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Abstract. We consider the completely positive discretizations of fractional ordinary differential
equations (FODEs) on nonuniform meshes. Making use of the resolvents for nonuniform meshes, we
first establish comparison principles for the discretizations. Then we prove some discrete Gronwall
inequalities using the comparison principles and careful analysis of the solutions to the time contin-
uous FODEs. Our results do not have restriction on the step size ratio. The Gronwall inequalities
for dissipative equations can be used to obtain the uniform-in-time error control and decay estimates
of the numerical solutions. The Gronwall inequalities are then applied to subdiffusion problems and
the time fractional Allen—Cahn equations for illustration.
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1. Introduction. The time fractional differential equations with Caputo deriv-
atives [1, 5, 12] have been widely used to model the power law memory effects of
energy dissipation for some anelastic materials, and soon became a useful modeling
tool in engineering and physical sciences to construct physical models for nonlocal
interactions in time (see [35]). The models with Caputo derivatives may also result
from the complexity reduction and the generalized Langevin dynamics [13, 19]. The
Caputo derivatives are more suitable for studying the initial value problems as it re-
moves the singularity in the Riemann-Liouville derivatives [16]. In analyzing these
models, especially the a priori energy estimates for time fractional PDEs, it is crucial
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to have the comparison principles and Gronwall inequalities for the time fractional
ordinary differential equations (FODEs) that take values in R.

The FODE taking values in R with Caputo derivative of order a € (0,1) can be
written as

(1.1) D¢u= f(t,u), u(0)=u,

where f:[0,00) x R — R is assumed to be locally Lipschitz and u : [0,T) — R for some
T > 0 is the unknown function. Here, the Caputo derivative is defined by

oL [
(1.2) DCu_F(l—a)/O (t—s)ad’

where I'(+) is the gamma function. Often the comparison principles may involve func-
tions u that are continuous but not absolutely continuous so the generalized definitions
of Caputo derivatives in [16, 17] might be considered in these cases. One may refer
to section 2.1 for more details. The FODE (1.1) is equivalent to the integral equation
(see [5] and also [16, 17] for generalized versions)

(1.3) u(t) =uo + ﬁ/@ (t —8)* L f(s,u(s))ds.

In other words, the FODE is equivalent to a Volterra equation with the Abel integral
kernel

. 1 a—1

(1.4) 0 (8) = eyt
where t4 = tl;>¢ and 1;>¢ is the standard Heaviside step function. The kernel
Jo 1s known to be completely monotone [34, 31], and thus log-convex and com-
pletely positive [3]. A function a : (0,00) — R is said to be completely monotone
if (=1)"a™(t) > 0 for n = 0,1,.... A completely monotone function that is not
identically zero is strictly positive (i.e., bigger than zero everywhere on (0,00)) by
the Bernstein theorem [34, 31]. A locally integrable function a : [0,00) — R is said
to be completely positive if the resolvent kernels given in Definition 2.4 below are
nonnegative (see the original paper [3] for more details). It has been pointed out in
[3] that completely monotone functions are completely positive (as locally integrable
functions, the definition at ¢ =0 does not matter). Using the integral formulation, it
is clear that as =1, (1.1) reduces to the usual ODE.

The first type of comparison principle is for two solution curves of (1.1) or (1.3).
If the initial value of one solution is smaller, the solution is always smaller. Such
results are well-established and one may refer to [9, 6] for examples. A more useful
type of comparison principle is for inequalities, which can give estimates to some
energy functionals and norms for the solutions. Such results using the differential
inequalities are actually also well-known [30, 9] but the proofs there are not easy
to generalize to numerical schemes. For uniform meshes, the comparison principles
for the differential form have been established in [18] and [20]. The proof there,
however, heavily relies on the discretization and is intrinsically different from the
proof for the time continuous version in [30, 9]. It is thus desired that the proof can
be motivated from the analysis for the time continuous equations. Besides, due to the
weak singularity in the memory kernels, the FODE models often exhibit multiscale
behaviors and the solution has singulairty at ¢ = 0 [4, 32, 33]. The adaptive time-
stepping is often adopted to address this issue [28, 23, 32, 15, 26]. Hence, it is desired
to establish the comparison principles for the variable step discretizations.
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Establishing explicit bounds for the discrete time fractional inequalities, or the
discrete Gronwall inequalities, is of great significance to get a priori bounds and to
prove stability of numerical schemes. The Gronwall inequalites with linear function
f(u) = Pu + ¢ may be established using the comparison principles because the solu-
tions to the FODEs with linear f(-) are explicitly known. There are several results
about the discrete Gronwall inequalities in literature [8, 21, 23]. The Groénwall in-
equality in [8] is restricted to uniform meshes. The ones in [21] are based on the
special form of L1 scheme so they only apply to L1 discretizations. The ones in [23]
can apply to a broader class but there is step ratio restriction and are not directly
applicable to estimate the decaying rate of solutions. Often the error control for dis-
sipative systems like the subdiffusion problems relies on the maximum principles [32]
so it cannot get the decay bounds for the numerical solutions.

In this work, we aim to establish the comparison principles and Gronwall in-
equalities for completely positive discretizations on nonuniform meshes (detailed in
section 2.3). Our new approach is to discover a different proof for the comparison
principles for time continuous FODEs based on the resolvents [3, 29], using similar
techniques as in [9, 7]. With the so-called pseudo-convolution (see the details in sec-
tion 2.2), one can define the resolvent kernels for nonuniform meshes as well. Then,
we can establish the comparison principles for the variable-step discretizations using
the resolvent kernels by generalizing the argument for the continuous case. Based on
the comparison principles, we establish Gronwall inequalities for the discretizations
making use of some key properties of the solutions to continuous equations. There is
no monotonicity assumption on the function f. The main results can be summarized
as below.

THEOREM 1.1 (informal version of Theorems 4.3 and 4.8). Consider the dis-
cretization of the differential form (2.17) that is completely positive and assume that
Cp_j; 18 comparable to the average of 91—a(tn — ) on the jth interval in some sense
(see the corresponding sections for the details). If a nonnegative sequence v, satisfies
that DXvy, < —Avp,+c¢ for A >0, then for some constants v >0 and ¢ > 0, it holds that

(a) vp SVeEo(—v7IMY) + (¢/A)(1 — Eo(—vIAY)) if vo < c/);

(b) v, < (vo — ¢/A)Eoq(—AtY) + ¢/ X if vo > ¢/ .

For the two cases, the final statements are similar. We divide them into vy < ¢/
and vy > ¢/ because the proofs rely on different properties of the solutions to the
continuous equations. The result in (a) is useful for the uniform bound estimate of
the numerical solutions while the result in (b) is useful to get the decay rate of the
solutions. One may obtain the decay estimates of norms of the numerical solutions
and the uniform-in-time error estimates for dissipative systems based on these results.
Another result is the following.

THEOREM 1.2 (informal version of Theorem 4.13). Consider the discretization of
the differential form (2.17) that is completely positive. Assume that Cy_; is comparable
to the average of g1—o(tn—-) on the jth interval and the stepsize T, satisfies that At <
0 for some § >0 (see the corresponding section for the details). If D*v,, < \v, + ¢ for
A >0, then it holds for some >0 that v, < (vg + ¢/A) Eq (™ AtY) — ¢/A.

In this result, we have removed the usual constraint on the stepsize ratio in
literature. The result is based on the comparison principles and careful analysis of
the asymptotic behaviors of the solutions to the continuous equation.

The rest of this paper is organized as follows. In section 2, some preliminary
concepts and results are reviewed, including the definition of generalized Caputo
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derivatives, the behaviors of the Mittag—Leffler functions, and the discretization we
conisder in this work on nonuniform meshes. In section 3, we present a new proof of
comparision principles using the resolvent kernels for the time continuous equations
and then generalize it to completely positive discretizations on nonuniform meshes.
Our main results for Gronwall inequalities are then established in section 4 and some
applications to dissipative systems are presented in section 5.

2. Preliminaries and setup. In this section, we review some basic concepts
and results for later sections.

2.1. The generalized Caputo derivatives and the resolvent kernels. In
this subsection, we summarize the generalized Caputo derivative introduced in [16, 17].
This generalized definition is theoretically convenient, since it allows us to use the
underlying group structure. Moreover, the generalized definition allows us to consider
the fractional inequalities for functions that are merely continuous.

The standard one-sided convolution for two functions u and v defined on [0, c0)
is given by

(2.1) (u*v)(t) :/[0 ) u(s)v(t — s)ds,

which can be generalized to distributions whose supports are on [0,00) (see [16, sec-
tions 2.1 and 2.2]). Recall the Abel integral kernels for a > 0 in (1.4). Let go = ¢
and

(2.2) 05(0) = ey D (1) B e (-1.0)

Here D means the distributional derivative on R. Then, for any 81 > —1 and (B3 > —1,

(23) 981 * 9B = 9B1+B2-

We remark that gg can indeed be defined for 8 € R (see [16]) so that {gg : 8 € R}
forms a convolutional group. We introduce the generalized definition.

DEFINITION 2.1 (see [16, 17]). Let 0<a <1 and T >0. Forue L] [0,T) and a
given ug € R, the ath order generalized Caputo derivative of u associated with initial

value ug is a distribution with support in [0,T) given by
(2.4) Diu=g_q * ((u — u0)1t20)~

It has been verified in [16] that if the function u is absolutely continuous, the
generalized definition reduces to the classical definition (1.2). A function u € L [0,T)
is a weak solution to (1.1) on [0,7) with initial value wg if the equality holds in
distribution. A weak solution u is a strong solution if lim;_o 7 fot |u(s) — uplds =0
and both sides of (1.1) are locally integrable on [0,T"). Using the group property (2.3),

one may obtain directly the following.

PROPOSITION 2.2 (see [16, Proposition 4.2]). Suppose f € L2 .([0,00) X R;R).

loc

Fiz T > 0. Then, u(t) € L [0,T) with initial value ug is a strong solution of (1.1)

loc

on (0,T) if and only if it solves the following integral equation:

(2.5) u(t):uo—i—ﬁ/o (t—5)°" f(s,u(s))ds Ve (0,T).

Using this integral formulation, the following has been shown in [16].
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LEMMA 2.3. Suppose f:]0,00) X (u,u*) =R is continuous and locally Lipschitz
in u where u, € [—00,00) and u* € (—oo0,00]. For any ug € (u.,u*), there is a
mazimum time T, > 0 and a unique weak solution on [0,Ty) satisfying u(0+) = ug.
This weak solution is a strong solution, and if T, < 0o, then either lim SUP; - u(t) =
u* or liminftﬁbe u(t) = ux.

Since the weak solution becomes the strong solution and, in fact, belongs to
C(0,T,)NC[0,Ty), the Caputo derivative then reduces to the classical one. Consider
the following linear FODE:

(2.6) D¢v=pv+ec.

The solution exists globally (i.e., T = 00) and is given by

c €
Here, E,(z) := Ey1(2) and the Mittag—Leffler function E, s is an entire function
given by (see, for example, [27, 10])
(28) Ea’ﬁ(z):k_om,a>0,ze(c.

It is then clear that E/ (z) = EC‘TOZ(Z) = a 'Eq4,4(2). The function E, g(z) has the
following integral representation (see [10]) for « € (0,2):

1 N 1 ¢Mer(1=p)/a
2 =B gt 2 / e ¢ d¢, z€Ry,
o 2T )y (e:5) (—z

(2.9) Eop(z)= ) < 1=B) /o
/ - S A zeR_,
v(€9)

2T (—=z

where 7(¢;6) is the curve consisting of {re= :r > ¢}, {ee? : —§ <0 <4}, and {re® :
r > €}, going from ooe™* to coe”. The parameter § satisfies Z* < ¢ < min(am, 7).
The region R, is the one on the right of v(e;d) while R_ is on the left. Note that the
two expressions appear different, but they are actually connected continuously across
the curve 7(e;0).

Next, we recall the resolvent kernels (see [2, 3, 29]). In [8], the resolvent kernels
have been used to establish the monotonicity of the solutions to autonomous fractional

ODEs, and then generalized to discrete schemes on nonuniform meshes in [7].

DEFINITION 2.4 (see [3, 29]). Let A > 0. The resolvent kernels vy and sy for a
are defined, respectively, by

(2.10) rA+ATA*a=Aa, Sx+Asy*xa=1l;>g.

It has been shown in [7, Proposition 2.1] that both r) and s are completely
monotone for all A > 0 if a is completely monotone. For the kernel a = g,, r) and
sy are thus completely monotone and strictly positive. Hence, the Abel kernel g, is
completely positive for o € (0,1). In fact, it has been mentioned in the proof of [8,
Lemma 3.4] that the resolvent ry for g, = ﬁtiq is

(2.11) ra(t) = —%Ea(—)\to‘) >0,

and thus s)(t) =1 — E,(—=At*) > 0.
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2.2. Discretization on nonuniform meshes. There are two ways to discretize
the fractional ODEs. One is to discretize the differential form (1.1) even though the
derivative may be understood in the generalized one (2.4), and the other way is to
discretize the integral form (1.3).

Let the computational time interval be [0,T], and let 0 =to <t; <t <--- <ty =
T be the grid points. We allow T' = co in some applications and in this case, there
are infinitely many grid points ¢,. Define N :={1,...,N} or N =N, when T = cc.
For n € NV, define

(2.12) Ty =ty —tp_1.

Let u,, be the numerical solution at ¢,,.
The integral form (1.3) may be discretized for 6 € [0,1] by

(2.13) Un=uo+» an_fimi=uo+ Yy al_ff =ug+I2f0.
j=1 j=1

)afl

Here, {a;_;} is an approximation of the average of g, (t, —s) = ﬁ(tn —s on

[tj—1,t;] while af’_ is like the integral of go (t, — s) on this interval. The notation ff
means an approximation of f at (1 —0)t; + 6t;_;. We consider two examples here.

The first is

(2.14) F=0=0)f(t;,u;) +0f(tjt1, ujt1)
while the second is

(215) ff:f(t?,u?), t? = (1*0)tj+0tj_1, U? = (170)u] +97.Lj_1.
These two approximations will have no big difference in our analysis later.

Next, we consider discretization of the differential form (1.1). One can first ap-
proximate the derivative and define

(2.16) Vi tj i =uj —Uj_q.

One may then introduce the following approximation inspired by (1.2):
n

(2.17) Dlup:=Y» cn_;Vouj=fl, neN.
j=1

Here, V,u; ~u/(t;)7; so cj,_; is an approximation of the average of g1 (¢, — s) on
[tj-1,15)-

We remark that (2.13) and (2.17) are related by the so-called pseudo-convolution
in [7] (also used in [24] for defining the discrete orthogonal convolution (DOC) kernel).
We arrange the kernel (aZ_j) into a lower triangular array A of the following form

with size |N| x |V

1

Qp
af  ap
(2.18) A=| - :
n n n
(] ay Qg

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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The pseudo-convolution * between two array kernels is given by the usual matrix
product between two arrays of the form (2.18) [7]. In particular, C' = A% B is given by

k

n
n __ n n+j—k n _ n ¥l
(2.19) cr —Zak_jbj or cn_k—Zan_jbjfk.
=0 =k

There are some special kernels that play important roles. The first is I with [}, = Onj-
This is the kernel that is 1 on the diagonal. The other one is L with L} ;=1 for all
J <n. This kernel corresponds to the Heaviside function 1;>¢ for the continuous case.
The inverse of L, L=, satifies that (L("D)r_ =1 for j =n, (L) _; = —1 for
j=mn—1 and 0 otherwise. This corresponds to the finite difference operator in (2.16).
It can be verified that I is the identify for the pseudo-convolution, and the following
properties hold.

(a) The pseudo-convolution is associative.

(b) If B is an inverse of A, namely A¥* B=1, then BxA=1.

The pseudo-convolution provides us a convenient way to investigate the properties of
the kernels. For example, the monotonicity preserving properties of some discretiza-
tions have been established using such tools in [6].

For a given A, the kernel Cr with A*Cgr = L is called the right complementary
kernel. The kernel C', with C, * A = L is called the left complementary kernel. The
kernel Cr is, in fact, the so-called right convolutional complementary (RCC) kernel
(see [22]) and Cf, is the discrete complementary convolution (DCC) kernel (see [23]).
If A is a kernel that is invertible, then direct verification tells us that Cr = AC"D%L
and Cp, = LxA—Y. Moreover, aj is nonincreasing in n if and only if the inverse of
Cr has nonpositive off-diagonals; a} is nonincreasing in j if and only if the inverse of
C1, has nonpositive off-diagonals.

The pseudo-convolution is also defined between a kernel and a vector x = (x;) jen:

(2.20) y=Axx <= yn:ZaZ_jxj YnenN,
j=1
then it holds that Ax(Bxx) = (A*B)*z.
One has the following simple conclusion.

LEMMA 2.5. Consider the kernel C := (c;;_;) for DY in (2.17) and the kernel

A= (ay_;) for I3 in the integral scheme (2.13). If C is the right complementary
kernel of A, then the two schemes are equivalent.

Proof. Tt is clear that Du,, = C¥V u, = C¥*L{"V%(u—wuq),, while Z¢ f(t% u%) =

Axf9. Hence, if C is the right complementary kernel of A, C*L(~Y) is the inverse of
A and the claim follows. a0

Below, we will mainly focus on schemes for the differential form. We then have

(2.21) B:=A"1'=CxL"tebl=c), W_.=c'_.—c

n—j — “n—j Z—j—h ]S?’L—l
Regarding the solvability, the following is straightforward and we omit the proof.

LEMMA 2.6. Suppose f(t,-) is uniformly Lipschitz with constant M. If 0Maf <
1 or, equivalently, M < cf for all n € N, the numerical solution to (2.13) or,
equivalently, to (2.17) is uniquely solvable.

Remark 2.7. As commented in [6], if ¢ is like the average of g1_o(t, — $), then
afy =1/cy is like the integral of g, on [t,_1,%,) so the discussion above is quite natural.
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2.3. Completely positive discretizations. In this subsection, we introduce
the class of variable-step discretizations we consider in this work.

One may define the resolvent R, using the pseudo-convolution similar to the
continuous case as in Definition 2.4,

1
(222) Ry+ A MR\xA=)A <= A—R)¥A= XR)\

The resolvent kernels have the following simple facts as proved in [7].

LEMMA 2.8. Suppose the diagonal elements of A are positive. The resolvent kernel
Ry, always exists for A >0 and RyxA= Ax R). Moreover, as A\ — 0o,

(2.23) Ry=1-X"1ACYD L O\,

where the O(A\™2) is elementwise.

As a discrete analogue of the complete positivity for the continuous kernels stud-
ied in [3], namely those with nonnegative resolvents, we say the kernel A (or the
discretization) is completely positive if for all A > 0, R, has nonnegative entries,
0<(Ra)g<land 37 (Ra)n_; <1

The following basic condition is present for many usual discretizations [23].

CONDITION 2.9 (equivalent condition for complete positivity). The array kernel
A is invertible and the inverse B= A=Y = (b _,) satisfies for all n € N that
by >0, b, ;<0 Vj<n,

n
n

(2.24) an >0

n—j =
j=1

The following has been proved in [7, Theorem 5.1].

PRrROPOSITION 2.10. The array kernel A is completely positive if and only if it
satisfies Condition 2.9.

The class of discretizations we study, therefore, would be those satisfying Condi-
tion 2.9, or equivalently, those are completely positive. For such discretizations, one
has the following observation which might be used in applications. The proof uses
the signs in B = A(=1) and is similar to those in [18, Theorem 3] and [20, Proposition
2.2]. We thus omit the proof.

LEMMA 2.11. Suppose H is a Hilbert space with inner product (-,-) and ¢ : H — R
is a convex function. If the kernel B = C*L(=1) for D satisfies (2.24), then

(2.25) DY p(un) < (@' (un), D un).
In particular, if u, #0, then one has

Un,

(2.26) D ]| < < ,Dfun>.
Tl

The following gives a simple condition for complete positivity.
LEMMA 2.12. If a;-’:ll >ay forallne N, n>2, and j <n—1, and the inverse
B satisfies by >0, bl'_. <0 Vj <n, then A is completely positive.

n—j —
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In fact, if b5 >0 and bj;_; <0 for all j <n, A must have nonnegative entries by
[7, Lemma 4.3]. Then, together with the fact that a?:ll > af, one can easily verify
that C = AC-D%L is nonnegative.

Below we look at examples of discretizations on nonuniform meshes. We say a dis-
cretization is completely positive if the corresponding kernel A is completely positive
(note that the schemes for differential form and the integral form are equivalent by
Lemma 2.5). The L1 scheme [25, 32] is the most popular and simplest discretization,
obtained by piecewise linear interpolation of the derivative u in the differential form,
which can be written as

(2.27) Du(t,) = D%u, := C¥Vru, = C*LE V% (u — ug)p,
where

1 L
2.28 A bty —s) "% ds.

It can be verified directly that B(~1) := C*L(~1) satisfies (2.24) so that A is completely
positive. Hence, the L1 scheme is completely positive (see also [6, section 6]).

One can also approximate the integral formulation. In [6, section 6], the integral
scheme

n 1 t;

(2.29) unzuo—FZaﬁ_jf(tj,uj), aﬁ_jzr—/ (t, —s)"ds
j=1 (@) tj—1

is proposed as approximation and has been proved to be completely positive.

For uniform schemes, all the CM-preserving schemes discussed in [20] are com-
pletely positive. This includes the standard Griinwald-Letnikov (GL) scheme, the
convolutional quadrature (CQ) with #-method etc. The GL and CQ methods are
not easy to generalize to nonuniform meshes. The requirement on completely posi-
tive schemes is quite reasonable. Some related discussions can be found in [23, 22].
The schemes considered in [23] are a subclass of completely positive schemes. More-
over, the second order Crank-Nicolson scheme with the L1t discretization can be
decomposed into a completely positive scheme plus a local difference operator and
the comparison principle can be established similarly, as we shall see in section 3.2.

Remark 2.13. The completely positive schemes may have some order barrier,
which means that the high order schemes cannot be completely positive. Often, in
these high order schemes, only the first few b7 terms (like 7 =1,2) cause issues. It is
possible to decompose the kernel for a high order scheme into a completely positive
kernel and the kernel for some local difference operator. We leave this for future study.

3. The comparison principles. In this section, we establish some comparison
principles. First, we give an alternative proof for continuous problems based on the
resolvents. Then, we generalize the proof to discrete schemes.

3.1. Comparison principles for time continuous case.

THEOREM 3.1. Suppose [ is continuous and locally Lipschitz in u. Let y and z be
two continuous functions satisfying D&y > f(t,y), D&z < f(t,z) in the distributional
sense, with y(0) > z(0), then y(t) > z(t) on the common interval of existence. If
y(0) > z(0), then y(t) > z(t) on the interval considered.

This result is, in fact, known. One can refer to [30, Theorem 2.3] or [9, Theorem
2.2] for the generalized version with less regularity. However, the proof there relies
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on the continuity of the continuous functions, which is not applicable for discrete se-
quences. We provide another proof using the resolvents, which can then be generalized
the discrete schemes.

By the definition (2.4), D%u = g_q * ((u — ug)1l¢>0). Using the definition of the
resolvent, we find that ry * g_, = A(6 — 7). Hence, one has

(3.1) A hrax DYu = (u —ug)lyso — 7o % (u — ug).

If w is absolutely continuous, one can see this more clearly. In fact, g_q * (1;>0(u —
Up)) = g1—q * (u’). Here, g1_q is the complementary kernel of g, in the sense that
J1—a * §a = l¢>0. It can then be derived from the definition of the resolvent that

(32) B\ *glfa:)\é’)\:)\(].tzo — T\ * 1t20)~
The main observation is that r) is nonnegative so that the inequality can be
preserved when convolving both sides with A~!ry.

Proof of Theorem 3.1. Define u:=y — z. Taking the difference between the two
relations, one has (in the distributional sense) that

Dz h(Ou(t). 1) = [ 0, f+ (1= n)2)dn

Convolving both sides with A~!ry, which is nonnegative, one then has
(u—up)li>0 — 7 % (U —up) > A"ty * (hu).
This implies for ¢ > 0 that
u(t) > (ug — ra % ug) + 7 * (u+ A"'hu)

(33) —upsat [ = )1+ h(s) Nl .

If up > 0, one can see that u(t) > 0 for ¢ small enough. Then, for all ¢t > 0
considered, we can take X large enough such that 1+ h(s)/A > 0 on [0,t], and (3.3)
implies that u(t) > 0.

Consider ug = 0. If u(t) < 0 somewhere, we set t; > 0 to be the first time when
u(t) < 0 on (t1,t; + €) for some € > 0. Then, u(t;) = 0. It is clear that u(t) = 0
on [0,t1], otherwise (3.3) would yield a contradiction by setting ¢ = ¢; and A large
enough. Take A large enough such that 14 h(s)/A >0 on (t1,%1 +€) and set

A:= sup 14h(s)/\
Se(tl,tl-'rs)

Take 0 < e such that f06 ra(s)ds <1/(2A). Moreover, let
to = argminse[t17tl+5]u(s) S (tl,tl + 5]
Then, u(t2) <0 and

to

u(ts) > / % (s — $)(1+ h(s)/\u(s)ds > Au(t) / ra(ts — 8)ds > u(ts) /2.

t1 t1
This is then a contradiction. Hence, the claim is proved. 0
If the inequality is given in integral form, the technique here does not apply, since
6 — ry is not nonnegative. Currently, the comparison principle is known to hold for

integral forms only when the function f(¢,-) is nondecreasing as in [16]. Whether it
can be generalized to general f is an interesting question.
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3.2. Comparison principles for numerical schemes. The argument in [30,
Theorem 2.3] or [9, Theorem 2.2] cannot be generalized to discrete schemes easily as
it relies on the continuity. Motivated by the proof above based on resolvents and the
pseudo-convolution, we are then able to establish a series of comparison principles for
the discrete schemes.

The following is for the implicit scheme (6 =1).

THEOREM 3.2. Suppose that the discretization is completely positive and C' is the
corresponding right complementary kernel. If yo > zo and for allne N,

(34) Dlyn 2 f(t,yn), DFzn < f(t,2n),

then the following comparison principles hold:
(1) If f(t,-) is nonincreasing for all t, then y, > z,. If C has positive entries,
then yo > zo implies that y, > z,.
(2) Suppose that f(t,-) is uniformly Lipschitz such that |0, f(t,u)] < M for all
t,u, and the discretization satisfies the stability condition M /cf <1, then one
has yn, > zn. If C' has positive entries, then yg > zo implies that y, > zy,.

Proof. Define u,, =y, — z,. Then, it holds that
(3.5) DXup > hpuy,
where h,, = fol Ouf(Myn + (1 —n)2y,) dn. Recall
Déuy, =C*(Viu,) = ATD 5,

Taking pseudo-convolution with A~! Ry on both sides of (3.5) and noting that R, has
nonnegative entries, one has

n

un Zug | 1= Y (Ra)n_; | + Ra®[(1+ hn/Nun].

j=1
Hence,
n n—1
(1= (RA)F(+ h/N))un > ug [ 1= (Ra)n_; | + D (Ra)n_j(1+hy /M.
j=1 j=1

Assume that u; >0 for j <n —1 has been established. For fixed n, one can choose M-
large enough such that the coefficients on the righthand side are all nonnegative, and
also such that 1 — Z?:l(RA)ij >0 if C has positive entries by Lemma 2.8.

If f is nonincreasing, 1 — (Rx)§ — hn/A > 0 always holds, then simple induction
yields that u,, >0 if ug > 0.

If f is assumed to be Lipschitz, then by Lemma 2.8, (R))§ =1—A"1b0p +O(1~2)
and bj = cjj. Consequently,

1= (R)F(+ /X)) =Xl — hn) +O(N72).

Hence, if ¢ > M, one can choose A large enough such that the coefficient is positive.
Then, u, > 0. 0

Taking f(t,u) =0, then D%y, > 0 implies that y,, > 0, which gives the following.
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COROLLARY 3.3. For any completely positive discretization, if DSx,, > Dy, for
allmneN and xq > yo, then T, > yp.

Below, we consider weighted implicit schemes for 6 € [0,1).

THEOREM 3.4. Assume the discretization is completely positive and C' is the corre-
sponding right complementary kernel. Suppose y and z are two sequences with yy > zg
and satisfy the following for 0 €[0,1) and alln € N:

(3.6) D2y, > fllyl, D22, < fll2],

where f2[y] and f2[z] are either given by (2.14) or (2.15).
(1) Suppose f is nondecreasing in w. If ¢ > OM, then y, > z,.
(2) If f(t,-) is uniformly Lipschitz with constant M, ¢§ > OM, and ¢ — cf >
(1—-0)M, then y, > z,. Moreover, if C' has positive entries, then yo > zo
implies that y, > z,.

Proof. Define u,, =y, — z,. It holds that
DUy, = CpFL V% (1 — ug)n > Ohp 1tin + (1 = 0)hy 2ty 1.

In the case of (2.14), hpy12 = hn1 = fol Ouf (tn,nyn + (1 — n)z,) dn. In the case of

(215)7 hn,l = hn,2 = fol auf(tgu 77?/791 + (1 - 77)22) dn
Taking the pseudo-convolution with Ry on the left for both sides, one has by the
nonnegativity of the elements of A\=! R that

Uy — Uy — R,\i(u — UQ) > AflR,\i(Ghmlun + (1 — O)hmgun_l),
which implies that

n

(1= (BA)§ (14 Ohna /A))un > [ 1= (Ra)n_; + A (1= 0)(Ra)p_ 12 | uo

£ 3 (R (14 851 /)

(3.7) AN = O) (R his2) uj.

The observation is that u, does not depend on A so for each n one can inductively
take A large enough to show u, > 0.

If f(t,-) is nondecreasing, then h,, > 0, £ = 1,2 and the coefficients on the
right-hand side of (3.7) are all nonnegative. By Lemma 2.8 and (2.21),

(RO =1-A"Len + O(A72).

Since |hp | < M, if ¢ > OM, then 1 — (Ry)g(1 + 6hy,1/A) > 0 for A large enough.
This then implies that wu, >0 for all n € N if ug > 0.

Now, we focus on the second case. Due to the same reason as above, if ¢ff > 0M,
then the coefficient of u,, is positive when A is large enough. Again, by Lemma 2.8
and (2.21), one has

n

SR =1-2"> b 0N ) =12l +O0(A?).
j=1

Jj=1
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Moreover, (Ry)?_; = —A~1"_; + O(A72). Hence, the leading term in the coefficient
of ug is A=te? _; with ¢_; > 0. For the last term in (3.7), as A — oo, the coefficient
for j =n — 1 satisfies

(R\)T(1+0hn—11/N) + A1 = 0)(R))ghn2= A" (=0 + (1 = 0)hy ) + O(N2).

If ¢f —c} > (1 —6)M, then noting —b} = ¢ — ¢} and |h,—1| < M, one finds that
the leading term in the coefficient for j = n — 1 is A7 (b7 + (1 — 0)h,,2) with
—b¢ + (1 = 0)hp2 > 0. For j < n —1, the coefficient is like (Ry);:_; + O(A™?) =
AN =Dy ;) +O(A7?). Since —bj_;=¢' ;| —cpr_; >0, then one can multiply A on
both sides to take the limit A — oo. This then yields that u,, > 0 by simple induction.

If C has positive entries, ¢ _; > 0. The coefficient of ug is like A= _; when X is
large enough. The coefficients in other terms at this order are all nonnegative. This
will then naturally yield w,, > 0 by choosing A sufficiently large. ]

" is like the average of g1—q (t, —5) on (tn—j—1,tn—j),

For a typical scheme, since ¢
1 1 (7_"4»7_”_1)17(1 7771L7a

‘0 r2-a) T I'2-a) Tn—1

Hence, when the step sizes are small, the conditions listed above are expected to hold.
Below, we perform a discussion for the Crank—Nicolson scheme. Consider the
so-called L1 scheme for the derivative at t,,_; /2

(3.8) @z == [T o= (s s,

where ITyu(s) is the piecewise linear approximation of w such that ITyu(t;) = u,.

Define
tn min(¢,ty)
/ / J1-a(t—s)dsdt, 1<j<n.
t tr—1

n—1

1
3.9 n=
(3.9) Xn—j =

Then, the Crank—Nicolson scheme is given by
(3.10) (Deu)" 2= "X Veu; = fo/?[u].
j=1

It has been shown in [22] that x7 is not monotone in j because xg could be smaller
than x7. Only when o > a, for some critical value a. € (0,1), one has xf > x7. If
one defines

(311) Cg :2X87 C;'l :X;la] > 13

then C' = (cj;_;) is monotone along both the columns and rows with the log-convex
condition c}‘jllc?H > c;?c?_l. The kernel associated with C' is completely positive

(see [6]). The Crank—Nicolson scheme can then be written as

(3.12) CFV iy = CFLTY5% (1 — )y = X8 (tn — Un—1) + f1/[u].
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PrOPOSITION 3.5. If a > a, the Crank—Nicolson scheme satisfies the following
comparison principle. Suppose f(t,-) is uniformly Lipschitz with constant M, and
two sequences {yn}, {2} satisfy (D2y)" V2 > fa/*[y], (D22)"~ V2 < f2/*[2), with
Yo > z0- If the discretization satisfies that x§ > M /2 and x§—xT > M/2, then y, > z,.
If the function is nondecreasing, one only needs x§ > M /2 for the comparison principle
to hold.

The sequence u,, =y, — z, satisfies

(313)  CFLC IR — u0) > Xttt 1)+ 3 (i + oz 1),

where h, ¢ (¢ = 1,2) are the same as in the proof of Theorem 3.4. The argument

above can then be carried here with minor modification. We thus skip the proof here.
We remark that some versions of the comparison principles above can also be

established using the technique as in the proof of [18, Theorem 3|, using the signs

of A=Y However, such a proof heavily relies on the properties in the discretized

scheme and has no analogue for the time continuous version.

4. Gronwall inequalities for completely positive schemes. In this section,
we will establish some Gronwall inequalities. The versions for f(u) = —Au+¢, A>0
could be used for uniform error control and decay estimates for dissipative systems.
We will only consider implicit schemes. The Gronwall inequality for the weighted
implicit or explicit schemes can be obtained similarly.

We start with some basic facts under the following assumption. We recall that
T € (0,00] (we allow T'= c0) and N is the set of index n such that ¢,, € (0,7]N (0, c0).

Assumption 4.1. There exists v > 0 such that for all n € N one has

1[4
v— glfa(tn_s)ds Vlgjgn
Tj Jt;4

(4.1) o

v

This assumption says that c;_, is bounded by from below by a fraction of the

average of g1_q(t, —-) on (tj_1,t;], which is clearly natural for the approximation of
the continuous derivative in (1.2).

LEMMA 4.2. Under Assumption 4.1, one has for concave function v(-) with v'(-) >
0 that

1 b
(42) ,Dg'l}(tn) 21/1_‘(1_0()/0 (tn 75)70"0/(5) dS:l/Da’U(tn) Vn GN
Moreover, for the L1 scheme, v =1.

Proof. By Assumption 4.1, consider each term in D2v(t,), one has

Cz—j(“(tj)—v(fj—l))Zvi_/tj glfa<tn_5>ds/tj v'(s) ds.

JJti— i—

Here, v/(s) is nonincreasing. By Chebyshev’s sorting inequality [11, item 236], one
has

1 [t tj tj
— Gi—a(tn —$) ds/ v'(s)ds > / g1—a(tn —8)V'(8)ds.

Tj Jtj 4 tj—1 ti—1
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In fact, a direct computation can also verify this:

t; t; t; t;
/ / glfa(tn - s)vl(z) dsdz — / / glfa(tn - S)U/(S) dsdz
tj71 tj71 tj71 tj71

B /fvj [ [91-a(tn = 8) = g1—a(tn — 2)](v'(2) = '(s)) dsdz > 0.

The equality above is by changing the order of integration for the second term. Sum-
ming over j and using (4.1), one then obtains the desired result. 0

As a special case, one has

« 1 @

4.1. A Gronwall inequality for uniform bound. Next, we will consider
T = oo and suppose Assumption 4.1 holds. In this case, |[N| = oo and we consider all
n > 1. We aim to establish a Gronwall inequality that is useful for the uniform bound
if the system is dissipative. This could be useful for a uniform-in-time error estimate.

THEOREM 4.3. Suppose the discretization is completely positive and Assump-
tion 4.1 holds for some v > 0 and all n > 1. Consider a nonnegative sequence
{vn}nefoyun satisfying for some X >0 that
(4.4) D, < —=Av, +¢, neN.

If A\>0 and vo < ¢/, then one has
(4.5) Vn < (vg — ¢/ N) Ea(—v N + ¢/
If A\=0 and vy >0, then one has
(4.6) vp, <o + Vﬁlcﬁtf{.
Proof. Consider only A >0 (A=0 is similar). Consider the auxiliary problem
DYy =v (= y” +¢),y" (0) = vo.
If vy < ¢/, the solution is concave using the explicit formula (2.7) and the fact that
t— Eq(—At%) is completely monotone. Then,
Doy’ >v(v =My +¢)) =Ny +e.

Since v — —Av + ¢ is nonincreasing, the comparison principle in Theorem 3.2 holds
for any completely positive discretization. Then, it holds that v, < y"(¢,), which is
the desired result. O

This results above hold with no restriction on the step size ratio and the largest
step size. They imply that the solution v,, of the implicit scheme Dv,, = —Av,, + ¢ is
bounded above by the exact solution when D2 is defined using the L1 approximation.
In fact, if @ =1 (the ODE case), it is known that v, = (vg — ¢/A) (1 + A1) " +¢/A <
(vo — ¢/ N)e T + ¢/ X =y(ty,).

Often for a dissipative system, one may obtain that the error satisfies
(4.7) Dflenll® < —Allen | +C77,
for some B> 0. Provided that |leo|| =0, the error is controlled uniformly in time as

B
(4.8) lenl* < CTT(l — Bo(—vIA2)) < %Tﬁ.
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4.2. A Gronwall inequality for decay estimates. In this subsection, we
consider a Gronwall inequality that can control a sequence above by a decreasing
sequence. In particular, consider the discrete inequality

(4.9) Dl up < f(un),

where f(ugp) < 0. We aim to find an upper boud for u,,. We first explain our strategy.
Suppose that for a class of nonnegative functions w(t), there is a constant p such that

(4.10) Crj / w(s)ds < p/ g1—a(tn —s)w(s)ds Vj<n.
ti_1 tj—1
Consider the function u”(-) solving
(4.11) D%uf = p~t f(uP), uf(0)=up.
Then ¢ — w”(t) is nonincreasing and w(t) = f%up(t) >0 for ¢t > 0. If w(-) is in the
class such that (4.10) holds, one then has
(4.12) D2 (U (1)) > pDuP = [(u).

The comparison principle in Theorem 3.2 implies that u, < u”(t,).
To establish (4.10), we introduce another assumption.

Assumption 4.4. There exists p; > 0 such that for all n € N,

tj
(4.13) Cpj < pli/ Ji—a(tnh —s)ds V1<j<n.
Tj Jtj_a

This assumption is a mirror version of Assumption 4.1, which says that the ¢, _; is
bounded above by a multiple of the average of g1_q(t,, —-) on (t;—1,t;]. We emphasize
that these two assumptions put no restriction on the step size ratio. In fact, for L1
schemes, cj;_; equals exactly the average so these two assumptions hold. Clearly, for
any nonuniform grid, one can define the L1 scheme.

Since it holds for s’ € (tj_1,t;) that

I 1 b 1
(4.14) —/ (tn—s)_“dsgi/ (tn —8) ¥ds < ——(t, — s') 77,
Tj tj_1 tnftj_l tj_1 11—«
one has the following.
LEMMA 4.5. Suppose Assumption 4.4 holds. Then (4.10) holds with p= 2.

The above constant p is not satisfactory. In fact, if « is close to 1, it blows up,
which should not happen in practice. Below, we will consider the special case

(4.15) flu)y==Au+ec, A>0

and make use of the information of the solution given by (2.7), with 5= —\. Clearly,
it suffices to consider y(t) = E,(—At*). Define

(4.16) w(t) :=—y'(¢).
Since y() is completely monotone, w is also completely monotone. Our observation
is that there could be another constant o such that

1 (%
(4.17) — w(s)ds < ow(t;),

Tj tj—1
which is good for @ € [1/2,1). Then, one can take p = pymin(1/(1 — «),0) for
a€ll/2,1).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/23/24 to 152.3.34.82 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2212 YUANYUAN FENG, LEI LI, JIAN-GUO LIU, AND TAO TANG

LEMMA 4.6. The function w(t) in (4.16) is a completely monotone function so
that t — % is nondecreasing for any T > 0. Consequently, for a € [1/2,1) and 7,
with AT <1, one has for two universal constants ci,ca such that

(4.18) L% () ds < 2 max(@2, a-VYu(t,).

Tj tj_1 C1

One can thus take o =2cqy/c1 > 1 for (4.17).

Proof. Since y(-) is completely monotone, w(t) = —y'(¢) is completely monotone
by definition. By the discussion in [2, 29], ¢t — w(t + 7)/w(t) is nondecreasing. Let ng
be the smallest one such that /\tgo > 1. For all t > t,, and 7 with A7® <1, one has
7 <tn,. Recalling that w(t) = at®* (o ' E, o(—AtY)), one thus has

w(t) w(tn,) tng ot O‘_lEa,a(_)‘t%o)
< = .
w(t+7) " wtn, +7) tng + T a1 Ey o(=A(tn, + 7))

The right-hand side can be bounded easily. In fact, the function (see [27])

_ N~ (D (D -
s 1Ea,a(_z)_;m 04 / M dr

is positive, continuous, and nonincreasing in z > 0 (M,/(+) is nonnegative). More-

over, it is continuous in « on [1/2,1]. Hence, there exist 0 < ¢; < ¢y such that

for all a € [1/2,1) and all 2 < 3, ¢1 < @ 'E,4(2) < ca. Clearly, A(tp,—1 + Tny +

7)* < 3*Amax(tn,, Tny, 7)* < 3% Then, A(t,, + 7)* € (0,3] and w(t)/w(t +7) <
W(tng ) /W(tny +7) <217%y /cq. Hence, for j > ng,
t; l-a

e w(s)ds < 2 e

T Jt; 1

w(t])
¢

Next, for j <ng — 1, one has c; Aat® ! <w(t) < cohat® L. Tt follows that

1 t; tj CQ/\ta ! C
— ds<—/ <—2w(tj).
T tj1 (e C1(x
Combining these two cases, the conclusion then follows. ]

Remark 4.7. The upper bound in A3 <1 is not crucial. In fact, for fixed v > 0,
if we restrict A7 <+, then we can find corresponding constant o.

One can then establish the following Gronwall inequalities.

THEOREM 4.8. Consider a variable-step completely positive discretization and a
nonnegative sequence {vn tneoyun- Let A >0 and vo > c/\.
(1) Suppose Assumption 4.1 holds for some v > 0. If D&v, > —Av, + ¢ for all
n €N, then it holds that

(4.19) U > (v C)Ea(—u—lAtg)+5.

DY hy

(2) Suppose Assumption 4.4 holds for some p1 > 0. If D*v, < —Av, + ¢ for all
n €N, then it holds that

(4.20) o < (1)0 - E) E. <—)\(1p:a)tf;) + §
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If, moreover, it holds that A\t& < 1 for all n € N, then for the universal
constant o introduced in Lemma 4.6, it holds that

c A c

. W< (vo— <) Bo [ -2t ) + <.

(4.21) v _(vo )\)E ( tn)+A
Proof. (1) Consider the auxiliary equation

Dy =v (=¥ +¢),y”(0) = yo.

Now that vy > ¢/, ¥ is a nonincreasing, convex function. Then, one may apply
Lemma 4.2 to —y” to obtain

D&y” <vD%y¥(t,) = —My” +c.

The comparison principle in Theorem 3.2 then implies v,, > y” (¢, ), giving the desired
result.
(2) Consider the auxiliary problem

D2y? = p~H(=Xy” +¢),4°(0) = yo.
By Lemma 4.5, one can take p=p;/(1 — «) and then
DeyP > —Ayf +c.

Then, by Theorem 3.2, one concludes that y(t,) < y”(t,).
If the discretization satisfies A7% <1, motivated by Lemmas 4.5 and 4.6, one can
take for all a € (0,1) that

202
pP=p1—— =pP10.
C1

Note that for « <1/2, p1/(1 — ) < p1o so taking p = pyo also works for o < 1/2.
Now, since p > 1, p~tA7¥ <1 holds, Lemma 4.6 applying to y”(-) then gives

,Dgyp(tn) > _)\y/} +ec.

The comparison principle in Theorem 3.2 then yields the last result. 0

COROLLARY 4.9. Consider a variable-step completely positive discretization. If
D¢v, < —Avy, for a nonnegative sequence {vn fnefoyun and some X >0, v, has an
upper bound v, < UoEa(—%tg), where p=p1/(1— ). If \r2 <1 for alln € N, one
can take p=pio.

Remark 4.10. For L1 scheme, the solution to the implicit scheme satisfies
(4.22) ( C)E( M)+ S < <( C)E Apa) 1€
. Vo — 7T a\T Ay TSUn > |V — T a |l T T ln N
DY A DY P A

where p; =1 so that p=min(1/(1 —a),o). The lower bound holds for any discretiza-
tion, while the upper bound holds for A7 < 1. This means that the solution of the
implicit scheme is above the exact solution.
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4.3. A Gronwall inequality for growing linear functions. We aim to es-
tablish a Gronwall inequality for f(u) = Au+ ¢. Compared to [23], we aim to remove
the requirement on the step size ratio. The key is again to show for some u € (0,1]
that D2y > puD%y where y is the solution to the auxiliary equation. We assume
Assumption 4.1 and need

tv
H ! —a,
(4.23) - (y(t;) —yt; —1)) = 7/ (tn —5)" "y (s) ds.
! ! ! F(]‘ - a) tj—1

There are two special cases to guarantee this:

o If y(s) <0 for se [t] 1,t;], then under Assumption 4.1, one can take p=wv.

o Ifch_;>pi(tn —s)~% or 7; “Hy(ty) —y(tj—1)) > 1y (s) for s € [t;_1,t;], one

can then take p=wvpu,.

The function y(s) is not concave unless A =0. It is concave only near ¢t = 0. In fact,
using y'(s) = As* "1 E, o (As®) and the power series of Mittag-Leffler function in (2.8),
one has the following claim.

LEMMA 4.11. Let w(t) =y'(t) where y(t) = E4(Mt*), A >0 and a € (0,1). Then,
there exists t, >0 such that w is decreasing on (0,t.) while increasing on (t,c0).

Proof. Since w(t) = M1 E, (M), we set z = \t®. Then,
w= Ve Ve (2)= F(z).
Recalling the power series of E, o(2) in (2.8), one has

ANV ()= (1=a )2 Eaal2) +27% Bl o (2)

o0

—1 1—0[71-5-]{)

" T(a(k+1))

Let ko be the integer such that 1 — o~ ' +ky <0 while 1 —a~ ' + kg + 1> 0. Such ko
exists and kg > 0. Define

k [eS)
IR N et et Y l—ofl—Hc)
A(ZF;) T(a(k+1) ; alk+1))

Let z,. be the first point such that A(z.) = B(z,). It is clear that z, exists and z, > 0.
For z < z., B(z) — A(z) <0. For any z > z,, let £ := z/z, > 1. Then, it is clear that
A(z) < &R0 A(z,) while B(z) > £%0 B(z,). Then, B(z) — A(z) > & (B(z.) — A(z.)) = 0.
This means that there is only one point z, such that F'(z) is zero and thus only one
t, such that w'(t.)=0. |

Then, for t,, < t., one can use the concavity as in Lemma 4.2. For large t,, we
turn to the second case above. Clearly, c,_; > pi(t, —s)™* for s € [t;_1,t;] cannot
hold if s is near ¢,. Hence, we seek a lower bound for 3/(t)/y’(t + 7). By the integral
representation (2.9), one finds that

1 1/a 1 eV c1=h)/a
4.24 B, s(M®) = ZA(1=8)/a(1=B) A/t / et TP
( ) ”8( ) & c + 2mic ~(€96) C — \te C

The first term grows exponentially while the second term goes to zero algebraically
as t — oo. This observation gives a way to control y'(t)/y/ (¢t + 7) for ¢ large.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/23/24 to 152.3.34.82 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

GRONWALL INEQUALITIES FOR DISCRETE FODEs 2215

LEMMA 4.12. Let u(t) = Eo(M®) and w(t) :=u/(t) = MO E, o (At*). For any
0<t<t+7 <t with A\v* <1 where t' is a given upper bound, there is a universal
constant 1 € (0,1) (independent of all parameters) such that

(4.25) -/ sy / () ds > n / T sy w(s) ds.

T

Proof. Note that w decreases first and then increases. Let t, be the transition
point. We aim to find g € (0,1) such that when ¢, < s < s+ 7" with 7 <7 such that

(4.26) w(s 7

> .

We first prove the claim by assuming (4.26). In fact,
o If ¢t 4+ 7 <t,, then w is nonincreasing on this interval and thus,

1/:”@/s)adg/tt+7w(5)d52/tt+7(t's)aw(s)ds.

T

o If t >1t,, then by (4.26), one has

1 t+71 t+1 t+71
- / (' —s5)™ ds/ w(s)ds > / (t' —8)"“w(t+7)ds.
t t t

T

e For t, € (t,t+7), define

() = {w(s), s <ty,

w(ty), s>t

Then, w is nonincreasing so one has by Chebyshev’s sorting inequality that

1 t+7 t+7 1 t+7 t+7
f/ (t’—s)_“ds/ w(s)ds > f/ (t'—s)~“ ds/ w(s)ds
t t t t

T T
t+1
2/ (t' — s)"%w(s) ds.
¢

For s > t,, w(s) =w(t.) > prw(s). Hence, the claim still holds for this case.
Next, we establish (4.26). Letting z = At® and taking ¢ = an in (4.24), for
a€(0,1) and S =a <1+ «, one can take ¢ — 0 to have

E, a(z> — lz(l—a)/aezl/“ + i/ r(l—a)/ae—rl/“ 5 T‘Sil’l(ﬂ'(l - Oé)) dr
’ @ Ta Jo r2 — 2rzcos(ma) + 22

=11 + I>.

Using sin(ma/2) > a and the simple bound e pl/a <e™ !, one has

sin(ra) ™

T zae

sin(ra) [ 1 sin(ra) / 7 ™
I < dy < (4= +
zema J_1 y? +4(y+1)a? zema \da  2v/2aq

Here, the integral is compared to that of 1/(y* + 4a?), 1/(y? + 2a2), and 1/y?, re-
spectively, for y >0, —1/2<y <0, and y < —1/2. Hence, one has

+1)§

Ir(z) ™
I1(z) = sl agltaila

(4.27)
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Below, we consider two cases.
Casel. a>1/2.
For z > 1, one has I5(2)/I(z) < 7/e?. Decompose

w(t) = MO L OEY) + X (M) =2 wy (t) + wa ().
Then, w (t) = a~I\/aeA 't and wo/wy < m/e?, which implies that

w(t) wi () 1 wi () < 1 .
w(t+7) T wi(t+71)Fwet+7) T 1+ Fw(t+7) T 1+E

e2

For z <1, one has

-1 _ - 2" o - (k+ 1)Zk
« Ea,a(z)*gar((k_i_l)a) 7};)1‘((]@4—1)044-1)

Since 4/5 <T'(14+a) < 1 and the a =~ T'((k+1)a+1) is increasing since (k+1)a+1>
1.5, one finds that a=!'E, ,(z) is uniformly bounded as

1<a "By a(z) 2B 01/2(1) =

Then, one finds that e\t~ <w(t) < aXt*~ 1.
Combining these two results, if ¢, is the transition point for w, then for all ¢, <
s<s+ 7 with A\(7/)* < 1:

Case 2. «<1/2.
We take M >1 to be determined later. For z> M™%, one has by (4.27) that

< —F.
I,(z) ~ elti/M

Using similar argument as above, if z = At“ > M™%, one has

w(t) 1
> e
w(t—’_T) 1 + 1+1/M

-1 _.
=ipM1,2-

We show that w is monotone for z = AM* < M~ if M is large so that Aty > M—<.
Then, taking p1 =min(us 1, p11,2) clearly makes (4.26) hold.
Recall

w(t)=F(\tY), F(z)=A/z" Vg, (2).

Since dz/dt > 0, one need only consider

d a—1 F{(2)
—log F(z) = !
dz 8 (2) az + Fi(2)’

Noting that inf,~oI'(a) > 0.8, one has

oo o
(k + 1)kt
+—Z <25 (o 1)kt =
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Moreover, since I'(a) < 1 for a € (1,2), one has

2217

oo (1/a]
(k+1)z d 1—zl/e+2 g q— /e
_ k+1 > — .
ZOF k+1a+1) /;)( +1)2° Td: 1-z “dz 1-2z
Here, we used the fact that dz = W is decreasing in m for m > 1. In
fact, the derivative of m — log(z™~1[m(1 — z) + z]) is negative. These imply that
!
F{(z) < 5 1

Fi(z) " 20-2)(1-(1-z+az2)z//(az))
Consider the expression

1/« Zl/oz
A=(1— 1/a —(1-2)= o (1
(I—z4a2)z/Y/(az)=(1-2) o <(1-2) o

Optimizing over « € (0,1/2], one has

L1/ 222, 2<1/4/e,
<

< 1
o T(z)e’ Z>1/\/E

Then, one finds that A < 1/2+ 1/M (note that e~ (27! — 1)/In(1 + (27!

monotone in the case z > 1/+/¢). Hence, for z < M™%,

Fl(z) 5 1
< .
Fi(z) 7 1-2M-11-2

Moreover, 1 —2>1—-M~"*>a(lnM)M~* > a(lnM)z. Then, for z < M~

—1 InM(1—2M1
ilogF(z)<a +5/(nM( )), a<1/2.
dz oz

Hence, for M large enough, this is negative. This means that A\t& > M ~<.

+ ML

—1)) is

, one has

|

THEOREM 4.13. Consider a variable-step completely positive discretization. Sup-
pose Assumption 4.1 holds for some v > 0. Let u:=vu, where py is the constant in
Lemma 4.12. Assume AT <min(u,v/T(2—«)) for alln € N. Suppose a nonnegative

sequence {Vn }nefoyun satisfies for some A >0 that
(4.28) Dv, <Avp,+e¢, neN.
Then one has for n € N that

c
4.29 w < (v0+ 5 ) Bali'At) - 5.
(1:29) on < (v0+ 5 ) Balu™ M) =
Proof. Consider the equation
Dyt =p~ (At + ), y*(0) = yo
Note that p~!A7® < 1. By Lemma 4.12, one has

Dyt (tn) > Myt + c.

If A\ < v/T'(2 — «), one then has ¢ > M. By the comparison principle in
Theorem 3.2 and formula (2.7), one has v, <y*(t,), which is the desired result. 0O

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/23/24 to 152.3.34.82 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2218 YUANYUAN FENG, LEI LI, JIAN-GUO LIU, AND TAO TANG

5. Applications to dissipative systems. In this section, we consider two ex-
amples for the dissipative systems to illustrate how the Gronwall inequalities above
can be applied. The first is the standard subdiffusion equation while the second is
the time fractional Allen—-Cahn equation.

5.1. Example 1: Subdiffusion equation. Consider the following subdiffusion
equation on a bounded domain Q € R? with d > 1:

Diu=Au+ f(z), €
uloo =0, u(z,0) = uo(z).

(5.1)

Consider the approximation where the time derivative is discretized by the L1
scheme on nonuniform mesh (i.e., (2.27)—(2.28)) and the Laplace operator A is dis-
cretized by the centered difference method Ay, with spatial step h. Then, one has

(5.2) Duy, = Apup, + f(z).

The truncation error for spatial derivative is clearly O(h?). Regarding the temporal
truncation error, if the solution is assumed to be smooth, the truncation error for
L1 scheme is 727 [25], where 7 is the maximum time step. However, taking into
account the singularity near ¢ = 0, the truncation error reduces to 7. Using graded
mesh, ¢, =T (n/N)" can improve the accuracy [32]. Here, we consider the truncation
error on a general nonuniform mesh

(5.3) R, :=D%u(-tn) — DSu(-,tn) =DXul(-,tn) — (Apu(,tn) + ().
Let ©, be the set of spatial grid points and consider

(5.4) (w,0), = Y ul@p(@)h?, |ullf = (u,u)q,.
TEQ,

Then, the truncation error is bounded by
(5.5) | Rnllee < C(1 + h3),

where 7 = max; 7;, C' is independent of n.
For the discrete Laplacian Ay, there exists a constant x > 0 such that for all
discrete functions v being zero on 02y, one has

(5.6) —(v,Apv)0, > kv 7.

We have the following conclusions.

PROPOSITION 5.1. Let uo, be the steady solution of (5.1), and let u", be the
steady solution of the numerical scheme. If k7 <1, then for the universal constant
o introduced in Lemma 4.6, one has

(5.7) lun = ulollez < lluo — ul [l Ea(—07 ' st7).

Moreover, the error satisfies

C

(5:8) Sup [[un — u(tn)llee < (7 + h?)(1 = Ea(=sty)).

Consequently, |[uso —ul ||,z < C(T + h?).
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h

Proof. Since uz,

is a steady solution to the numerical scheme, one has

D5 (uy, — ul,)

= Ap(u, —ul).
Then, by Lemma 2.11,
Uy — ul

[t — uhoTlp , D7 (un — “Zo)> < —lu — ullez-
o0

D[y — 2 < <

Theorem 4.8 then gives the desired result (Assumption 4.4 holds with p; =1 for L1
discretization).
By the definition of truncation error,

Dou(-,tn) = Apu(-,tn) + f(-) + Ra.

If one defines the error e, :=u, — u(-,t,), one has
Die, = Apen, — Ry,

Pairing with ﬁ, one has

D2lenllez < —kllenlle2 + C(7 + h?).
Applying Theorem 4.3 (with vo =0 and v = 1) gives the desired control to the error. O

5.2. Example 2: Time fractional Allen—Cahn equation. We consider the
following one-dimensional (1D) time fractional Allen-Cahn equation as an example
[14]:

D =r*0pu+ (u—1u?), zeT,
(5.9) N ( )
u‘t:() = Ug-

Here, T is the 1D torus with length 27 (i.e., [—7, 7) with periodic boundary condition).
The equation is associated with a free energy

K 2 1, o 2
(5.10) Elw)= | —|0zul*+ —(u” —1)"dx,
L 2 4

and the equation is actually the time fractional gradient flow of this free energy in
L*(T),
oF
5.11 Déu=——.
(5.11) fu=—
See [18] for some discussion on how one uses the discretization to analyze the behaviors

of time fractional gradient flows.
Below, we consider x > 1 and the discretization with L1 scheme:

(5.12) D%uy, = k2 D*up + (up — ud).

Here, D? means that the spatial derivative is discretized by the Fourier spectral
method with uniform spatial stepsize h. For any p > 0, there exists C' > 0 such that
the truncation error satisfies

(5.13) rn = || DXu(-,t,) — (Ii28g;xun + (uy — ui))H@z < C(1 4+ hP).

The truncation error for the time discretization has been discussed above in the first
example. The spatial truncation error is standard for spectral method. For spectral
discretization, one has for a sequence v with zero Fourier mode 09 =0 that

(5.14) —(v, D?v) > ||v||Z..
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PROPOSITION 5.2. Suppose that ug is an odd function on [—m, 7] and k* > 1.
Assume also that (k* — 1)1 <1, then the L? norm of the numerical solution satisfies

(5.15) tnllez € CEo(—0 (K% — 1)t%) ~ Ct, %, n— oo.

The error satisfies

C(7+ hP)

(5.16) lw(tn) — unllez < o (1—Eo(—(r*=1)t2)).

If ug is an odd function, then the zero Fourier mode of wu,, preserves to be zero.
Then,

Un

(5.17) <||U|e

2D + (1 =) ) < 2l + el = 1ol

1
[[n |2

< = (K" = Dllun]e.

The detailed proof would be the same as that for Proposition 5.1, so we omit it.
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