € Li_(Rd) and v €
HY(RY), then

1
2m metg a 2m 2|12/
aotl o Ty (1-3) |Setrs = 7
||U’Hq+1 —= (m+q_ 1)2 H u H2 9 d(m+q_ 1)2 «a ||u||17

where77=1+dm_2§d+2,a: m+ng+2/d <2 form>2-—2/d.

For the supercritical case 0 < m < 2 — 2/d, choosing particular a,b in (2.2) of
Lemma 2.1 and using the Young inequality one has the following lemma which will
be used in the next sections.

Lemma 2.4. Letd >3, 0<m <2-—2/d, p= @,q > p and u € L1 (RY).
Then

lullfT7 < S [Vulm a2 w27, (2.4)
and forq>r>p
lullgfy < 2% | V™2 Jull?
qu q+m s
— Clq,r,d r 2,
= (m+q—1)? HV Hﬁ (g, ) (Jlullz)” (2.5)
where
20q—r+1) m+4q—1
- = 1 _——
q—r+14+2(r—p)/d B=a+ 5 @
1 _
d= L =1+ M ,
7"(1 —04/2) r—op
+1)
2 — 14+ 2(r — d 2(T P) 2r —
Clg.rd) = |20l = 1220 Zp)/dl | Cop)
ST g+m—1)2(g—r+1) dlg—r+1)+2(r—p)

Now we define the weak solution which we will deal with throughout this paper.
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Definition 2.5. (Weak solution) Let Uy € L (R?) be the initial data and T' €
(0,00). ¢ is the concentration associated with u. u is a weak solution to the system
(1.1) with initial data Uy and it satisfies:

(i) Regularity:
max(m max(m 2d_
u € Lmax(m.2) (O,T; Lt npmes( ’d+2)(Rd)), (2.6)
Opu € LP? (0 T, W, b (Rd)) for some p1,p2 > 1. (2.7)

loc

(ii) For V ¢ € C5°(R%) and any 0 < t < oo
t
1/)u dx—/ wUde—/ AYpudzxds
ad=2) / J[ e "Vl ey (e sup:8) s (o)

|z —y|? lz — ]

Remark 1. Notice that the regularity (2.6) is enough to make sense of each term
n (2.8). By the HLS inequality [15] one has

// [V (z) = Vi(y)] - (x —y)
R4 xR

Ix —yl?

b, 1)
<
C// \x— |d Ta— gz W

<C ”u(x)HQd/(d-&-Q) < 00.

u(w, t)u(y,t)
o — g]i-2 dxd

Before showing the global existence results for 0 < m < 2 — 2/d, we need the
following lemma.

Lemma 2.6. Assume y(t) > 0 is a C* function for t > 0 satisfying y'(t) < o —
By(t)* for a > 0,0 > 0, then

(i) For a > 1, y(t) has the following hyper-contractive property

o [ 1]
y(t) < (o )Y + {B(a — 1)t] ,  fort>0. (2.9)
Furthermore, if y(0) is bounded, then

y(t) < max (y(0), (a/8)/*) . (2.10)

(ii) For a =1, y(t) decays exponentially
y(t) < a/B+y(0)e .

(iit) For a < 1, a = 0, y(t) has finite time extinction, that’s there exists a 0 <

Tt < ¥ e 7(2)) such that y(t) = 0 for all t > Teyt.

Proof. The lemma was proved in [3] except (2.10), here we give the proof for (2.10).
The ODE inequality can be recast as

y'(5) < 8 [(a/B)+e — y(t)?].

Case 1. If y(0) < (a/B)'/?, then by contradiction arguments we have that for any
t>0

y(t) < (a/B)Y°.
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Case 2. For y(0) > (a/B)Y2, if y(t) > (/)Y for all t > 0, then ¢/ (t) < 0 and
thus y(t) < y(0). Otherwise, denote to as the first time such that y(to) = (a/3)"/?,
then

y/(t) < Oa 0 <t < t07
y(t) < (a/B)Y%, t > to.
Collecting the two cases we obtain
y(t) < max (y(O), (a/ﬁ)l/“) .
|

3. The hyper-contractive estimates and proof of the main theorem. In
this section, we will show the hyper-contractive property for m > 1 — 2/d. Firstly
we define a constant which is related to the initial condition for the existence results:

dmp =m d(2 —m)
Cm =  p=22" T 3.1
o () 31

where Sy is given by (2.1). The following theorems give the hyper-contractive of L?
for any 1 < ¢ < oo which is proved in [3]. For the supercritical and critical cases,

Theorem 3.1 ([3]). Letd > 3,0 <m <2—-2/d and p = @, n = Cs;nm -
Ugl|>~™. Assume Uy € L (R?) and n > 0, then there exists a global weak solution
p +
u such that ||u(-,t)|l, < Cam for all t > 0. Furthermore,

(i) For0<m < 1—2/d, there exists a minimal extinction time Tezt (||Uo||1, 7, )
such that the weak solution vanishes a.e. in R? for all t > Topy.
(ii) Form =1—2/d, the weak solution decays exponentially

(=1,

()l < [[Tollpe 1Wol/ @77, (3.2)

(iit) For 1 —2/d < m < 2 —2/d, the weak solution satisfies mass conservation
and the following hyper-contractive estimates hold true that for any t > 0 and
l<g<p

__gq-1
[ D agay < Cn, 10ollr, @)t~ =774, (3.3)
and for p < q < oo

(pteg—1)(A+q—p) q—

1 —1
||u(.’t)||qu(Rd) < 0(77, ||U0H1,q) <t (qtm+2/d—2)eg m—1+2/d _|_tm‘11+2/d) ) (3_4)

4m(p+eo) _ ”UO”Q—m _1n
o .

where €y satisfies ————22——
0 fi (p+eo+m—1)2S;" 2

Theorem 3.2 ([3]). For m > 2 — 2/d, assume Uy € LY (R?). Assume also
UplogUy € LY(RY) for m = 2 and Uy € L™ Y (RY) for m > 2, then there exists
a weak solution globally in time satisfying the following hyper-contractive property
that for any 1 < ¢ < o0

q—1

q—1
[ulld < C(IUoll1, g, m,d) + {t] ,  foranyt>0. (3.5)
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Using the boundedness of ||u||, for any 1 < ¢ < co we can prove our main result
about the hyper-contractivity in L°° estimates.

Proof of Theorem 1.1. The global existence of a weak solution was proved in [3].
Now we will give the proof of the hyper-contractivity in L>(R?) for any positive
time. Firstly we denote gy := 3*¥ +m + d + 1 and estimate fRd ukdzx.

Step 1. (The L% estimate) Multiplying equation (1.1) with u%~!(qx > 1) we

have

d 4 -1 m—112

— | u¥dx = —M/ Vo7 da + (qr — 1)/ utttdz, (3.6)

dt Jpa (g + m—1)2 Jga Rd
from Lemma 2.1 by letting

o 2qk—  2qe+ 1) | gaetm—l
a= , b= , w=u"" 2
qgr +m—1 g +m—1

we obtain

z, (3.7)

qptm—1

1 m
/ ul Ty < C(6;)C, O 7F (/ u‘“‘ldx) +C HVU*Q
R4 R4

1_d—2
wheredlz%:O(l) and’yl=1+%§3withm>0, Ciis a

positive constant to be determined. It’s easy to verify that 1 < b/a < (1(372) and
bla < 2/a+2/d.
Substituting (3.7) into (3.6) we have

4 ulkdr < (Cl(Qk -1) - Amai (9. — 1 ) /
R4

2
dzx

g tm—1
2

Vu

dt Jga (qr +m —1)2

1 Y1
+C(61)(qr — 1)O, 7 </ uq’“—ldx) . (3.8)
Rd
We can see that for £ — oo,

dmar(qr — 1)

— 4
(@ tm—132 "

qptm—1

2
therefore, in order to control the term fRd ’Vu ‘ dz in (3.8), since qx > m+1,

we can choose Cy = ﬁ, Cy = m/2 such that
dmar(qr — 1)
C —1) - —————= < (s, 3.9
1(ql€ ) (qk+m_1)2 = 2 ( )
this follows
d apt+m—1 2
— u? dx < —Cg/ Vu 2 dx
dt Rd Rd
1 Y1
+ C(61) (g — 1)C, 7 </ uq"“ldx> . (3.10)
Rd

On the other hand, from (2.2) of Lemma 2.1 letting

_ 2k _ 2qy,
g +m—1’ q. +m—1

one has
m—1+2q,_1/d 2qk /d+m—1)

1
= (
(lalge) 55 < sy pwutorsn 2 ([ uoeoraa) ,
Rd
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substituting it into (3.10) follows that for any ¢ > to with fixed ¢ty > 0

d C molt2ag_/d
i < g ()
dt Jga S(;l (f]Rd qufldx)m( qr/d+m—1)
J S 71
+C(61)g, " sup </ uq’“ldm> ,
to<t<oo \JRd
where for m > 0
2qr — 2qp—1 + 2 m— 2+ 2qx_1/d
=1+ <3, =1+ >141/d.
" dm — 2d + 2q—1 ! G —q-1+1 — /
Since g > 1, thus for any ¢ > tg > 0 we have
d C(m,d o420y /d
@ o VTS (m,i)l (2qx /d+m—T1) (l[ul gﬁ)l ke
dt Jra sup  (fpa udk-rdz) -t
to<t<oo
71
+C(01)g ™ sup (/ uqklda:> ,
to<t<oo \JRd

Step 2. (Iterative procedures and hyper-contractive estimates) By applying
Lemma 2.6, letting yx () = [, u%dz and taking

m—1+2q,_1/d

a=1+ - >1+1/d, ifm >0,
k — qdk—1
C(m,d)

B(to) = , |

sup (f duqk—ldx)m@%/w—m—n

to<tcoo R
7
a(ty) = 0(51)qg+1 sup (/ u‘]k1dx> 7
to<t<oo Rd

in the ODE inequality (2.9), then

, > 1o, (3.11)

1/ 1 1/(a—1)
yk(t) < [Oé(to)/ﬂ(to)] + [5(750)(0 1)(tt0):|
plugging a, a(to), S(to) into (3.11) yields that for any ¢ > to > 0

2qk/d+m71) 1

d+1 (’YH_ ap—ax—1 Ja
() < s ([ weas)
Rd

a
to<t<oo

1
m—142q;/d | a=1

C(m,d) sup ([gaut=tdx) *=%-1

to<t<oo
T 3.12
(a — 1)(t — t()) ( )
A C(m,d) sup ([pau®1dz) B
<C(m,d)gi ™ / a1 fost<e
<C(m, d)g toiltlgoo Rdu v) T (t —tg)t/mo

<max[1,C(m,d)][2(m + d + 1)3F]?+1.

A sup  ([ga uth—1dx)
to<t<oo

su ud =1dx | +

to<t£)oo (/Rd ) (t — to)/mo ’
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where we have used a — 1 > 1/d and for m > 0

2qr/d4+m—1 _ d
7702—%/ 2

G — Q-1 3’
2qx—2qr—1+2 2qy /d+m—1
N + 10 . 1+ dm—2d+2q,_1 + 9k —qk—1
A= a - 1+ 2qp—1/d+m—1 S 37
9k —qdk—1
2 d -1
p__ M _ qr/d+m <3

a—1 2qu_1/d+m—1="""

denote Cy = max[1,C(m,d)][2(m + d + 1)]**1, from (3.12) one has that for any
to <t < oo

 sup Yr—1(t)
1) < C,3d+Dk su A_ t) + to<t<co
yk( ) = 0 t0<tl<)ooyk 1( ) (t—to)l/ng
 sup Ye—1(t)
<2003tV  max {1, sup yP_ (), | o= . 3.13
= 0 t0<t<pooyk 1( ) (t _ to)l/no ( )

Next we will analyze the inequality (3.13).
If 0 <t <1, take 0 < (t — tg)"/™ < 1, then n% < % gives rise to

sup  yr—1(t)
Ye(t) < 20630 DF max { 1 fo<t<oo
- ’ (t —to)t/m0
2Cy
< =29 3(d+Dk pax (1, su 3 (¢ ) ,
- (t - tO)d to<t£ooyk 1( )

then after some iterative procedures for any fixed ¢, ¢y, we have

3k_1

2 2 k+1_7_7 .

= (o) T (s ' 01). a0
(t —to) to<t<oo

Recalling ¢ = 3* + m + d + 1, taking the power qik to both sides of (3.14) we
conclude that for tg <t <1

NoIe -
ot < YD 33(d+1)/4 B[tz 3.15
||U( ) )”OO = (t _ to)d/Q max toiltlgoo ||U( )||m+d+27 ) ( )

take to = t/2 we have
C(d
[lu(s 8)]loo < %33(‘[“)/‘1 max sup  |lu(s)] migig, 1],0<t<1. (3.16)
i t/2<s<oc0
Similarly, if 1 <t < oo, taking t — g > 1/2 in (3.13) we have

yr(t) < C137 P max{1, sup i ()},
to<t<oo

where Cy = 2C52'/™ | this follows

k1 E+1 g
y(t) < 07 3@ (o) max( sup yé’“u),l), (3.17)

to<t<oo
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taking the power qik to both sides of (3.17) we conclude that for 1/2 < ¢ — ¢y < 00
I Dl < VOO ma (sup OIFEEL) @19
to<t<oo
taking to = ¢/2 in (3.18) follows
Jute O < VO e (sup (OB ) L 1<t <ox, (3)
0 oo

Step 3. (Boundedness and decay in L norm for supercritical, critical cases) For
1—-2/d <m < 2—2/d, by virtue of (iii) of Theorem 3.1, due to m +d + 2 >
M:pwehavethatforany0<t<oo

[u(®) |42 <C(n, ||Uo|l1, m, d)-

1 1
(pteg—1)(A+m+d+2—p) m+d+2-1 + — mtdt2-1_
t co(mFdi2tm+2/d—2) m—1+2/d t (m+d+2)(m—142/d)

1 1
=C(n, ||U0||1,m,d)< Gt DGImidn/?) midil. T mian )7

t co(@m+d+2/d) m—1+2/d tm—1+2/d

where 1 = Cq.m — ||Uol|p and €y satisfies % = n/2, then (3.16) and

(3.19) follow the boundedness of the solution that for 0 < ¢ <1
[u(-s8)lloo <max (L, C(n, |Uollr, m, d)] -

1 1 1
(pteg—D(BLmtdm/2) mitdtl + e $d/20
t

co(2mtdt2/d) m—1+2/d tm—1+2/d

and for 1 <t < o0

1 1
”u('vt)Hoo < max[lvc(na ||U0||1,m,d)] ( (pteg—DBrm+dm/2) mtdtl + e ) .
t

co(2mtd+2/d) m—1+2/d tm—1+2/d

Step 4. (Boundedness in L* norm for subcritical case) For m > 2 — 2/d, by
Theorem 3.2, we have for any 1 < ¢ < oo,

179!
Jully < CQTlamd) + 152 oranyes0. e20)
Similar to (3.16) and (3.18) we obtain
1 1
e O < max 1, OO0l )] (14 s ) gase 0 <=L
1
||u(,t)||oo < max [1,C’(||U0H1,m,d)] (1 + tm-l—d-i—2—1) s 1<t < oo.

Step 5. (Time regularity) Previously we have the following basic estimates that
forany T'> 0

Hu||L0°(O7T;L3rﬂLp(Rd)) <C, (3.21)

m4r—1
2

<C,1<r<p, (3.22)

HVU
L2(0,T;L2(R%))

llull Lo+1 (0,7; Lr+1 (RaY) < C. (3.23)



20 SHEN BIAN, JIAN-GUO LIU AND CHEN ZOU

After some computations we obtain the time regularity

w,

loc

p -c 3.24
||utHLmin(2’%) (0,T; *hﬁ(Rd)) - ( )

On the other hand, using the L°° bound for any ¢ > 0, it’s easy to verity that for
any T'>tg >0

Hu”Loo (to,T5LY L (RY)) <G

m4q—1

fru=

<(C, forany 1 <gq< oo
L2(to, T;L2(RY)) — Y 4 ’

here we can choose %"_1 > 1 such that the solution satisfies the following gradient
estimates

Vull L2 (10,1221 < C,

then some computations by using the above regularities verify the regularities (1.8)
and (1.9). This ends the proof. O

Using Theorem 2.17 in [3] for the local existence results directly leads to the
following corollary.

Corollary 1. For 0 <m < 2-2/d, if Uy € L N LY(R?) for some m < q < oo and
p < g < 00, then there exists a finite time T, depending on ||Us||q and a local weak
solution u(x,t) such that

ClUollq,
fut e < YN0

where a is a positive constant.

, 0<t < Ty/2,

Notice that the local existence results in Theorem 2.17 of [3] also hold true for
m > 0.

4. The uniform estimates in L>°(R?). In this section, we will show that if
Up € LY N L>(R%), then the solution is bounded in L>(R?) uniformly in time
instead of hyper-contractivity in Section 3. Firstly, we will give the proof for the
boundedness in L4(R%)(1 < ¢ < oo) uniformly in time in the following proposition.

Proposition 1. Let d > 3,

d(2—m —-m —m

1. For 0 < m < 2—2/d and p = % > 1, 9= Cim — [UollZ™™, if

Upe L n Li(R?) for some 1 < q < oo and n > 0, then there exists a global
weak solution u such that

p(g—1)
[ullg < CUIUolly, DlITollp"" , 1< q<p,
pteg—1 q—p+1
lulld < 10oll§ + C(IToll1, ) (ITllF) 0 =277, p < g < o0, (4.1)
where €y satisfies
4m(p + €o) —m 1
— Uo|lZ7™ = 2. (4.2)

(p+eo+m—1)25;" 2
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2. Form >2—2/d, if Uy € L} N LY(RY) for some 1 < q < oo, then

1
Qo 2mq(qg—1) 2 7%= 14 2=
2 <||Uy |2 <1—7)577 U, dm—d+2
Jully <l + (1= ) |t = 0 2| o,
1
«Q 2mgq 2| 1-2/e 14— 20
-1 (1*—) S,— - - U Tm—2a s 4.3
ta-0 (1) St 2 (43)

2 2(¢g—1)

_ q —
where a = a7 W = mig—atard-

Proof. Step 1. (Uniform LP estimates for 0 < m < 2—2/d) Firstly it’s obtained
by multiplying the equation (1.1) with pu?~! leads to

d dmp(p — 1) / ’ mtp— 2
ad Py 4+ PP T ) [ g, (mip=1)/2|" 4
dt /u o (m+p—1)2 “ o

=(p—1) /Up+1div < (p = 1S Va2 7, (4.4)
where the last inequality (4.4) follows from (2.4) with ¢ = p. Hence one has
d _ m —m m4p—1)/2|?
a/ wrde + S7Hp — 1) (o = Jull2) / Va2 <0, (45)

Since ||Up|lp < Ca,m, so the following estimate holds true for any ¢ > 0
[u- Ol < 1Uollp < Cam, (4.6)

Step 2. (Finite time extinction for 0 < m < 1 —2/d) It follows from (2.3) by
using |lull1 < ||Upl|1 that

14 m=142/d
(flullp) ™ > pimo1
1\ (4.7
Sq 1Uolly™
Substituting (4.7) into (4.4) arrives at
5
d -1
ﬁ/updx—i— @% (/updx> <0, (4.8)
1Tl
where 6 = 1 + %ﬁz/d < 1for m < 1—2/d. Hence in view of Lemma 2.6 (iii),

1—6
9%¥%fmmo<5=1+ﬂ%$ﬁ<1wm

that ||u(-,t)||, will vanish a.e. in R? for all t > T,,, thus the solution will extinct
at finite time.

Step 3. (Uniform L™ estimate with ro := p+ ¢ for ¢g small enough for 1 —2/d <
m < 2—2/d) Using (2.4) with ¢ = ro deduces

d dmro(ro — 1) / ‘ _ 2
_ rodq O T T \V/ (m4reo—1)/2 d
dt/u x+(T0+m—1)2 “ “

=(ro—1) /um"’ldx
ro = 1Sy H[Vul ot D2 u) 37

<(
<(ro — 1)S; [ Vulrotm =023 T |27, (4.9)

there exists a finite time 0 < Tppy <



22 SHEN BIAN, JIAN-GUO LIU AND CHEN ZOU

The last inequality is derived from (4.6). If we choose €y such that

= e I < (1.10)
then one has
5 | vt S (ro — 1)3 / ‘VUWW*W? * o <0, (4.11)
then we obtain the uniform estimates for ||u,,
lu(,t)llrg < [1To]lr- (4.12)

Step 4. (Uniform LY estimates for ¢ > o with Uy € LY(R%) and 1 —2/d < m <
2—2/d) For q > ro, taking r = r¢ in (2.5) and using (4.12) one has

arm1 2

Ll %
at" "t (g+m—

=(¢g—1) /uq+1dm

2 7

2

2 -1 et (12
e A SUCERIEE
2mq(q_ 1) q+ — ro\9
*m HV +C(q,7"07d) (”UOHT()) ) (413)

where 6 =1+ 11’(;17__;'0.
Collecting (2.3) and (4.13) yields

d 2mq(q — 1 14 moli2/d
Dty < - U= s ()
57 (m + g - 20
+Clg.ro.d) (I00[)" (4.14)

From Lemma 2.6 by letting

y(t) = Jull}, @ = Cla.ro.d) (10]170)°, B = 2malg = 1)

St (m+q = 1)2|Uoll{~

Case 1. (1-2/d<m <2—-2/d) a*1+w>l by (2.10) of Lemma 2.6
we have

L (14 2em)”

’I‘oé
el < max (I[T0l13, CNUa 11, ) ([1Toll7) )

ro=1 ___g—p+l
< max (||Uog70(||U01aQ) (HU()HZ) To—p q+m2+2/d> 7

where we have used the interpolation inequality in the last inequality for 1 < p <
ro < g.
Case 2. (m=1-2/d) a=1, from Lemma 2.6 one has
y(t) < a/B +y(0), (4.15)
1 geptl

G D)1 < 106l + C([Talls, @) (10all2) * 575 (4.16)
Thus we conclude that for m > 1 —2/d

r0—1 _q—p+1
lullZ < |UllE + C(1Toll1, q) (1TUo]|4) o7 7527277
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Step 5. (Uniform LY estimates with Uy € L9(R%) and m > 2 —2/d) Taking
Lemma 2.3 into account we have the following estimates

d 4mgq metg=
“ ey Ty —(g—1 q+1
dtHqu (m+q )2 || u ||2 (q )||u||q+1
2mg(g —1) | o, mig=t
1
o 2mgq 2| 1-2/« 1422
_ 1 (1 o 7) S = dm — 2d+2
+a-n(1-3)| d(m+q_1)2a] Jull
Here a = #‘M, combining Lemma 2.2 leads to

1
d 2mg(g—1) 2 72/ 14 2l
Sl <=l + (1 52) [ 2=, 2 T ok

1
« 2m, 2| 1-2/= 1+-—29
a1 (1-5) St 2|7 e,

2 m+q—1)2a
where ay = #;22/(1. By Gronwall’s inequality we obtain the conclusion.
As to the regularity process and global existence, we can refer to [3] for precise
results. Thus ends the proof. ]

The following lemma is proved by the spirit of [1] which will be used to estimate
the boundedness in L>°(R?).

Lemma 4.1. Assume yi(t) >0, k=0,1,2,... are C' functions fort > 0 satisfying
Ye(t) < =y +ar (YL, (8) + 32, (1)) | (4.17)
where aj, = a3"™® > 1 with a,r are positive bounded constants and 0 < vo < v1 < 3.

Assume also that there exists a bounded constant K > 1 such that y(0) < K?’k,
then

yr(t) < (2a) 3k2_13r<3k#7%7%) max {igg ygk (t),K?’k} . (4.18)
Proof. Multiplying e? to both sides of (4.17) yields
(tyr()) < anet (v, () + 572 ,(1)) < 2ape! maX{l,b;lg ve_1 (1)},
yr(t) < (1 — e ")2a, max {1, igg yil(t)} + ety (0) (4.19)

< 2aj, max {1, supyi_,(t), yk(O)}
t>0

< 2aj max {l,supyi_l(t),K‘gk} = 2ap max {Supyg_l(t),K?’k} .

t>0 t>0
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Then from (4.19) after some iterative steps we have

2 3 k—1 k k
yr(t) < 2ax(2ar-1)°(2ak-2)" (2ar—3)> -+ (201)”  max {sgpyf’)’ (1), K° }
>0

_ (2a) e g () (23 {sUp ' (), K }
t>0

k_ 3k+l_&_§ .
:(2&)3213T( T 4) max{supyg’k(t),K?’k}.
>0

|
Now we are in a position to prove the L> bound.

Theorem 4.2. Letd >3, m > 0. Assume Uy € LLNL>®(RY). For0 < m < 2—-2/d,
we also assume ||Ug||lp < Cqm. Then there exists a weak solution of (1.1) such that
foranyt >0

[ull~ < C(m, d, Ko),

where Ko = max{1, ||Up||1, |Uolloc}. Furthermore, if VUF* € L*(R?), then for any
T > 0, the weak solution has the following regularities

u(z,t) € L (0,T; LY N L>®(R%) n L? (0,T; H(RY)) ,

and
u € L* (0,T; H'(RY)) , (4.20)
Vu™ e L™ (0,T; L*(RY)), (4.21)
(w" )t € L? (0,T; L2(R%)) . (4.22)

Proof of Theorem 4.2. The global existence of the weak solution has been proved in
Theorem 2.17 of [3] with Uy € L1 NL>°(R?). Now we will focus on the boundedness
in L>°(R%) uniformly in time. Firstly we denote gz = 3% +m + d + 1 and estimate
fRd ukdz.

Step 1. (The L% estimate) Similar to the proof from (3.6) to (3.10) of Theorem
1.1, we also obtain

d
- Wy < —
dt‘/]Rdu = CQ/Rd

+O6)(gs — 1), T ( / u‘”ldx>%. (4.23)

Here Cy = m/2, Cq = ﬁ and

2
dxr

qpt+m—1
2

Vu

2b — 2a 2(L - d=2
M=l <36, = & 2"l):O(l),
2d — bd + 2a b1
where
- 2q11 i 2(qr +1)
@ +m—1 qe+m—1
Moreover, taking
_ 2qK—1 _ 2qx ’ _ uacnﬁ;"*l
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in Lemma 2.1 we have

qpt+m—1 2

1 Y2
/ uq"'dm S 0(52>C2 2=t </ uq"'ldx> + CQ HVU, 2
Rd Rd 2

, (4.24)

(1 d—2

WheredgzgzO(l)and72:1+2d2f;%§3ifm>0.

Plugging (4.24) into (4.23) one has
d ax
pn /Rdu dx (4.25)
1 "
< —/ uldzx + C(61) (g — 1)C; 7 (/ uq"'ldm)
R4 Rd
1 72
+C(82)Cy 71 (/ uq’“—ldx>
Rd
11 71
- [ e+ cuma - 07F ([ was)
R4 Rd
V2
+ C (02, m) (/ uq’“—ldx>
Rd
< —/ ul* dx
Rd
1 Y1 Y2
+ max [1, C(d1,m), C(d2, m)] qkl*l/é1 {(/ uq"'ldx) + (/ uq’°1daz> },
Rd Rd

where v < 1 < 3 with m > 0.
Step 2. (Uniform estimates of L(R?) )  Let Ko = max (1, |Uo|l1, |Uo|lo) and

9K
K= K03"c > 1, then

y(0) = [[To| g < [max ([To|1, |To o)™ < KG* = K (4.26)

Take
1

nlt) = [ wda, v = e
a = max [1,C(61,m),C(d2,m)] (m+d+1)" = O(1),
then (4.25) can be recast as
Ui () < =) + @37 (L1 (8) + 524 (8)) (4.27)
Combining (4.26) and (4.27), by Lemma 4.1 we obtain

b k1 . ,
/ utdx < (2&)3 = 3T(3T7%7%) max {sup yg’k (1), KSk} . (4.28)
Rd t>0

Recalling ¢, = 3 +m +d+ 1 and taking the power qik to both sides of (4.28), then
the boundedness of the solution u is obtained by passing to the limit & — oo

u(t) [ < V3GS*/* mas <sup yo<t>,Ko> . (4.29)
>0

Now we shall divide it into two cases m > 2 —2/d and 0 < m < 2 —2/d to
estimate yo(t).
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Case 1. (m >2—2/d) Thanks to Proposition 1, taking ¢ = m +d + 2 in (4.3)
and using the interpolation inequality by Uy € L' N L>°(R?) we have

lu@)llmats < 1Uolmidts + Clm,d. [Uo]l1) < Kg™ 2 + C(m, d, |Us|l),

where Ky = max{1, ||[Upl|1, ||Uo|loc }. Hence from (4.29) one has

[u(t)| L= < V2a3%/* max (Supyo(t),Ko>

>0
< V2a3¥* max (|lu(t) ;1613 Ko)
< V2a3%/* (K + C(m, d, |Ullh)) -
Case 2. (0 <m <2-2/d) For0<m <2-2/d,it’s easy to verify m+d+2 > p,
therefore by (4.1) of Proposition 1 we have

m-+d+2 m—+d+2 bon ! 7:1Hr(2i+27p2+12 d
lullmiats <CUIUoll,m.d) (10ollmias) = ™=

+ 1 Uolimits. (4.30)

Thus from (4.29) one has

Ju(t) o < V223" max ()53, Ko)

pte 0 1 m+43+dm/2

< \/ﬁ33r/4 (C(||U0|1,m7d) (Km+d+2) 2mtd+2/d K6n+d+2> 7

where ¢g satisfies

4m(p+ 60)
(p+e+m— 1)2551

—-m _ "
ol =2, (4.31)
Step 3. (Time regularity for m > 1 —2/d) It directly follows from u(x,t) €
L (0,T; LY N L>=(R?)) that

IVull 20,724y < C,
luVell Lo 0,r;2 re)) < C,
VU™ L2(0,7;2(ay) < C,

then some computations can derive the time regularities (4.20). Furthermore, Mul-
tiplying 22" to both sides of (1.1) we obtain

4m ( m;1) 2
D EE——— u
(m+1)? Jga t

=—m Vu - Veu  tugde +m u™ M uyde
]Rd ]Rd

1d
do+ - — R
$+2dt |Vu |“dz

2m m—1 m+1
=— — U 2 (u 2 ) Vu-Vedr +m u" M uyde
t

m+1 R4
< 2m / ( m;l) ‘Qd +o( )/ nL;lv v ‘Qd el )/ m+3 g
*7(7714—1)2 » U , T m » u u-Ve| do m u xT.

R4
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Hence for any ¢ > 0, from [, u""?dz < C(||Up||m+3,d, m) one has

wr ), L

m+1
2

2 1
dxds + f/ IVu(t)™|? dz (4.32)
2 Ju

S

1 2 t 1 2
S*/ VUG |” dx + C’(m)/ / Vu -Ve| dxds + C(||Uollm+s, d,m)
2 Jpa 0 JRra
1 k 2
m|2 2 m+1
<5 [ IVUR e+ ComIVeln, iy | [ V0] dods
2 Rd > 0 JRd
+ C([|Uollm+3, d,m).
It follows from the Young inequality that
1
Vel oo (ray = C(d) ||u(z) * s
Lo (RY)
u u(y
—c@| [ o) g, +f ) g,
0<|z—y|<1 |QC - | lz—y|>1 ‘(ﬂ - y| Lo (R4)
1
<C) ( luWllze®ay || = + lull 21 (me)
2147l L o< <1
< C(d) (llullpoe ey + llull L1 @ay) (4.33)
and the initial data Uy € L?(R?) leads to
/ / Vu 2“ dazds < C(||Uol|2, d, m). (4.34)
Rd

Plugging (4.33) and (4.34) into (4. 32) we obtain the time regularities (4.21) and
(4.22). Thus completes the proof. O
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