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CONVERGENCE OF A PARTICLE METHOD AND GLOBAL WEAK
SOLUTIONS OF A FAMILY OF EVOLUTIONARY PDES*
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Abstract. The purpose of this paper is to provide global existence and uniqueness results for
a family of fluid transport equations by establishing convergence results for the particle method
applied to these equations. The considered family of PDEs is a collection of strongly nonlinear
equations which yield traveling wave solutions and can be used to model a variety of flows in fluid
dynamics. We apply a particle method to the studied evolutionary equations and provide a new self-
contained method for proving its convergence. The latter is accomplished by using the concept of
space-time bounded variation and the associated compactness properties. From this result, we prove
the existence of a unique global weak solution in some special cases and obtain stronger regularity
properties of the solution than previously established.
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1. Introduction. The purpose of this paper is to apply a particle method to a
family of evolutionary PDEs and use the convergence properties of the method for
establishing global existence and uniqueness results for the considered equations. In
the one-dimensional (1-D) case, the equations read as follows:

(1.1) me + (um)z + (b — )muy =0, u=Gx*xm, zreR, t>0,
with b > 1 and subject to the initial condition
(1.2) m(z,0) = mo(x), z eR.

Here, the momentum m and velocity u are functions of a time variable ¢ and spatial
variable z, and G(x) is the Green’s kernel.

Equation (1.1) admits traveling wave solutions of the form u(z,t) = aG(x — ct),
with speed ¢ = —aG(0), proportional to the solution amplitude. The bifurcation
parameter b in (1.1) gives the relation of the stretching, bu,m, to convection, wm,,
and provides a balance for the nonlinear solution behavior. The kernel G(x) relates
the velocity with the momentum density through the convolution product

(1.3) u(z,t) =u = G*m:/RG(a:—y)m(y,t)dy

and determines the shape of the traveling wave and the length scale for (1.1); see,
e.g., [44].
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The family of evolutionary PDEs given by (1.1), (1.2) arises in diverse scientific
applications and enjoys several remarkable properties both in the 1-D and multidi-
mensional cases. For example, in one dimension, for the specific choice of

1
_ = x|/
(1.4) G(z) = 5 e ,

(1.1) becomes
(1.5) my + (um), + (b — 1)mug = 0, m=u— o> Uy, reR, t>0,

where « is a positive constant and G(z) is the Green function associated with the
modified Helmholtz operator in (1.5). Equation (1.5) coincides with the dispersionless
case of the Camassa—Holm (CH) equation for shallow water if b = 2 (see [5, 22, 23, 27,
35]) and with the Degasperis—Procesi (DP) equation used to model the propagation
of nonlinear dispersive waves if b = 3; see [30]. In this special case of (1.5), the
corresponding traveling wave solutions assume the form u(x,t) = ae~1*~*l with speed
¢, amplitude a, and length «. The solutions are characterized by a discontinuity in
the first derivative at their peaks and are thus referred to as peakon solutions. Both
CH and DP equations are completely integrable as Hamiltonian systems and their
peakon solutions are true solitary waves that emerge from the initial data. Peakons
for either b = 2 or b = 3 exhibit a remarkable stability—their identity is preserved
through nonlinear interactions; see, e.g., [5, 6] and [28, 29, 30, 48, 52]. Peakons are also
orbitally stable, i.e., their shape is maintained under small perturbations; see, e.g.,
[26, 32, 46]. We note that peakons can also be considered as waves of largest amplitude
that are exact solutions of the governing equations for irrotational water waves; see
[18, 21, 58]. For a more complete discussion on the hydrodynamical properties of
peakons generated from the CH or DP equation, see [24, 45].

The two-dimensional (2-D) version of (1.5) with b = 2, the so-called EPDiff equa-
tion (Euler—Poincaré equation associated with the diffeomorphism group) appears in
the theory of fully nonlinear shallow water waves [9, 41, 42, 43, 44]. Applying viscos-
ity to the incompressible, three-dimensional analogue of this equation produces the
Navier—Stokes a-model for the averaged fluid equations (see, e.g., [10]). The equation
(1.1) has many further interpretations beyond fluid applications. For instance, in 2-
D, it coincides with the averaged template matching equation (ATME) for computer
vision (see, e.g., [36, 39, 40]). One could also use (1.1) to quantify growth and other
changes in shape, such as occurs in a beating heart, by providing the transformative
mathematical path between the two shapes (see, e.g., [41]).

The Cauchy problems for both the CH (b = 2) and DP (b = 3) equations have been
extensively studied in the literature. We refer the reader to a review paper [54], where
a survey of recent results on well-posedness and existence of local and global weak
solutions for the CH equation is presented. In particular, the local well-posedeness
results for the CH equation in H*(R), s > 3/2, were established in [19, 47, 57]. The
continuation of solutions to the CH equation after wave breaking in L> (R4, H* (R))
was established in [4, 3]. The existence of a global weak solution to the CH equation
in L> (Ry, H' (R)) was proved in [3, 20, 59], and in [25] it was shown that this global
solution is unique.

Recent results related to well-posedness and existence of local and global weak
solutions of the DP equation can be found, e.g., in [16, 33, 51, 61, 62], where it was
proved that the global weak solutions of the DP equation belong toL>° (R+, H' (R))
and global entropy weak solutions are in L> (R, L'(R)NBV(R)) and L= (R, L?(R)N
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L*(R)). The local well-posedeness and several global existence results were obtained
in [34] for a general case of the initial-value problem (IVP) (1.5), (1.2) with different
values of the parameter b.

Capturing peakon solutions numerically poses quite a challenge—especially if one
considers a peakon-antipeakon interaction. Several numerical methods have been pro-
posed for simulating peakon interactions for the CH equation such as finite-difference,
finite-element, and spectral methods [1, 17, 37, 38, 56, 60]. A few numerical methods,
such as conservative finite-difference schemes, have been used to study the DP equa-
tion (see [53]). Many of these methods are computationally intensive and require very
fine grids along with adaptivity techniques in order to simulate the peakon behavior.

Solutions of (1.1), (1.2) can be accurately captured by using a particle method, as
shown in [7, 8, 11, 15] for the CH equation and in [11] for the EPDiff equation. In the
particle method, described in [11, 15], the solution is sought as a linear combination of
Dirac distributions, whose positions and coefficients represent locations and weights of
the particles, respectively. The solution is then found by following the time evolution
of the locations and the weights of these particles according to a system of ODEs
obtained by considering a weak formulation of the problem. The particle methods
presented in [7, 8] have been derived using a discretization of a variational principle
and provide the equivalent representation of the ODE particle system. The main
advantage of particle methods is their (extremely) low numerical diffusion that allows
one to capture a variety of nonlinear waves with high resolution; see, e.g., [12, 13, 14,
55] and references therein.

A convergence analysis for the particle method applied to the CH equation was
studied in [5] and [15]. In [5], the authors used the Hamiltonian structure of the
CH equation and its complete integrability to establish error estimates for the par-
ticle method when the solutions are smooth. In [15], the convergence of the particle
method for the CH equation has been proved using the concept of space-time bounded
variation. Properties of the particle method were also studied in the context of the
DP equation in [28, 29, 30, 44].

In this paper, we apply the particle method from [11, 15] to IVP (1.1), (1.2) and
propose a new self-contained proof of its convergence for any b > 1 by establishing
bounded variation (BV) estimates of the particle solution and using the associated
compactness properties [49, 50]. To this end, we assume that the kernel G(z) in (1.1)
satisfies the the following properties:

(I) G(x) is an even function, that is, G(—z) = G(x) for any x € R.

(I) G(z) € CY(R\0), ||G]|eo = G(0), and G'(0) = 0.

(II) G(z),G'(z) € L*(R) N BV (R), and consequently both ||G||o and ||G’|| are
bounded.
From this convergence result, we provide a novel method for obtaining global existence
and uniqueness results for (1.5), (1.2) with b > 1 and G(z) given by (1.4) and show
that the global weak solution of (1.5), (1.2) has stronger regularity properties than
those previously established in, e.g., [34].

The paper is organized as follows. We begin in section 2 with a brief overview
of the particle method and some of its main features relevant to our discussion. We
then show that both the particle solution and its derivative are functions of BV for
any b > 1 and an arbitrary kernel G satisfying properties (I) through (III). Section 3
is dedicated to the special case of IVP (1.5), (1.2) with b > 1 and G given by (1.4). In
particular, in section 3.1, we prove that for a relatively wide class of initial data there
exists a unique global solution of the particle ODE system. Next, in section 3.2, we



4 A. CHERTOCK, J.-G. LIU, AND T. PENDLETON

use the compactness results associated with BV functions and verify that both the
particle solution and its limit are weak solutions to the b-equation, and we complete
our study on the convergence analysis. Finally, in section 3.3, we use our convergence
results and the obtained BV estimates to prove the existence of a unique global weak
solution for the b-family of fluid transport equations (1.5), (1.2) for any b > 1. The
appendix provides additional details and proofs that were omitted in the main text.

2. Particle method. In this section, we describe the particle method and show
how it is used to solve the b-family of fluid transport equations. We also establish
important conservation properties of the corresponding particle system and obtain
BV estimates of the particle solution that will allow us to prove (in section 3) our
main result—existence of a global weak solution for the IVP (1.5), (1.2).

2.1. Description of the particle method. To solve the b-equation by a par-
ticle method, we follow [11, 15] and search for a weak solution of (1.1) as a linear
combination of Dirac delta functions:

N
(2.1) mN(z,t) = pi(t)d(x — zi(t)).
i=1

Here, z;(t) and p;(t) represent the location of the ith particle and its weight, and
N denotes the total number of particles. The locations and weights of the particles
are then evolved in time according to the following system of ODEs, obtained by
substituting (2.1) into a weak formulation of (1.1) (for a detailed derivation of the
ODE system see [11]):

dﬁl(t)
0 )0,
(2.2) o
D) | (4 1y (), 00) = 0.

Using the special relationship between m and w given in (1.1), one can explicitly
compute the velocity u and its derivative by the convolution u” = G * m”. Thus we
have the following exact expressions for both u” (z,t) and uX (z,t):

N
(2:3) uN (@, t) = pilt)Gla — (1)),
=1

N
(2.4) up (z,t) =Y pi(t)G' (x — x4(t)).
=1

With the exception of a few isolated cases, the functions z;(t) and p;(¢), i =
1,..., N, must be determined numerically and the system (2.2) must be integrated
by choosing an appropriate ODE solver. In order to start the time integration, one
should choose the initial positions of particles, 27, and the weights, p{, so that (2.1)
represents a high-order approximation to the initial data mg(z) in (1.2), as shown in
[11, 55]. The latter can be done in the sense of measures on R. Namely, we choose
(2:(0),pi(0)) in such a way such that for any test function ¢(x) € C5°(R), we have
that

N
(2:5) [ mol@o(e)de x (m(,0).60)) = 3 pi0)o(a)
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where
N
(2.6) m™ (z,0) = mév(az) = Zpi(O)d(a: —x;(0)).

Based on (2.5), we observe that determining the initial weights, p?, is exactly
equivalent to solving a standard numerical quadrature problem. One way of solving
this problem is to first divide the computational domain 2 into N nonoverlapping
subdomains €2; such that their union is 2. We then set the ith particle z;(0) to be
the center of mass (2;. For instance, given initial particles {xi(O)}ﬁil, we may define
Q; as

Q; = [xi—1/2,$i+1/2] = {CC | Ti—1/2 ST < xi+1/2} , t=1,...,N,

and by z;(0) = Az the center ;. For example, a midpoint quadrature will then be
given by setting p;(0) = Az mgo(2;(0)).

In general, one can build a sequence of basis functions {ai(a:)}i]il that will aid
in solving the numerical quadrature problem given by (2.5). Indeed, we have the
following proposition.

PROPOSITION 2.1. Let x(x) be a characteristic function,

N

1 when z € Y,
X, () {0 when x € X \ Q, ;Xﬂl

and let o(z) € C§°(R) be a mollifier, that is,

o(x) >0, /Rcr(x) dx =1, !i_%cre(a:) = lim lcr(x/e) = §(x).

e—0 €

Then
N N
1:1*0522)(91.*0'5:20'1'(33).
i=1 i=1

From here one can approximate the initial data by taking p;(0) = [ 0i(z) dmg
in (2.6). We note that the latter makes sense only if my € M(R), where M(R) is
the set of Radon measures. Furthermore, one can prove that mJ’ converges weakly
to mo(x) as N — oo. Indeed, given the above definition for p;(0), one can show that
if m})’ is given by (1.2), then m{’ converges weakly to mg in the sense of measures.

PROPOSITION 2.2. Let mo(x) be defined by (1.2) and ml (z) be given by (2.6).
Let h = maxi<i<n |Tiy1 — x;|. Then mi’ converges weakly to mo(x) in the sense of
measures.

Proof. For any ¢(x) € C§°(R), we denote My = [, dmg and have the following:
N
[ otwram = [ o(e) dm > ([ etwrostedmo — ot2s) [ osta) oo

N
Z/R (¢(x) = d(24)) 03 (x) dmg

N
< KhZ/ oi(z) dmo = KhMy — 0
=1 R

as h — 0 or equivalently as N — oo. a
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2.2. Properties of the particle system. We now discuss some general prop-
erties of the derived particle method. In particular, we establish conservation laws for
the particle momenta and show that the particles propagate with a finite speed.

First, we prove the conservation property of the particle system.

PROPOSITION 2.3. The total momentum of the particle system (2.2) is conserved.
That 1is,

d N
(2.7) - lszt)] =0.

Proof. We recall (2.2) and (2.4) to obtain

N N

N
EUR 1) SIS w RO Ry
=1

i=1 j=1

Taking into account the fact that G'(z) is an odd function and G'(0) = 0 (see prop-
erties (I) and (II) of G) and the fact that the summation in (2.8) is performed over
alli,7 =1,..., N, we obtain (2.7) and consequently

N N
(2.9) Zpi(t) = Zpi(()) =M, 0O

Next, we assume that 21(0) < --- < zx(0) and p;(0) >0, i =1,..., N, and show
that these properties are preserved by the flow. We also provide an estimation for the
speed of propagation of particles.

PROPOSITION 2.4. Suppose that the initial momenta in (2.6) are positive, i.e.,
pi(0) >0 for alli=1,...,N. Then p;(t) >0 for alli=1,...,N and t > 0.

Proof. The proof follows directly from [8], in which one may use the fact that the
total momentum is conserved; see (2.9) as well as Gronwall’s inequality to obtain

(2.10) pi(0)e K < pi(t) < pi(0)e”t,  i=1,...,N,

where K = (b — 1)Mp||G’||. We observe that the left inequality prevents p;(t) from

being negative as t goes to 0, while the right inequality prevents p;(t) from being

negative as t goes off to infinity. Hence, p;(t) >0 foralli=1,...,N and ¢t > 0. d
dml(t)

PROPOSITION 2.5. Suppose that =5~ is given by (2.2) in the interval 0 <t < T.

Then there exists a constant 0 < C' < oo such that
(2.11) |z ()] < CT.

Proof. From (2.2), we have the following:

(2.12) -

N
dxi(t)‘ = [uN (2(t), 1) = ij(t)G(|CCj(t) —zi(t)])| < C.
=1

The last inequality holds due to the conservation of total momentum (2.9) and prop-
erties (I) through (III) of G(x). Integrating both sides of (2.12) over 0 < ¢t < T leads
us to the desired conclusion (2.11). O
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Remark 2.6. It should be observed that the time-dependent parameters x;(t)
and p;(t) in (2.2) satisfy the following dynamics equations [44]:

dﬂii 8HN dpi 8HN

(213) dt - api ’ dt :_(b_l) 8{Ei ’

i=1,...,N,

where the function H” (t) is defined as

N N
(2.14) HYN(t) = = " pi()p; ()G (i (t) — (1))
i=1 j=1

N~

Notice that (2.13) are canonically Hamiltonian only for the CH equation (1.5) with
b=2,[5,6,7,8, 44].

2.3. Space and time BV estimates. In what follows, we show that the total
variations of the particle solution u(x,t) and its derivative uXY(z,t) are bounded
both in space and time. To this end, we recall the definition of the total variation of
a function.

DEFINITION 2.7. Consider a (possibly unbounded) interval J C R and a function
u: J — R. The total variation of u is defined as

N
(2.15) Tot. Var. {u} = sup Z lu(z;) — w(zj—1)] ¢,

j=1

where the supremum is taken over all N > 1 and all (N + 1)-tuples of points x; € J
such that o < 1 < --- < xn. If the right-hand side (RHS) of (2.15) is bounded,
then we say that w has BV and write u € BV (R).

THEOREM 2.8. Let u™ (z,t) and ulY (x,t) be functions defined in (2.3) and (2.4),
respectively. Furthermore, assume that G(x),G'(z) € L*(R) N BV(R). Then, both
u € BV(R xRy) and u) € BV(R x R,).

Proof. We begin with showing that total variation {u” (-,t)} and total variation
{ul(-,#)} are bounded. Indeed, from the fact that the total momentum of the particle
system (2.9) is conserved and the fact that for any two functions f, g and for any
constant a

Tot.Var.{f+g} < Tot.Var.{f}+Tot.Var.{g} and Tot.Var.{f(z+a)} < Tot.Var.{f},

we obtain from (2.3) and (2.4)

N

(2.16) Tot. Var.{u™ (-,1)} < ij(t)Tot.Var.{G(x)} = MyTot.Var.{G(x)},
N

(2.17) Tot. Var.{u2 (-,1)} < ij(t)Tot.Var.{G'(x)} = Mo Tot.Var.{G'(z)}.

Since the total variation of both G(z) and G’(x) is bounded, we conclude that ¥ (x, )
and ulY (x,t) have BVs in space.

In order to prove that u™¥(x,t) and uX (z,t) have BV with respect to t as well,
it now suffices to show that u” and u) are both Lipschitz continuous in time in L*
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[2, Theorem 2.6]. To this end, we first consider expression (2.3) for u™ (z) to have

/OO |l (z,t) — u™ (z,s)| dx </ Z pi()G(x — x;(t)) — pi(s)G(x — x;(s))]| d.

— 00

Next, we add and subtract the term [~ Zi:l pi(t)G(z — x;(s)) dx in the RHS of the
last inequality and rewrite it as

/OO [u™ (z,t) — u™ (z, )| da g/_ sz ) |G(x — xi(t) — G(x — zi(s))| dz

+[ Z|Gx—a:z JlIpi(t) - pi(s) | d.

Using the results from [2, Lemma 2.3] and the fact that G € L*(R) N BV (R), we thus
have

o0

i [N (z,t) — uN (z, s)| dz <Tot.Var.{G(z }sz Vi (t) — 2i(s)]

(2.18)
+1GlI zm il

The sums in the RHS of (2.18) can now be estimated using the ODE system (2.2) as
follows:

|zi(t) — zi(s)] =

da: '
‘ /|u s(r),Pldr < |Gl [ Y pitr)dr
s s =1

= ||G||OOZPJ )t = 5] = [|Glloo Molt — s]

(2.19)

and

t g t N
)= = | [ Far| < 0= [0 ni(r1en

t
g(b—nna'nm/ drzpj b—1>||G||mMo/pz-dT.
Also,

t N
i () — < (b= DG || o M, i(T)d
220) Z|p < 0= DI o [ 5 pitr)dr
= (b= DIIG"[[oc Mgt — s].
Substituting (2.19) and (2.20) into (2.18) yields

/OO |u (z,t) — u™ (z, s)| dz

— 00

< (Tot.Var{G(2)}|Glloo + (b = V|G| |Gl 1) M|t - sl
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proving that vV is Lipshitz continuous in time in L' and thus «" € BV(R x R,) [2,
Theorem 2.6].

Similarly, from (2.4) we have
(2.21)

> N _ N o I . ! e _ ’ o
/ [ (2, 1) — u (2, )| dee < / > nl) |6 @ = 0i(t) — 6w — ()] do

— 00

co N
+/ > 1G (@ = 2i(9))||pi(t) — pis)| da.
T =1

Substituting (2.19) and (2.20) into (2.21) and using the fact that G’ € L*(R) N
BV (R), we finally conclude that

/ i (2, 1) — (2, )| de

— 00

< (Tot.Var {G'(2)}|Glloe + (0 = DIIG|[oo| |G| 1) MGt — ],

which together with (2.17) proves that ulY (x,t) is a BV function in z,t and also the
statement of the theorem. O

3. Global weak solution and convergence analysis. In this section, we
propose a new, concise method for showing the convergence of the particle solution
to a unique global weak solution of the b-family of evolutionary PDEs. We restrict
our attention to the specific case of the IVP (1.5), (1.2) with b > 1. In this case, one
can explicitly compute the velocity v and its derivative by the convolutions (2.3) and
(2.4), respectively, with G defined by (1.4) and G’ is given by

1
! —lz|/a
(3.1) G'(z) = —Esgn(x)e lzl/,
One can also easily verify that the functions G and G’ defined in (1.4) and (3.1),
respectively, satisfy properties (I) through (III) and calculate the total variation of G
and G’ explicitly:

(3.2) Tot.Var.{G(z)} = 1/a and Tot.Var.{G'(z)} = 2/a>.

We begin the section by proving for a relatively wide class of initial data there
are no particle collisions in finite time and as a result there exists a unique global
solution of the particle ODE system (2.2) for any b > 1. We then show that the
particle method applied to the b-equation is a weak solution to (1.5), (1.2). Finally,
we state our main convergence result, which is proved using the compactness results
generated from the BV estimates established above.

3.1. Global solution of the particle system. We first prove the following
important conservation law.

PROPOSITION 3.1. Consider (2.2)-(2.4) for any b > 1 and G and G’ given by
(1.4) and (3.1), respectively, and assume that p;(0) > 0, i = 1...N, and z;(t) <
Zit1(t), i=1...N, at some time t. Then,

N N-1 (b—1)
(33)  Pult) = (Hpk(ﬂ) (H [G(0) = Glan ) =z ()] )
k=1 k=1

is constant of motion.
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Proof. To establish the above proposition, it suffices to show that (see also [44, 52])
d
(3.4) —Pyn(t) = 0.

dt
To this end, we calculate the derivative of Py (t) and write it in the following form:

Nl 4 —r i — N .
d ()= Pvt) 3 (b = 1)G" (i (t) — xp41 (1)) (Frta (8) — E1(1)) +PN(t)Z§k(t)

a' G(0) — Clan(t) — zrm (D) o)

k=1

where @ (t) and pg(t) denote the derivatives of xy(t) and pg(t) with respect to time,
respectively. Substituting the expressions for & (t)) and pg(t) from (2.2) and ex-
pressions for G and G’ from (1.4) and (3.1) into the above equation, we obtain the
following:

d b—-1

EPN(L‘) = S Pn(t)
Nl N o(en(t)—zpir(t) /e (pi(t)e*\1k+1(t)*$i(t)|/a — pi(t)e*\wk(t)*wi(t)l/a)
35 Z 1 @ -—zii(D)/a
k=1 i=1
b—1

+ 202

By splitting up the summation terms in (3.5) into the intervals i < k, i = k, and
i > k, the first sum becomes

NI or®—wnaa@ /e, (1) (e lornO—ridl/a _ —loe®)—wi(0)l/o)

; — 1 — e@r(t)—zpi1(t))/cx
B N-l it (wk(t)+wb(t) 2zk41(t)) /o _ e(wz‘(t)*wkﬂ(t))/a)
- s ; 1 — e(@e(®)=mr11(2))/
N-1

elex®=zepa1(®)/ap, (t) (e(mk(t)_rk+1(t))/a — 1)

1 — e@e®)=mr11(t))/x

N-1 pi(t) (e(fk(t)—fi(t))/of _ e(QIk(t)—zi(t)—zkﬂ(t))/a)

1 — e@r®)—zpi1(t))/cx

N-1 pi(t) (e@rO—zhr1®) /o _ 1)elzi(t)—zhia(t)) /e
= Z 1 — el@u®)—zrs1(t))/a

_ pk(t)e(zk(t)—mk+1(t))/a

i
vl

pi(t)(1 — e(ﬂﬂk(t)*wm—l(t))/a)e(wk(t)*wi(t))/a

1 — e@e®)=mri1(t))/cx

+

zZ x>

[
Y
>

pi(t)e(wi(t) Tp41(t)) /o _ Zpk e(wk(t) zri1(t)/a
k=1

Z x>
[
5
>

Pi (t)e(rk(t)—zi(t))/oz.

+
>
Il
—
N
>
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Using properties of the signum function, we also split the second summation term in
(3.5) into the intervals i < k, i = k, and ¢ > k to obtain

N N
>3 pilt)sen(an(t) — i(t))e” OO/

(37) k=1 1:=1
= Zzp HEAGERO) Z Zp Jelor®=wi(t)/a,
k=1 i<k k=1 i>k

Combining (3.6) and (3.7) and using the fact that

Z <Zp o () mk(t))/a> _ - <ZP el®it)= I’”l(t))/a)

k=1 \i<k k=1 i<k
N—1
Pt elzr(t)— wk+1(t))/a
k=1
the derivative in (3.5) simplifies to
L pe(t) = b Z S pi(t)ele - )/
dt
k=1 1>k
N-1
_ Z Zpi(t)e(ri(t)—zkﬂ(t))/a Z pi(t e(@r(t)— rk+1(t))/0t>
k=1 i<k
b - 1 (Z S pi(t)ele OO/ _ Z S pi()ele - <t>>/a>
k=1 i<k k=1 i>k

:07

which establishes the proposition. a

Using Propositions 2.3 through 2.5 and 3.1, we can now show that for a class
of initial data, particles cannot cross, and thus we establish global existence of the
solution to the ODE system given by (2.2).

LEMMA 3.2. Consider the system (2.2) with initial data p;(0) > 0 and z;(0) <
2i41(0) for any i =1...N. Then for allt > 0, x;(t) # xi+1(t) for anyi=1,...N
and for all.

Proof. Suppose on the contrary that there exist time ¢* > 0 and number k£ such
that

(3.8) lim zy(t) — zp41(t) = 0.

t—t*

Then, using the fact that Py (0) > 0 by our choice of initial data, we have

(3.9) lim Hpi(t) = o0,

which contradicts the conservation property (2.9). Hence no two particles may cross
in finite time. |
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We finally present the following global existence result for (2.2). The proof follows
directly from Propositions 2.3 through 2.5, 3.1 and Lemma 3.2).

THEOREM 3.3. If the initial momenta in the system (2.2) are positive, i.e.,
pi(0) > 0 and z;(0) < x;+1(0) for any i = 1... N, then the solution of system (2.2)
exists uniquely for all t € (0,00).

Remark 3.4. We do have a proof for an arbitrary (nonsmooth) kernel G(x)
satisfying properties (I)—(I1I). However, if G is smooth, the existence and uniqueness
of a global solution to system (2.2) follows from the standard ODE theory.

Remark 3.5. We also note that similar results have been established in [8] and
[52] for the special cases of the CH equation ((1.5) with b = 2) and the DP equation
((1.5) with b = 3), respectively, for which (1.5) is proved to be completely integrable
(see, e.g., [, 28, 31]). The no cross property for the N-peakon solution to the CH

equation was proved in [8] by the iso-spectral property associated to the Lax-pair.

3.2. Consistency of the particle method. Throughout this section, we shall
assume that the initial momenta are positive and that there are no particle collisions
in finite time, that is, the statement of Theorem 3.3 holds.

We begin the section with a definition of a weak solution to the IVP (1.5), (1.2)
and then show that the particle solution (m,u) given by (2.1), (2.3) is indeed a
weak solution to the IVP.

DEFINITION 3.6. u(x,t) € C(0,T; HY(R)), m(x,t) = u(z,t) — Uz (x,t) is said
to be a weak solution of (1.5), (1.2) if

/jo ¢(x,0)m(x,0) dx + /000 /:X’ [ (2, t) — angtm(a:,t)} u(z,t) dedt

(3.10) + /000 /jo [HquSm(x,t) - %2¢mw(x,t)} u?(z,t) dedt

// b_l 6o, )02 (2, 1) dwdt = 0

for all p € C(R x Ry).

THEOREM 3.7. Assume that mg € M(R); then the particle solution (m™ (x,t),
ulN(x,t)) given by (2.1), (2.3) is a weak solution of the problem (1.1), (1.2).

Proof. Let m™ (z,0), m"™ (z,t) and u™ (z,t),ul} (x,t) be given by formulae (2.6),
(2.1) and (2.3), (2.4), respectively, and let ¢ € C§° (R x R4 ) be a test function. Then
the following relations are true for any ¢:

(311) <mN7 ¢t> = <UN7 ¢t - a2¢tww>7

312 o) = (00— S+ ? (),

(313) <mNUin ¢> = <a2 (Ui\])22_ (UN)2 ) ¢m> ’

where (-, -) denotes a scalar product in RxRy, i.e., (m™N, ;) = [° [T m™ (2, t) ¢y (2, 1)

dzdt, etc. See Proposition A.3 for a complete proof of the above relatlons
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Using (3.11)—(3.13) and substituting m” (z, t) as defined by (2.1) into (3.10) yields

N o N
(314) 3 pi(0)6(x:(0),0) + / S pi(0)én (s(t), 1) dt
=1 i=1

0
co N
* /0 ;Pi(ﬂu (zi(t),t)¢x (zi(t), t) dt
co N
— (- 1)/ > piltyul) (@i(t), ) ¢ (i), 1) dt = 0.
0 =1

We now add and subtract ZZ 1 fo pi( t T (x;(t), t) dt into the last equation, use
the fact that

d(b(xl (t)v t)
dt

d$i (t)

= Gl (0). 1)

+ (bt(xi(t)v t)v

and rewrite (3.14) as follows:

N o N '
(3.15) D" pi(0)o(i(0).0) + /0 Zpi(ﬂwdt

Integrating by parts the second term in the first row in (3.15), and rearranging other
terms, we finally obtain

o N s
[t |2 - o). 0)] o (0000
=1

/ {dpl + (b — Dpi(tyuy (xi(t)at)] é(x;(t),t)dt = 0.

(3.16)

Since the functions z;(t) and p;(t) satisfy the system (2.2), the last equation holds for
any ¢ implying that m”~, uV defined by (2.1), (2.3) is a weak solution of (1.1), (1.2).
This completes the proof. a

3.3. Compactness and convergence. We are now in a position to establish a
convergence result for the particle method applied to (1.1). Using the BV estimates
for u™¥ (x,t) and ul (x,t), and the fact that the particle solution satisfies the equation
in the sense of distributions, we may establish the following convergence result, which
in turn proves the existence of a unique global weak solution to the b-equation (1.1)
with any b > 1. Once again, we assume that the statement of Theorem 3.3 holds.

THEOREM 3.8. Suppose that (m™ (x,t),u™N (x,t)) is a particle solution of (2.1),
(2.2) with initial approzimation m™ (-,0) = mg, mg € M (R) with compact support
and bounded mass |mg|. Then, for any T > 0 there exists a unique global weak
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solution (u,m) of (1.5), (1.2) for any b > 1 with the reqularity m € M(R x (0,T)),
u,uy € BV(R x (0,T)) and u € Lip(0,T; H*(R)).

Proof. Using BV estimates for u” (z,t) and uX (z,t), we refer to the compactness
property in [2, Theorem 2.4] and conclude that there exist functions u(x, t) and u,(z, t)
and a subsequence (still labeled as u®¥(x,t)) such that

(3.17) }}E}O [|u™ — u||L110C(R><R+) =0, 1%11_130 ||U — Ugl| 2 ®xry) = 0.

loc

From Proposition 3.7, we know that the particle solution (m™,u") is a weak

solution of (1.1) and thus satisfy
3.18 - ,0)mN (z,0)d [ 1) — a2 pran (z, )] N (2, t) dedt
(3.18) /_Ood)(x ym (a >x+/0 /_mwx ) = 02 Gra(z,1)] (2, 1) da
() [e’e] 2
+ /0 [ ) {Hqubr(x,t)—a—d)mm(x,t)] ()2 (2, ) dadt
/ / b_l b (1) (ul) (2, ) dedt = 0.

To complete the proof, we need to show that each term in (3.18) converges to that of
the limit solution (m,w) in (3.10).

Indeed, by the construction of the initial approximation and Proposition 2.2, we
have

oo

(3.19) hm é(z,0)m™N (2,0) dz = /:)O ¢(z,0)m(x,0) dx.

OOOO

Furthermore, from (3.17) and the fact that u’¥ € BV(R x Ry) and u)Y € BV(R x Ry)
follows that

u(z,1)?) ¢(z,1) d;vdt‘
- ‘/ / (2, 1) + e, ) (u (2, 1) — (e, 1)) (1) ]
< oo (JJuN || oo . Nz, t) —u(z,t)| ded
<ol (¥l + ulss) [ ) e, 0] de
holds for any ¢ € C3°(R x R4), and thus
(3.20) ((uM)?, ) — (u®,¢) as N — oo.
Similarly, for any ¢ € C5°(R x R;) we have
(3.21) <(uiv)2,¢> — <ug26,¢> as N — oo,
and therefore
(322) <UN7 (bt - a2¢tww> — <u7 ¢t - a2¢tww>
a? a?
(323) <(UN)2; ¢m - 7¢zzz> — <(U)2; ¢r - 7¢zzz> )
R L Y PN (T8 0

2
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as N — oo. This shows that the limit (m,u) is indeed a weak solution to the b-
equation (1.1).

It should be observed that since G, G’ € L*(R)NBV (R), hence G, G’ € L*(R) and
thus with the bounds (2.9), we have u € L>(0,T; H'(R)) and u,u, € BV(R x R}).
The latter implies that (see, e.g., [2])

/R lu(z,t) — u(z, s)|dx < Cy|t — s, /R lug(x,t) — ug(z, 8)| de < Calt — 3|
and thus
-, )5 = lul, )7 < /R|U(’Iat) —u(w, s)* + ug (2, 1) — us(x, 5)* da
<lfullc [ fulet) = ufa, )| da
+ 2| /R (e (2,1) — o (2, 8)| dz < CJt — 8|,

proving that u € C(0,T; H'(R)).

Finally, we remark that the weak solution for the b-family equation (1.5), (1.2) is
unique in the obtained class of functions. The result has been proved in [25] for the
CH equation (b = 2), by direct estimations for the equation recast in the conservative
form

3.25 Uy + utgy + G % u2+1u2 =0,

where G’ is given by (3.1), as before. The proof of the uniqueness result for any b > 1
follows directly from [25] by rewriting (1.5) as
b 3-0
(3.26) g + g + G % [§u2 + Tui} =0. O
Remark 3.9. We also note that for the special case of the CH equation (b = 2),
the convergence of the particle method to a smooth solution has been verified in (7, §].

4. Conclusion. In this paper, the concept of BV functions was used to establish
the convergence of the particle method applied to the b-equation (1.1) for a special
choice of the convolution kernel G and under a suitable class of initial data. These BV
estimates were derived by using conservation properties associated with the particle
system. In turn, our convergence results allowed us to provide a novel method for
proving the existence of a unique global weak solution to (1.1) for G given by (1.4)
and for any b > 1.

To this extent, we have only provided a theoretical study of the convergence
of the particle method applied to (1.5). In the future, numerical experiments will
be conducted that illustrate the performance of the particle method applied to the
b-equations. In particular, we shall focus on the cases where the resulting PDE is
completely integrable (b = 2,3) and hence will yield peakons as their solutions. We
will also analyze the convergence of the particle method applied to the analogous
2-D version of (1.5) more commonly referred to as the EPDiff equation and perform
numerical experiments with arbitrary initial data.

Appendix A. This appendix provides additional details and proofs of proposi-
tions omitted above.
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PROPOSITION A.1. Suppose that G(x) and G'(x) are given by (1.4) and (3.1),
respectively. Then the following relation is true for any ¢(x) € C§°(R):

(A1) G(z1 — 22) (¢ (21) + ¢/ (22))
oo 2
_ 2/_00 Gz — 21)G(x — 2) <¢'(x) - %¢”’(x)) da
+ 202 /OO G'(x —21)G (v — 22)¢ (x) dx.
Proof. We consider both the cases where x1 = x5 and 1 < x2. If 1 = o, then
(A.1) reduces to the following:
1 > 2
260w =2 [~ G- (40 - G0 0) da
+ 202 /OO (G'(z — x1))*¢/ () da.

Splitting the above integrals into two regions (x < x; and z > 1), integrating the
term containing ¢’ (z) twice, and combining like terms proves the equality.

We now consider the case where x1 < x5. We split the integrals into three regions
(r <1, 21 < x < 2, and x > x2) and integrate the term containing ¢’ (x) by parts
twice to obtain

_a? [ " G — 20)G(@ — 12)6" (z) da

1 1o
(A2) = 5t ) — o [ e g 0y o
+ L e@ma/ag gy - L /°° e(o1=0) ot (e2-2) ol (1)
20 a? J,,

We also have the following:
/ G(r — 21)G(x — x2)¢ (x) dx

TQQ —(z1—z)/a—(z2— w)/a¢( )

— L Oom Ry —
xr1—x a—(Tro—x o 1/
+ a2 /zl et 2 ¢'(z) dx
1 > —(r—x a—|\r—x «
+ﬁ/z2 e~ (a=an)/a=(a=w2) o/ (1) o
and
(A4)
[e%e] 1 X1
2a2/ G/($ . CCl)G/(:E . CC2)¢ (2) dx _2_2 e—(m—z)/a—(rz—r)/a(b/(x) de
— 00 « —o0
1 xT T a—(x xT «
53 el@i—=z)/ (2)/¢d$
+L ooe_(m_ml)/a—(m—rg)/a¢/(x)dx'
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Combining (A.2), (A.3), and (A.4), we obtain

1

Qae(rl_M)/aﬁb/(ﬂ?l) + %e(ml_rz)/aﬁb/(@) = G(z1 — x2) (¢ (21) + ¢'(22)),

and hence the proposition is proved. O
PROPOSITION A.2. Suppose that G(x) and G'(x) are given by (1.4) and (3.1),

respectively. Then the following relation is true for any ¢(x) € C§°(R):
(A.5)
G'(z1 — 22)(¢(21) — ¢(x2))

= /OO [0*G'(z — 21)G' (x — 22) — G(z — 21)G(z — 32)] ¢/ (2) d.

— 00

Proof. As before, we first consider the case where x; = z5. Then the problem
reduces to showing

(A.6) /Oo [0 (@ (2 22)) ~ (G~ 22)*] (@) da =0

— 00

Indeed, by definition of G(z) and its derivative in (1.4) and (3.1), we have

/°° [@2 (G'(z—21))" = (G(z — xl))z} ¢ () dz

— 00

1 {672|z7w1\/a _ e*2|$*$1|/0‘} ¢I(x) dx = 0.

= A2
da? J_ o

We now consider the case where x1 < xo and split the integrals as follows:

(A7)
—/ Gz — 21)G(x — 22)¢ (x) do = — L e~ (@) a—(@a=a) oyl (1) dy

2
da? J_ o

1 *2
—(z—z1)/a—(za—2z) /0 4t d
+—4a2/zle @' (x) dz

I 1 /OO 67(1—11)/a7(1712)/a¢/(x) dz
T2

402
and
(A.8)
'] 1 x1
o? / G'(x — 21)G (& — 22)¢/ (z) du =1z e (mmml/am(@2ma)/a gl (1) dy
1 . —(z—z1)/a—(za—2) /0 4t
~ a2 e @' (x) dx
z1
b [T e /a g () gy

2
4o /,.,

By combining (A.7) and (A.8) and integrating once, we obtain

1

_ﬁe—(rz—m)/o‘ (d(x2) — P(x1)) = G/(xl —22) (p(x1) — d(22)) -

This proves the proposition. O
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PROPOSITION A.3. Suppose that m™ (z,t), u™N (z,t), and ul¥ (z,t) are given by
(2.1), (2.3), and (2.4), respectively. Then relations (3.11)—(3.13) are true for any
o(z,t) € CF° (R x Ry).

Proof. To begin, we first prove the relation (3.11), which implies that m® (z,t) =
ulN(2,t) — @®ul) (x,t) in the sense of distributions. Indeed, for any ¢(z,t) € C§°(R x
R4 ), we have the following relation by direct substitution of (2.1) into the left-hand
side of (3.11) and integration by parts:

<uN —a?ul) | br) = <uN, br) + o? <Uiva Dt -

Using (2.3) and (2.4) and integrating by parts once again, we prove (3.11):
o0 N oo
(uVN — oPull, ¢y) = / sz(t)/ G(x — x;(t)) Pt (x, t) dadt
[C—— —o0
o0 N o0
+a? / S pil) / G/ (@ — 24(t)) o (x, ) dadlt
[U— —o0

o0 N o0
_ / S pilh) / Gla — 2:(t)) (d(@,1) — P uon(, 1)) dudt
[C— —00
= <UN7 (bt - a2¢tww>'
Next, we verify (3.12) as follows. Direct substitution shows that
(¥ 62) = [ 373 Oy (O @i(t) = i (0)n (s (1), 8)
0 =1 j=1
Using Proposition A.1 and the fact that G(z) is an even function, we find that

(mMu®, és)

| e NN
- / 3 3 nOpOG(t) — 33 (0) (6 ai(t). 1) + bl (0).2) dt
o NZ_NJ_ 0
-/ Zszt)pj(t)[ | G- m®)6@ - x(0)
0 i=1j=1 —o0

Oé2
(¢w($,t) - 7¢wwz($,t)> dx
+J[%G@—mmg@ﬂMWWQMMdt
:<(UN)2 o) —a—2¢ >+a2<(uN)2 é >
T 9 rxx - , Ou

Finally, in order to prove (3.13), we proceed similarly by first observing that

0~ N N

(m"uy', ¢) = /0 DD pilOpi (G (wilt) — (1)) $lai(t), ) dt.

i=1 j=1
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We use Proposition A.2 and the fact that G’(x) is an odd function to obtain

<mNuN, >
1 coc N N
"2 / > D Pt (OG (wilt) — () (S (t), 1) — ol (1), ) dt
. e N
= 5/0 ;jzzlpi(t)pj(t) [— /_OO Gz — z;(t)G(x — 7;(t)) P (2, 1) dx

[16]

[17]

18]

[19]

O ® ® X F o > o F

wn

=

0[2 00
+ - /700 G'(x— ;)G (x — x;(t)pp(x, t) dz| di
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