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EXISTENCE AND UNIQUENESS OF GLOBAL WEAK SOLUTION
TO A KINETIC MODEL FOR THE SEDIMENTATION OF ROD-LIKE
PARTICLES*

XIUQING CHEN', XIAOLONG LI¥, AND JIAN-GUO LIU?®

Abstract. We investigate a kinetic model for the sedimentation of dilute suspensions of rod-like
particles under gravity, deduced by Helzel, Otto, and Tzavaras (2011), which couples the impressible
(Navier-)Stokes equation with the Fokker-Planck equation. With a no-flux boundary condition for
the distribution function, we establish the existence and uniqueness of a global weak solution to the
two dimensional model involving the Stokes equation.
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1. Introduction

Rod-like particle suspensions in fluid are common in nature, including examples
such as bacteria swimming in the water and liquid crystal molecules moving in a
solvent. The dilute suspensions of passive rod-like particles can be effectively modeled
by a coupled microscopic Fokker-Planck equation and macroscopic (Navier-)Stokes
equation, known as the Doi model (see Doi [9]; Doi and Edwards [10]). We refer to
[23] for the Doi model for suspensions of active rod-like particles without considering
the effects of gravity. Recently an extended model under gravity was introduced by
Hezel, Otto, and Tzavaras [16], which reads

O f+Vx - (uf)=Anf+Vy [Id—n®@n)Viunf] =V [(Id+n®@n)e; f]

+9Vx [Id+n®n)Vyf],
(1.1)

oz/gd_l[(dn(@and)f]dn, (1.2)

Re[atu"i_(u'vx)u}_Axu+vxp:67vx'o_ﬁ(/ fdl’l> €2,
§d—1
(1.3)
Vx-u=0, (1.4)

where (t,x,n) € [0,00) x 2 x S?~1, Q c R is a bounded domain with 9 of class C'! and
S%=1 ¢ R? is the unit sphere; o is a stress tensor, p is the pressure, e, is the unit vector
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1580 EXISTENCE AND UNIQUENESS OF GLOBAL WEAK SOLUTION

in the upward direction; V- and A, denote the tangential divergence and Laplace-
Beltrami operator on S?~!, respectively. In this model, f(t,x,n) is a distribution
function which represents the configuration of a suspension of rod-like particles and
u(t,x) is the fluid velocity induced by the other particles in the suspension.

The coefficients Re >0, 8>0, and >0 are constants. Re is a Reynolds number;
B measures the relation between the rate of work of buoyancy vs. the rate of work of
the viscous force; v measures the relation between the rate of work of elastic forces vs.
the rate of work of buoyancy (see [16], Remark 2.1-2.2). For convenience, if Re=0,
the model including a Stokes equation is called Stokes-type.

The first term on the right hand side of (1.1) represents the effects of gravity on
rod-like particles. Taking this particular form are due to the fact that the frictional
coefficient in the tangential direction is twice as large as that in the normal direction.
This result comes from classical slender body theory (see [17, 4, 19]). Since horizon-
tally orientated particles sediment slower than particles with a vertical orientation,
particles move sideways with a slight concentration in 45 degrees. One of the most
peculiar phenomena in sedimentation of rod-like particles is packet formation and
alignment in the gravity direction (see [16]). An anisotropic diffusivity in the second
term on the right hand side of (1.1) is also due to the inhomogeneity of the frictional
coeflicients in the tangential direction and normal direction.

Defining the concentration density p:= fsdfl fdn and integrating (1.1) over S,
we deduce that

Op+u-Vyp=Vyx- (egp+’yvxp—|—/ n®nfdne2—|—’yvx-/ n®nfdn>. (1.5)
gd—1 §d—1

d—

The last two terms account for the anisotropic effects of gravity and diffusivity. As a
result, we do not have L> and L? estimates for density p.

In contrast to the FENE and the Hookean models with centre-of-mass diffusion,
the density p satisfies a convection diffusion equation

Op+u-Vyp—DAxp=0,

and where the maximum principle holds (see [2]-[3]), in the Doi model for active
rod-like particle suspensions (see [5]),

athru-prJer-(/ (anf)anpr)O,
S

d—1

where p has L2-estimate. The L™ or L2-estimate for p is the foundation for estab-
lishing the global entropy weak solution in [2]-[3] and [5].
It can be shown that this model with boundary conditions

(Id+n®n)(ezf +7Vxf) vlon =0, uloa=0, (1.6)
has the following entropy estimate (see [16]):

d

G (3] afms—ars pegans ) ax

+457 /
Qxsd—1

+5 (I+n®n)(e2f—|—fo)'(e2f+fo)%dndx:O, (1.7)
QxSd-1

vn\/ﬂander/Qqude
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which reveals that the total energy

By [ (8 [ Ormr—ar+ixenans S ax

is dissipated.

For this model, without an L or L2-estimate of the density p, the entropy
estimate is not enough to establish the existence of global weak solutions. We also need
L?-estimates for the distribution f. In fact, multiplying (1.1) by f and integrating on
QxS%1 one has

1
1d |f|2dndx+/ |an|2dndx+7/ (Id4+n®n)V, f-Vyfdndx
2dt Joxsa- Qx§d—1 Qx8d—1
:—/ (Id+n®n)e2f~vxfdndx—|—l/ [(Id—n®n)Vyun]- V, f2dndx.
Qxsd—1 2 QOxSd—1

(1.8)
Because Id +n®n is a positive definite matrix with the smallest eigenvalue 1, we have
Vi f|? <(Id4+n@n)Vyf- Vi f. (1.9)

This and Cauchy-Schwartz inequality yield that

1d
oo [ UPandss [ (9afP+ ] [9asPldnax
Zdt std—l ngd—l 2
gc/ |f\2dndx+1/ [(Id—n®n)Vun]-V, f2dndx. (1.10)
Qx§d-1 2 Jaxsi-1

Integrating by parts, we have
I=: / [(Id—n®n)V,un]- V, f2dndx
Qxsd—1
:/Q g 1(dn(X)n—Id)fz:qudnalxgC’||qu||Lz(Q)Hf||2L4(Q;L2(Sd_1)). (1.11)
gd—

If d=2, we have from Gagliardo-Nirenberg and Cauchy-Schwartz inequalities (see
(3.42)-(3.43)) that

~y
IS Z/ |fo\2dndx+0(HquH%z(Q)-i-l) ||f||%2(ﬂ><§d*1) (112)
Qxsd—1
Therefore,
ﬁl/ \f|2dndx+/ (\vnf\2+l|vxf|2)dndx
dt 2 QXSd71 QXSd71 4

<C (I9xulf(a) +1) 1122 axsi-1): (1.13)

It follows from (1.13), Gronwall’s inequality, and the entropy estimate (1.7) that

t 2
17122 (qga1y < Celo (Il @) +1)ds - opy. (1.14)
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For d >3, we cannot perform estimates similar to (1.12)-(1.14).

With the entropy estimate and two dimensional (2D) L?-estimate at hand, in this
paper we aim to prove the existence of global weak solutions to the 2D Stokes-type
model with boundary conditions (1.6) and initial condition

fli=o=fo —on QxS%L. (1.15)

There are many works on the mathematical analysis of the Doi model for passive
particle suspensions (see [1, 6, 7, 8, 15, 16, 20, 21, 25]), in which the density p satisfies
a transport equation with and without diffusion, and hence the maximum principle
holds. In the Doi model for active particle suspensions (see [5]), the density p has
an L2-estimate. The estimates of p constitute a common foundation for their proofs.
However, this model lacks good estimates for p as mentioned before, which is the main
difference with other Doi related models. A combination of an entropy estimate and
an L2-estimate solves this problem.

The paper is organized as follows. Section 2 collects some preliminaries. In
Section 3, we prove the existence of the global weak solution for the 2D Stokes-type
model, where a semi-implicit scheme is used to construct the approximate problem
and compactness is shown. Then in Section 4, we prove the uniqueness of the weak
solution.

For conciseness in presentation, we set =+ =1 in the rest of this paper.

2. Preliminaries
The following notations will be used in this paper:

LP(Q)=LP(Q,RY), H™(Q) = H™(Q,R?),
Cy () =C5° (R, ¥ ={ue C3°(2): Vx-u=0},
H={ucL*(Q):Vy-u=0,u-v/sq=0}, V={uc Hy(Q):Vy-u=0},

Vi=VNH"(Q),

where ¥ is dense in H, V, and V™. We also use the notation: S:=S!, and let
Id € R?*4 denote the unit matrix. A< B (or A=< B) denotes that A is continuously
(or compactly) embedded in B. f, — (—or —)f in A denotes a sequence { f; };-0C A
converges strongly (weakly or weakly star) to f in A as 7—0. C(a,b, ) denotes a
constant only dependent on a,b,....

To tackle the coupling term in (1.1), we need the following lemma of integration-
by-parts.

LeEMMA 2.1 ([5], Lemma 1.1). Let f€e WH(S971) and X e R™? be a constant
matriz with tr(X)=0. Then

/ [(Id—n@n)Xn]-andn:/ (dn@n—1d)f: Xdn.

We let F (s):=s(In(s)—1)+1,s€[0,00), and define some cut-off functions below.
These cut-off functions will be used in the approximate problem, the entropy estimate,
and the L?—estimate in Section 3.
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DEFINITION 2.2. Let L>1. Define

0, of s<0,
Ef(s):={ s, if 0<s<L,
L, if s>L;
FL( )i= s(In(s) —=1)+1, 0<s<L,
S)i= 522_LL2+S(1n(L)_1)+1’ SZL’
2
5 <L
GE(s):={ 2 s> L,
(¢) {L;+L(S—L),3>L.

With some elementary computations, one could verify the following properties
(also see Barrett and Suli [2]-[3] for some of them).

LEMMA 2.3. Let L>1. Then

Ef e 0% (R); GF e CH(R); F L e C*H(RT)NC([0,00)), (2.1)
(@) (3)= (), G(s) < 5. ¥s€[0,00). (22)
FE(s)>F (s), Vs €[0,00), (2.3)
(F5)"(s)=[E"(s)) ' 257", Vs €RT, (2.4)
(F5Y'(s+a)< 1 Vae (0,1),¥s €[0,00), (2.5)
Vse [0,00)7L1§I;OQEL(S) =s, (2.6)
FE(BL () +a) Cat o+ F(s+a), Yae(0,1), Vs €[0,00). (2.7)

2
The global weak solutions to the 2D Stokes-type model are defined as below.

DEFINITION 2.4.  Suppose fo € L'(QxS) and fo >0 a.e. on QxS. A pair of mea-
surable functions (u,f) is called a global weak solution to the 2D Stokes-type model
with boundary conditions (1.6) and initial condition (1.15) if

ue L%(0,00; V), f>0 a.e. on [0,00) x Q2 xS, (2.8)
feL>®(0,00; L (2% S)), /f € L*(0,00; H (2 x S)), (2.9)

and for any v € C§°((0,00) x Q) with Vx-v=0,
/ / Vxu:Vyvdxdt
0o Ja
=— / / (2n®@n—Id) f: Vxvdndxdt —/ fea-vdndxdt; (2.10)
o Jaxs o Jaxs
also, for any ¢ € C5°([0,00) x 2 x S),
—/ / fatapdndxdt—/ / (uf) -Vxnpdndxdt—l—/ Vaf - Vapdndxdt
0 QxS 0 QxS 0 QxS

:/ / [(Id—n®n)Vyunf]-Vyedndxdt
0 QxS
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—/ / (Id+n®n)(esf +Vxf)- Vxpdndxdt+ fo(x,n)p(0,x,n)dndx.
QxS QxS
(2.11)

REMARK 2.5. It follows from the Gagliardo-Nirenberg inequality that
and hence by the Holder inequality that
|71 <c|v7]

This and (2.9) yield f € L?((0,00) x Q;L(S)). Therefore the Vyunf-related integral
makes sense.

1/2 1/2

L*(Q;L2(S H(;L2%(S L2 (L2 (S

1/2 1/2

H[H (2.12)

Lo (0,00;L2(Q2xS))

L4(0,00;L4 (2 L2(8))) L2(0,00;H' (2x8))

3. Existence of a global weak solution

In this section, we apply Barrett and Siili [2]-[3]’s cut-off techniques with some
improvements and follow the usual procedure in proving the existence of global weak
solutions.

First we use a semi-implicit scheme to construct a sequence of approximate solu-
tions, where the Leray-Schauder fixed point theorem and cut-off techniques are used.
In the construction of approximate solutions, our cut-off function is motivated by but
different from that of Barrett and Siili [2]-[3]. First Barrett and Siili [2]-[3] used a
cut-off only from above by L > 1, then they used another cut-off from below by ¢ > 0.
They established the uniform estimates for § and took the limit § — 0. It seems that
their whole process is quite involved. However, we used a cut-off function by chopping
off from above by L>1 and from below by 0 for the drag-term (see Definition 2.2).
This single cut-off function is sufficient for the proof of existence for approximate
solutions.

Then we use compactness to show that these constructed approximate solutions
converge to a weak solution. In order to apply the time-space compactness theorems
with assumptions on derivatives (such as Aubin-Lions-Simon lemma [24, Theorem 5]
and the Dubinskii lemma [12, Theorem 1]), the traditional Rothe method for evolu-
tionary PDEs (see [22] and [18]) is necessary and requires the construction of linear
interpolation functions (also known as Rothe functions). However, the approach of
the Rothe functions is fairly indirect and sometimes tedious, requiring more estimates
and sometimes even more regularity assumptions on the initial data. In contrast,
our approach is to apply Theorem 1 of Dreher-Jiingel [11], which consists of a non-
linear and a linear time-space compactness theorem with simple piecewise-constant
functions of ¢, instead of the more complicated Rothe functions.

Now we state our main result.

THEOREM 3.1. Suppose fo€L?>(QxS) and fo>0 a.e. on QxS. Then the initial-
boundary problem of 2D Stokes-type model has a global weak solution (u,f) which
satisfies

ue L72,(0,00; V)N LE,.(0,00; V2), (3.1)

fe L. (0,00, L (2% 8)) N L, (0,00; H' (2% §)),

f € Hige(0,00;(H' (2xS))"),
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and for a.e. t€0,00),
t
[ r@yindxs [ 190
QxS 0
t
+2/0 (Hvx 1% f(S)Hiz(st)‘f' Vv f(s)Hiz(st))ds

< / FU)ndx+ClL ol o (3.4)
X

REMARK 3.2. Although the sedimentation problem for dilute rod-like particles we
study here is in the Stokes regime, it is a mathematically interesting question to ask if
the above result is still valid when the Stokes equation is replaced by the Navier-Stokes
equation. There are some technical difficulties in solving this problem. We cannot
directly obtain (3.20), and hence (3.22) in the approximate problem. Therefore we
are not able to get (3.45), and prove the uniform L2-estimate (3.38) by applying the
discrete Gronwall inequality.

3.1. Approximate problem. In the construction of the approximate prob-
lem, a cut-off function chopping off above by some L>1 and chopping off below by
0 is used to ensure the boundedness of the linear functional (3.9) for the discrete
Fokker-Planck equation required by the Lax-Milgram theorem, and the boundedness
estimates for the existence of fixed-point solutions needed by the Leray-Schauder fixed
point theorem. Using this effective cut-off, we obtain the existence of weak solutions
in V x H}, for the approximate problem, and then by applying the standard method
for the resulting elliptic equation we get the nonnegativity of approximate distribution
functions.

For any fixed 0 <7 << 1 and for any k€N, given f*~!, the approximate problem
for the 2D Stokes-type model with cut-off reads

/ Vyub: Vyevdx = —/ (2n®n—1d)f’C :Vyvdndx — fFey-vdndx, Yve V,
Q QxS QxS
(3.5)
fk _fk—l
L pdndx— / (u” f*) - Vpdndx + Vaf* Vapdndx
Qxs T QxS QxS

:/ [(Id—n@n)vxukn]ET_%(fk)~VngpdndX
QxS

—/ (Id+n®n){e2ET4(f’“)+fok}-ngodndx,VgoeHl(QxSL (3.6)
QxS

1
in which E7 * is the cut-off function given by Definition 2.2.

DEFINITION 3.3.

Z::{fELQ(QxS):fZOa.e.onQXS}. (3.7)

PROPOSITION 3.4.  Let ff=Ye€ Z. Then there exists (u*,f*)€ Vx (ZNHY (2 xS))
which solves (3.5)-(3.6).
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Proof. Step 1. Let f € L*(Q xS). We claim that there exists a unique element ue V
such that

a(u,v)=A(f)(v), VeV, (3.8)

where a(u,v) :fQqu:vadx,Vu,ve V, and

A(f)(v)= 7/ (2n®n—1d)f: Vyvdndx — fez-vdndx,Vve V.
QxS QxS

‘Then thanks to the Poincaré inequality and || fs(2n®nfld)fdn||L2(Q) <
C|fllz2(axs), we have that a(-,-) is a bounded, coercive bilinear functional on V'
and A(f)€ V. Hence by the Lax-Milgram theorem, we finish the proof of Step 1.

Step 2. We prove that for such f € L?(Q2xS) and solutions u€ V in (3.8), there
exists a unique element f € H!(2xS) such that

b(u)(f,¢)=B(fu)(p), Vo€ H' (2xS), (3.9)

where

b(u)(f,0)= A stodnoi><+7/Q S[(Id+n®n)fo~Vx<,0+an~Vngo]dndx

—7'/Q S(uf)-ngpdndx,Vf,gaeHl(QxS);
B(ﬂu)(go):/ﬂ ka_lgodndx—r/Q S[(Id—i—n@n)eg]ET_i(f)-ngadnclx
+7/ [(Id7n®n)qun}ETfi(f)oVngodndx, Voe H (QxS).
QxS

Indeed, by noting H(Q) < L5(Q2), H}(QxS)— L3(2xS), and Vx-u=0, we
have
[ () Vapinax| < Jullise |1 £l | Vxelomns
X
SC||f||H1(szxs)||90||H1(st)

and
/ (uf)-Vxfdndx=0. (3.10)
QxS

Because Id+n®n is a positive definite matrix with smallest eigenvalue 1, we have
[Vif [ < (Id+n®n)Vxf - Vif. (3.11)

Therefore b(u)(-,-) is a bounded and coercive bilinear functional on H'(QxS). It
_1 _
follows from 0< E™ *(s) <7 % (Vs€R) that B(f,u)e(H' (2xS)). We thus finish
the proof of Step 2 by the Lax-Milgram theorem.
Step 3. Define the mapping ®:L?(Q2xS)— L?(QxS) by ®(f)=fc H' (Q2xS)
via the procedure (3.8) and (3.9). By the Leray-Schauder fixed-point theorem (see
[14], Theorem 11.3), we obtain a solution f to ®(f)=f, and hence a fixed-point
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solution (u,f)€V x HY(QxS) to (3.5) and (3.6). To prove this, we only need to
show the following three claims.

Claim 1. ®:L*(2xS) — L?(Q2 x S) is continuous.

Claim 2. ® is compact.

Claim 3. A:= {f €L?(QxS): f=0®(f)for someo € (0,1]} is bounded in L?(Q x

S).
Proof. [Proof of Claim 1.] Set f:=®(f) and f;:=®(f;),i€N. If

fi— finL*(QxS), as i — oo, (3.12)
we need to show

fi— finL*(QxS), as i — oo, (3.13)

Indeed, for f and f;, in view of the definition of ®, there exist unique u€ V and
u; € V such that

a(u,v)=A(f)(v), a(u;,v)=A(f)(v), YveV, (3.14)

b(u)(f,0)=B(fu)(v), bw)(fi,p)=B(fi,w)(p), VeeH' (QxS). (3.15)

By subtracting the terms in (3.14), we obtain

a(u;,v) —a(u,v) = A(fi)(v) = A(f)(v),

and by taking v=u; —u, we have that
/ |qui—qu|2dx§C’/ |fi — FI(|Vxu; — Vyu| + |u; — ul)dndx.
Q QxS

Then from the Cauchy-Schwartz inequality one has that Hui—uHip(Q)gCHﬁ-—
FlIZ2(xs)- Thus (3.12) yields

u; - uin H'(Q), as i — oo. (3.16)
By (3.15), using the same procedure as above and noting that

/ (wifi —uf) Vi (fi — f)dndx
QxS

:/ ui(fi—f)-Vx(fi—f)dndx—k/ (u;—u)f-Vyi(fi — f)dndx
QxS

QxS
:/ (w;—u)f-Vx(fi— f)dndx,
QxS
one has

I1fi = Fll i axs)
<C(IBE(F) = BNz ey + 1l (=0 F 2 e

+[I[(Id—n®n)Vyum] E*(f;) — [(Id—n®n)Vyun| B (f) H%Q(QXS))
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=C(B+B+13).

_1 _ _
We have from E™ * € C%'(R) with Lipschitz coefficient 1 that Iy <||f; — f|lL2(axs)-
It follows from (3.16) that

L <Cllu;—ul| ey | fll L3 (axs) <Ollw; —ul g1y | fl| 1 @ xs)
<Cllu; —ul[g1(o)—0 as i —0.

Now we estimate I3.

1 _
“(fi)llzzaxs)

11— n@n)Veun] [E7F(F) = E™ (5] ll2xs)
=:I31+15,.

I; <[ [Id—n®n)(Vxu; — Vxu)n| E”

However (3.16) yields I3 §CT*i||Vx(ui—u)||L2(Q) —0 as i—o00. We only need to

deal with I35. In fact, because (Id—n®n)Vyune L*(Q) and C*(9) is dense in
L*(Q), we have that

Ve>0,3we C™(Q) such that [[(Id—n®n)Vyun—wl[12q) <e.

_1
Moreover, using (3.12) and the fact that E7 * € C%!(R) with Lipschitz coefficient 1,

1 _1 _ _
Jig eN,Vi>io, [[W[ET *(fi)—E™ * ()] llz2(ax8) < WL 1fi = Fll 2 xs) <e.

Therefore

1 1

L<||[Id=n®n)Vxun—w]|[E™ *(f;)—E™ " (f)]

L2(QxS)
1

HwiE -

L2(QxS)
. 1 1
ST_Z||(Id—n®n)qun—w||Lz(QX§)—|—||W[ET (f)—-ET 4(f):|HL2(Q><S)<C(T)E.

Consequently f; — f in H'(Q2xS) and hence (3.13) holds. This ends the proof of
Claim 1. 0

Proof. [Proof of Claim 2.] It is quite easy to deduce that
IC(r) > O’VJFE LQ(Q x8), ||‘I’(f)||H1(st) < C(T)(H' ||f||L2(st))-

Thus we have from H*(Q2xS) << L2(Q2xS) that Claim 2 holds. 0

Proof. [Proof of Claim 3.] For any f € A, there exists a unique u€ V such that
a(u,v)=A(f)(v),Vve V, (3.17)
b(u)(f,¢)=0B(fu)(¢), Vo€ H' (2xS). (3.18)

Taking v=uin (3.17), we have from the Cauchy-Schwartz inequality and the Poincaré
inequality that

1
[ 19xuPax<c [ 1f(9ul+ ja)andx < 5 [ [9eudxt O[3,
Q QxS Q
(3.19)
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Therefore
/Q Va2 < )L 122 - (3.20)

Taking o= f in (3.18), we deduce from (3.10), (3.11), the Cauchy-Schwartz inequality,
and the identity

2(a—b)a=a’+(a—b)*—b* Va,beR,

that

1

3 | rPdndxer [ ([T dnd
2 Jaxs QxS

1 _1
S*/ |Ufk—1\2dndX—UT/ [(Id+n@n)e] E™ * (f)- Vyx fdndx
2 QxS QxS
+07/ [(Id—n®n)Vyun]E™ *(f)-Vafdndx
QxS

1

gf/ |fk_1|2dndx+07'/ |f\|vxf|dndx+(}7%/ |Vxu||Vy f|dndx
2 QxS QxS QxS
gl/ |f’“_1|2dndx+z/ (V< f?+|Vafl?)dndx

2 QxS 2 QxS

JrC’T/ |f|2dndx+CT%/ |Vxu/|?dndx. (3.21)
QxS Qx8

Thus (3.20) and (3.21) yield
_ 1
||f||2L2(Q><S) < f* 1||2L2(Q><S)+CTQ ||f|\2L2(st)~
Noting that Crz < %, we have

1£1Z20xs) <2175 1720xs) (3.22)

proving Claim 3. 1]

Step 4. We prove the nonnegativity for f. For explicitness, we relabel (u, f) as
(u®, f¥).

In fact, set [f*]~:=min{f*0}. Then [f¥]~ € H}(Q2xS). Choosing ¢=[f*]~
in (3.6) and noting that E7 * (f*)Vx[f*]"=E7 * (f*)Va[f*]~ =0, we deduce from
[Vx[f*]7[? < (Id+n@n)Vx[f*] 7 Vi[f*]~ that

| Pandxer [ (VAP (9l dndx
QxS QxS

< LA dndx <0. (3.23)
QxS

Therefore [f¥]~ =0 a.e. on QxS and hence f*>0 a.e. on QxS. Thus f¥¢€ Z. This
finishes the proof of Proposition3.4. ]
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3.2. Entropy estimate, uniform in 7 and time t. Suppose fo€ L?(Q x

_1
S)) and fop >0 a.e. on QxS. Let f=FE" *(fo). Then f°¢€ Z. Using Proposition 3.4
iteratively, we obtain a sequence of approximate solutions

(W*, M e Vx(ZnH (QxS)), (kEN) (3.24)

to (3.5)-(3.6). Choosing ¢ =1 in (3.6), one has the following lemma directly.
LEMMA 3.5.

sup || /]| 21 xs) < [ foll 1 @xs)- (3.25)
keN

We use (F™ *)'(f¥+a) as test function and then let a— 0, to deal with the
singularity when f;(z,n)=0 on some subset of Q2 xS. Another problem is tackling
the term [, o [Id—n®n)Vyu*n]-V, f*dndx in the proof. We apply Lemma 2.1 to
solve this problem.

LEMMA 3.6. For any k€N,

k
/ F(fk)dl’ldx-l-TZ||quz||%2(g)
QxS

=1
k
+27 > (IVaV/ Tz ney + IV V2 )
=1
< / £ (fo)dndx+C/| foll o axs). (3.26)
QxS

Proof. Let a€(0,1) and denote L:=7"4%. Taking ¢= (FLY(ff4+a)+x-ex€
H'(Q2xS) in (3.6), we have from the convexity of f L that

/ [FL(fk—i—a)—FL(fk_l—l—a)]dndx—i—/ [f*x-es— f"'x-es]dndx
QxS QxS

+T/ IVafF12(rY)"(f* +a)dndx
QxS

§T/ (ukfk)-Vx[(FL)’(fk—i—a)]dndx—&—T/ (u” f*) - exdndx
QxS QxS

+7/ [EE(fM)(F5)"(f* +a)] [(I1d —n®n)Veu¥)n] -V, fFdndx
QxS
—7 / (Id+n®@n)lex B (f*)+ Vs "] [ea+ (F1)" (f* + ) Vs f*]dndx
QxS
=:J1+Jo+J3+ J4. (327)

Integrating by parts, one has from u* € V that

Ji=—7 / (" Vo fY)(F ) (ff +a)dndx = —7 / u®- Vil F ¥ (f* +a)]dndx =0.
QxS QxS

For Js, one divides it into two parts as below:

Js :7/ [EEUHER (4 ) = 1] [[d—n@n)Vxu'n] - Vo ffdndx
QxS
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+T/ [(Id—n@n)vxukn] ~ankdndx
QxS
=:J31+J3,. (328)

The Cauchy-Schwartz inequality, E* € C%!(R) with Lipschitz coefficient 1, (2.4), and
(2.5) imply

J3,1 SC’T/Q S|quk||ankH(f L)'/(fk+a)|’EL(fk+a)—EL(fk)|dndx

<Car / |V [V ¥/ (F 27 (f% + ) dndx
QxS

gCaT/ ’quk|2dx+z/ ‘ank|2(FL)”(fk+a)dndx. (3.29)
Q 2 QxS
It follows from Lemma 2.1 that
Jso=T / (2n®@n—1d) f*: V, u*dndx. (3.30)
QxS

Now we estimate Jy. First we divide it into four parts as follows:

Ji=—7 [ E"(f*)(Id+n®n)e;-eydndx
QxS

fT/ (FY"(f*+a)Id+n®n)V, f* V, fFdndx
QxS
—T/ (Id+n®n)Vy f*-eydndx

QxS

-7 EY(fMY(F"(f* +a)(Id+n®@n)ey - Vi fFdndx
QxS
=1yt Jao+Jaz+Jaa. (3.31)

Because Id+n®n is a positive definite matrix with smallest eigenvalue 1, we have

Jii+Jio<—7 EL(fk)dndx—T/ IV FE2(FE)"(f* +a)dndx
QxS QxS

<_r / Vo FI2(F Y (fF + ) dndx. (3.32)
QxS

It follows from Cauchy-Schwartz inequality that

Vi f*
J4,3§Cr/ |V f*|dndx=Cr Mmdndx
QxS st\/m
2
T Vo /¥
SCT/ ff+a dnder—/ 12X7 | indx
st( ) 8 Jaxs fF+a
<cor+crlPlmae + T [ L ana (3.33)
<Car+CTt Li@xs) + g s FFia ndx. )

Similar to (3.29) and (3.33), we deduce that

Jua :—T/Q . [EE(f)(FE)(fF +a) —1](Id+n®@n)es - Vi fFdndx
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—7/ (Id+n®n)e2~vxfkdndx
QxS

T 2
<Car +C7| ¥l L1 (xs) + Z/ [V 7 (F )" (f* + a)dndx
QxS

2

T |fok|
+ = —————dndx. 3.34
8/Q><S fk+a e ( )

Consequently, (2.4) implies

Lug—gl;gvxﬁfulywﬁ+ammk
X

X T k2l Lk
+Car+Cr| f “LI(QXS)+4/§2XS’vxf ‘ |:fk+Oé (F=)"(f +a)}dndx
<3 / Vo f 5P (F5) (£ 4+ @)dndx + Car + Crl| ¥ 1 o) (3.35)

QxS

Taking v=uF in (3.5), one has

7‘/ |quk|2dx:—7'/ (2n®n—Id)fk:qukdndx—T/ (u* f*) - exdndx
Q QxS Qxs

=—Js2— o (3.36)
Combining (3.27)-(3.36) and summing up, we have, by noting that f°= EL(f,), that
k
/ FL(fk+a)dndx+T<1—C’a)Z/|vxui|2dx
QxS :
+5 Z/ !vxﬁ! +|Vaf’| ) ) (f +a)dndx
< / FE(E"(fo) +a)dndx+ / [EL(fo) - f*]x - ezdndx
QxS Q

XS

k
+CTZHfi||L1(st)+COA (3.37)

=1

Thus it follows from (2.3), (2.4), (2.7), and (3.25) that
k
F(f*+a)dndx+7(1-Ca / Vu' [2dx
| rtea (1-ca) 32 [ 1w
k 12
T |fo i L Vaf]
+ / . dndx
2; Qxs f2+0¢ fita )

Oé
S/ [+ =+ (fo+a)ldndx +C| foll 11 (xs) + Ca.
QxS

Choosing sufficiently small o >0 and then performing «— 0, one finishes the proof
by applying Lebesgue’s dominated convergence theorem and Fatou’s lemma. 0



X. CHEN, X. LI, AND J.-G. LIU 1593

3.3. L?(2xS) and time regularity estimates, uniform in 7.
LEMMA 3.7. For any fized T >0, we might as well let N=T/7 (otherwise let
N=[T/7]+1), then

N

S 7 W) +7 0 (19 Wiany +IVnf IEa(ee | <CT). - (3.38)
SRS k=1

Proof. Denote L =771, Taking ¢ = f* in (3.6) and performing a procedure similar
to (3.21), we have

1/ \fk|2dndx+7'/ (Ve f"? +|Vnf*?) dndx

2 Jaxs QxS
1

:7/ ‘fk—1|2dndx—7/ [(Id+n®@n)es] EX(f*)- Vi fFdndx
2 Jaxs QxS

+7’/ [(Id—n®n)Vyu*n] BX (%) V, fFdndx
QxS

1
::7/ |f5 Pdndx + Py + Py (3.39)
2 QxS

and
PlgcT/ |F¥[| Vo f¥ |dndx < Z/ |fok|2dndx+07/ |f*|2dndx.  (3.40)
QxS 4 QxS QxS
It follows from Lemma 2.1, (2.2), and Holder’s inequality that
Py=t / [(Id—n®n)Vxu"n] - V,G"(f*)dndx
QxS

:T/ (2n®n—Id)GL(fk):qukdndngT/ |GL ()] |V xu®|dndx
QxS QxS

X
SCT/Q . | 57| Vxu®|dndx < C7||Viu®|| 12 (q) ||ka%4(Q;L2(S))' (3.41)
X
Applying the Gagliardo-Nirenberg inequality, we have that

1510 @2y S CNF @iz @yl * L2 iz )

< C(||vxfk||L2(Q><S) |5 L2 axs) + ||fk||2L2(Q><S))' (3.42)
Therefore by Cauchy-Schwartz inequality, one has
T
Py SZHVka”%%QxS)JFOT(”VXUIC”%Q(Q)Jr”vxuk”LQ(Q))kaH%Z(QXS)' (3.43)

Combining (3.39), (3.40), and (3.43), then summing up, we deduce that

k k
1750132 xs) +Z|\fl — 7 2 axs) +7'Z IV f 72 axsy + IVl 72 xs))
=1 =1
k . .
<2072 @xs) +CTZ(||vXul||2L2(Q) F D172 xs)- (3.44)

=1
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It follows from (3.22) and 0< fO= E%(fy) < fo that

k
kaH%%st) §||f0||2L2(st) +QCTZ(||qu1||2L2(Q) + 1)||f2_1||%2(ﬂ><8)
i=1
k-1 _
:||f0||2L2(QxS) +207—Z(Hvxul+1”%2(ﬂ) + 1)||sz%2(st)~ (3.45)
i=0

Therefore (3.45) and Lemma 3.6 imply (3.38) by employing the discrete Gronwall
inequality. This finishes the proof of Lemma 3.7. 1]

The next result follows from the regularity of Stokes’ equation (see [26], p.35,
Proposition 2.3).

LEMMA 3.8. For any k€N,

IVseu® || 2) SCI ¥l L2 @i s)); 0¥ 2 (0) S ClUV ¥l L2 @i s))- (3.46)

DEFINITION 3.9. Define the piecewise function in t by
fr(t,)i=fF(,),te (k—1)7, k7], KEN,
and the difference quotient of size T by

O fr(t,,):= fk("')_fk_l("'), te((k—1)7,kr], keN.

T

Likewise, define u..

COROLLARY 3.10. For any fized T >0,

lur || o< 0,75 v)nL2 (0,752 () < C(T), (3.47)
|.f= | o= 0,722 (@ x8))nL2 (0,71 (2x5)) < C(T). (3.48)
Proof. We can deduce (3.47)-(3.48) directly from Lemma 3.6-3.8. |

LEMMA 3.11.  For any fixed T >0,
107 =l 22 0.1 (a1 (xs))y < C(T). (3.49)
Proof. We deduce from (3.6) and the Poincaré inequality that

fk _ fkfl
|~

(H(2x8))’
<C ¥ xs) + (10" La) + I Vx0¥ | La@) 1 ¥ Laoir2s)))
SC [kaHHl(QXS) + ||quk||L4(Q) ka HL4(Q;L2(S))] . (350)

For any fixed T'> 0, we might as well let N=T/7 (otherwise let N=[T/7]+1), so
that
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10 frll 22 (0,7 (H (2x8)))

N k_ pk—112 1/2
=1 T (H(2xS))’

N 1/2
SC (TZ “|fk||H1(Q><S) + Hquk||L4(Q) ||fk||L4(Q;L2(S))]>
k=1

N kT 1/2
=C (Z/ [||fTHH1(QxS) + [ Vxur|[zaa) ||fT||L4(Q;L2(g))}>

p—1v (k=1)T
SC(HfrHL?(O,T;Hl(QxS)) I frllzaco,msLe iz (s))) ||vxu‘r||L4(07T;L4(Q))). (3.51)

It follows from the Gagliardo-Nirenberg inequality that

1/2

1/2
[ P oA [ A 5

and hence by Holder’s inequality that

1/2 1/2
||vxu‘r||L4(0,T;L4(Q)) < C||u”'||L/2(O,T;H2(Q)) ||quTHL/oo (0,T;L2(Q)) (352)

Now we estimate || f-||£4(0,7;04(0;22(s))). Applying the same discussion as for (2.12),
we deduce from the Gagliardo-Nirenberg inequality and Holder’s inequality that

1/2 1/2
1f7llza 0,7 @sL2(8)) < ||fT||L/2(0,T;H1(Q><S)) ||fTHL/oo(o,T;L2(st))~ (3.53)

Combining (3.51)-(3.53), we deduce from Corollary 3.10 that (3.49) holds. This ends
the proof of Lemma 3.11. 0

3.4. Convergence and proof of Theorem 3.1.
PROPOSITION 3.12.  As 7—0, there exist a subsequence of {(u,,fr)} o<r«1, nOt
relabeled, and a pair of functions (u, f) satisfying (2.8)-(2.9), (3.1)-(3.3), and (3.4)
such that

u, —u in L?(0,00; V), (3.54)
V2V in (0,00, L2 (2 % S)), (3.55)
VI—=VF  in L*0,00; HY(QxS)), (3.56)
and for any T >0,
u, ~u in L=(0,T; V), (3.57)
u,—u in L3(0,T; V?), (3.58)
fr=f  in L°°(0,T;L* (2 xS)), (3.59)
fr—f in L*(0,T;H*(Qx8S)), (3.60)
fr—f in L*((0,T)xQxS), (3.61)
ET N ()= f  in L2((0,T) x 2 xS). (3.62)



1596 EXISTENCE AND UNIQUENESS OF GLOBAL WEAK SOLUTION

Proof.  Applying Lemma 3.5-3.8 and Corollary 3.10, we deduce that there exist a
subsequence and a pair of functions (u, f) which satisfy (2.8)-(2.9), (3.1)-(3.3), and
(3.54)-(3.60).

For any fixed T >0, we might as well let N=T/7 (otherwise let N=[T/7]+1).
Then we have from (3.38) and (3.49) that

N-1

2 . 2
It fr — fT”L?(O,TfT;(Hl(QXS))’) =T Z kaH -f* H(Hl(QxS))’ <cr?, (3.63)
k=1

where T, u,(t) :=u,(t+7). Employing Theorem 1 in [11], we obtain (3.61) from (3.63),
_1

(3.48), and H'(Q2xS) << L?(2xS). Then we have from E™ * € C%!(R) with Lip-

schitz coefficient 1 that

_1
IET *(fr) = fllL2(0.1)xx5)
<IE™ (fr)—ET “(Hllrzomyxaxsy+IET () = Fllzo,m xaxs)
_1
<|fr = Fllzzcoryxaxs) HIIET * (f) = fll2(o,m)xxs)- (3.64)

Moreover, employing Lebesgue’ dominated convergence theorem, one deduces from
_1
(2.6) and 0<E™ *(f)<f that

IE™ *(f) = fllz2(0,7)x2xs) — 0 as 7—0. (3.65)

Then (3.65) and (3.64) imply (3.62).

In light of the weakly lower semi-continuity of norm, we obtain the energy in-
equality (3.4) directly from (3.26) and the convergent results (3.54)-(3.56) and (3.61).
This ends the proof of Proposition 3.12. 1]

Next we shall prove Theorem 3.1. We need to establish the convergence of the
discrete derivatives 0] f; as well as their weak integral. These follow from the time
regularity estimate (Lemma 3.11) of 9] f, and its convergence to J;f in the sense of
distribution.

Proof. [Proof of Theorem 3.1.] We only need to show that for any fixed T'> 0, (2.10)-
(2.11) hold with time interval [0,00) replaced by [0,7") and test functions replaced by
veL?(0,T; V) and o € C([0,T) x 2 x S). Indeed, in view of Definition 3.3, the weak
approximation form of (3.5)-(3.6) reads: for any v € L?(0,T; V),

T
/ / Vxu, : Vevdxdt
0 Q

T T
=— / / 2n®@n—1d)f; : Vxvdndxdt — / frea-vdndxdt, (3.66)
0 JOxS 0 JOxS

and for any € C*([0,T) x Q xS),

T T
/ 8Zf7<pdndxdt—/ / (quT) -Vxpdndxdt
0 JAaxS 0 JOxS

T
—|—/ / Vnfr - Vapdndxdt
0 JOaxS
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T _1
:/ / [(Id_ n®n)vxurn} ET (f'r) -Vanpdndxdt
0 QxS

T 1
- / / (Id4+n®n)(esE™ " (f;)+ Vafr)- Vipdndxdt. (3.67)
0 QxS

We first claim that as 7— 0,

T T
/ 8Zf790dndxdt—>—/ fOypdndxdt — fo(x,n)p(0,x,n)dndx,
0 JOxS 0 JOaxS QxS
(3.68)
Of fr—0,f in L2(0,T;(H (2 xS))). (3.69)
Indeed,

T
/ O} frypdndxdt
0 QxS

T T
— / ()= fr(t=7) pdndxdt + / -1 pdndxdt
T Jaxs T 0 JOxS

T

T T—1
:/ 0 pdndxdt —/ 0 o(t+7)dndxdt
o Jaxs T 0 axs T

1
T ET_ 1

— / Jg@dndxdt
0 Joxs T

T T—T1 _
_ / £+(t) L dndxdt - / £ D=0 g
T—7J QxS T 0 Qxs T

—/ E™ ! (fo)fdndxdt.
0 Jaxs T

Then

T T
/ angcpdndxdt—i—/ fOrpdndxdt + fo(x,n)e(0,x,n)dndx
0o Jaxs 0 Jaxs

QxS
r o
/ / (fT 4+ f@tgo) dndxdt
T—7JQxS T

/T_T/ (fatw_fT('O(t—FT)_‘p(t)) dndxdt
0 QxS

T

[ Jrneo-£7 o) [ Lat] amax

Thanks to ¢(T') =0, we have from the mean value theorem of differentials that

<

+

—+ 2111+IQ+I3.

L <710l oo 0,1y x2x8) (17l Lo (0,101 (2x8)) + 1 f |l o< 0,751 (2xs))) < C,

I, <
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/TT/ (f—f.,_)wdnd)(dt
0 QxS ’

<7)|0s 2l o= 0,7y x2x8) | f | Lo (0,71 (2x5))

+

+If = frllzro.myxaxs) 00l L ((0.1) x 2x5)
<C(r+f = frllLr(o,m)xxs) ) -

It follows from the proof of (3.65) and the mean value theorem that

dndx — 0.

I < /Q o= B (follp(0)dnax + /Q Rt

Ry R

Therefore (3.68) is proved. Moreover, if we take p € C§°((0,7) x Q xS), then (3.68)
implies
Of fr—0:f in 2/'((0,T);(C*(2xS))). (3.70)

Then (3.70) and Lemma 3.11 yield (3.69).
Combining Proposition 3.12, Lemma 3.6, and Corollary 3.10, we obtain Theorem
3.1. O

4. Uniqueness
THEOREM 4.1. The solution in Theorem 3.1 is unique.

Proof. We only need to prove uniqueness on [0,7] for any T >0. Because f €
L2(0,T; H' (2 xS))NH(0,T;(H* (2 xS))’), we have f€C([0,T];L*(2xS)) and

d
a||f”%2(ﬂ><8):2<atf7f>v (4.1)

where (-,-) denotes the dual product between H'(QxS) and its dual (H'(2xS))’
(see [26], p.260, Lemma 1.2). Suppose (uy,f1) and (ug,fz2) are both solutions of
(2.10)-(2.11). That is, for a.e. t€[0,7] and i=1,2,

Vxu;:Vyvdx = —/ 2n®@n—1Id)f;: Vyvdndx — fiea-vdndx,Yve V,

Q QxS QxS

(4.2)

(Ocfir o) — (Wi fi, Vi) + (Vi fi, Vnp)
=(Id—n®n)Vywnfi, Vo) — (Id+n®n)(esfi + Vi fi), Vi), Vo€ H (Q xS),

and
filt=o=fo a.e. on QxS. (4.4)
We have from Corollary 3.10 and Proposition 3.12 that
llasl| os 0,711 (2))n L2 0,752 () F || fill Loe (0,722 (0 xs)n L2 (0,75 (2x5)) S C(T).  (4.5)

By substraction and then setting v=u; —us in (4.2), we have by the Cauchy-
Schwartz inequality and the regularity of weak solution to the Stokes’ equation (see
[26], p.35, Proposition 2.3) that for a.e. t€[0,7],

[Vxui = Vyuz| r2(0) < C|l f1 = foll L2 (xs), (4.6)
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[wr — 2| g2(0) SOV fi — VxSl L2 (axs)- (4.7)
Substracting and then setting o= f; — f2 in (4.3), we have, by noting (4.1), that
for a.e. t€[0,T7,

thHfl fallZ2axs) + IVafi = Vafoll 22 axs)

(w1 fi— 2 f2, VS = Vicfo)+ (1d=n@n)(Viin fy — Viaon fo), Vi fi = Vi o
— (@4 n@n)er(fi = £2), Vuf1 = V)
— ((1A4+0©0) (Vof = Vo) VoS = Vo)

= Q1+ Q2+ Qs+ Q4. (4.8)

We deduce from (4.5), (4.6), Holder’s inequality, the Gagliardo-Nirenberg inequality,
the Poincaré inequality, and the Cauchy-Schwartz inequality that for a.e. t€[0,7],

Q1 =((u1 —u2) f1,Vxfi = Vxf2) + (u2(f1 — f2), Vx f1 — Vx f2)
=((u1 —u2)f1,Vxfi — Vi fa)

<|luy =zl syl fillLainz ) | Va1 — Vfal L2 (oxs)

1/2
<O||Vsus — Vietta | g [l — 13|17,
1 1/2
<[l e ||leLé(st IVxf1— Vafall2oxs)

<Ol f1 - follzzcxsy | fill 1 (st)Hfol Vi fallL2xs)
1
Sénvxfl*vfoH%?(QxS)+C||f1*f2||L2(Q><S)”leHl(QxS)- (4.9)

We divide @2 into two parts:

((Id— n®n)(Viuy — Viua)nf, Vi f1 — an2)

+((1d—n@n)Vyusn(fi— ),V fi = Vaf)
=:Q2,1+ Q2. (4.10)

Similar to (4.9), in light of (4.5)-(4.7), we have that for a.e. t€[0,T7,

Q2

Q2,1 <C|Vxu1 — Vs i) | f1llza@:z2(5) [[Vafi = VanfollL2(axs)
<Cllur = sl | Vs = Ve[ 5y
X Hf1||H1(Q L2(s ||f1HL2(Q><S IVafi—Vafellr2(xs)
<C|| Vi1 - xfgniéim)nfl Fall e 1l i axs) [Vafi = Va ol 2xs)
é%llvnﬁ—vnfzﬂiz(ﬂxs)
+CIVxfi = VxfellL2@xs) | f1 = fallL2@xs) 1 f1ll 21 @xs)
<S19nfi = Vafalaae) + 51 Vxfi ~ Ve falliacanc)
+O\f1 = follZ2axs) | f1 17 xs) - (4.11)
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It follows from Lemma 2.1, the Gagliardo-Nirenberg inequality, and (4.5) that for a.e.
te[0,7],

1
2
1

:5 ((2n® n— Id) (fl — f2)2 : VXIIQ)
<O|lfr = follTa(a,r2e) | Vxu2ll 22 ()

<C {Hvxfl — Vxfoll2axs) lf1 = fallz(axs) I 1 _f2H%2(Q><S)}

1
Sguvxfl —VxfalF2axs) T CllA = follF2axs)- (4.12)

Q22= ((Id —n®n)Viuen, Vi (f1— f2)2)

One has from the Cauchy-Schwartz inequality that

Q3 <C||Vxfi1—VxfallLz(axs) | f1 = follL2(axs)

1
< Va1 =V fall72axs) + Clfi = F2ll72(axs)- (4.13)
Because Id+n®n is a positive definite matrix with smallest eigenvalue 1, we have

Qa < —[Vaf1 = VfalZ2(axs)- (4.14)

Combining (4.8)-(4.14), we have for a.e. t€[0,T],

d
%Hﬁ — fallZ2axs) SC (U + il axs) + 11l En axs)) 11— falZ2(axs)- (415)

Because (4.5) implies || f1]|z2(0,7;11 (2xs)) <C and (4.4) yields (f1 — f2)|t=0 =0, it fol-
lows from Gronwall’s inequality that f;=f2 a.e. on [0,7]xQ xS, and hence from
(4.6) and the Poincaré inequality that u; =uy on a.e. [0,7]xQxS. This ends the
proof of Theorem 4.1. 0
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