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Abstract. We studied coupled systems of the Fokker—Planck equation and the Navier—Stokes
equation modeling the Hookean and the finitely extensible nonlinear elastic (FENE)-type polymeric
flows. We proved the continuous embedding and compact embedding theorems in weighted spaces
that naturally arise from related entropy estimates. These embedding estimates are shown to be
sharp. For the Hookean polymeric system with a center-of-mass diffusion and a superlinear spring po-
tential, we proved the existence of a global weak solution. Moreover, we were able to tackle the FENE
model with L2 initial data for the polymer density instead of the L counterpart in the literature.
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1. Introduction. A special class of dilute polymer liquids can be modeled by
the coupled system of the Fokker—Planck equation and the incompressible Navier—
Stokes equation. Each polymer is represented by two beads connected through an
extensible spring. These polymer liquids can be further classified according to the
constitutive law of the springs, such as the Hookean dumbbell model and the finitely
extensible nonlinear elastic (FENE) dumbbell model.

More precisely, let © C R? be a macroscopic, bounded physical domain with
9Q € Ct. The polymer distribution function f(t,x,n) and the fluid velocity u(t,x)
satisfy the following equations (cf. Doi and Edwards [15]):

(1.1) Ouf + Vx - (uf) + Vu- (Vxunf — VaUf) = eAxf + Anf,
Ou+ (u-Vy)u+ Vyp = Axu+ Vg -0,
Vx-u=0,

where (t,x,n) € (0,00) x Q x D, D C R%, p is the pressure, U = U(|n|) is the spring
potential, and o is the stress (in addition to the usual viscous stress) exerted by the
polymer on fluids given by

(1.4) o= /D (ValU @1 —Id) fdn,

where Id € R?*? is the unit tensor. Note that o can be taken as symmetric and trace
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free,

(1.5) o= /DU’(|n|) (n@n— éld) fdn,

since the difference [,,(U’(In[)/d —1)fdnId can be merged into the pressure term in
(1.2). For simplicity of presentation, we have taken all physical parameters to be 1
except for the center-of-mass diffusion coefficient e.

There are three cases listed below with our results covering the first two cases.

Case 1. The Hookean dumbbell model with D = R

Since in practice, the linear Hookean law with U(n) = %|n|2 is valid only for small
In|, a superlinear Hookean law should be amended for large |n|. Thus we take the
spring potential U = V(1|n|?), where V € W2°([0,00); R() is a convex function in
[0, 00) such that for some s* > 0,

e V()
(1.6) V(s) =s, s€0,s"], slggoT =

Case2. The FENE dumbbell model with D = B := {n € R% : |n| < 1} and
U(n) = —kIn(1l — |n|?) (k > 0).

Case 3. The stiff limit of spring potential, or the inextensible spring.

In other words, we assume that the length of n is fixed, say |n| = 1. Hence
D = S9!, The V,Uf term in (1.1) is dropped, and the stress can be modeled by
o= fsd_l(n ®n — %Id)fdn. This is the Doi model for rod-like particle suspensions
(see [15]).

In general, the center-of-mass diffusion coefficient € is very small and it is often
omitted in the mathematics literature (see Barrett and Siili [6] for the discussion of
this term). The models with € = 0 are much more difficult to analyze. We refer to a
recent seminal work of Masmoudi [26] for the existence of a global weak solution for
the FENE model in this case. For the Doi model with Stokes equation, Constantin
[11] established the existence of the global smooth solution on a three dimensional
period domain. In a series of papers [12]-[14], the authors proved the existence of the
global smooth solution for several cases of coupled Navier—Stokes and Fokker—Planck
equations including the Doi equation in both R? and T?. Sun and Zhang [30] discussed
some related problems in a two dimensional bounded domain. Using the propagation
of compactness, Lions and Masmoudi [24] established the existence of a global weak
solution for the Doi model in T? (d = 2,3). Recently, based on a quasi-compressible
approximation of the pressure, Bae and Trivisa [4] investigated the global existence of
weak solutions with a Dirichlet boundary condition in R3. However, for the Hookean
model, the analysis for the case of € = 0 is still open.

The models with € > 0 were studied by Barrett and Siili [5], [6]. Barrett and Siili
[5] used a cut-off function and a semi-implicit scheme to construct the approximate
solutions, then they applied the compactness method to establish the global existence
of weak solutions for the FENE model. The compactness argument they used is an
improved version of the Dubinskii lemma and Antoci’s compactness embedding result
(see Lemma 5.2, [1]). Using a similar method, Barrett and Siili [6] considered a special
case of a superlinear Hookean dumbbell model, where V' is assumed to have a power
law growth for large |n| (see Example 1.2) and they obtained the existence of a global
weak solution. In the compactness argument of [6], the authors followed the proof
of Theorem 3.1 in Hooton [19] and obtained a similar compact embedding result. In
addition, in [5] and [6], they also investigated the exponential decay of weak solutions
to the equilibrium solution for the two models.
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There are also some related works on the mathematical analysis of the FENE and
modified Hookean models in the literature (see [2, 8, 21, 24, 25, 26, 31]). We refer
the readers to [26] and the review articles [9], [23] for more references on these two
models.

1.1. Initial-boundary problem with € > 0. Denote the fluid rate-of-strain
tensor (Vxu -+ (Vxu)') and the vorticity tensor +(Vxu — (Vxu)") by E and W,
respectively. Wn can be rewritten as %w x n, where w = V x u is the vorticity. Then

the interaction operator Apf + Vn- [VaUf — Vxunf] in (1.1) can be recast as
1
(1.7) Va- an+Vn(U+¢(E))f—§w><nf )

where ¢(E) = —in - En is the straining potential which, together with the linear
potential U, drives the polymer towards low total potential states. The main difficulty
in analyzing the Fokker—Planck equation (1.1) is the co-existence of the nonlinear
terms (the last two) in (1.7). If Vxu in (1.1) is replaced by its anti-symmetric part
W, then (1.1) is called corotational (see Lions and Masmoudi [24]). In this case, ¢(E)
is absent in (1.7) and the problem becomes much simpler.

The linear part of (1.7) (which we shall refer to as the linear Fokker—Planck
operator) can be rewritten as

er(n)

- Jpe V®™dn’

(1.8) Vn-(anJrVnUf):Vn-(MVn%), M(n) :

Here M is the Maxwellian (also known as the Gibbs measure) for the linear Fokker—
Planck operator and is a natural weight function giving rise to the Banach spaces

13,(2 % D) i= {0 € LL,o(2 % D) ¢ |l 13, 2xm) < o0}

where

1/p
lollor o) = ( / M|so|pdndx)
QxD

and WP (2 x D) :=={p e LL (2 x D): lllwr x py < 00} with

loc

1/p
e lwreaxpy = (/Q DM(MP + |Vl + [Vael?) dndx) :
X

Similarly, one can define the corresponding homogeneous spaces (independent of x)
L? (D) and W,;7(D), respectively.
We further impose the following initial conditions for (1.1)—(1.4):

(1.9) fli=o = fin, ult=0 = win,
and no-flux/no-slip boundary conditions
(1.10) fo . V|aQ = 0, u|aQ =0.

For the FENE model, in addition to (1.9)—(1.10), we also impose the no-flux boundary
condition

(1.11) (an+VnUf—qunf)~naB:0,

on (1.1)-(1.4).
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In view of (1.8) and setting f :=
relative entropy estimate

%/ﬂ</DM{f(1nf—1)+1}dn+%|u|2>dx
(1.12) —|—4/Q DM <5 Vx\/}2+ ‘Vn\/}2> dndx+/Q|qu|2dx=O,

and its initial-boundary problem can be rewritten as

(1.13)  M[0:f +u- Vuf —eAxf] + Va (MVyunf) =Vy- (MVaf),

%, the system (1.1)—(1.4) admits the following

(1.14) ou+ (u-Vy)u—Axu+ Vyp =Vy -0,
(1.15) Vx-u=0,
with initial and boundary conditions,

(116) vaf : V|BQ = 07 u|8Q = 07

(1-17) f|t:0 = fﬁ, 11|t:0 = Win-

For the FENE model, the boundary condition (1.11) translates to
(1.18) (Mvnf - Mqunf) “njpp = 0.
Here o is given by

(1.19) o ::/ M (VU ®n —1d) fdn.
D

In addition, by integrating (1.13) over D and letting p := fD Mfdn, one has
(1.20) Op+u-Vyep —ecAxp =0,

which will be used in the uniform estimates for the density in sections 4 and 5.
We will investigate the initial-boundary problem with £ > 0. In the rest of this
paper, we take € > 0 unless otherwise specified.

1.2. Assumption on the spring potential U. To be specific, here we reiterate
our requirements for the spring potential U.

(1) The Hookean model.

In the literature of mathematics, one ideal model is called the linear Hookean

model, where U(n) = |n|? for any n € R%. The corresponding Maxwellian is there-

n 2
fore M (n) = (27‘1’)_%6_%. The model with a superlinear assumption for large |n|, is

called the superlinear Hookean model. Since the analysis, especially the compactness
argument, does not rely on the spring potential U(n) at bounded domain but depends
on the superlinear assumption at far field, for simplicity in presentation, we assume
that U(n) = V(3/n[?) for any n € R%. The corresponding Maxwellian is given by
1 2
M(n) = ﬁ and V,U(n) = V'(L[n|2)n. Here V € W2([0,00); Rso) is
assumed to be a convex function on [0, 00) satisfying the superlinear condition (1.6)
and the assumption

(1.21) V'(s) < eV (vs > 1).
Note that the restriction (1.21) is fairly loose. It holds for most of the C! superlinear
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convex functions in the literature. This condition will only be used in Lemma 2.1. It
is not needed in the (compactness) embedding theorems (section 3.2).
From (1.6), one has V’(s) > 1 on [0, c0) and

V(s)

(1.22) is monotonically increasing in [0, co).

Indeed, it follows directly from the mean value theorem on [0, s] and the convexity of
V that there exists 6 = 6(s) € (0, 1) such that

<V(s)>/ _ V'(s) =V (s)/s _ V'(s) — V'(0s) >0

S S S -

and hence (1.22) holds.
The following are two examples of V satisfying (1.6) and (1.21).
Ezample 1.1.

s, 0<s<s%,
V(S)_{ sln S%s—l—%s*, s> s*.
Here @ =O(Ins) as s — oc.
Ezample 1.2.
s, 0<s<s%,
V(S) = 75;1 [(S%)’er . 1:| + S*, s 2 5" ("/ > 0)

Here @ = 0(s7) as s — oo (see [6]).
(2) The FENE model.
Let D=B:={n€R%:|n| <1} and U(n) = —kIn(1 — |n|?), k > 0. Then the
2
corresponding Maxwellian is M (n) = m%. Since 1 — [n|? = O(1 — |n|) as
B
|n| — 17, for simplicity in presentation, in the analysis of sections 3.1 and 5, we may
use 1 — |n| to replace 1 — |n|? and neglect the normalization constant, i.e.,

(1.23) U(n) = —kIn(1 — n|) (k > 0) and M(n) = (1 — |n|)*.

1.3. Main purpose of this paper. For the Hookean model with ¢ > 0, one
of the main difficulties in proving the existence of a global weak solution is the weak
compactness of the approximated stress tensors {ox} in L'((0,7) x Q) (T > 0). In
what follows, we outline our strategies. From integration by parts (see Lemma 2.2)
and the property G' = G(t,x) € R¥™? with tr(G) = 0, we have that

(1.24) MV,,U@nf:Gdn:/ MGn-andn:2/ MGn\/}~Vn\/}dn.
R4 R4

Rd

The entropy estimate (1.12) implies that the approximating sequence {v M V, fk }
is weakly compact in L2((0,7T) x  x R%). We only need to demonstrate compactness

of {\/fr} in LZ(.OvT?L%/[(lﬂnP)(Q x R9)). For this, the key point is to prove the
compact embedding
(1.25) Hp (2 x RY) s L1 4 a2 (2 X RY).

For the superlinear Hookean model, the compact embedding (1.25) holds (see
Theorem 3.9). However for the linear Hookean model, (1.25) is no longer true (see
Theorem 3.15), so the superlinear assumption (1.6) is a sharp condition for the com-
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pact embedding in (1.25). Therefore (1.6) is also a natural condition for the Hookean-
type condition for the Hookean-type model from the viewpoint of analysis.

In the analysis of the FENE model with € > 0, we also need some M-weighted
compact embedding estimates.

The main contributions of this paper can be summarized as following.

(1) Starting from the relative entropy estimate (1.12), we systematically study
the continuous embedding and (non)compact embedding theorems for some weighted
spaces in the unit ball B and in R?, for any space dimension d € N.

One of the main difficulties in proving compact embedding in (weighted-) L? spaces
lies in obtaining uniform integrability estimates near the singularity of the weight
function M at the boundary of D, or for large |n| when D = R%. Our key idea is
to establish the continuous embedding into other weighted-LP spaces with a larger
weight function. This is done by means of a Hardy-type inequality in a hollow ball
for the FENE model. As to the Hookean model, this is done by using the logarithmic
Sobolev inequality and the Fenchel-Young inequality.

We should point out that our methods for obtaining the uniform integrability
are different from those used in Lemma 5.2 in Antoci [1] and Theorem 3.1 in Hooton
[19] as well as Theorem Appendix B.1 in Barrett and Siili [6]. Moreover, most of our
compactness embedding results are sharp on the condition for the weight. In this
sense, we have improved over the above-mentioned results.

(2) Following the method of Barrett and Siili [5], [6] with some improvements, we
establish the global existence of weak solutions for the general superlinear Hookean
model in dimension d = 2, 3,4 with € > 0. Compared with the results in Barrett and
Siili [6], our contributions are listed below:

e Our results apply to the general superlinear Hookean model. The only assump-
tions are (1.6) and (1.21) whereas Barrett and Siili [6] dealt with a special case, where
V' is defined as in Example 1.2 with a power law growth at infinity.

e For the general superlinear Hookean model, we should point out that both
the compact embedding (3.26) in Proposition 3.10 and its proof are quite different
from the counterparts in Barrett and Siili [6] (see Appendices B, E, and F of [6]).
For the linear Hookean model, the noncompact embedding result (Theorem 3.12) is
new. The proof is based on a new Parseval-type identity in some intersection spaces.
This noncompact embedding result indicates that the superlinear assumption (1.6) is
sharp.

e In the construction of approximate solutions, our cut-off function is motivated by
but different from that of Barrett and Siili [6]. First Barrett and Siili [6] used a cut-off
only from above by L > 1, then they used another cut-off from below by § > 0. They
established the uniform estimates for § and took the limit 6 — 0. It seems that their
whole process is quite involved. However, we used a cut-off function by chopping off
from above by L > 1 and from below by 0 for the drag term (see Definition 2.4). This
single cut-off function is sufficient for the proof of existence for approximate solutions.

e Qur a priori estimates for the approximate sequence are uniform in € and time
t, hence the weak solutions exist globally in time. The zero diffusion limit ¢ — 0 is
an open problem proposed in the recent work of Masmoudi [26]. It will be interesting
to see if Masmoudi’s log?-estimate can be carried out for our approximate solutions.
We leave this problem for further study.

e In order to apply the time-space compactness theorems with assumptions on
derivatives (such as the Aubin-Lions-Simon lemma, see [29],Theorem 5; the Dubin-
skii lemma, see [7, Theorem 2.1] and [17, Theorem 1]), the traditional Rothe method
for evolutionary PDEs (see [28] and [22]) is necessary and requires the construction
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of linear interpolation functions (also known as Rothe functions). However, the ap-
proach of the Rothe functions is fairly indirect and sometimes tedious, requiring more
estimates and sometimes even more regularity assumptions on the initial data. In
contrast, our approach is to apply Theorem 4.3 of Chen, Jiingel, and Liu [10] and
Theorem 1 of Dreher and Jiingel [16], which consist of a nonlinear and a linear time-
space compactness theorem with simple piecewise-constant functions of ¢, instead of
the more complicated Rothe functions.

e Our compactness results for the approximate solutions are valid for d = 2, 3,4
which lead to the existence of global weak solutions for the general superlinear Hookean
model in d = 2, 3,4 dimensions, while Barrett and Siili [6] only dealt with a special
case of the spring potential in two and three space dimensions.

(3) Similarly to the proof of the superlinear Hookean model with £ > 0, we are
also able to prove the existence of global weak solutions for the FENE model with L?
initial data for the polymer density, in contrast to the L°° counterpart in Barrett and
Siili [5] in both two and three space dimensions.

The rest of the paper is organized as follows. In section 2, we state some pre-
liminary results for our analysis. In section 3, we prove some continuous and (non)-
compact embedding theorems for the weighted spaces. Then in section 4, we establish
the existence of global weak entropy solutions to the superlinear Hookean dumbbell
model with € > 0 in d = 2, 3,4 dimensions. We use a semi-implicit scheme to con-
struct approximate solutions and show their compactness. In section 5, we prove the
existence of global entropy solutions to the FENE dumbbell model with € > 0 in two
and three space dimensions.

2. Preliminaries. The following notations will be used in this paper:
I/(Q) = LP(Q,RY), H'(Q) = H"(QRY), G () = (2. RY),
Y ={ue Cr(Q):Vy-u=0}, H={ue L*(Q): Vy-u=0,u-v|sg =0},
V={uc HyQ):Vy-u=0}, V' =V nH"Q),

where ¥ is dense in H, V', and V". We also use the notations: X — Y (or X —— YY)
denotes X is continuously (or compactly) embedded in V; X +5 Y (or X <% Y)
denotes X is not continuously (or continuously but not compactly) embedded in Y.
fr = (—or 2)f in X denotes a sequence {f;},~0 C X converges strongly (weakly
or weakly star) to f in X as 7 — 0. D?f denotes the Hessian matrix of f. .# (F 1)
denotes the Fourier’s (inversion) transform. If G € R¥¢ and n- Gn > An|? for all
n € R?, we write G > A 1Id. C(a,b, ---) denotes a constant only dependent on a, b, . ...
[s] denotes the maximum integral part of s.
LEMMA 2.1. Let M be the Mazwellian for the superlinear Hookean model; then

(2.1) / Mn|P|Val (0)[2dn < 00 (Vp > 0).

Proof. Tt follows from (1.21) that

n\2 v(Lin?
/ M|n[P|V,U(n |dn—C/ < In |”+2> ‘e—¥v’ <%|n|2>

V()
<C [ ez |nf?dn.
Rd

This finishes the proof of Lemma 2.1. O

2
dn
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Motivated by Lemma 3.1 in Barrett and Siili [6], one can directly show that the
lemma below follows from the density of C§°(R?) in H3i,(R?) and integration by parts.

LEMMA 2.2. Let M be the Mazwellian for both the linear and superlinear Hookean
model. Assume that f € HL,(RY) and G € R™ is a constant matriz with tr(G) = 0.
Then

(2.2) MGn-Vyfdn= | MV,U®nf:Gdn.
Rd Rd

We first recall a definition in Barrett and Siili [7] and Dubinskii [17]. Let B be a
Banach space and M, C B. If Vu € M, ,Vc € [0,00), cu € My, then M is called a
nonnegative cone in B. If in addition, there exists a function [u]as, : M1 — R such
that [u]ar, > 0;[ulp, = 0if and only if u = 0;Ve € [0,00), [cular, = cu]ar, , then
M, is called a seminormed nonnegative cone in B. The definitions of continuous (or
compact) embedding, LP([0,T]; M) and C([0,T]; M) are similar to its definition
in Banach spaces. We shall use the following time-space compactness lemma for
piecewise constant functions in the compactness argument in sections 4 and 5.

LEMMA 2.3 (Chen, Jiingel, and Liu [10, Theorem 4.3]). Let T > 0,N € N,7 =
%, and ur(t,") = ug, t € (k — 1)1, k7], k =1,2,...,N. Let B,Y be Banach spaces,
My be a seminormed nonnegative cone in B, and let either 1 < p < co,r =1 or
p=o0,r>1. Assume My —— B —Y and

(2.3) {u;} is a bounded subset of LP(0,T; M), then
(24) T_lHﬂZTU-,— — UTHLT‘(O,T_T;Y) < C vVt > 0,

where trur(t) == u (t+7). If p < 0o, then {u.} is relatively compact in LP(]0,T]; B);
if p = o0, there exists a subsequence of {u.} which converges in L1(]0,T]; B) with
1< g < oo to a limit which belongs to C([0,T]; B).

Particularly, letting M = X be a Banach space, Lemma 2.3 becomes the linear
compact result, Theorem 1 of Dreher and Jiingel [16].

Define F(s) := s(Ins—1)+1, s € [0,00) and some cut-off functions below. These
cut-off functions will be used in the approximate problem and the entropy estimate
in sections 4 and 5.

DEFINITION 2.4. Let L > 1. Define

0, if s <0,

Ins—1)+1 0<s<L
Ef(s):={ s, if0<s<L, FL(S)::{ig_nLSz )+, 0=
L. ifs>L: 57— +s(InL—-1)+1, s> L.

With some elementary computations, one could verify the following properties
(also see Barrett and Siili [5], [6] for some of them).
LemMA 2.5. Let L > 1. Then

) Ef ¢ COY(R); FL e C*'(RT) N C([0,0)),
) FE(s) > F(s) Vs € [0,00),

) (FLY!(s) = [FH(s)] ' > 571 ¥s € R,

) (FLY'(s +a) < é Va € (0,1),Vs € [0,00),

)

NN NN
© 0 N o Ot

(
(
(
(
(

Vs € [0,00),Llim EE(s) = s,
—00

(2.10) FEE"(s)+a)<a+ %2 + F(s+ «a) Va € (0,1), Vs € [0,00).
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The global weak solutions with a finite relative entropy to the superlinear Hookean
model with € > 0 are defined as below.

DEFINITION 2.6. Let d = 2,3,4 and M be the Mazwellian for the superlinear
Hookean model. Suppose w;, € H and f;, € L>°(Q; LY (RY)) such that

(2.11)  fin >0 a.e. on Q x RY, / {fm (ln fz—" - 1) + M} dndx < oo.
QxR4 M

A pair of measurable functions (u, f) is called a global weak entropy solution of (1.1)—
(1.4) with initial/boundary conditions (1.9)—(1.10) if

(2.12) u e L=(0,00; H) N L*(0, 00; V), u € H'(0, 00; (V#1421
f>0ae on(0,00) x QxR
R
(2.13) /Qde [f(t) <1n Y 1)+ M| dndx <oo a.e. on (0,00),
(2.14) Vy\/f € L*(0,00; L*(Q x Rd)),M%Vn\/% € L*(0, 00; L*(2 x RY),

(2.15) feL>((0,00) x Q; L'(RY)), f € H'(0,00; (H*T(Q x R))");
for any v € C3°([0,00) x Q) with Vx -v =0,

/ /u atvdxdt—i—/ /qu vadxdt—i—/ / Ju - vdxdt

(2.16) = —/ / VaU @nf : Vyvdndxdt —|—/ u;p (x) - v(0, x)dx;
0 QxR4 Q

for any ¢ € C3°([0, 00) x Q x R?),

/ / fOrpdndxdt + / / - Vi f)pdndxdt
QxR Qde

+<€/ / Vxf - Vxpdndxdt +/ J\Jvni - Vnpdndxdt
QxR4 0 QxR4 M

(2.17) :/ / qunf~Vn<pdndxdt+/ fin(x,0)p(0, %, n)dndx;
QxR QxRd

and (u, f) satisfies the following energy inequality, for a.e. t € [0, 00),
) ) ! >
()220 +2 ) f(t) {(In 2y ) tM dndx +2 [ [|[Vxu(s)||72q)ds
QxR 0

ds

v [ ewevr@l;
L2(QxR4)

218) <l 2 [ fn (wd —1) 4 01 dmax
QxRI M

3. Compact embedding theorems for weighted spaces. Arising from the
relative entropy estimate of the FENE and the Hookean model, in this section, we
will systematically study the continuous embedding and (non)compact embedding
theorems for some weighted spaces on the unit ball B and on R?, for all dimensions
d € N. As mentioned in section 1.3 of the introduction, we note that both the

L2(QxR4) H M
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key idea for checking the uniform integrability condition and the results are different
from that of Lemma 5.2 in Antoci [1] and Theorem 3.1 in Hooton [19] as well as
Theorem Appendix B.1 in Barrett and Siili [6]. Compared with their compactness
embedding results, our results were applied to more general weight functions. Indeed,
the condition on the weight functions in most of our results was sharp.

3.1. Compactness theorem for weighted spaces on the unit ball. Define
D,={neR?:r<|n|<1} (0<r<1).
LEMMA 3.1 (Hardy-type inequality). Let k > 0, 1 < p < oo, d € N, and

ro = ;]:rf;pi((d;_ll)), Then 3 < 1o <1 and Vu € C*(B),

[ =) apan

70
P 2p(1 — 7o)*
sy <2(?) / (1= [n))* = | VoulPdn + u/ lulPdS.
k D, k n|=r
0 I I (0]
Proof. Let z(n) =1 — |n| in D,,. Then |Vyuz| =1, Apz = ﬁ, and hence
sl—d

(3.2) Va - (zkvnz) =kt 42 o]

in D;,. Multiplying (3.2) with |u? and integrating over D,,, we have that

/ |u|PVy - (zkvnz) dn
D

0

1
= k/ 2P HulPdn + (1 — d)/ 2 lulP —dn
D n|

0 0

:[k+(d—1)]/

1
2P HulPdn + (1 — d)/ 2P HuP —dn
D

ro D n|

(3.3) > [k+(d—1)— d_l] /D 2P |ulPdn.

To o

0

Casel. For 1 < p < oo, it follows from integration by parts and the Young
inequality

—1
ab < na” + (np) 7L

b7 1 (a,b> 0,7 > 0)

= —p/ [ulP~?uVyu - (Zkvnz)dn—i—/ lul? (2"Vn2) - vdS
D [n|=m0o

0

< p/ (2—k+571 |Vnu|) (,z(k_l)pTjl |u|p*1) dn —|—/ luP2*dS
D

0 ‘n‘:TO
p—1 —1
< (B) / AP~V ulPdn + Py ZF =y Pdn
k Dy, p Dy,
(3.4) - rg)k/ lu[2dS.
In|=ro
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Case?2. For p =1, one has

/ |u|Vy - (zkvnz) dn
D

70
= —/ [u| " uV pu - (sznz)dn+/ u| (2FVnz) - vdS
D

0 [n|=mo

g/ zk|Vnu|dn+(1—ro)k/ u|dS.
D

0 IHIZTO

Hence the result of (3.4) also holds for p = 1.
We deduce from (3.3) and (3.4) that for 1 < p < oo, one has

{k—l—p(d— D _d- 1] / 2K ul?dn
70 D

p 0
—1
(3.5) < (%)p / LY ufPdn + (1 —ro)‘“/ lu|Pds.
o IHIZTO
Since
ktpd—1) d—1 k+pd-1) k _k
p ro p k+2p(d—1) " 2p’

we have from (3.5) that
k —1

(3.6) 2—/ #uprn < (2)” / zk+p_1|Vnu|pdn+(1—ro)k/ lu[PdS.
P JD., Dr, [n|=ro

This ends the proof of (3.1). O
THEOREM 3.2. Let k > 0,1 <p < oo. Then

(3.7) WP pen— (B) = LY i (B) (Vd € N).

Proof. We deduce from Lemma 3.1 and a trace theorem that

(3.8) / (1= )" ulPdn < C(ro,p, k) [ully,q ) Yu € CU(B),

Dro aZimprrr—1 (B)
where rg = ;k'f;pi((”;ll)). Then it follows from
I B e 7 5, Ve CL(B),

B\Drqy (-npitp—1 (B)

that
(3.10) / (1 — [n)*YJuPdn < C(ro, p, k) ull”... . Vu e C1(B).

B Wil aprtr—1(B)
Applying the density of C*(B) in WP (B), we finish the proof of (3.7). 0O

(= fnlytr=s
THEOREM 3.3. Let k> 0,1 <p < oo. Then for any e € (0,1),

(3.11) W pies 1 (B) = Ly avv(B) (Vd € V)
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Proof. For any bounded sequence {u;} in W(ll’ P i) +p—1(B), one has from Theo-

rem 3.2 that for any rg = 2’“,:;221;7((0;11)) <r<l,

@ mpy i < 0= [ o))

r 0

(3.12) <O =) ull} s

(1—|npk+p—1

B) <C(—r).

One has from the Rellich-Kondrachov theorem that
W(lff‘n‘)kerfl(B \DT’)

(3.13) = WU (B\D,) << LP(B\ Dr) = L}, |, s14(B\Dy).
We deduce from the uniform integrability (3.12), (3.13) and the standard diagonal
argument that there exists a Cauchy subsequence of {u;} in L%l_‘n‘)k_p,e(B) and
hence converges there. This ends the proof. (Indeed, (3.12) and (3.13) are enough
for us to conclude the proof by applying Theorem 2.4 in Opic [27] directly instead of
mentioning the diagonal argument). d

Remark 3.4. With a similar proof, we know that Theorems 3.2 and 3.3 hold for
any ball centered at the origin. Let uy(n) = )\%u(/\n) (A>0)and By = {n € R?:

In| < A}. Then ||UAHL‘("17‘M),C71(B) = |‘u|‘L‘("A7‘nDk71(BA) and ”anAHLfl_‘n‘)kﬂfl(B) =

HV“UHLZ,‘,,DHPA(BA)' These reveal that the (compact) embeddings in Theorems 3.2

and 3.3 may be sharp, which can be proved strictly as below.
Remark 3.5. The compact embedding in Theorem 3.3 is sharp. Indeed, let

2
-1+ =
=1+

(314)  pim) =37 <3l _

)X(l—_gﬁ_l,l—%)ﬂnl) in B.

Then ”(piHLﬁ,‘n‘)k—l(B) = O(1) and it follows from Vi # j,

1 1 1 1

that [o; — @;|P = [P + [;|P in B and

k—1

o IP — ||1P ||1P _
i (pJ”L?l—\n\) (B) = ”SOlHLfl_\n\)k—l(B) + ”SOJHLP (B) = O(1).

(1—|npk—1

Hence {p;} has no convergent subsequence in Ll()l—|n|)k*1 (B). Since

(k+p)i .
[Vapi(n)| =37 X[1_3i1—1’1_3_1i](|n|) in B
(3.15) and ||vn90iHL‘("17‘nDk+p_l(B) =0(1),
we have ||sOi||W(11,_p‘n‘)k+pil(B) = O(1), and hence {;} is bounded in W(117f|n|)k+P—1(B)'

So (3.11) does not hold for € = 0. That is, the continuous embedding (3.7) is not
compact.

Remark 3.6. The continuous embedding in Theorem 3.2 is sharp. In fact, define
{¢:} by (3.14). Then ||| r» (5) = 0(3%),e € (0,k) and

(1—|nk—1=¢

il ) = O(L).

1—|npk+p—1
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Therefore,
(3.16) W(l1 mpyrie1 (B) £ L{ e (B) e € (0, k).

The following compact embedding result will be used in the discussions of the
FENE model in section 5.
PROPOSITION 3.7. Let k> 0,1 <p < oo. Then for any € € (0, 1),

(3.17) whe (2% B) = LY perse (R X B) (Vd €N).

(1=[n[)Ft+p=1 (

Proof. The proof is similar to that of Theorem 3.3. The only difference is to
replace B by € x B in the proof. d

3.2. Compactness theorems for weighted spaces on R“.

3.2.1. Continuous embedding for both superlinear and linear Hookean
Maxwellian weights.

THEOREM 3.8. Let 2 < p < 0o, M be the Mazwellian for both the superlinear
and linear Hookean model. Then

(3.18) WP (RY) — LP

P sy (RY (VA€ N).

Proof. One has U € W,2>°(R% Rx() and

loc
1
D?U(n) = V" <§|n|2> n®@n+ V'Id > 1d, Vn € R%
That is, U(n) satisfies a special case of the well-known Bakry—Emery condition (see

p. 64, [3]) which implies the following logarithmic Sobolev inequality (see Theorem 5.2,
[20] or pp. 76-77, [3])

[ MR () dn

Rd

(819) < 2AVatl3s o + 101, g I (10135, @) V6 € Hi(RY.
It follows from (3.19) and the Fenchel-Young inequality,

(3.20) rs <r(lnr—1)+e°® Vr,s € [0,00)

that for any ¢ € Hi,(R?),

[ yvlepan =2 [ %Pk

72/ M|¢|21n(|¢|2) dn+2/ M dn
Rd R4
(3.21) < C [Vl gy + 19135, oy In (1113, ) +1] -

p 12
For any ¢ € W,”(R%) and 2 < p < oo, H|90|§HL§W(Rd) H(pH (R) it follows
from the Holder inequality that

[7n (117)1

p
oy = 5 WP Tun < Dol e 9, e
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Hence |¢|? € H},;(R?) and we take 1) = ||% in (3.21) so that
/ MU (n)|p|Pdn
Rd

(322) <O [Iel e I9a@lEz oy + 1015 oy 1 (I612y ) +1]

Combining (3.21) and (3.22), we deduce that for any 2 < p < oo, W,;”(R?) is a subset

of LY (1 1y (RY) and
(3.23) lollwrey < 1 implies lollzg, ey < C
Therefore

Y

] < CVy eW,PRY)\ {0}

P d
Lyra+umy®

H ||¢|‘W;4’P(Rd)
and hence we have

1,p
|W||L§[(1+U(n))(ﬂ@d) < C”?/JHW}W’P(W) Voo € Wy"(RY).

This finishes the proof of Lemma 3.8. O
3.2.2. Compact embedding theorem for the superlinear Hookean
Maxwellian weight.

THEOREM 3.9. Let 2 < p < 0o, M be the Mazwellian for the superlinear Hookean
model. Then

(3.24) WP ([RY) s L8 o0 (RY) (Vd €N).
Proof. 1t follows from Theorem 3.8 and Lg/[(HU(n))(Rd) — LfW(H‘nP)(Rd) that
(3.25) WP (RY) = LR ey (RY).

Next we show the compactness of this embedding (3.25). Suppose that {¢;}ien
is a bounded sequence in Wj/}p (R?) and hence bounded in L;;)W(l JrU(m))(]R”l) in view of

(3.18). Let R>> 1, and define Dy := {n € R%: |n| > R}. Then we have from (1.22)
that

1+ nf?
M(1+ |n|?)|p;|Pdn < sup ——— M((1+U(m))|p:|Pdn
[ s s 5 [ M0 UE)d
<4 G / M1+ U(n))|gilPdn < C5(R)
- V(%R2) Rd ! o ’
where 6(R) = GE)_2nd in view of (1.6), limp_00 6(R) = 0. Then using the diagonal

~ V(iR?)

argument similar to the proof of Theorem 3.3, we obtain (3.24). This finishes the
proof. |

As we mentioned in the introduction, the key to obtaining the weak compactness
for the approximate stress tensors {ox} in L*((0,7T) x §2) for the superlinear Hookean
model is the following compact embedding result.

PROPOSITION 3.10. Let 2 < p < 0o, M be the Mazwellian for the superlinear
Hookean model. Then

(3.26) WP (2 x RY) «ses LP, (@ xR (VdeN).

(14n|?

Proof. The proof is similar to that of Theorem 3.9. The only difference is to
replace R% by Q x R? in the proof. O
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3.2.3. Noncompact embedding theorem in L?1+|n|2)(Rd)'
LEMMA 3.11 (Parseval-type identity).

(3.27) 11l ety = 1F¢llm ey LAEN ) (Vd € N).

H?T’G Hl(]Rd)'ﬂ L%H\n?)( 1) is the intersection space of H'(RY) and L%lJr\nP)(Rd)
with the mazimal norm.

Proof. We have from Plancherel’s theorem that

191l 2

(1+\ \2)

=ity

(1+In \2) L2(R%)

= |7 {a+1re (7))

It follows from this and .# ~14(-) = .F4(—) that

ag—1
L@ =77 Yl g ra)-

191 a1 (ray = ||91/1HL(1+‘ O =7~ %/JHL(M 2, (%)

and hence
(3.28) ||¢||L(1H 2, (R = ”ngHl(Rd)'
Consequently, (3.27) holds. O

THEOREM 3.12.
(3.29) H' (RY) N LYy 2y (RY) 5 LTy 12y (RY) (Vd € N).

Proof. We use the method of contradiction. Suppose that
(3.30) H'(RY) N Ly ey (RY) = Ly ) (RY).
Then we have from (3.27) and (3.28) that
(3.31) H'(RY) N LYy g2y (RY) —— HY(RY).

We know that a sequence bounded in H!(R?) with compact support does not nec-
essarily have a convergent subsequence in H'(R?). Therefore (3.31) does not hold.
Then the assumption (3.30) is not correct. This ends the proof. O

Remark 3.13. There is also a constructive proof for Theorem 3.12. Indeed, let

_at1 (1 , .
330l =i (Gl ) x(y gy () i R
Then ||g01HL( 2y (B = O(1) and it follows from Vi # j,
1+

11 11
<Z—§,Z+§>ﬂ<]—§,j+§):®

that Jp: — o5]? = oil? + ;]2 in B? and

[ ‘PJHL2 (R4) —”‘PZHL?H‘HP)(Rd) + ||@]HL?1+‘“‘2)(]Rd) =0(1).

(14|n|2)

Hence {;} has no convergent subsequence in L%l an)(Rd). Since

d+1

(833)  [Vapi(n)| =i~ x(,y ipp)(n]) in R and [l me) = OGT),

we have HQOZ”Hl(Rd)mL? H)(]Rd):O(l). Hence {¢;} is bounded in H'(R¥)N
14+

L(1+\n\2)(R ) which has no convergent subsequence in L%H‘n‘g)(Rd). So (3.29) holds.
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3.2.4. (Non)compact embedding theorem for the linear Hookean

Maxwellian weight.
n|?

THEOREM 3.14. Let 2 < p < oo, M(n) = (2x)"2e~ "2, i.e., the Mazwellian for
the linear Hookean model. Then for any e € (0,1),

(3.34) Wi RY) < Lo (RY) (VA€ N).
P d P d
Proof. 1t follows from Theorem 3.8 and LJ\Z(lHnP)(R ) = LM(IJr\nP)l*E(R ) that
(3.35) WP (RY) < L’A’Z(HIHIQ)H(R%.

For the bounded sequence {p;};cn in W]:\L;}p(Rd), we have

1

- 1 -
M(1 Hl=e|p;|P <7/M1 3| il? <Cor.
(14 )" “Jpifdndx < | ML+ Inf) il dndx < C g

D (

Then by applying a similar discussion to that in Theorem 3.3, we finish the proof. O

d _In?

THEOREM 3.15. Let M(n) = (27)"%e” 2, i.e. the Mazwellian for the linear
Hookean model. Then

H o (RY) e L?&z<1+|n|2>(Rd) (vd € N).

Proof. We have from Theorem 3.8 that

(3.36) Hyg (RY) = L3014y (RY)

and hence the space equivalence

1 (pdy — 7l (d 2 d

(3.37) HY (RY) = HY (RY N 12, (RY),

where HL (R?) N L?\Z(l+‘n‘2)(Rd) denotes the intersection space of H L (R?) and
L2 (R4) with maximal norm.

M(1+|n|?)
Next we prove that the embedding (3.36) is not compact by contradiction. Assume
that

(3.38) HYy (RY) e L2 Lo (RY),
then it follows from (3.37) that

1 (md 2 d 2 d
(3.39) HE®RY) O L2 s R oo Lo (RY).

Letting 1 := /M and noting
(3.40) VMV =V (\/ﬁ@) + % (\/—]\Lp) = Vath + g¢’
we deduce that

®e) = 1Y) 2 (RY)

(1+(n|?)

el 2,

N (14|n|2)
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and

Rd) S C if and only if ||2/JHH1(R‘1)QL2 (R4) S C.

||90||H11C[(Rd)ﬂL i)

2 (
M (14|n|2)

Hence (3.39) implies (3.30). This contradicts (3.29). This ends the proof of Theorem
3.15. O

Remark 3.16. Theorem 3.15 shows that Theorem 3.9 with p = 2 holds only
for M with the superlinear assumption (1.6) at far field, while for the Maxwellian
corresponding to the linear Hookean model, Theorem 3.9 with p = 2 does not hold.
Moreover, Theorem 3.14 with p = 2 does not hold for e = 0. Therefore, both the
compactness results in Theorem 3.9 and Theorem 3.14 are sharp in the case p = 2.

Remark 3.17. There is a constructive proof of Theorem 3.15 as well. We only
need to find a bounded sequence in H ]1\2 (R?) which has no convergent subsequence in

L?\?[(1+|n|2)(Rd)' More precisely, let
_a+1 n? (1 . . d
(3.41) pi(n) =i~ 2 e §—||1’1|—Z‘ x(i_%7i+%)(|n|) in R

Then [lgillea, . oy = O(1) and [lpi = 51lz2

M M(1+]

o) (R = O(1). Hence {¢;} has

. 2 d .
no convergent subsequence in L7, a _an)(R ). Since
[Vnpi(n)]
d+1 |n|? |n|

(342) =i~ "7 e+ |sign{i— |n|} +

B (5 = 1) ey () i R

and HVH%HL%I(RG‘) = O(1), we have {g;} is bounded in H . (R?). So the sequence

{pi} is the example needed to show that there is a bounded sequence in H}\Z(Rd)

which has no convergent subsequence in L?\;[ a +|n|2)(Rd).
Remark 3.18. The continuous embedding H 1 (RY) — L?\Z(HlnI?)(Rd) in Theo-
rem 3.15 is sharp. In fact, define {¢;} by (3.41), then | ¢;l 2 ®ey = O(i),

M(14|n|2)1+e

€€ (0, 1), and H(,OiHHiZ(Rd) = 0(1) Hence

Hy (RY) o L,

2 mpeyee (RY) Ve € (0,1).

4. Global existence of weak entropy solutions for the superlinear
Hookean model. In this section, following the method of Barrett and Siili [5], [6]
with some improvements, we establish the global existence of weak solutions for the
general superlinear Hookean model with € > 0. We refer the reader to section 1.3 of
the introduction for a summary of our contributions. Throughout this section, let M
be the Maxwellian for the superlinear Hookean model.

First, we use a semi-implicit scheme to construct a sequence of approximate so-
lutions. In this construction, we apply the Leray—Schauder fixed point theorem and
cut-off techniques to prove the existence of the solution to the discrete problem. Then
we use compactness to show that these constructed approximate solutions have a sub-
sequence which converges to a weak solution.

Now we state our main result.

THEOREM 4.1. Let d = 2,3,4 and M be the Mazwellian for the superlinear
Hookean model. Suppose u;, € H and fi, € L>(2; L*(R?)) such that fi, > 0 a.e. on
Qx R4, Joxgalfin(In J;\; — 1)+ M]dndx <oco. Then there exists a global weak entropy
solution (u, f) of (1.1)—(1.4) with initial/boundary conditions (1.9)—(1.10).
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4.1. Approximate problem. In the construction of the approximate problem,
a cut-off function chopping off above by some L > 1 and chopping off below by 0 is
used to ensure the boundedness of the linear functional (4.5) and (4.7) for the discrete
Fokker—Planck equation required by the Lax—Milgram theorem, and the boundedness
estimates for the existence of fixed point solutions needed by the Leray—Schauder fixed
point theorem. Using this effective cut-off, we obtain the existence of weak solutions
in V x H}, for the approximate problem; then by applying the standard method for
the resulting elliptic equation we get the nonnegativity of approximate distribution
functions.

For any fixed 0 < 7 < 1 and for any k € N, given (ug_1, fk,l)7 the approximate
problem with cut-off reads

/ Uk~ kot vdx —|—/ Viuy : Vyevdx + / (ug—1 - Vx)uyg - vdx
Q Q Q

-
(4.1) =— MV,U @nfy : Vevdndx Vv € V;
QxR4
S — fr-1 5
M———"—pdndx + M(ug—1 - Vi fr)pdndx
QxR T QxRd
+e MV fr, - Vxpdndx + MVyfr - Vapdndx
QxR4 OxR4
_1
(4.2) = MYVwnE™ " (f) - Vapdndx Yo € Hy (Q x RY).
QxR4

Remark 4.2. We note that (4.2) implies a weak formulation of the discrete (1.20),
saying for any o € H(Q),

(4.3) / Mgdx +/ (ug—1 - Vxpr)odx + 5/ Vxpr - Vxodx = 0,
Q T Q Q

where pr = fRd Mfkdn, k =0,1,2,.... Our uniform estimates below are based on
(4.3).

DEFINITION 4.3.
(4.4) 7 = {feL?w(Qde):fEOa.e, oanRd}.

PROPOSITION 4.4. Let (uk—1,fk—1) € V x Z. Then there exists (uk,fk) €
Vx (ZNH(Q x RY) which solves (4.1)—(4.2).

Proof. Step 1. Let f* € L2, (QxRY). We claim that there exists a unique element
u € V such that

(4.5) a(u,v) = A(f)(v) Vv e V,

where

a(u,v):/u~vdx—|—r/qu:vadx—|—7'/(uk_1~Vx)u-vdeu,v€ V;
Q Q Q

A(f*)(v):/Uk—1~vdx—T MV,U @nf*: Vyvdndx Vv e V.
Q QxR2

In fact, noting that H'(Q) < L*(Q) and Vx - ux_1 = 0, we have

/ (ug—1 - Vx)u- vdx
Q

< uk—1llpa@ IVxul 2@ IVIiLa@) < Cllullgr @) vl g @)
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and [,(ug_1 - Vx)u-udx = 0. Then a(-,-) is a bounded, coercive bilinear functional
on V. It follows from Lemma 2.1 and the Holder inequality that

MV,U @nf*dn

Re 12(9)

4o <CIlTallg, o | 7

gc‘

L3 R || 120 L2, (QxRd)
Thus A(f*) € V'. Therefore, by the Lax-Milgram theorem, we finish the proof of
Step 1.

Step 2. We prove that for such f* € L3,(Q x R?) and solution u € V in (4.5),

there exists a unique element f € H3, (92 x R?) such that

(4.7) b(f, @) = B(f*,u)(¢) Ve € Hi (2 x RY),
where
b(f7 p) = Mfgodndx + T/ M (8fo -Vxp + an . Vngo) dndx
QxR4 QxR4

+T/ M (u,H -vxf) pdndx Vf,p € HL(Q x RY),
QxR

B(f*,u)(p) = .. Mfk_updndx

1
+7 MVyunE™ " (f*) - Vaedndx, Vo € Hi (Q x RY)
QxR4

1
in which E™ * is the cut-off function given by Definition 2.4.
Indeed, since Hi,(Q x RY) — HY(Q; L2, (R?)) < L*(Q; L%, (R?)), we have

M(uag—1 - fo)gpdndx

< ue-1llna@ IV fllzzinz, ®apllell La; Lz, mey)
QxR4

SC”J?”HMQde)||90||H}W(Qde)

and by noting that Vy - ug_; = 0 gives

M(ug_1 - fo)fdndx = %/

Ug—1 - vx l:
Q

Mf2dn] dx = 0.

QxRd Rd

Therefore b(-,-) is a bounded and coercive bilinear functional on Hi (Q x RY). It

follows from Definition 2.4 that 0 < E™ *(s) < 73 (Vs € R) and from a similar
discussion as (4.6) that

1
MVxunE™ * (f*)- Vppdndx ‘/ M |n||Vapldn
QxR4 R4

(4.8) < CM)elly, @xray:

< Tii HVXHHLQ(Q)

L2(©)

Therefore B(f*,u) € (HL, (€ x R%))". We thus finish the proof of Step 2 by the
Lax—Milgram theorem.
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Step 3. The solution f from a given function f* in the procedure (4.5) and (4.7)
defines a mapping ® : L2, (2 x R?) — L2, (Q x RY), f* = f:= &(f*) € HL(Q x RY).
By the Leray—Schauder fixed point theorem (see Theorem 11.3, [18]), we obtain a
fixed point solution f to ®(f) = f, and hence a solution (u, f) € V x HL, (2 x R%)
to (4.1) and (4.2). For explicitness, we relabel (u, f) as (ug, fx).

To prove this, we only need to show the following three claims:

Claim 1. ® : L3,(Q x RY) — L2,(Q x RY) is continuous.

Claim 2. ® is compact. R A

Claim 3. A := {f € L2,(Q x R?) : f = 0®(f) for some o € (0,1]} is bounded in
L2,(Q x RY).

Proof of Claim 1. Set f := <I>(f*) and f,, = @(f,fl), m € N. If

(4.9) f5 = f*in L2,(Q x RY), as m — oo,
we need to show
(4.10) fm = fin L3,(Q x RY), as m — oco.

Indeed, for f * and f;;, in view of the definition of ®, there exist a unique u € V and
u,, € V such that

(4.11)  a(u,v) = A(f*)(v), a(Upm, v)
(412)  b(f.0) =B(f*u)(@),  b(fm )

By subtracting the terms in (4.11), we obtain
a(uy,,v) — a(u,v) = A(f3,)(v) = A(f*)(v)

and by taking v = u,;, — u, and using fQ(uk,l - Vx)(um —u) - (uy, —u)dx = 0 and
in view of (4.6) we have that

A(
B(

)(v)VveV,
) () Vi € Hyf(Q x RY).

£k
m

£x
m

/ [, —ul?dx + 7'/ |V, — Veu|?dx
Q Q

=7 MVLU @n(ff — f*) : (Veuy, — Vyu)dndx
QxR4
<7 MV,U @n(ff, — f*)dn [Vatlin — Vieu| 120
Rd L2(Q)
(4.13) < 7l f = 17l 13, e |Vt = Vicull 2.

Then from the Cauchy—Schwarz inequality one has that
2 px P2
[ — uHHl(Q) <COlfm-1f ||L§V,(Qde)'
Thus (4.9) yields
(4.14) u,, — uin H(Q) as m — oo.

By (4.12), taking the same procedure as above, and noting that

Mug—1 - Vi (f = FOUF — F)dndx =0,
QxR2
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one has

~ A N 1
\/ngm - f||H11u(Q><Rd) S CHvxumnET ! (f’;;,) - qunET = f ||L2 (QXRd)

< C’(H(qum — qu)nET_%

21 (QxR4)
-1
+ ||Vxun[E™ T (fr) - E7 4
=11+ I>.

HL2 Qde))

It follows from (4.14) that
I]_ < CT 4 Hn||L2 (Rd Hvxum — qu||L2(Q)

<C(r HV u,, — Vx uHLz(Q)—>0asm—>oo

Next we estimate Io. Since C™(Q; C5°(R?)) is dense in L3,(2 x R?) and Vyun €
L%,( x RY), we have that

Ve > 0,3w € C°(Q; C*(R?)) such that || Vun — w12 (Qxr) <€

1
Moreover, we have from E™ * € C%!(R) with Lipschitz coefficient 1 and (4.9) that

_1 1 .
Img € N,Vm > mo, Hw {ET () —ET 4(f*)}

L2, (QxR4)

fm = F°

< €.

S H“’HLoo(Qde) L2, (QxR4)

Therefore

1 < O (|| (Ve — w) [ (7) = B (]l g
B ) - 2, QXW))

S C(T_%Hvxun '“’HL? (xrd) T Jw[BT t (fm) —E" B (f* ”|L2 (Qde))
< C(T)e.
Consequently f,, — f in HL, (Q x R%) and hence (4.10) holds. This ends the proof of

Claim 1.
Proof of Claim 2. Tt is easy to deduce that

HO(T) > 07 \V/f* € L?W(Q X Rd)v \/EHQ)(f*)HH}/I(Qx]Rd) S C(T) (1 + ||fA*||wa(Qde)) .

Thus we have from Proposition 3.10 that H},(Q x R?) << L2 (0 x R?) and hence
Claim 2 holds. A
Proof of Claim 3. For any f € A, there exists a unique u € V such that

(4.15) a(u,v)
(4.16) b(f, ) =

A(Hv) we v,
oB(f,u)(p) Vi € Hj (2 x RY).
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Taking v = u in (4.15) and similarly to that in (4.13), we have from the Cauchy—
Schwarz inequality that

[alZz o) + 71 VxullZaq)

< / w1 |[uldx + O
Q

f

L?\/I(QXRd) HVXuHL2(Q)

1 1 T N2
(4.17) < 5”“7@*1”%2(9) + 5”‘1”%2(9) + §||qu||2L2(Q) + CTHfHL?u(Qde)'
Therefore
(4.18) 7| Vieu|Faiq) < Clk—1) + crufniww).

Taking ¢ = f in (4.16), we deduce from the Cauchy—Schwarz inequality that

M| f?dndx + T/

M (g|vxf|2 + |vnf|2) dndx
QxD

QxR

<o M|fk_1||f|dndx+m%/ M n|[Va fl|Vculdndsx
QxR4 QxR4

1 . 1 . A
<= M|fk,1|2dndx+—/ M|f|2dndx+3/ M|V f|2dndx
QxR4 2 QxR4 2 QxR4

(4.19) +CT%/ M |n|?|Vyu|*dndx.
QxR

M|n|?|Vul>dndx = </ M|n|2dn) (/ |qu|2dx>
QxR R Q

(4.20) < O/ |Vxu|?dx,
Q

Since

we have from (4.18) and (4.19) that
~ ~ 1 1.2
112 sty < IFemt122 i +C 31Vt < COL A +CTHF122 -

Noting that C72 < %, we have ||f||L?w(Qde) < C(k—1,7) and then Claim 3 is proven.
Step 4. We prove the nonnegativity for fk In fact, set [fk]‘ = min{fk, 0}. Then
1

[fi]~ € HL (QxR%). Choosing ¢ = [fi]~ in (4.2) and noting that E™ * (f3.)Valfs] ™ =
0, we deduce that

~ 2 “ 2 N 2
/ M‘[fkr\ dndx+7/ M(a‘vx[fk]‘ +\vn[fkr\ >dndx
QxR4 QxR4

(4.21) = M fr_1[fx]"dndx < 0.
QxR4

Therefore [f;]~ = 0 a.c. on Q x R? and hence f > 0 a.e. on Q@ x R% Thus f; € Z.
This finishes the proof of Proposition 4.4. g

For any fixed constant ¢ > 0, define Z. := {p € Z : ||¢||po (11, (ma)) < ¢} By
choosing p = o € HY(Q), (4.2) becomes (4.3). If [ pr—1/[ L= () = | fr—1ll Lo (0:L1, (Ra)) <
¢, then (4.3) implies ||px||r=() = [[fkllL~ (L1, (ra)) < c. Therefore one can establish
the following result.

COROLLARY 4.5. Let (uk,l,fk,l) € Vx Z.. Then there exists (uk,fk) €
V x (Z.N Hi (Q x RY)) which solves (4.1)—(4.2).
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4.2. Uniform estimatAes in 7, €, and time t. Suppose u;, € H and fm S
L (% Ly, (R?)) such that fi; > 0 ae. on Q@ x R, [ oo MF(fi)dndx < oco. We

regularize u;, by up = up(7) which is the weak solution of ug — TiAUQ = w;,, with
boundary condition u0| aq =0 Therefore

1
(4.22) aoll72 0y + 7711 VxuollZ2(q) < Winll7z(q)

~ ~ 1
and ug — uy, in H as 7 — 0. Furthermore, let fo = fo(7) := E7 *(fin). Then
(ug, fo) e V2 ; . Using Corollary 4.5, as the time step updates, we
I finllLoo ;1 may)

obtain a sequence of approximate solutions

(4.23) (up, fo) € V x ( N HL (9 x ]Rd)) (k € N)

Z ~
I finllLoo @1, ey

to (4.1)—(4.2). Equation (4.23) implies the following lemma directly.
LEMMA 4.6.

(4.24) sup [ full oo (@1, (may) < ”finH%x(Q;L}w(Rd))'
Based on Lemma 4.6, we establish the following two lemmas for the entropy

estimate and the time regularity estimate, respectively.
LeEmMMA 4.7. For any k € N,

k
el +2 [ MP(odndx 3 = il o
X

i=1

k k —
27 (| Vactil 2y + 47 (g vx\/;
i=1 i=1

QxR

2

o

2
Lﬂ(md))

Proof. Let o € (0,1) and denote L := 7~ 4. Let F¥ be the function defined in
Definition 2.4. Taking ¢ = (F*)'(f + &) € Hy,;(Q x R?) in (4.2) and noting

L2,(QxR%)

) M(ug_1 - Vs fu)(F) (fr + )dndx
xRd

- / i1 - Vi ( MFE(fy, —|—a)dn> dx =0,
Q R4
we have from the convexity of F'* that
/ M (FL(fk +a)— FE(foi + a)) dndx
QxR4
+T/ M (£l F il + Vi) (P2 (G + ) dndx
QxRd
< T/QXW M (EL(fk)(FL)”(fk n a)) (qukn : vnfk) dndx
_ T/ M (BY(f)(F2)"(fi+ ) = 1) (Vswgn - Vi fy) ddx
QxR4

(4.26) +7 MVyugn - Vy frdndx =: Jy + J,.
QxR
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The Cauchy-Schwarz inequality, together with EX € C%!(R) with Lipschitz coeffi-
cient 1, (2.7)—(2.8), and (4.20) implies

B<r / M|V [T full (P2 (G + @IIBE (G + @) — B (fo)]dndx
QxR
< Jar / M 0| Vaui| [V filr/ (FE) (fi + ) dndx
QxR

< M|n|?|Vup|2dndx + — M|Vafi2(FYY (i + o)dndx
2 Jaxgra 2 Jaxra

(4.27) < Oar/ Vs |2dx + = M|V fi2(F5Y(fr + o)dndx.
Q 2 QxRd

It follows from Lemma 2.2 that

(4.28) Jo=r MVaU @ nfy : Viugdndx.
QxR4

Taking v = uy, in (4.1), one has from the identity

(4.29) 2(a—b)-a=|a>+|a—b|?> —|b]? Va,b € R?

1 1
—/ |uk|2dx—|——/ |uk—uk_1|2dx—|—7/ |V g |2dx
2 Jo 2 Jo Q

1 "
(4.30) =3 / lug_1|%dx — MVaU ®nfy : Viupdndx.
Q QxRY

that

Combining (4.26)(4.30) and summing up, we have by noting fo = EX(fi,) and (4.22)
that

1 ~
—/ lug|?dx + MFEL(fy, + a)dndx
QxR4

2
+ = Z/|ul—ul 1| dx + 7( 1—Oa /|qul| dx

I Z / M (el Vi +1nfif )(FL)"(fwa)dndx
x R4
(4.31) < —/ [, | % dx + MFE(EX(fin) + a)dndx.
2 Q QxR4

Thus it follows from (2.6), (2.7), and (2.10) that

k
1/ 9 A 1 9
- ug|“dx + MF(fy + a)dndx + = / u; —u;_1|°dx
5 [ Il e ( ) 5 Z | |

2 2
7(1 - Ca) Z/ |Vxu;[*dx + = Z/ ( [V /il |an1| )dndx
xRd

fl+a fz+a

2 ~
< —/ |um|2dx+/ M {oc—l— — —I—F(fm—l—oz)} dndx.
2 Jo QxR 2
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By choosing a sufficiently small o > 0 and then performing o — 0, one finishes the
proof of (4.25) by applying Lebesgue’s dominated convergence theorem and Fatou’s
lemma. O

LEMMA 4.8.

o0

(4.32) Z

k=

fk_fk 1

2
U — Ug—1

<C.

(H2+4(QxRE))!

(V2+ d/2

Proof. Tt follows from (4.1) that for any v € V2*14/2,

Up — Ug—1
— -vdx
Q T

< Vxugll 2@ IVxvlizz @) + Vel L2 l[ue—1l 22 @) [ VIiL= @)

+ MV, U® nfk : Vyvdndx| .

QxRd

We have from Lemma 2.2 that

MV, U® nfk : Vxvdndx
QxR4

MVyvn - Vy frdndx

QxRe
§2/ M n\/ﬁ Vn\/ﬁ
QxR4
ol
13, (@xRe)

2 |[ny/ fr
It follows from the Fenchel-Young inequality (3.20) that

dndx - [|Vxv|| L)

VxvllLes()-
L?M(QXRd)

—I1? n2\ .
k 24/ M (—) frdndx
L2, (2xR4) QxR4 4

~ n 2
4 MF(f,)dndx + 4 Me™F dndx
QxR4 QxRd

C ( MF(fy)dndz + 1) .
QxR4

n|

IN

(4.33)

IN

Then one has from V242l <, wH>(Q) that

Up — Ug—1
— - vdx
Q T

ClIVxurl 20 (1 + lup—1l22(0))

i

1/2
2 (AxR4) < QxR4 ME(fi)dndx + 1) ] 1V y2+tar2
L (xR X
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and hence from (4.25) that
>
k=1

< O3 Vi gy (1 +oup |uk1||%z<m)

2
U — Ug—1
T

(V2+[d/2])’

k=1
[e%e) 2
+C1 > |[Vay/ fi (sup MF(fk)dndx+1> < C.
pt 13, (@xR?) \keN Jaxra

For any ¢ € H**4(Q) x R?), and by noting

H*(Q x RY) — WH°(Q x RY) «— HL (2 x RY)

and
M(uk_l . fok)tpdndx = — M(uk_l . ngp)fkdndx,
QxR4 QxR4
we deduce from (4.2) that
chpdndx
QxRd T

<c (/ M|uk_1||fk||Vx<p|dndx+a/ M|fok||Vx<p|dndx)
QxR2 QxR

+C ( M|V fi||Vap|dndx +/ M|n||quk||fk||Vn<p|dndx>
QxRd QxRd
= P1—|—P2—|—P3—|—P4.

It follows from (4.24) and the Hoélder inequality that

Py < Cllug-allz2@ I frll2oiry

v/ fu
v fe

P, < Ce \/ﬁ

||Vx80||Loo(Qde)

L2, (QxR%) L2, (QxR4)

<Ce el g2+a(xray-

L2, (QxR%)

<ol

We have from the Holder inequality, (4.24), (4.33), and (4.25) that

Similarly,

H‘PHH2+d(Qde)-
L2, (QxR4)

Py < C|| Vil r2(0) || nfy/ fi

Vi

an‘P”Loo(Qde)

L3 (@xR4) Lo (L3, (RY))

1/2
< UVl ([ MFGanax+1) ol
xR

< OIVxukl L2 @l m2+a(@xray-
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Therefore
/ M Jr = for pdndx
QxRd T

v fs

+ ||quk||L2(Q)> el z2+a(xray-

< C<|uk—1|L2(Q) +e

i

This, the Poincaré inequality, (4.22), and (4.25) imply

0
>
k=1

L?%, (2xR9)

L2, (2xR9)

A 2
Mfk — fr-1

T

(H2+d(QxR4))’
‘Vx \V fk

+ |quk|%2(ﬂ)> <C.

2 2

S CT”UOH%z(Q) + CTZ <<€2

k=1

Jot

L2(QxR4) L2, (QxR%)

This finishes the proof of Lemma 4.8. O

4.3. Convergence and proof of Theorem 4.1.
DEFINITION 4.9. Define the piecewise function in t by

u-(t,) = ug("), mru-(t, ) = up_1(), t € (k- 1)1, k7], k€N
and the difference quotient of size T by

u () —ue—1(Y)

ofu-(t,-) := yte((k—1)7, k7], k e N.

Likewise, define p,, f;, and O] f;.

4.3.1. Convergence. The compactness discussion is crucial to getting strong
convergence. Using time-space compactness theorems with an hypothesis on deriva-
tives (such as the Aubin Lions Simon lemma, see [29, Theorem 5]; the Dubinskii
lemma, see [7, Theorem 2.1] and [17, Theorem 1]), requires the traditional Rothe
method in evolutionary PDEs (see [28] and [22]) which needs the construction of lin-
ear interpolation functions (also known as Rothe functions). We refer the reader to
section 1.3 for a brief discussion on some of the difficulties that arise from using Rothe
methods. Here, we shall apply Lemma 2.3 (i.e., Theorem 4.3 in Chen, Jiingel, and Liu
[10]) and Theorem 1 in [16], a nonlinear and a linear time-space compactness theorem
with the simple time criterion (2.4) for piecewise constant functions directly to avoid
using these complicated Rothe functions. A

PROPOSITION 4.10. As 7 — 0, there exists a subsequence of {(ur, f+)}o<r<1,
not relabeled, and a pair of functions (u, f) with regularity

(4.34) u € L>=(0,00; H) N L*(0,00; V), f >0 a.e. on [0,00) x Q x RY,
(4.35)  fe L¥((0,00) x Q; L}, (RY)), \/} € L%(0,00; Hy (2 x RY)),
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which also satisfies (2.18) with f = M f such that for any T > 0,
(4.36) u, = u in L0, 00; H),

( ) ur —u in Lz(0,00; V)v

(4.38) u, —u in L*(0,T; LP(Q)) (V2 < p < 4),
(4.39) mu, —»u in L2((0,T) x Q),

(4.40)

\/ﬁ i \/} in L>((0,00) x Q; L3,(RY)),
f

(4.41) \/; — \f in L?(0,00; Hi, (Q x RY)),

(4.42) \/; - \/} in L*(0,T; L4 2y (2 X RY)),

(4.43) fo— fin LP((0,T) x ; L}, (RY)) (V2 < p < o0),
(4.44) ET %(fT) — f  in LP((0,T) x Q; L}, (RY)) (V2 < p < o0).

Proof. Applying (4.24)-(4.25), we deduce that there exists a subsequence of
{(ur, f-)}o<r1, not relabeled, and a pair of functions (u, f), such that (4.34)—(4.37)
and (4.40)—(4.41) hold.

For any fixed T > 0, we let N = L (otherwise let N = [T//7] + 1). For any
0 < 7 < 1, we have from (4.32) that

N—

£2(0,7—7; (V2+ia/2)) Z g1 — ukH(V2+ d/2]) SOTQ,
k=1

(4.45) |tru, —u,|?

where t,u,(t) := u,(t + 7). Employing Theorem 1 in [16], we obtain (4.38) from
(4.25), (4.45), and V < LP(Q) N H — (V2 (v2 < p < 4). Tt follows from
(4.25) that
N
[mrur — uTH%2((O,T)><Q) = TZ [ — uk—1||2L2(Q) <Cr
k=1

This and (4.38) yield (4.39).
Following the idea of section 5 in Barrett and Siili [6], we define

M, = {sz:\/feH}V,(Qde)} with [f]ar,

7 (2xR4)

and
/ .
= {fﬁ Mf e (H*(Q x RY)) } with [[flly == [IMfl g2+aiaxrayy -

Then M, is a seminormed nonnegative cone in L}, (2 x R?) and Y is a Banach space.
It follows from Proposition 3.10 with p = 2, i.e., H1 L(OxRY) ey [2 (Q2xR9)

M(1+|n|?)
that

(4.46) My <5< Lifin (2 X RY) <= Y.

Indeed, we have from

Vs g = Ol

1l ey = ||V e

M(1+|n \2> M(l-H 2 >(Q><]Rd)
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that My < Lj/( 4 2y (2 X RY) and for the bounded sequence {f;} in My, {\/f;} is
bounded in Hi,(Q2xR4). Therefore we deduce from H},;(QxR?) <5 L3 (14 nj2) (2%
R9) that {,/f;} has a convergent subsequence in L?M(H_Mg)(ﬂ x R?) and hence
{f;} has a convergent subsequence in L}\/I(l +n[2) (2 % R?). Consequently, M, <<
Léd(H'n'z)(Qde). Since H>T*(QxR?) < L>(QxR?), we have Vf € Ly 4 2 (X
RY),

(M f,g)| < ”f”L}w(QXRd)||gHL°°(Q><Rd)
<Ol (Qde)||9HH2+d(Qde) Vg € H2+d(Q X Rd)-

M (14|n|2)

Then f €Y and || f|ly < C|fll 1

1+[n
Ve ]la\/e frOIn (432) “la,‘

2

(4.47) - F- = F:

N—-1 2
S sz

L2(0,T—h;Y)

where t, f,(t) := f-(t + 7). Clearly, (4.25) yields

2
< C(e).

L2(0,T;HL, (QxR4))

(4.48) nﬂumjmngVﬂ

By applying Lemma 2.3, we deduce from (4.46)—(4.48) that there exists a subsequence
;)}f; {th}0<T<<1, not relabeled, and an element f € L'(0,75 Ly 2 (2 % R?)) such
a

(4.49) fr = fin LY0.T; Ly (14 ) (2 x RY))

and hence by considering the inequality |v/a — Vb|?> < |a —b| (a,b > 0), (4.42) holds.
Employing the interpolation inequality for LP-norms, we get from (4.24) and (4.35)
that for any p € [2, 00),

~ ~ N A 11 N AL
”fr - f||LP((07T)><Q;L}W(Rd)) < ”fr - fHLQO((O,T)XQ;L}V[(Rd))||f7' - fHLl((()’T)XQ;L}M(]Rd))

N A 1
< Clfr = flLa o mywasnt, ey

This and (4.49) imply (4.43).

In light of the weakly lower semicontinuity of norm, we obtain the energy inequal-
ity (2.18) with f = M f directly from (4.25) and the convergent results (4.36)—(4.38)
and (4.41)-(4.43). .

Finally, we prove (4.44). Indeed, we have from E™ * € C%!(R) with Lipschitz
coefficient 1 that for any p € [2, 00),

1 ~
IE™ " (f2) = fllLe(o.yx L, (mey)
1 _1
<NE™ *(f2) = E7 " (Hlloro.m) <Lt @)

i A~
+IE™ *(f) = flloro,my <ot @)

N ~ ~1r N
(4.50) <|Ifr = Fllzeo,myxaict, ®ey + 1ET *(F) = flleo.ryx sz, @ey)-
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Moreover, employing Lebesgue’s dominated convergence theorem, one deduces from
1 . A
(2.9) and 0 < E™ *(f) < f that
1 ~
(4.51) IE™ *(f) = flloecomxsury, meyy — 0 as 7 — 0.

Thus, (4.51), (4.43), and (4.50) imply (4.44). This ends the proof of Proposi-
tion 4.10. |

4.3.2. Proof of Theorem 4.1. We need to establish the convergence of discrete
derivatives 0] u, and 07 f; as well as their weak integrals. These follow from the time
regularity estimates (Lemma 4.8) of 07 u,, 07 f; and their convergence to d:u, 0;f in
the sense of distributions.

Proof of Theorem 4.1. In view of Definition 4.9, the weak approximate form reads,
for any v € C{°(]0,00) x ) with Vx - v =0,

/ / ofu, - vdxdt —|—/ / Vxu, : Vyvdxdt —|—/ /(71’-,—117— - Vx)u, - vdxdt
0o Ja 0o Jao o Ja
(4.52) = — / MV,U @ nf, : Vyvdndxdt;
0 QxR
and for any ¢ € C5°([0,00) x Q x RY),
/ MO} frodndxdt + / M (m-u, - Vi fr) pdndxdt
0 Jaxrd 0 Jaxrd

+e / MVy fr - Vipdndxdt + / MV yfr - Vapdndxdt
0 QxR4 0 QxR4

o0 _1

(4.53) = / MVu,nE™ *(f;) - Vapdndxdt.

0 Jaxrd

We first claim that as 7 — 0,
/ MO frpdndxdt

0 QxR?

(4.54) — —/ M fd,pdndxdt — Mfm(x, n)p(0,x,n)dndx,
0 JaxRrd

QxR
(4.55) MO fr — Md,f in L*(0,00; (H*T4(Q x RY))).

Indeed,

/ MO frodndxdt
0 QxR4

- / IO =S =T e+ / IO = Joimaxa
7 JOxRL T 0 JOxRrd T

:/ MfT—(t)godndxdt—/ MfT—(t)gO(t—i-T)dndxdt
0 JOxRd T 0 JOxRd T

T 77% A'
- / mE Y i axar
0 JOxR4 T

= / Mp i 2EED = 2®) s — / ME™ " (fin) 2 dndxat.
0 JOxRI T 0 T

QxR

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/29/13 to 166.111.178.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ANALYSIS OF POLYMERIC FLOW MODELS AND COMPACTNESS 1209

Assume that the compact support of ¢ is a subset of [0,7) x Q x R?, then

/ M] frodndxdt + / M fdypdndxdt
0 QxR4 0 QxR4

+ Mfm(X, n)p(0,x, n)dndx
QxR4
T o
< / / M (ff— +f3tcp) dndxdt
T—rJOxRd T
T—1 _
+ / / M <fat80— fTw) dndxdt
0 QxRd T
+ / M (fmeﬁ(o) — B (i) / fdt) dndx
QxR4 0 T

=15+ I+ Is.

Thanks to ¢(T') = 0, we have from the mean value theorem of differentials and (4.24)
that

L < T”at(»OHLOO((O,T)xQXRd)(||fT||Lm(O7T;Lk[(QXRd)) + ”f”Lm(O,T;L}W(QX]Rd))) <Cr,

/TT Mf <5t§0 _ M) dndx
0 QxR4 T

T ) et ) — o)
/O /QdeM (f—fT) %dndx

< THatt‘p”Loo((QT)xQde)HJE”LOO(O,T;L}V[(Qde))

I <

_|_

+If - fT||L1((O,T)xQ;Lk[(Rd))”at(pHLm((O,T)xQde)
<C (T +1f- frHLl((o,T)xQ;LlM(Rd))) :

It follows from the proof of (4.51) and the mean value theorem that

A~ 1
f S/ M |fin = ET *(fin)| |(0)|dndx
OxR4
1 1 T
+ ME™ *(fin) so(O)——/ go(t)dt‘dndx—>0.
QxR4 7 Jo

Therefore (4.54) is proved. Moreover, if we take ¢ € C5°((0,00) x Q x R), then (4.54)
implies

(4.56) MO} fr = M, in 2'((0,00); (C*T4(Q; 2(RY)))).

We have from (432) that ||M8{f7HLz(O,OO;(HHd(Qde)),) < C. This and (456) yield
(4.55). Likewise, we could deduce from (4.32) that

/ / orul - vaxdt — —/ / udyvdndxdt — / w;n (x) - v(0,x)dx,
0o Ja 0o Jo Q

!
OTu, — du in L2 (O,oo; (VZHd/Z]) ) .
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Next, we prove

/ MV,U @nf; : Vivdndxdt — / MV,U @nf : Vivdndxdt,
0 QOxRa 0 QOxRa

(4.57)

(4.58) / MV fr - Vipdndxdt — / MV f - Vypdndxdt,
0 JOxRd 0 JOxRd

(4.59) / MV yfr - Vagdndxdt — / MVyf - Vapdndxdt,
0 JOxRd 0 JOxR4

(4.60) / / M (mru; - Vi fr)pdndxdt — / M (u- Vxf)pdndxdt,
0 JOxRC 0 JOxR4

(4.61) / /(wTuT-Vx)uT-vdxdt%/ /(u-Vx)u-vdxdt,
0o Ja )

o0 1, o0 .
/ MVyxu,nE™ *(f;) - Vapdndxdt — / MV unf - Vyedndxdt.
0 Jaxrd o Jaxrd

(4.62)
In fact, it follows from Lemma 2.2, (4.42), and (4.41) that

/ MV,U® n(fT — f) : vadndxdt‘
0 QxR4

/ h MVvn - (vn fr =V f) dndxdt‘

0 JOxRE

/ [ MY (\/; - \/}) Va/ frdndxdt
0 JOxR

/0 | MY \/} (vn\/ﬁ ~ vn\/}) dndxdt‘ =0

and hence (4.57) holds. Similarly, one has (4.58) and (4.59).

Noting m-u,;,u € V and integrating by parts, we then establish (4.60) directly
from (4.39) and (4.43). Clearly, (4.37) and (4.39) imply (4.61); (4.37) and (4.44)
imply (4.62). Therefore, we have from Proposition 4.10 that Theorem 4.1 holds by
setting f := Mf 0

5. A remark on global weak entropy solutions to the FENE model.
Following the argument of section 4, we can tackle the FENE model with € > 0, with
initial data fi, € L*(€; L'(B)) instead of fi, € L>(Q; L*(B)) in [5] by utilizing the
estimate on the density equation (1.20).

THEOREM 5.1. Let d = 2,3 and k > 1 in the potential U (see (1.23)). Suppose
W, € H and f;, € L*(2; LY(B)) such that fi, >0 a.e. on Q x B, fﬂxB[fm(ln% —
1)+ M]dndx < oo. Then there exists a global weak entropy solution (u, f) to the FENE
model (1.1)—(1.4) with initial/boundary conditions (1.9)—(1.11), and it has regularity
u € H'(0,00; (V?)), f € L®(0,00; L*(Q; L*(B))).

Proof. For the readers’ convenience, we show the details in the appendix. d

Remark 5.2. Using a nearly identical argument with section 4, we can obtain
the existence of global weak solutions to the FENE model with initial data f;, €
L*°(Q; LY(B)) for d = 2,3,4 and k > 1.

Appendix A. We shall show the proof of Theorem 5.1, which is similar to
that of section 4, and we follow the method of Barrett and Siili [5], [6] with some

<2

+2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/29/13 to 166.111.178.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ANALYSIS OF POLYMERIC FLOW MODELS AND COMPACTNESS 1211

improvements as listed in the introduction. We know that U and M defined by
(1.23) with k& > 1 satisfy the same properties as Lemma 2.1 and Lemma 2.2 except
that R? is replaced by B. We label the corresponding results as Lemma 2.1, and
Lemma 2.24 (a special case of Lemma 3.1 in [5]), respectively. Moreover, we have
from H};(Q x B) < H}w(lf‘n‘)(Q x B) and Proposition 3.7 with ¢ = 1, p = 2 that
Hi,(Q x B) < L2,(2 x B).

A.1. Approximate problem. For any fixed 0 < 7 < 1 and for any k € N, given
(ug_1, fr_1), the approximate problem of the FENE model (1.13)(1.17) is exactly the
same as (4.1)-(4.2) except that R? is replaced by B, and we label these corresponding
formulas as (4.1)4—(4.2) 4. Moreover (4.2)4 also implies a weak formulation of the
discrete problem (1.20). We also denote (4.3) 4 by (4.3) with R replaced by B. The
uniform convergence for fj. is based on (4.3)4. Define Z := {f € L2,(2x B) : B) :
fZOa.e. on Q x B}.

PROPOSITION A.1. Let (uk,l,fk,l) € V x Z. Then there exists (uk,fk) €
V x (ZNH}(Q x B)) which solves (4.1) 4—(4.2) .

Proof. With R? replaced by B, the proof is identical to that of Proposition 4.4 in
view of Lemma 2.14 and H},(2 x B) << L2, (2 x B). O

A.2. Uniform estimates in 7, £, and time ¢t. Suppose u;, € H and fm €
L2(Q; L}, (B)) such that f;,, > 0 a.e. on Q2 x B, Joxs MF(fi,)dndx < oc. We regular-
ize u;, by ug = ug(7) which is the weak solution of ug — T%Auo = u;, with bound-
ary condition u0|8§z = 0 and it satisfies ||u0||L2(Q) + T%HvquH[ﬁ(Q) < Hum||2L2(Q)

Let fo = fo(r) :== E7 E (fin). Then (ug, fo) € V x Z. Using Proposition A.1, as
the time-step updates, we obtain a sequence of approximate solutions (uy, fy) €
V x(ZNH (2% B)) (k€N) to (4.1)4—(4.2) 4. Define pin, = [5 M f;ndn and recall
that py = [, M frdn (k =0,1,2,...) in (4.3)4.

LEMMA A.2.

Supl\pkllm >+Z|\pk—pk 1|72 >+2€TZHprklle<m
k=1 k=1

(A1) < ||pinHL2(Q) = HfinHL2(Q;L}M(D))-
Proof. Noting p,, € HY(Q) and taking ¢ = py in (4.3) 4, we have

/ Mpkdx —I—/ (ug—1 - Vpr)prdx + 8/ |Vxpr|?dx = 0.
Q T Q Q

Using Vyx - uf = 0 and the identity (4.29), one has

1
/|pk| dx + - /|pk—pk 1] dx+£T/ |Vl dx——/ lpr—1]2dx.
Q

Sum up (A.2) to obtain
1 1k k
2 2 2
5/ ok | dx+§ E /|pi—pi,1| dX+ETiE_1/Q|pri| dx

/|p0|2dX< /|p1n|2dx

This ends the proof of Lemma A.2.
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LEMMA A.3. For any k € N,

k
MF(fy)dndx + Z [ — ui—1||iz(9)

QxR2 =1
—|—27‘Z||qulHL2 +4TZ< \f

(A3) < Juin2aqy +2 / MF(fi)dndx.
QxB

||uk||iz(9) +2

2

)

?w(ﬂxB)>

Proof. With R? replaced by B, the proof is identical with that of Lemma 4.7 in

13,(2xB)

view of Lemma 2.2 4. a
LEMMA A .4.
o . 2
(A1) TZ up — U1 Z fk _Tfkfl <c
V2 k= (H+4(Qx B))’

Proof. Tt follows from (4.1) 4 that for any v € V72,

U — Ug—1
—  .vdx
Q T

< IVsuellL2 @) IVxvilie @) + 1 Vxurll L2 [[ur—1l 2@ VI e @)

+ MV,U @nfy : Vivdndx| .

Qx B

We have from Lemma 2.2 4 that

MV, U® nfk : Vxvdndx

Qx B

MVyvn - Vy frdndx

VA,

= 2| Vvl oo okl 22 0

QxB

vur/fs

< 2[|[ Vvl Lo

4(;L2,(B)) H
v1'1 \/ fk

Then it follows from V? < L>(Q) and H'(Q) — L*(Q) that

U — Ug—1
_— VdX
O T

IVt 2oy (1 + s oeey) + an\/fk

and hence from (A.1) and (A.3) we have that

2>

L%, (2% B)

L%, (2% B)

1
2 axB) ||pk|iz(g)] v v
M X

2
Up — Ug—1

< OTZHvxuknm(m (1+sup|uk 1||L2<m)

k=1 T (v2y k=1
+0T Y ||Vay fk sup || pi|£2(0) < C.
k=1 L%{(QXB) keN
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The proof of the latter estimate in (A.4) is nearly identical with that of (4.32).
The only difference is that the estimate for P, in the proof of (4.32) is replaced by

Py < C”vxukHLz(Q)ka||L2(Q;L}V[(B))HVH<PHL°°(Q><B)
< O\ Vxugl Lz lloll g2+ x B)- a

A.3. Convergence.

PRrROPOSITION A.5. As 7 — 0, there exists a subsequence of {(uT,fT)}0<T<<1,
not relabeled, and a pair of functions (u, f) satisfying f € L0, 00; L*(Q; L, (B)))
and other similar properties in (4.34)—(4.35) such that for any T > 0, (4.36)—(4.37),
(4.39), (4.41) with R? replaced by B hold and

(A.5) u, —u in L*(0,T; LP(Q)) (V2 < p < 6),
(A6) N in L(0, 005 L*(Q; L3,(B))),
(A7) fr=f in L*((0,T) x ©; Ly (B)),
(A.8) \/fj — \/} in L*((0,T) x Q; L3,(B)),
(A9) E" N (f) = f in L*((0,T) x ©; Ly (B)).

Proof. Similarly to the proof of Proposition 4.10, we deduce that there exists a
subsequence of {(u, f+)}o<r«1, not relabeled, and a pair of functions (u, f), such
that all the formulas except (A.5)—(A.9) hold and

(A.10) fr—= f in L}0,T; L, (Q x B)),
(A.11) pr — p in L*(0,T;LP(Q)) (V2 < p < 6).

Then by noting p, = [ M f.dn, one has from (A.10) and (A.11) that

(A12) p= / M fdn and / M frdn — / M fdn in L*(0,T; LP(Q)) (V2 < p < 6).
B B B
It follows from the Gagliardo—Nirenberg inequality that

4 1—4
lprllze) < HPTHf}l(Q)HpTHLz&)

and then from (A.1) and the Holder inequality that

”fT”L%(07T;L4(9;L1M(B))) B ”pT”L%(uT;L‘*(n))

4 1—4
< ||p7'||[4/2(07T;H1(Q))||pT||LOO4(07T;L2(Q)) < C(e).

Moreover, (A.1) also yields
(A.13) pr —p in L>(0,T; L*(Q)),
(A.14) pr — p in L*(0,T; H'(Q)).
Therefore f € Li (0,T; L*(Q; L}, (B))). Consequently, by the interpolation inequality

for LP-norms, we have

N N N A 4 N A 4—d
—d —d
1f7 = Fllzzo =z, ) < I1fr = fHZ%((QT)xQ;L}M(B))”fT = Flzi{omyxast, ()
4—d
8—d

(A.15) < C(a)HfT - fHLT((o,T)xQ;L}W(B))'
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This and (A.10) imply (A.7). Based on (A.7), we can prove (A.8)—(A.9) with a
discussion similar to that of Proposition 4.10. O

can

With Proposition A.5 and the uniform estimates Lemmas A.2-A.4 at hand, we
finish the proof of Theorem 5.1 by following the exact same arguments as those

in section 4.3.2.

Remark A.6. (A.15) only holds for d = 2,3. That is why we cannot deal with

the four dimensional FENE model with initial data f;, € L?(2; L'(B)).
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