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GRADIENT FLOW APPROACH TO AN EXPONENTIAL THIN FILM
EQUATION: GLOBAL EXISTENCE AND LATENT SINGULARITY

YuaN Gaob?*, JiIAN-Guo Liv® AND XIN YaNG Lu*?

Abstract. In this work, we study a fourth order exponential equation, u; = Ae™", derived from
thin film growth on crystal surface in multiple space dimensions. We use the gradient flow method in
metric space to characterize the latent singularity in global strong solution, which is intrinsic due to
high degeneration. We define a suitable functional, which reveals where the singularity happens, and
then prove the variational inequality solution under very weak assumptions for initial data. Moreover,
the existence of global strong solution is established with regular initial data.
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1. INTRODUCTION
1.1. Background

Thin film growth on crystal surface includes kinetic processes by which adatoms detach from above, diffuse
on the substrate and then are absorbed at a new position. These processes drive the morphological changes
of crystal surface, which is related to various nanoscale phenomena [16, 27]. Below the roughing temperature,
crystal surfaces consist of facets and steps, which are interacting line defects. At the macroscopic scale, the
evolution of those interacting line defects is generally formulated as nonlinear PDEs using macroscopic variables;
see [7, 11, 17, 23, 26, 30, 31]. Especially from rigorously mathematical level, [1, 9, 12-14, 22] focus on the
existence, long time behavior, singularity and self-similarity of solutions to various dynamic models under
different regimes.

Let us first review the continuum model with respect to the surface height profile u(¢, ). Consider the general
surface energy,

G(u) = /9(51|Vu| + %|Vu|p)dx, (1.1)
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where (2 is the “step locations area” we are concerned with. Then the chemical potential u, defined as the
change per atom in the surface energy, can be expressed as

oG

Miza

V’U,
=_V.- \v4 p—2v
- (’81|vu| + el Vel “)

Now by conservation of mass, we write down the evolution equation for surface height of a solid film u(¢, z):
us+V-J =0,
where
J =—-M(Vu)Vps,

is the adatom flux by Fick’s law [23], the mobility function M (Vu) is a functional of the gradients in v and p;
is the local equilibrium density of adatoms. By the Gibbs—Thomson relation [19, 23, 25], which is connected to
the theory of molecular capillarity, the corresponding local equilibrium density of adatoms is given by

(O

Ps = pert,

where p° is the constant reference density, T the temperature and k is the Bolzmann constant.
Notice those parameters can be absorbed in the scaling of the time or spatial variables. The evolution equation
for u can be rewritten as

u =V (M(vu)ve%). (1.2)

It should be pointed out that in past, the exponential of p/kT is typically linearized under the hypothesis
that |u| < kT see for instant [18, 20, 29] and most rigorous results in [1, 9, 12-14, 22] are established for
linearized Gibbs—Thomson relation. This simplification, e* ~ 1 + p, yields the linear Fick’s law for the flux J
in terms of the chemical potential

J=—-M(Vu)Vpu.

The resulting evolution equation is

git‘ =V. (M(Vu)v (if)) : (1.3)

which is widely studied when the mobility function M (Vu) takes distinctive forms in different limiting regimes.
For example, in the diffusion-limited (DL) regime, where the dynamics is dominated by the diffusion across
the terraces and M is a constant M = 1, Giga and Kohn [14] rigorously showed that with periodic boundary
conditions on u, finite-time flattening occurs for 5 # 0. A heuristic argument provided by Kohn [17] indicates
that the flattening dynamics is linear in time. While in the attachment-detachment-limited (ADL) case, i.e. the
dominant processes are the attachment and detachment of atoms at step edges and the mobility function [17]
takes the form M(Vu) = |Vu|~!, we refer readers to [1, 12, 13, 17] for analytical results.

Note that the simplifed version of PDE (1.3), which linearizes the Gibbs-Thomson relation, does not distin-
guish between convex and concave parts of surface profiles. However, the convex and concave parts of surface
profiles actually have very different dynamic processes due to the exponential effect, which is explained in
Section 1.2 below; see also numerical simulations in [21].
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Now we consider the original exponential model (1.2) in DL regime

uw =V- (Ve%) = Ae_v'('v“‘p”V“) (1.4)

)

with surface energy G := | o %|Vu|p dx, p > 1. The physical explanation of the p-Laplacian surface energy can
be found in [24]. From the atomistic scale of solid-on-solid (SOS) model, the transitions between atomistic
configurations are determined by the number of bonds that each atom would be required to break in order to
move. It worth noting for p = 1 [21] developed an explicit solution to characterize the dynamics of facet position
in one-dimensional, which is also verified by numerical simulation.

In this work, we focus on the case p = 2 for high dimensional and use the gradient flow approach to study
the strong solution with latent singularity to (1.4). We will see clearly the different performs between convex
and concave parts of the surface. Explicitly, given 7' > 0 and a bounded, spatial domain 2 C R¢ with smooth
boundary, we consider the evolution problem

up = Ae™ A in £2 x[0,T7,
Vu-v=Ve 2 .uy=0 ondf x [0,T], (1.5)
u(x,0) = u'(z) on {2,

where v denotes the outer unit normal vector to 0f2. The main results of this work is to prove the existence of
variational inequality solution to (1.5) under weak assumptions for initial data and also the existence of strong
solution to (1.5) under strong assumptions for initial data; see Theorems 2.13 and 3.4 separately.

1.2. Formal observations

We first show some a priori estimates to see the mathematical structures of (1.5).
On one hand, formally define a beam type free energy ¢(u) = fQ e~Audx (see rigorous definition in (2.7)),
so we can rewrite the original equation as a gradient flow

_ 5¢ _ —Au
up == Ae 24, (1.6)

and

T

1
o)+ [ [ 527 dvat = o(0)

0o Jo ou

for any T > 0.

Notice boundary condition Vu - v = 0. We have

/ Audz =0,
0

which gives

_ ||A“||L1(Q)

1(Aw)* |1 (@) = 1AW [ 5 ,
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where (Au)t := max{0, Au} is the positive part of Au and (Au)~ := —min{0, Au} is the negative part of Au.
Since

|(Aw)~ || = / (Au)” dx < / B dr < / e~ (BT HAWT gy d(u) < d(u’) < +oo,
7 7 Q

where §2, is the area such that (Au)t = 0, we know [|Aul|p1(o) < 2¢(u”) < +o00. However, since L' is non-
reflexive Banach bpace the uniform bound of L' norm for Au dose not prevent the limit being a Radon measure.
In fact, from ¢(u) = [, e o€ ~Atdg and (1.6), we can see a positive singularity in Au should be allowed for the
dynamlc model; also see an example in page 6 of [22] for a stationary solution with singularity. We will introduce
the latent singularity in (Au)™ in Section 2.1.

On the other hand, we introduce another free energy

B(u) = %/ﬂufdx:/ﬂ(Ae’A“)de, (1.8)

and variational structure

dE(w) 1d 9
_1d 1
dt 2dt J, " dz (1.9)
= / ug(Ae ™2 dz = | Aug(e %), dz = / —(Auy)?e 2% dz <0 (1.10)
7 2 Q

which shows a priori estimate
/ u? dx = / (Ae=2) 2 dz < / (Ae‘A“O)2 dr = E(u®);
Q [0 10

see also [22]. Noticing qb = [,e PG At dg < ¢(ul), from Poincére’s inequality, Young’s inequality and the
boundary condition Ve~2% . v = 0, we have

1
/ |67A"|2 dx < c/ |V67A“|2dx+ — 2 (u°)
o 92|

1
:c/ —e A Ae™ A dz + —¢? (u0) (1.11)
o 2]
1
/|e A“\ng:Jrc/ |Ae™ 242 de + — |[2| »?(u?),

where ¢ is a general constant changing from line to line. Hence we know

/ le=2%2 dz < c/ |Ae™ 22 de + — |Q| 2(u?).

Then by Lemma 1 of [22], we have

/ |D2e= 242 dz < c/ (Ae=2)2dz 4+ C(u) < C(u°), (1.12)
o o

where C'(u?) is a genetic constant depending only on u”. This, together with (1.11), implies

le™ 2| 2) < C(u). (1.13)
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Although these are formal observations for now, later we will prove them rigorously except for (1.13), which
used formal boundary condition Ve ™% . v = 0.

1.3. Overview of our method and related method

Although from formal observations in Section 1.2 the original problem can be recast as a standard gradient
flow, the main difficulty is how to characterize the latent singularity in (Au)™ and choose a natural working
space.

As we explained before, the possible existence of singular part for Aw is intrinsic, so the best regularity we
can expect for Au is Radon measure space. To get the uniform bound of [|Aul| v¢(s2), We need to first construct
an invariant ball, which is realized by an indicator functional ¢ defined in (2.13), then we show that v is indeed
never enforced in the solution after we obtain the variational inequality solution; see Theorem 2.13 and Corollary
3.1. After we choose the working space M(£2) for Au, we can define the energy functional ¢ rigorously in (2.7)
using Lebesgue decomposition. Using the gradient flow approach in metric space introduced by [2], we consider
a curve of maximal slope of the energy functional ¢ + 1 and try to gain the evolution variational inequality
(EVI) solution defined in Definition 2.4 under weak assumptions for the initial data following Theorem 4.0.4 of
[2]. However, since the functional ¢ is defined only on the absolutely continuous part of Auw, it is not easy to
verify the lower semi-continuity and convexity of ¢, which is developed in Sections 2.3 and 2.4. Finally, when
the initial data have enough regularities, we prove the variational inequality solution has higher regularities and
is also strong solution to (1.5) defined in Definition 3.2. We remark that the gradient flow in metric space is
consistent with classical setting of gradient flow in Hilbert space. An alternative approach to study EVI solution
is to use classical well-posednees theory for m-accretive operator in Hilbert Space; see for instant Theorem 3.1
in [5] or Theorem 4.5 in [3]. However, to gain potential generalization to general energy functional, we ignore
the Banach space structure and use the framework for gradient flow in metric space introduced by [2], which
contains more understandings.

Recently, [22] also studies the same problem (1.5) using the method of approximating solutions. Their method
based on carefully chosen regularization, which is delicate but the construction is subtle to reveal the mathemat-
ical structure of our problem. Instead, our method using gradient flow structure is natural and more general,
which is flexible to wide classes of dynamic systems with latent singularity. When proving the variational
inequality solution to (1.5), we also provide an additional understanding for the evolution of thin film growth,
i.e., the solution w is a curve of maximal slope of the well-defined energy functional ¢ 4 v; see Definition 2.12.

The rest of this work is devoted to first introduce the abstract setup of our problem in Sections 2.1 and 2.2.
Then in Sections 2.3-2.5, we prove the variational inequality solution following Theorem 4.0.4 of [2]. In Section 3,
under more assumptions on initial data, we finally obtain the strong solution to (1.5).

2. GRADIENT FLOW APPROACH AND VARIATIONAL INEQUALITY SOLUTION

2.1. Preliminaries

We first introduce the spaces we will work in. Since we are not expecting classical solution to (1.5), the
boundary condition in (1.5) cannot be recovered exactly. Instead, we equip the boundary condition in the space
H,V defined blow.

Let

H := {ueLQ(Q):/Qudxzo}, (2.1)

endowed with the standard scalar product (u,v)q := [, uvda.

Since L' is not reflexive Banach space and has no weak compactness, those a priori estimates in Section 1.2
cannot guarantee the W?21(£2)-regularity of solutions to (1.5). Hence, we define the space V as follows. Denote
M as the space of finite signed Radon measures and Cj({2) as the space of all the bounded continuous functions
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on {2. Denote || - || a0 the total variation of the measure. Take d < p < oo, % + % = 1. Define Banach space
V= {ue H; Vu e LU2), Au € M(2), / pd(Au) = —/ Vu - Vodz for any p € WHP(§2)}. (2.2)
I7; Q

Endow V with the norm
lullg = llullL2e) + [|Aullr)- (2.3)
Next, we claim the norm is equivalent to ||ul|z2(o) + |[Vu| La() + [|Aul| pm(0) by proving
IVullLa(2) < cllAullpme)- (2.4)

Indeed, it is obvious when d = 1 and we will prove it for d > 2. For d < p < o0, %—&—é = 1, we have

WhP(£2) < Cp(£2). Noticing the Helmholtz-Weyl decomposition in Theorem III.1.2 and Lemma I11.1.2 of [10],
we know for any vector function w € LP({2) we have the Helmholtz-Weyl decomposition w = Pw + V¢ such
that [, Pw-Vodz = 0 for any v € WH9(02), Vo € LP(£2) and |[Pw||r» < C(p, 2)||w]|z». Hence for such ¢ and
any u € V, we know

/ngd(Au):—/QV<,0-Vud:c:/Q(Pw—w)-Vudﬂc:—/w-Vud:c. (2.5)

i)

Noticing also

IVellze < fwllze + [[Pwllze < Clp, 2)[|lw]|zs,

we can obtain (2.4) by

[{(w, Vu)| ] Jo ed(Au)|

IVul|pe < sup ——— = su
werr |lwllee  werr  [lwllze
< sup [l oo [[Auflm <s Vel e | Aul| a1
werr  |lwllLe weLr lwl L
< cf|Aul| m.

Next, since Au can be a Radon measure, we need to make those formal observations in Section 1.2 rigorous.
For any p € M, from page 42 of [8], we have the decomposition

W=+ (2.6)

with respect to the Lebesgue measure, where p € L'(£2) is the absolutely continuous part of u and u; is the
singular part, i.e., the support of ) has Lebesgue measure zero. Define the beam type functional

I o~ (D) +(du)” dz, ifueV and (Au)~ < L%,

¢: H—[0,4+0], o(u):= { Q (2.7)

+o00, otherwise,

where (Au)| denotes the absolutely continuous part of Au, (Au)~ is the negative part of Au and (Au)™ is the
positive part of Au such that (Au)* are two non-negative measures such that Au = (Au)t — (Au)~. We call
the singular part (Au)T latent singularity in solution w.
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Remark 2.1. Although the singularity vanishes in the energy functional ¢, it is not a removable singularity
in the dynamics. Indeed, noticing the boundary condition, we cannot recover a new solution v by removing the
singularity such that Av = (Au)ﬁ' — (Au)~ and v; = Ae~2?. So, the singularity in solution (Au)T actually has
effect on u; and we refer it as latent singularity.

An alternative definition and some useful properties for convex functional of measures can be found in [6, 15].
We claim in the following lemma that the definition using duality for convex functional of measures is equivalent
to our definition (2.7) if Au is bounded from below. However, we only prove that (Au)~ < £¢ and do not have
a lower bound for Awu. Therefore, we prefer the current definition (2.7), which is defined only on the absolutely
continuous part of Au.

Recall the conjugate convex function of f(x) :=e~* for > 0 is

fry) =sup(ey = f(2) = 2y = f(@)],__ 1,y =¥ —vyIn(-y), -1<y<0.
x>0

Given some positive measure p, define the convex functional of p

br(k) = _1%2?;%050(9){ [ pau= [ ripas}, (25)

where f*(y) =y —yln(-y), -1 <y <0.
Lemma 2.2. Assume € M (£2), py (resp. pu1) is the absolutely continuous part (resp. the singular part) of
p in decomposition (2.6). Denote p = p dr, 2, = supp py and 2_ = 2\£2,. Then

o1(p) = /Qe_”“ dx. (2.9)

Proof. From the definition of ¢1(u), we have

= s m{/ pdu- / e}

= sup sadu (so ¢In(—¢)) dx}

—1<p<0,0eC2 (2
Se=hes (2.10)

-+ pln(— ))dx+/990du|+/ﬂsodm}

= sup
~1<p<0,0€02(R2)

= sup {
—1<p<0,pcC(2) UUn

(—p+¢n(- )+<pp)dw+/<ﬁdm}-
Q 2

We claim

sup {/ap —1+In(— ))d:ch/god/u}
—1<p<0,peC(2) (02 2

(2.11)
= sup {/gp —1+1In(— ))der/gaduL}.
—1<¢<0,0€0°(2), 0 0

supp ¢N§2L =0
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In fact, on one hand it is obvious that LHS of (2.11) > RHS of (2.11). On the other hand, Since —1 < ¢ <0
and py € M*(£2), we know [, odus <0and [,eduy =0 for supp o N 2, = 0. Hence

LHS of (2.11) < sup {/Q w(p—1+1In(—y)) dx} .

—1<p<0,peCe(£2)

For any € > 0, there exists —1 < ¢ < 0, g € C°(£2) such that

LHS of (2.11) < / wo(p—141In(—pp))da +e.
2

Notice |£24| = 0. For g, from the strong Lusin’s theorem p. 8 of [28], there exist compact set K C {2_ and
feC(f2_)such that f =p on K, —1 < f <0 and fQ\K(er 1)dz < e. Hence we have

LHS of (2.11) < (/K+/Q\K>(cpo(p —1+1In(—¢g)))dz+e

S/Kf(p—1+ln(—f))dx+cs

< flo=1+In(—f))dz + ce
e

< sup { ; f(p1+1n(f))dx}+ce

1< f<0,fEC(2-)

- sup {/ e(p—1+1In(—p)) dx} + ¢,
—1<¢<0,0€CE° (), 2
supp N2 =0

where the constant ¢ does not depend on e. This implies LHS of (2.11) < RHS of (2.11) +ce and we know the
claim (2.11) holds.
Combining (2.10) and (2.11), we obtain therefore

o1 (1) = sup { / o(p—1 +1n(—90))dx}
—1<p<0,pEC (2-)

- / &(p— 1+ In(—") da,

where p* = —e™ such that F(¢) := [, ¢(p—1+In(—yp))dz, 52—&0) =0 at p = ¢*. Hence we have

d1(p) = / —p*(1 —1In|p*| — p)dz = / e Pdx = /Q e Ml de. (2.12)

O

Remark 2.3. If Au € MT(£2), taking 1 = Au in the definition (2.7), we can see from Lemma 2.2 that the
two definitions are equivalent. If Au + C € M™T(§2), then we can take 4 = Au+ C in Lemma 2.2 and definition
(2.7).
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In view of the a priori estimate on the mass of the measure Au, we introduce the indicator function

i H— {0,400}, ¢(u):= (2.13)

0 ifu€‘7, ||Au||M(_Q) < C,
+o00  otherwise.

Here C. is a fixed constant, which is determined in (3.7) by the initial datum later.

2.2. Euler schemes

Even if (1.5) has a nice variational structure, and V' has Banach space structure, the non-reflexivity of V'
imposes extra technical difficulties. Instead of arguing with maximal monotone operator like in [13], we try
to use the result Theorem 4.0.4 of [2] by Ambrosio et al. After defining the energy functional rigorously, we
take the counterintuitive approach of ignoring the differentiability property and the Banach space structure of
W2L(£2). In other words, we consider the gradient flow evolution in the metric space (H,dist), with distance
dist(u,v) == ||lu — v|| g

Let u° € H be a given initial datum and 0 < 7 < 1 be a given parameter. We consider a sequence {z7 }
which satisfies the following unconditional-stable backward Euler scheme

T . 1 T
o7 € argning ey {6 + )@ + -l — oDl } o 021
(m) .

zy’ =u’ € H.

(2.14)

The existence and uniqueness of the sequence {z7} will be proved later in Proposition 2.11. Thus, we are
considering the gradient descent with respect to ¢ + ¢ in the space (H, dist).
Now for any 0 < 7 < 1 we define the resolvent operator (see [2], p. 40)

. 1
.1} = axgain, s {6 +9)(0) + oo =l .
then the variational approximation of w at ¢ is obtained by Euler scheme (2.14) as

Un(ty = (Tryn)"[u"]. (2.15)
The results for gradient flow in metric space Theorem 4.0.4 of [2] establish the convergence of the variational
approximation u,, to variational inequality solution to (1.5), which is defined below.

Definition 2.4. Given initial data u® € H, we call u : [0, +00) — H a variational inequality solution to (1.5)
if u(t) is a locally absolutely continuous curve such that lim;_,ou(t) = u" in H and

——Ju®) = vl* < (6 +¥)(v) — (¢ + ) (u(t)), forae. t>0,Vve D(G+1). (2.16)

Before proving the existence of variational inequality solution to (1.5), we first study some properties of the
functional ¢ + 1 in Sections 2.3 and 2.4.

2.3. Weak-* lower semi-continuity for functional ¢ in 1%

For any p € M(§2), we denote u < L% if u is absolutely continuous with respect to Lebesgue measure and
denote p := % as the density of u. For notational simplification, denote s (resp. p1) as the absolutely
continuous part (resp. singular part) of p with respect to Lebesgue measure.
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Let us first give the following proposition claiming weak-* lower semi-continuity for functional ¢ in 17, which
will be used in Lemma 2.9.

Proposition 2.5. Let u,, u € V. If Aup,—~Au in M(£2), we have

lim inf ¢(uy,) > ¢(u). (2.17)

n—-+oo

Before proving Proposition 2.5, we first prove some lemmas.
From now on, we identify p,, < £ with its density i, := % and do not distinguish them for brevity. Given
N > 0 and a sequence of measures ,, such that u, < £, observe that

tn, = min{p,, N} + max{u,, N} — N. (2.18)

To simplify the expression, we introduce new notation ¢(py,) := [, o e~ ()1 dz. First we state a lemma which
shows that the uniform bound for ¢(u,,) immediately rules out a negative singular part of p.

Lemma 2.6. For any measure i < L% any N > 0, if o(u) = fQ e Hdr < A< 400 for some bounded constant
A, then we have the uniform estimate

[ min{p, N}|72(0) < 4e™ A+ 2[02|N?. (2.19)

2
Proof. Noticing el*l > % for any x, we have

e_N/ IN — min{p, N}|*dz = e_N/ |IN — min{p, N}|? dz
) {u<nN}

< 2€—N/ eN—min{u,N} dz
{n<N}

{u<N}

= 2/ e Mdx <2A.
{u<N}

Therefore we obtain

Imin{p, Moy < | 218 = min{u NY? + 2V da

<4eV A+ 2|02|N2,

Next we prove a lemma about the limit of the truncated measure min{,, N}.
Lemma 2.7. For any N > 0, given a sequence of measures [, such that p, < L%, we assume moreover
that pp—p and ¢(p,) < A < 400 for some bounded constant A. Then there exist measure B down < L% and
subsequence (ny, still denoted as n) pin, such that N > 14, and min{j,, N}i\f“down'

Proof. Since fi,—pu, we know there exists Pdown € M(£2) such that min{,, N}L,ud wn (upto subsequence).
From N —min{u,, N} > 0 we have N — 139y = 0. Moreover, we claim 134y, < £ From the assumption
in Lemma 2.7 we know ¢(u,) < A+ 1 for all n. Therefore, from Lemma 2.6 we know || min{un,N}|\%2(m <

C(N, A). Hence 1oy < £%. Moreover, from N — min{p,,, N} > 0 we have N — pgown = 0- O
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We also need the following useful lemma to clarify the relation between pjqywy and the weak-* limit of fi,,.

Lemma 2.8. Given a sequence of measures ji, such that p, < L%, we assume moreover that pn—p and
() < A < +o0 for some bounded constant A. Then for any N > 0, there exist it g,y,p, Hup € M($2) and
subsequence (ny still denoted as n) p,, such that

min{ iy, N}i'“down7 P down < £, Kdown < HI» (2.20)
max{ﬂn,N}luup, (Hup) = N, (2.21)

where ) (resp. py) is the absolutely continuous part (resp. singular part) of . Moreover,

/ e M dr §/ e~ Hdown (i, (2.22)
7 7

Proof. From Lemma 2.7 we know, upon subsequence, min{u,,, N }Ludown for some measure 1,y Satisfying
Hdown <K L4 and N > Hdown- BY Lebesgue decomposition theorem, there exist unique measures p < L4 and

L LLY such that p = gy + g1 The decomposition (2.18) then gives
0 < i — min{ge,, N} = max{p,, N} — N>y — Edown-

Taking pup =t — qown + NV as the sequence max{y,, N} — N > 0, we obtain max{n, N}iuup and (p—
Pdown) = Hup| — N > 0. Besides, since eIl is decreasing with respect to p and p > f1qquwn. We obtain
(2.22). O

Now we can start to prove Proposition 2.5.

Proof of Proposition 2.5. Assume Au,—Au in M. Denote f, := Au, and f = Au. Set L :=
liminf, oo &(up). If L = 400 then (2.17) holds. If L < oo, which means there exists a subsequence such
that limg_, 00 ¢(un, ) < 400, then we take these subsequence (still denoted as u,,) and without loss of generality
assume lim,, o ¢(u,) = L < +00. So ¢(u,) < L+ 1 for all large n and f,, < £4.

Since ¢ is defined only on the regular part of Au, we concern about the “cross convergence” case. In fact,
by the convexity of ¢(v) := [, e™"dz on L'(£2) and Corollary 3.9 of [4], we know ¢(v) is Ls.c on L'(£2) with
respect to the weak topology. Therefore, if we have ani fi and fp 1= f1, then (2.17) holds. This implies that
we only need to prove (2.17) for two “cross convergence” cases: (i) there are some f,, are positive measures, i.e.
fni #0, and fn”i\gl <L LY forl2gs>0and g1+ go = fy; or (ii) all f,, are absolutely continuous and f,,| = fn
may weakly-* converge to a singular measure.

For case (i), if we have anLgl <L L foi2ge >0and g1 +g2 = ), then since e~ /I is decreasing with respect
to f||, we have [,e 9 dz > [, eI dz. On the other hand, we know ¢(v) := J €7 dx is lower-semicontinuous
on L'(£2) with respect to the strong topology. Hence by the convexity of ¢(v) := [, e " dx on L'(£2) and
Corollary 3.9 of [4], we know ¢(v) is Ls.c on L(£2) with respect to the weak topology. So fnuigl < L% gives
foy = g1 in L'(£2) and

lim inf ¢(u,) = lim inf/ e Inide > / e tdx > / e~ M dz = ¢(u) (2.23)
n noJo 2 I7;

which ensure (2.17) holds.
Now we concern the case (ii): f,1 =0 and f,| = f, may weakly-* converge to a singular measure. First

from ¢(u,) < L+ 1 and Lemma 2.6, we know f~ < £4. For any N > 0 large enough, denote ¢x(uy)
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= fn e~ ™in{fn:N}t dz. Then the truncated measures min{f,, N} satisfy

¢N(un)=/ e~ mint/nNY gy
2

_ / e—rnin{me} dz + e_NEd({fn > N})
{fn<N}

> / e Inde + / e I de = ¢uy).
{fn<N} {f2>N}

The second equality also shows

o (un) — e NLY{fn > N}) = / o= min{fu,N} g
{fa<N}

< / e Irde = O ().
Q
Hence we obtain

[6(un) — o (un)| < e”VLYU{fr > N}) < e |02].

From Lemma 2.8, we know the truncated sequence min{ f,,, N} satisfies

min{fo, N} fdown:  fdown < £%, / ¢ Ydown do > / eI da.
2

9]

Since min{ fn, N} = fqown 10 L' (£2), using the same argument with (2.23), we obtain

lim inf/ e~ min{fn, N} g > / e~ faown qg > / e fidy = o(u).
n—+oo [n 0 0
Combining this with (2.24), we obtain
.. S limi __-N
W olun) 2 Sial o () = 1

= liminf/ e minlfnNY g — e N |0
2

n—-+oo

> d)(u) - e_N‘QL
and thus we complete the proof of Proposition 2.5 by the arbitrariness of N.

2.4. Convexity and lower semi-continuity of functional ¢ 4+ v in H

(2.24)

(2.25)

(2.26)

(2.27)

Lemma 2.9. The sum ¢+ ¢ : H — [0,400] is proper, convex, lower semicontinuous in H and satisfies

coercivity defined in (2.4.10) of [2].

Proof. Clearly since u =0 € D(¢ + ), D(¢ + 1) = {¢p + 1 < +o0} is non-empty, hence ¢ + ¢ is proper. Due
to the positivity of ¢, v, coercivity (2.4.10) of [2], i.e., Jux € D(¢ + 1), r* > 0 such that inf{(¢ + ¢)(v) : v €

H, dist(v,ux) < r*} > —o0, can be obtained.
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Convezity. Note that since both ¢, ¥ > 0, we have D(¢ + ) = D(¢) N D(¢). Given u,v € H, t € (0, 1), without
loss of generality assume u,v € D(¢ + ), otherwise convexity inequality is trivial. Thus (1 — ¢)u + tv € D(v),
and the measure A[(1 — t)u 4 tv] has no negative singular part, while its positive singular part satisfies

(A1 =tu+ )T = (1 - t)(Au) + t(Av)T,
and its absolutely continuous part satisfies
(A[(l — t)u + tv])H = (1 — t)(Au)H + t(A’U)H.

Thus

(1=t + tv) :/

e~ [(A=t) AuttAv]y g, — / e~ [A=)(Au)+t(Av)y] 44
0

2

: /n[(l —t)e= BN 4 te= (A g
= (1= 1)(u) + to(v),

hence ¢ + 1 is convex.
Lower semicontinuity. Consider a sequence u, — u in H. We need to check

(6+)(w) < Hminf (6 + ¢)(un).

If u,, € D(¢ + ¢) does not hold for all large n, then lower semicontinuity is trivial. Without loss of generality,
we can assume u,, € D(¢ + ) for all n, and also

lim inf (6 + ) (1) = lim(& + ) (u).

Since w,, € D(t), we have || Aup || am(0) < C, hence there exists v € M(£2) such that Au,—v. Since we also have

Up, — win H so v = Au and we know [|[Aul[ (o) < Cs. From (2.4) we also know u € V. Then 0 = ¢(uy,) = ¢(u)
and by Proposition 2.5, we have

lim inf ¢(uy,) > ¢(u),

so the lower semicontinuity is proved. O

Lemma 2.10 (7~ !-convexity). For any u,vg,v1 € D(¢ + 1)), there exists a curve v : [0,1] — D(¢ + 1) such
that v(0) = vg, v(1) = v1 and the functional

B(r,u0) = (6 +)(0) + - llu — ol (225)
satisfies
O(1,u;v(t)) < (1 —8)D(1,u;v0) + tP(7, u;v1) — %t(l —t)|Jvo — v1]%, (2.29)

for all 7 > 0.
We remark that (2.29) is the so-called “7~!-convexity” Assumption 4.0.1 of [2].
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Proof. Let v(t) := (1 — t)vg + tvy. The proof follows from the simple identity
I(1 =g + tvr — ullfy = (1= ) u = vollF + tu — vil|F — (1 = t)lJvo — vil3-
The convexity of ¢ + 1 then gives
B, us0(8)) = 6+ B)((L ~ B +t00) + o lu — (1~ oo + Fur]
< (=)@ +¥)(vo) + e +9)(v1)

+1
2T

1
=1 —t)P(r,u;vg) + tP(7,u;v1) — Zt(l —t)|lvo — UlH%I,

1 1
(1= Dllu = voll% + g-tllu = valy — 541 = D)l — %

and concludes the proof. O

After above properties for functional ¢ + 1), we state existence and uniqueness of the sequence {x]} chosen
by Euler scheme (2.14).

Proposition 2.11. Given parameter 7 > 0, u® € H, then for any n > 1, there exists unique x7, satisfying
(2.14).

Proof. Given n > 1, we will prove this proposition by the direct method in calculus of variation. Let &(7, z,,—1; )
defined in (2.28) and A :=inf ey P(7, x5 —1; ). Then there exist {z,,} C D(P) such that &(7,z,—1;2,,) = A
as i — 400 and P(T, Ty—1;Zn,) are uniformly bounded. Hence upon a subsequence, there exists x, € H such

that z,, — x,, in H. This, together with the uniform boundedness of ||Az,, || pm(o) shows that Az, v = Az,
in M(£2). Then by Proposition 2.5 we have

A =1liminf &(1,xp_1;2p,) > P(T,Tpn_1;T,) > A,

1——+o00

which gives the existence of x,, satisfying (2.14).
The uniqueness of z,, follows obviously by the convexity of ¢ and the strong convexity of || - || -

2.5. Existence of variational inequality solution

After those preparations in Sections 2.3 and 2.4, in this section we apply the convergence result in The-
orem 4.0.4 of [2] to derive that the discrete solution w, obtained by Euler scheme (2.14) converges to the
variational inequality solution defined in Definition 2.4. For v € D(f), denote the local slope

|0f](v) := limsup max{ f(v) = flw), 0}.

w—v dist(v, w)

(2.30)

Take f = ¢ + 1, by the 7~ !-convexity in Lemma 2.10 and Theorem 2.4.9 of [2] for A\ = 0, the local slope
coincides with the global slope

ty(v) == sup max{f(v) — f(w),0}

vFEW HU - wHH ’

i.€.

0f1(v) = ¢ (v). (2.31)
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We point out that with Lemma 2.9 and Theorem 1.2.5 of [2], we also know the global slope ¢y is a strong
upper gradient for f = ¢ + 1. Hence for ¢y, we recall Definition 1.3.2 of [2] for curves of maximal slope.

Definition 2.12. Given a functional f: D(¢) — R and the global slope ¢, we say that a locally absolutely
continuous map u : (0,7) — H is a curve of maximal slope for the functional f with respect to ¢ if

(f(u()) < f%|ut|2 - %Lf(u)z for a.e. t € (0,7). (2.32)

Now the hypotheses of Theorem 4.0.4 of [2] are all satisfied: Lemma 2.9 gives convexity, lower semicontinuity
and coercivity of ¢ + ¢ which is (4.0.1) in [2], while Lemma 2.10 gives 7~ !-convexity of ¢ + 1 with A = 0
assumption 4.0.1 of [2]. Thus we have:

Theorem 2.13. Given u° € H,

(i) (convergence and error estimate) for any t > 0, t = nt, let u, in (2.15) be the solution obtained by Euler
scheme (2.14), then there exists a local Lipschitz curve u(t) : [0,+00) — H such that

up — u(t) in L*(£2), (2.33)

and if further ¢p(u®) < +o0, we have the error estimate
I
V2

(ii) u : [0,+00) — H is the unique EVI solution to (1.5), i.e., u is unique among all the locally absolutely
continuous curves such that limy_,ou(t) = u® in H and

() = unll < —=[06](u"); (2.34)

S llu®) —vl* < (0 +¥)(v) = (6 + ¥)(u(t), for a.e.t>0,Yv € D(d+1); (2.35)

(iii) u(t) is a locally Lipschitz curve of mazimal slope of ¢ for t > 0 in the sense

(6 + ) () < ~glul? = gra(u)’ (2.36)

(iv) moreover, we have the following regularities

(64 V) < 6+ V) + v — Iy, Vo € D(6+ ), (2.37)

06 + )P (u(B) < 196 + ¥)PW) + gllo — 0l Vo € DG+ V), (2.38)
u’ — ud — ull?

6+ Wl (a(e) < P 6wy ) - 6+ v)@) < D=t (2.39)

t ’ 2t

and t — |Ju(t) — || g is non-increasing, where @ is a minimum point for ¢+ and |0(¢+Y)|(v) = Lyt (V)

is the local slope;
(v) (L?-contraction) let u®, v° € H and u(t), v(t) be solutions to the variational inequality (2.35), then

lu(t) = v@®)llmr < [Ju” — v . (2.40)

Proof. Since from Lemma 2.9 and Lemma 2.10, we are under the hypotheses of Theorem 4.0.4 of [2], we
apply it with energy functional ¢ + v, and metric space (H,dist), dist(u,v) = ||u — v||g to obtain (2.33).
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Notice the assumption in Theorem 4.0.4 of [2] requires u® € D(¢ + w)HAHH. We notice that u® € D(¢+ 1)) means
(a) ¢p(u’) < 400 and (b) ¥ (u’) < +oo. From the definition (2.7) we know (a) requires u® € V, (Au®)~ < £4

and [, e AuTHA)T 42 < 4o, Similar to the discussion for (3.6) we also know (a) implies (b) for C, =
2¢(u®) + 1 in (3.7). Therefore, u® € D(¢ + ) if and only if ¢p(u®) < 400, ie., u® € V, (Au®)~ < L% and

ll-ll e

Jo e (AuNTHAY)T 40 < 1 oo, Since W?2°°(02) is dense in H, we also know D(¢ + 1)) = H.

Therefore, the convergence result (i) comes from (4.0.11),(4.0.15) of [2]. The variational inequality (2.35)
follows from (4.0.13) of [2]. Theorem 4.0.4 (ii) of [2] shows the result (iii) and (2.36) follows Definition 2.12 of
maximal slope.

Regularities (2.37) and (2.38) follow from (4.0.12) of [2]. Asymptotic behavior (2.39) and monotonicity of
t — ||u(t) — @]l g follow from Corollary 4.0.6 of [2], which requires the same hypotheses of Theorem 4.0.4 of [2].
Finally, the contraction result (v) follows from (4.0.14) of [2]. O

3. STRONG SOLUTION

We will prove the variational inequality solution obtain in Theorem 2.13 is actually a strong solution in this
section.
Now we assume u : [0, +00) — H is the unique solution of EVI (2.35), i.e.,

——Ju) = vl* < (¢ +¥)(v) — (o + ) (u(t)), forae. t>0,Vve D(p+1). (3.1)

3.1. Regularity of variational inequality solution
First we state EVI solution has further regularities.

Corollary 3.1. Given T > 0 and initial datum u® € H such that ¢(u®) < +o0, the solution obtained in Theorem
2.13 has the following regularities

ue L®([0,T); V)N C([0,T); H), e € L=([0,T); H),
(Au)~ < LT for a.e. t €(0,T),
where (Au)~ is the negative part of Au. Besides, we can rewrite EVI (2.35) as
(ue(t),ul(t) — vy g < ¢p(v) — p(u(t)) for a.e. t >0, Vv € D(¢+ ). (3.2)
The dual pair (-,-) g/ g is the usual integration so we just use (-,-) in the remaining of this paper. Recall the
definition of ¢ in (2.7). ¢(u®) < +o0 if and only if u® € V, (Au®)~ < £ and [, e (AU AT 40 Lo,
Proof. First, we claim the functional ¢ in formula (3.1) is indeed never enforced. Indeed, from (2.37) we have
(6+ ) u(®) < (6 +)) + 5llv— 'l Vo€ Do+ ) (33)
Then taking v = u® gives
(6 -+ W) (u(t) < (& +¥)() < +o0, (3.4)
which also implies

d(u(t)) < dp(u’) < 400 for ace. t € [0,7). (3.5)
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To make Section 1.2 rigorous, notice u € V we have
/ pd(Au) = 7/ Vu - Vedr for any p € WHP(90).
0 ¢

Particularly, taking ¢ = 1 gives fQ d(Au) = 0, so we have

_ 1
||(Au)+||M(Q) = [I(Au) ||M(.Q) = §HAUHM(Q)-
Since
(B ooy = [ (@u) do < [ 680 dn < [ OO 4 — o) < pla),
I} o} 1)
we know

(Au)~ < L% forae. te[0,T], [Aullra) < 26(u’), (3.6)

so in Definition (2.13), we can just take

and

P(u(t)) = 0= d(u(t)). (3-8)
The idea of introducing invariant ball by v is similar to the idea of a priori assumption method in PDE.
We first obtain the solution in some invariant ball ||Au||pm < Ci, then we prove to a priori assumption can be

verified by showing the solution truly locates within the ball ||Aul|x < Ci — 1. Noticing also that if v € D(v),
¥(v) =0, so we can rewrite EVI (3.1) as

——|lu(t) = v||* < o(v) — p(u(t)), forae.t>0,VveE D()+ ).

Next, we need to show that u; € L°°(0,T; L?(2)). From Theorem 2.13 we know that ¢ — wu(t) is locally
Lipschitz in (0,T), i.e. for any ¢y > 0 there exists L = L(ty) > 0 such that

||u(t0 + E) - U(t0)||L2(Q) < L(t0)€ for all € € [O,T — to].

The key point is to obtain a uniform bound for L(ty) for arbitrary ¢, > 0. Since u(t) is the variational solution
satisfying (2.35), taking v = u(tg) in (2.35) gives

57 llulte) = u(t)l[72(0) < d(ulto)) — p(u(t)) < (& ulto) — u(t)),
for any € € d¢(u(ty)). In particular, by Proposition 1.4.4 of [2], we have

|06|(u(to)) = min{||¢]|a; & € Op(ulto))}- (3.9)
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Hence taking £ as the elements of minimal dual norm in d¢(u(tg)) implies

S uto) — ) 3o < bult)) — ofu(r)
< €2y lluto) — u(®)lz2(0)
< [0¢[(u(to))llu(to) — u()llL2(x2)-

Furthermore, since t — |lu(to) — u(t)|[z2(g) is locally Lipschitz, hence differentiable for a.e. ¢, we have

%Hu(to) —u(t)||z2(02) < [09](u(to)) < |8¢>|(u0), for a.e. t > 0, (3.10)

where we have used (2.38) in the last inequality. From (3.9), |0¢|(u®) is just the subdifferential of ¢(u®) =
Jo e~ (A dz. We know if the Gateaux-derivative of ¢(u’) exists in some dense set of D(¢), then the sub-
differential of ¢(u®) is single-valued. Therefore, direct calculation gives dd(u®) = Ae=A¥))i and |9¢|(u®) =
HAe*(A“O)II |2 (02)- Thus, the function ¢ — |lu(to) — u(t)||z2(0) is globally Lipschitz with Lipschitz constant less
than |9¢|(u"), which is independent of ¢y. From Theorem 1.17 of [3], u is differentiable a.e. in [0,7] w.r.t H,
and belongs to W1°°([0,T]; H). Hence we know

’Lb(t(]) — U(t() + 6)

< [0¢|(u®).
€ L2(%2)
Thus for a.e. ¢ we have
u(t +¢e) —u(t) c 12(2), u(t +¢e) —u(t) < 06| (u0),
€ L2(02)

u(t+¢) —u(t)

and the sequence of difference quotients is uniformly bounded in L?(§2). Since u is differentiable

€
t —u(t
a.e. in [0, 7] and the derivative is unique, define u:(¢) := lim._,q M Consequently,
0
el L= 0,7;22(02)) < 109](u°) = [Ae™ BN 2. (3.11)
Finally, from

1d

5 3 1) = vlliag0) = (w(®),u(t) - v),
we obtain (3.2). O

3.2. Existence of strong solution

After establishing the regularity of variational inequality solution in Section 3.1, we start to prove the varia-
tional inequality solution is also a strong solution. We first clarify the definition of strong solution, which has a
latent singularity.

Definition 3.2. Given initial datum u° € H such that ¢(u’) < 400, we call function

we L2([0,T); V)N C([0,T); H), wu, € L¥([0,T); H),
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a strong solution to (1.5) if u satisfies
up = A(e™ AW, (3.12)
for a.e. (t,h) € [0,T] x £2, where (Au)) is the absolutely continuous part of Au in the decomposition (2.6).
Remark 3.3. The equation (3.12) holds for a.e. (t,x) € [0,7] x £2 in the sense that

/ [u(t) — Ae*(A“(t))”]godx =0, VpelX(N), (3.13)
7}

for a.e. t € [0,T].

Let ¢ € C°(£2) be given. We prove the sub-differential of functional ¢ is single-valued along EVI solution
u. The idea of proof is to test (3.2) with v := u £ ep and then take limit as € — 0. Recall the space notation H

in (2.1)
H{ueLz(Q):/Qude}.

Let us state our main theorem, existence result for strong solution as follows.

Theorem 3.4. Given T > 0, initial datum u® € H such that ¢(u’) < +o0, then EVI solution u obtained in
Corollary 3.1 is also a strong solution to (1.5), i.e.,

u = A(e™ AW, (3.14)
for a.e. (t,x) € [0,T] x £2. Besides, we have
AemB) € L([0,T]; H),

and the following dissipation inequality
(u(t)) = / e~ AU gy < (), £ >0, (3.15)
Q

Furthermore, if E(u®) = 3 [, [A(e’(Auo)H)]Q dr < oo, then

E(u(t)) :== %/ﬂ [A(e_(A“)H)]Q dr < E(u"), t>0, (3.16)

where (Au)) is the absolutely continuous part of Au in the decomposition (2.6).

Proof.
Step 1. Integrability results.
First from (3.5), we know

e~ Bu®i e L1(0). (3.17)

Since ¢ € C°(§2) we also know
e~ (Bu)=ele ¢ L1(), (3.18)
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for all sufficiently small €.

Step 2. Testing with v = u(t) £ e¢p.
First we show v € D(¢ + v). Since ¢ € C2°, it is sufficient to show v € D(%)) for € small enough. Indeed, from

(3.6) we know ||Aul|p < 2¢(u’) = C — 1. Hence, we choose ¢ small enough such that e < m, which
implies |[v[|p < 2¢(u) + 2 < C and 9 (v) =0
Plugging v = u(t) + ey in (3.2) gives
(ur(t), e0) + d(ult) + £p) — d(u(t)) = 0. (3.19)
Direct computation shows that
bu(t) + ) / [em(@un—eae _ =(auo] dg
Q
/ e~ (Au(t))—ele (1 _ esAnp) da
Q
_/ —(Au(t))—eAy (5A<p> dz,
- Je
where we used 1 —e* < —x for all z € R. This, together with (3.19), gives
(u(t), ep) — / e~ (Au®)—ehy (5Ag0> dz > 0. (3.20)
Q
To take limit in (3.20), we claim
lim [ e (Au®i—eA¢ Ay dy = / e~ (B Ap dz. (3.21)
e—=0 Jo 0

Indeed we have
e~ BuM)=eAe Ay 5 = (BUIAY, a.e. on 2.

Then by (3.18) we can see
/ e~ (BuM)I=eAP A dz < +00.
o)

Thus by dominated convergence theorem we infer (3.21).
Now we can divide by € > 0 in (3.20) and take the limit ¢ — 0T to obtain

(ue(t), @) — m [ e~ AuMNI==A0 AL Ay = (uy(t), @) — / e~ B Apdr > 0.
e—=0t J 0

Repeating the above arguments with v = u(t) — ep gives

w(t), ) — [ e ArOIApdz <O0.
¥ ¥
2
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Thus we finally have
/ {ut(t)go — e BUDIAp| dz =0, VYo e (). (3.22)
Q

Therefore, u;(t) — Ae™ (A4 = 0 in C°(2)'. From the Radon-Nikodym theorem, we also know u; =
Ae= B for ae. (t,x) €[0,T] x £.

Finally, we turn to verify (3.15) and (3.16). (3.15) is directly from (3.5) in the proof of Corollary 3.1.
Combining (3.14) and (3.11), we have the dissipation law

1 1, (ru 1
B(u(t) = 5 lun(t) % = 51Ae=EHO 3 < p@), (3.23)

where E(u(t)) = 1 [, [Ae_(A“(t))H]Q dz defined in (3.16). Hence, the dissipation inequality (3.16) holds and we
completes the proof of Theorem 3.4. O
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