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1. Introduction

Dynamics of droplets spreading on an impermeable substrate is not only a fundamental mathematical problem but also has a wide
range of practical applications such as droplet-based microfluidics in drug discovery, sensor design, enhanced oil recovery, surfactant
replacement therapy and other dispersion technology [ 1-4]. Among those applications, surfactant, as one of the main material forms in
soft matter, plays an essential role during whole spreading processes. Other mesoscopic constituents in soft matter include polymers,
colloids and liquid crystals; see book [5] by Dol. Surfactant (i.e. surface-active agent) molecules are made of two parts, hydrophilic part
and hydrophobic part. These help surfactant to form different types of micelles, depending on environment, so that they can either
dissolve in a solvent or cover on the surface of a liquid droplet. We focus on insoluble surfactant (known as Langmuir monolayer) in
this paper. Surface energy, or in general interfacial energy, is very important for flows and deformation of small liquid droplets, where
the ratio between the surface area and the bulk volume is large. The addition of surfactant will decrease the effective surface tension
of the capillary surface of a droplet if the surface energy density is convex w.r.t. the surfactant concentration, which will be explained
in the next paragraph. As the insoluble surfactant spreads on the evolving capillary surface, the change of surfactant-dependent surface
tension will lead to the surfactant-driven flow, such as the Marangoni flow and fingering phenomena. Most of these surfactant-driven
flows are lack of mathematical validations and analysis. Particularly, when the droplet laid by insoluble surfactant is placed on an
impermeable substrate, the dynamics of the capillary surface, the moving contact lines and the concentration of surfactant are all
coupled together. Therefore, mathematical derivations, validations and numerical simulations for dynamics of a droplet coupled with
moving contact lines are important and demanding topics; see review article [6] by de Gennes.

First, the spreading process of a small droplet placed on an impermeable textured substrate is mainly driven by the capillary effect.
That is to say, the droplet tends to minimize the surface energy F, which consists of the surface energy of three interfaces among
solid, liquid and gas. Here the surface energy density for solid-liquid interfaces (solid-gas resp.) is denoted as ys; (ysg resp.) and the
surface energy density for the liquid-gas interface without surfactant is denoted as y,. The variation of the total surface energy will
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provide the force that dominates the dynamics of small droplets. Now we suppose there are insoluble surfactant concentrating on the
evolutionary capillary surface, i.e., the interface between the liquid inside the droplet and the gas surrounding it. With the surfactant,
the surface energy density on the capillary surface will depend on the surface concentration ¢ of surfactant and will be denoted as
e(c). During the spreading process, change of the surface concentration of surfactant c(-, t) is induced by stretching and evolution
of the capillary surface and the surfactant also has its own convention and diffusion on the capillary surface. More importantly, the
surfactant-dependent surface tension y(c), with the unit force/length, has the same unit with the energy density e(c) (energy/area)
but no longer equals e(c). The relation between the surfactant-dependent surface tension y(c) and the free energy density e(c) of the
surfactant-covered capillary surface is given by y(c) = e(c) — €'(c)c; see [5,7] and derivations in Section 2.1.4. Thus if the surface
energy density e(c) is convex, then y’(c) = —e”(c)c < 0. Therefore, as the surfactant disperses along the evolving capillary surface,
the surfactant-dependent surface tension y(c) will in turn significantly alter the motion of the capillary surface and moving contact
lines, i.e., the lines where three phases (liquid, gas and solid) meet. This fundamental question on surfactant effect for the contact line
dynamics of droplets was discussed in the review article [6] by DE GENNES.

As mentioned above, the surfactant-dependent capillary effect dominates the whole spreading process, so the evolution of the
geometric shape of the droplet coupled with the dynamics of the concentration of the insoluble surfactant on the capillary surface
are the main focus of this paper. We regard the geometric states, including wetting domain £2; and capillary surface h(x, y, t), as the
configuration for the droplet dynamics. We will first derive dynamics of the surfactant moving with the capillary surface represented
by a graph function h(x, y, t) with some proper boundary conditions at the contact lines. Then combining the total energy F defined
in (2.52), a Rayleigh dissipation functional defined in (2.54) and Onsager’s principle [5,8], we derive the governing equations for the
whole system. As explained below, we focus on how the surfactant-dependent surface tension y(c) naturally appears and dominates
in the whole system. Explicitly, we will see the surfactant-dependent Laplace pressure y(c)H and the gradient of surfactant-dependent
surface tension Vy(C) drive the motion of the capillary surface while the surfactant-dependent unbalance Young force F; drives the
motion of contact lines.

In the first special case that the viscosity of the fluids inside the droplets are neglected, we consider the surfactant moving with
the evolving capillary surface, i.e., there is no additional tangential convection w.r.t. the capillary surface for the surfactant, called “no
free-slip” case. In Section 2, we first observe the motion of the capillary surface is driven by the surfactant-dependent force y(c)H per
unit area (known as the Laplace pressure), where H is the mean curvature of the capillary surface. This observation mainly relies on
the energy law (2.34) for the capillary surface. In this paper, we choose the convention for the mean curvature notation H so that a
sphere with radius R in 3D has the mean curvature H = %. Second, the most complicated competition, relaxation and balance happen
at the contact lines, so we need to derive a surfactant-dependent unbalanced Young force at the contact lines. Without the surfactant,
the unbalanced Young force [6] at the contact lines is
VsG — VsL

Yo 7
where 6¢_ is the dynamic contact angle, i.e., the angle (inside the droplet) between capillary surface and the solid substrate; see Fig. 1.
Then with a dissipation mechanism, Onsager’s linear response theory with friction coefficient £, one can obtain the relation between
the contact line speed v¢. and this driven force, and thus obtain the dynamics of the moving contact lines £vc, = F. However, with
the presence of the surfactant, how does the surfactant transport and how does the energy exchanges at the moving contact lines are
challenging questions. We will first derive a Robin-type boundary condition (2.45) of the surfactant dynamics at the moving contact
lines, which is consistent with both the mass conservation law and the energy conservation law; see Section 2.1.5. Then we adapt this
boundary condition to derive the surfactant-dependent unbalanced Young force at the contact lines

Fy = ysc — ys1 — Y0 €0S 6L = yp (COS by — cosfcr), cosby =

Fs = vs6 — 5. — y(c) cos b, (1.1)

in which the surfactant-dependent surface tension is exactly the one y(c) = e(c) — €’(c)c. Hence the dynamics of the moving contact
line with the surfactant effect is

v =K. (1.2)

We refer to (4.16) for the corresponding effective Young force after including a textured substrate.

In summary, in the special “no free-slip” case, the full spreading process of the droplets can be described by (i) the continuity
equation of the surfactant, (ii) the moving contact lines and (iii) the evolution of the capillary surface via curvature flow; see (2.57) for
3D droplets with a volume constraint and see (4.16) for 2D droplets placed on a textured substrate including the gravitational effect.
Our derivations for the geometric motion of droplets, basing on a graph representation h(x, y, t) of the capillary surface, also enable us
to design an unconditionally stable and efficient numerical scheme; see Section 4.

If we further consider the general case that there are viscous bulk fluids inside the droplet and surfactant is not only move with the
capillary surface but also has “free-slip” with the additional tangential speed vs, then we will derive the surfactant-induced Marangoni
flow inside the droplets in Section 3. The derivations for the purely geometric motion in Section 2 can be easily adapted to the bulk
viscous flow based on Onsager’s principle with a new Rayleigh dissipation functional. In this case, there is an additional tangential
convention of the surfactant on the capillary surface contributed from the bulk fluid velocity. This convention, together with the
surface gradient of the surfactant-dependent surface tension Vsy(C), leads to the Marangoni flow. Here C is the surface concentration
n (2.2). Notice this additional force V,y(C) in the variation of the total surface energy exerted on the capillary surface S; is induced by
the spatial-changes of the surfactant-dependent surface tension; see detailed explanations in (3.10) and (3.11). Therefore, this surface
gradient is called Marangoni stress, and this phenomenon is called Marangoni effect. Then the Robin-type boundary condition (2.45)
for c¢ at the contact lines becomes no-flux boundary condition (3.2). With the additional Marangoni stress, after incorporating the
transport equation for the surfactant, Onsager’s principle immediately yields the corresponding governing equations (3.20) for the
surfactant-induced Marangoni flow model for droplets on a substrate; see details in Section 3. We also show the Onsager reciprocal
relations for both geometric motion case and the viscous flow case and in Proposition 3.1, we prove the dissipation functional for the
viscous flow case is stronger than the one in the geometric motion model. This lower bound of the dissipation functional also helps us
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Fig. 1. Illustration of surface tensions ysc, ysi, y(c) on three interfaces, contact angle 0¢, capillary surface S; and wetting domain £2; for droplets on a plane (left)
or on an inclined substrate with an effective inclined angle 6 (right).

characterize the steady profile of the whole dynamics as a spherical cap profile with constant mean curvature while the contact angle
being Young’s angle; see (3.38).

In Section 4, we propose a numerical scheme for the full dynamics of 2D droplets laid by the surfactant and placed on a textured
substrate. This unconditionally stable scheme relies on the combination of the surfactant updates, which constantly change the effective
surface tension y(c), and the splitting method with the 1st/2nd order accuracy that developed in [9] for the purely geometric motion
of a single droplet without surfactant. Specifically, at each step, we first use unconditionally stable explicit updates for the moving
contact lines, which efficiently decouple the computations for the motion of the capillary surface and the contact line dynamics. Then
we adapt the arbitrary Lagrangian-Eulerian (ALE) method to handle the moving grids to update the profile of the capillary surface
and the concentration of surfactant with Robin-type boundary condition (4.10) at the contact lines. Based on this, some challenging
examples showing significant effects of surfactant to the droplets dynamics will be conducted in Section 5. These include (i) a surface
tension decreasing phenomena and asymmetric capillary surfaces due to presence of surfactant; (ii) an enhanced rolling down for
droplets placed on an inclined substrate; (iii) droplets on a textured substrate or a container with different surfactant concentrations.

We incompletely list some recent theoretical and numerical studies on this subject, including droplets with insoluble or soluble
surfactant. The lubrication approximation for the thin film covered by insoluble surfactant are investigated by GARCKE AND WIELAND
in [7]. They also proved the global existence and positivity for the solution to the resulting thin film equation coupled with transport
of insoluble surfactant. However, the contact line dynamics was not considered in [7]. Some numerical methods for computing the
droplet dynamics coupled with moving contact lines and insoluble surfactant are developed; see [10,11] for the immersed boundary
method, see [12,13] for the level set method and see [14] for an arbitrary Lagrangian-Eulerian finite element method. There are many
other studies on the modeling and measurement of the surfactant enhancement for spreading and evaporation of droplets in various
physical situations; cf. [15,16]. We refer to [17-19] for droplets or thin film involved dynamics coupled with soluble surfactant. Finally,
for general derivation methods for complex fluids via Onsager’s principle, we refer to WANG, QIAN AND SHENG [20] and a recent review
article by Do [8].

The organization of this paper is as follows. In Section 2, we derive the geometric motion of 3D droplets, i.e., the moving contact
lines, the evolution of the capillary surface and the surfactant dynamics on it, in which we incorporate the surfactant-dependent surface
tension y(c). In Section 3, we derive the full dynamics of a 3D droplet with the surfactant-induced Marangoni flow inside it. In Section 4,
we present the numerical scheme for 2D droplets placed on an inclined textured substrate based on the splitting method. In Section 5,
we conduct some challenging examples showing the significant contributions of the surfactant to the whole spreading process.

2. Derivation for 3D contact line dynamics with surfactant

We study the motion of a 3D droplet placed on a substrate, which is identified by the region A; := {(x,y,z); (x,y) € £, 0<z <
h(x, y, t)} with a sharp interface. The motion of this droplet is described by a moving capillary surface S;, and a partially wetting domain
£2; with a free boundary 952, (physically known as the contact lines); see Fig. 1(a). To clarify notations, let §2; be a wetting domain,
which is a simply connected 2D open set. Let h(x, y, t), (x,y) € §2; be the graph representation for the moving capillary surface. Then
the capillary surface can be represented as

Se = {xy,h(x,y,t), (x,y) € )} (2.1)
Denote ys; (ysc resp.) as the interfacial surface energy density between solid-liquid phases (solid-gas resp.). ys, ¥sc are constants
but the interfacial surface energy on the capillary surface, i.e., the interface between liquid and gas, will depend on the insoluble
surfactant on it. Denote C(x,y, z, t) as the surface concentration of the surfactant on the capillary surface, i.e., the number of the
surfactant molecules per unit area.' Denote
c(x,y,t) = C(x,y, h(x,y, t), t) (2.2)

as the “concentration” in terms of measure /14 |Vh|? dx dy on §2;, hence the concentration in surface element satisfies

CHAS:) = cy/1+ |Vh]? dx dy. (2.3)

Here 7(S;) is the Hausdorff measure of S;. We will compute the transport of surfactant by using this “concentration” c(x, y, t). This
derivation in terms of (x,y) € $£2; is much simpler and is equivalent to the transport of C(x,y, z, t) on the moving surface S;; see
Proposition 2.1.

1 We remark the standard notation in chemistry for the surface concentration is I".
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Let e(c) be the surface energy density on the capillary surface. Then the total surface energy of the droplet is

F(h(x,y,t), ¢, c(x,y,t)) = / e(ch/1+ [Vh|? dx dy + (ys. — ysc)/ dx dy. (2.4)
2 2t

We assume the following two constraints: the volume constraint V for the droplet and the total mass constraint My for the surfactant,

ie.
/ hdxdy=V, f cy/ 14 |Vh|? dx = M. (2.5)
.Q[ -Qt

Define the contact angles (the angle inside the droplet A between the capillary surface and the solid substrate) at contact lines 352 as
OcL such that

tan6q. = |Vh|. (2.6)

We regard the geometric states, i.e., the wetting domain 2, and the capillary surface h(x, y, t) as a configuration of droplets. We
assume the surfactant concentrates on the capillary surface, move with the evolutionary surface and may also has its own convention
and diffusion on the surface. In the following subsections, we will first give some kinematic descriptions for the moving surface and
the surfactant concentration on the capillary surface. Then we impose a boundary condition for the concentration c of the surfactant
on a prescribed moving capillary surface h to preserve total mass and based on it we compute the rate of change of total surface
energy; see Section 2.1. The rate of change of total energy 7 in (3.17) quantifies the work done by the open system (capillary surface
laid by surfactant and its contact line) against friction [21]. Then we only need to determine the velocity fields, including normal
velocity of the capillary surface v, and contact line speed vcy, via Onsager’s principle. In Section 2.2, from the energetic considerations,
we introduce a specific Rayleigh dissipation functional and using Onsager’s principle to derive the contact line motion driven by the
surfactant-dependent unbalanced Young force and finally the governing equations for the full dynamics of 3D droplets laid by the
surfactant.

2.1. Kinematic descriptions for the moving surface, the surfactant concentration and energy

Surfactant dynamics on an evolutionary surface with the mass conservation law is a well-known model, cf. [22]. For the case the
surface has a graph representation h(x, y, t), (x,y) € $2;, we will provide a simple kinematic descriptions for the moving capillary
surface, and the continuity equation for the concentration of the surfactant c(x, y, t), (x,y) € £2; on the capillary surface. Based on this,
the rate of change of the free energy F will then be calculated.

2.1.1. The continuity equation for the surfactant represented in the xy-plane
First, we describe the motion of the capillary surface S;. Given a capillary surface with a graph representation h(x, y, t), (x,y) € £2;,
any point on this moving capillary surface can be represented as

X(t) = (x(t), y(t), h(x(t), y(t), t)). (2.7)
Then the observed velocity of this point is

X = (%, 3, hek + hyy + he). (2.8)
We assume there is an underlying velocity field v € R? driving the motion of the capillary surface, i.e.,

X(t) = v(X(t), t). (2.9)

To clarify notations for functions of (x, y) and functions of (x, y, z), we introduce notations

v(xtyszvt) = (UX9vy7UZ)(xﬂy»th)a (2 10)

v(x,y, 2, t)’z:h(x,y,t) =: (v1, v2, V3)(X, ¥, ).
Using these notations, (2.9) implies the evolution of the surface in terms of (x, y) € £2;

h[+v1hx+vzhy = V3. (211)
Denote the normal vector as n = Jﬁ(—hx, —hy, 1) and the tangential vectors as 7; := (1,0, hy), 72 = (0, 1, hy). Then (2.11)
becomes

hy
Vp =N = ————. (2.12)
V1+|Vh)?

Now we express the velocity in the directions of the normal vector n and the tangential vectors t;, 7, as

(v1, v2, V3)(X, ¥, 1) = (v + fT1 + T2 )(%, ¥, 1), (2.13)

v-7q V-1

where f(x, y, t) = Bk gx,y, t) = ol

Second, we describe the dynamics of the concentration of the insoluble surfactant on the moving surface. Recall C(x, y, z, t), (x,y, z) €
S; is the surface concentration of surfactant on the capillary surface and (2.2). Then using (2.11), we have

—dc(x(t),y(t), h(x(t), y(t), ), t) = (0 +v - V)C = (3¢ + v10x + v20))c =

ar c(x(t), y(t), t). (2.14)
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Therefore, the dynamics of the surfactant can be fully described by c(x, y, t) on the xy-plane, as explained below.
We derive the continuity equation for c(x, y, t), (x,y) € £2;. To do so, we use the xy-component of velocity v to define a flow map
on the xy-plane

X=vi=vgny +f = 2 4,

St (2.15)

. —hyvp
Y=U2=Unn2+g=\/ﬁ+g-

This flow map defines a 2D moving surface element w; C £2; via w; = {(x(t), ¥(t)); (x0, Yo) € wo} with any given initial surface element
wo. In the absence of diffusion, w; can be regarded as a material element. That is to say, the mass in the material element w, is conserved

d
— | ¢/1+|Vh? dxdy=0. (2.16)
dc J,,
By (2.16) and the Reynolds transport theorem

d 2 2 2 (V1
0= E\/w[ cy/ 14 |Vh|* dx dy = fwt ot (c\/l + |Vh| >+V . <c,/l+ |Vh| <v2 dx dy. (2.17)

Then by the arbitrary of w;, the continuity equation for c(x, y, t) is

3 (c,/1 + |Vh|2> +V. (c,/1 + |Vh]? (5;)) =0 in . (2.18)

Plugging vq, v, defined in (2.15), we obtain the continuity equation for ¢

h, i
0 =(3c)\/1+ VP + ————Vh-Vh — V- [ —ZC v +v.<,/1+ Vh2<>>
(8c) |Vh| \/72 ¢ ( Ve ) c |Vh| g

1+|Vh] -
=(8,)\/1+ [Vh? — 1,V - | ————Vh +V,< 1+th<f>).
( C)m ( 1+ |Vh]? ) C\/T g

After simplification, the continuity equation for c is

Vh 1 i
BC—UVC~+vcH+V~(C 1+|Vh|2())=0 2.20
C T ieveE T V1 v 8 220

for (x,y) € §2;, where H :== —V - ( Vh ) is the mean curvature.

A/ 14|Vh]?

2.1.2. Comparison with the lift-up dynamics of C on the capillary surface

We now compare the continuity equation (2.18) for c(x, y, t) on §2; with the original 3D concentration C(x, y, z, t) on S;. We have
the following proposition on the equivalent formulation of the continuity equation in terms of C defined on the moving surface S;. The
proof of this proposition will be given in Appendix A.

Proposition 2.1. The continuity equation (2.18) can be recast as

(8[+U'V)C+CVS'U5+UnCH:0 on Usog St X {t}, (22])
where H = V; - n, Vs is the surface divergence and v; is the tangent velocity vs = v — (v - n)n.
Remark 1. By some elementary calculations, we remark (2.21) is equivalent to [7, (2.13)] and also equivalent to [11, (2.10)]. Indeed,

the tangential convection can be combined with the last two terms in (2.21) in a conservative form, i.e.,
0 =0,C+ vyn-VC+vs - VC+ CVs - vs + v,CH
=0(C + vyn - VC + Vs - (Cvs) + v,CH (2.22)
=0;C + vyn - VC + Vs - (Cv), [7, (2.13)].
Notice also the last two terms can be combined together, so (2.21) is also equivalent to

0=0,C+v-VC+CV;-vs+ v,CH

2.23
=0 +v-V)C+CV;-v, [11, (2.10)]. ( )

We point out all these equivalent equations differ from ones presented in STONE [22, (6)], i.e.,
0tC + vp—VE€ + Vs - (Cvg) + v,CH = 0. (2.24)

The second term above v,n - VC vanishes only if concentration C has a constant normal extension outside the moving surface [23].
However, from GURTIN [24], (d; + v - V) is a tangential derivative of the space-time surface U;>oS; x {t}, so there is no need to extend
C outside the space-time surface.
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To describe the evolution of the capillary surface, we only need the normal velocity v, of the fluids. In the first special case, we
consider the surfactant move with the evolving capillary surface, i.e., there is no additional tangential convection w.r.t. the capillary
surface for the surfactant. We will call this special case, as “no free-slip” case. In this case, the continuity equation (2.20) can be
completely described via v, and becomes

c Vh
oc — v,V | ————=Vh | =0;,c — v, Vc - + v,cH = 0. (2.25)

NI N

This formula is particularly efficient for simulating the purely geometric motion of the droplet and the surfactant is pinned to move
with the capillary surface. For the general case that the continuity equation is completely described via v, one needs to consider the
fluids inside the droplets instead of the purely geometric motion; see Section 3.

2.1.3. Diffusion of surfactant on the evolutionary surface
Furthermore, from some elementary calculations, the Dirichlet energy for the surfactant on the capillary surface is

c-(MVc) dx dy, (2.26)

1/ , 1 1
| vepds== | ————v
2 )5, 7 2 Ja J/1+ |VhP

_hy

where M := I + h > (—hy, hx). Then the variation of the Dirichlet energy gives the Laplace-Beltrami operator in the graph
X

representation,

AsC

1 1
= V. MVc ).
V1+|Vh? <\/1+|Vh|2 )

Thus in the “no free-slip” case, the continuity equation (2.25) for the surfactant with additional diffusion becomes

he cVh
c — V- = DA, (2.27)
V14 |VhP? V1+|Vh?
which is equivalent to
Vh
d¢c — v, Ve - + vp,cH = DAgcC. (2.28)

V14 |Vh?

Here D > 0 is a diffusion constant. This is the continuity equation with diffusion for the surfactant dynamics on the moving surface
and we will impose the no-flux boundary condition for (2.27). Another equivalent form of (2.27) in the conservative form is

Cht 1
9 (c,/1+|Vh|2>—v- ——— _Vh|=DV.-| ———MVc]. (2.29)
' V1 + VhP? J1+ VP

2.1.4. The rate of change of the energy on the capillary surface

In this section, given an evolutionary capillary surface h(x,y, t) and the associated surfactant dynamics (2.27) with (2.45), we
calculate the rate of change of the energy for the capillary surface.

Consider the free energy on the capillary surface

Fo :/ e(c)y/1+ |Vh|? dx dy, (2.30)
¢

where e(c) is the energy density on the capillary surface and c(x, y, t) satisfies (2.27).
However, in calculations of the rate of change of the energy, the work done by the surface tension per unit time shall be a surfactant-
Vh

(«/mvmz
will derive this energy conservation law below.
First, the relation between the surfactant-dependent surface tension y(c) with the free energy density e(c) is given by [5,7]

y(c) = e(c) —€'(c)e. (2.31)

dependent one, given by y(c)Hv,, where y(c) is the effective surface tension and H = —V - is the mean curvature. We

Indeed, from [5, (4.32)], y(c) = yo — I1a(c). Here yp = e(0) and Iy is the surface pressure which can be calculated by the osmotic
pressure inside the interfacial layer due to the inhomogeneous surface concentration of surfactant. From the same derivations as
(5, (2.23)],

M4(c) = —e(c) + €'(c)c + e(0).

Thus we have (2.31).
Second, multiplying (2.28) by €/(c)v/1 + |Vh|%, we have

(8:e(c))+/ 1+ |Vh|?> — Ve(c) - \/Lhz + heHe'(¢c)c = Dy/ 1+ |Vh|?e/(c)Asc.
1+ |Vh|
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We can recast this in the conservative form

S h;Vh ,
ot (e(c) 1+ |Vh|2> -V (e(c)- m) + h:He'(c)c
—e(c)d; (,/1 + |Vh|2> +e(c)V - (\/%) = Dy/ 1+ |Vh|?e/(c)Asc.

Then using the identity

h,Vh
-9, ,/1+|Vh|2)+v. ———— | =—-hH (2.33)
t( V14 |Vh)? '

and relation (2.31), we simplify (2.32) as

BN <e(c),/1 + |Vh|2) ~Vv. (e(c)- \/%) — y(c)Hh; = Dy/ 1+ |Vh|?€'(c)Asc. (2.34)

The first term in (2.34) is the rate of change of the energy density per unit time per unit area in the xy-plane. The second term in (2.34)
is the flux of energy density. The third term in (2.34), i.e., —y(c)Hh; = —y(c)Hvp+/1+ |Vh|? is the rate of work done by the surface
tension per unit area in the xy-plane. The last term in (2.34) is the energy density dissipation due to the diffusion of the surfactant.

Now we focus on our goal to derive the contact line dynamics which is driven by the effective surface tension y(c). However, notice
the boundary condition cannot be derived by taking trace of the interior velocity, so we will apply the Reynolds transport theorem
using the boundary velocity of the moving domain. In the next subsection, we will discuss the correct boundary condition for the
concentration of the surfactant.

The fundamental relation (2.31) implies the decreasing of y(c) from the convexity of energy density e(c). Many interesting physical
phenomena can be explained by the gradient of effective surface tension y(c) due to the gradient of surfactant concentration. For
instance, the gradient of surface tension will drive the spreading of the droplet and the surfactant rapidly aggregates to the direction of
lower concentration, which forms Marangoni flow on the surface. Particularly, when the concentration of surfactant is above a critical
micelle value, the surfactant-driven spreading will lead to fingering phenomenon, an unstable structure on surfactant-laden droplets [1].
We remark a typical y, derived from the Langmuir equation, is given by

(2.32)

y(c) = yo + ckT In(1 — £), e(c) = yo + kT ((cs — ¢)In(c; — c) + clnc — ¢ Incy) , (2.35)

S

where y is the surface tension without the surfactant and c; is the saturated concentration [5]. We will demonstrate numerical
examples using this typical y.

2.1.5. Impose a boundary condition at the contact line for the surfactant to preserve total mass

To derive a boundary condition for the surfactant equation at the contact lines, we now apply the Reynolds transport theorem for
the whole wetting domain £2; up to its boundary. We shall be careful when using the boundary velocity in the Reynolds transport
theorem because the boundary condition of a PDE cannot be derived by taking trace of the interior equation.

Denote 1, as the outer normal of the contact line 02, in the xy-plane and v, as the velocity of the contact line. We have n, = —%
on the contact line 9£2;. Denote the normal speed of the contact line as vc, := v; - n,. By the Reynolds transport theorem we have

d
—/ cy/ 1+ |Vh|? dx dy=/ 3 (c,/1+|Vh|2> dx dy+/ cy/ 1+ |Vh|?v, - ng ds. (2.36)
dt 2 2 82t

Then by (2.29) and integration by parts, we obtain

1 Cht
0 <c,/1 + |Vh|2> dx dy = D/ ———MVc-n ds+/ ———Vh-n, ds (2.37)
/gf ' 220 /1 + |Vh]? 22 /1 + |Vh]?

Notice the definition of M gives

MVc -ng =ng-Vc+ng - (—hy, hy) (=hy, hy) - Vc=n, - Vc  on a82;. (2.38)
Notice also the compatibility condition w = 0 on the contact line gives

he = —Vh - v,. (2.39)
Then from n, = _\%I on 082, (2.39) becomes

he = |Vhing - vy = |Vh|vc, (2.40)

which implies
VAP

hy
—Vh- ng = ——F——=VcL.
V1+|Vh? V14 |Vh]?

Thus (2.37) can be further simplified as

Y Vh|?
/ 3 (c\/l + |Vh|2> dvdy= [ p ¥ o VAT (2.42)
2t

a2 1+ |VhE  V1+|Vh?
7

(2.41)
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Plugging this into (2.36), we have

d
— 1+ |Vh]? dx d
i Q[c\/ + [Vh|= dx dy

D |Vh|? P
= —n,-Vc— C————vcL — ¢4/ 1+ |Vh|“vc ds
a2 \/1+ |Vh|? a2 /14 |Vh}?
D 1
= —n,-Vc+ c——— ds.
02 /14 |Vh|? a2 /14 |Vh]?

Therefore, in order to maintain the mass conservation law

d / N 1
0=— cy/ 1+ |Vh|“dxdy = ————(Dny-Vc+cua) ds,
dt Jgo, 02 /1+ |Vh|?

we impose the following Robin boundary condition for (2.27)

Dny-Vc+cvg =0 on 082.

2.1.6. Rate of change of the total surface energy
Using the Reynolds transport theorem for the surface energy

d 2
o f:zt e(ch/1+ |Vh|* dx dy
=/ EX (e(c),/1+|vrz|2> dx dy—i—/ e(ch/ 1+ |VhPve ds
2 982t

h¢Vh 1
= V- |elc): ——| + y(c)Hh; + D€'(c)V - | ——=MVc | dx dy
/m ( J+ |Vh|2) ‘ ( 1+ |VhP )

+ f e(ch/1+ |Vhi2vue, ds,
A2t

where we used (2.34) in the last equality. Then using the integration by parts, (2.46) becomes
d

— | e(c)y/1+4|Vh]? dx dy
dt 'QI

|
e”(C)
= hHy(c) = D—————
/9[ ' J1+ [VhP
he , MVc -ny 2
+ e(c)————=Vh -ny; 4+ De'(c)————= ds +/ e(c)y/1+ |Vh|“vq ds.
a1+ |Vh? V14 |Vh? a2

Then using (2.41) and (2.38), by the same calculations as (2.43), we have

d
— | e(c)/1+4|Vh]? dx dy

e’(c)

= hy(H-D——_t—
/szf f V1+|vhP

From the boundary condition (2.45), we have

Vc-MVc dx dy

1
Vc-MVc dx dy —|—/ ————[De'(c)ny - Vc + e(c)ver] ds,

02 /14 |Vh|?

De'(c)ng - Ve + e(c)ve, = —€'(c)c ver, + e(c)ve, = y (€.

Thus, this, together with (2.48), implies the rate of change of the surface energy 7y

d 2
E/.;)r e(c)y/1+ |Vh|® dx dy
e//(c)
= y(c)hH — D———
/m VN

1 on 3£2;.
A/ 14|Vh]?

From (2.50) and the rate of change of the surface energy for the bottom part

d
E(VSL - VSG)/Q

Vc-MVc dx dy—i—/ y(c)cos Oc ve ds,
A2t

where we used cos ¢, =

dx dy = (vs1 — ¥5c) / v ds,

t 052
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(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
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we finally obtain the rate of change of the total surface energy

d
- (/ e(c)y/1+ IVh? dx dy + (s, — VSG)/ dx dy)
2 2t

, (2.51)
e’(c)
= y(c)hH — D———=Vc -MVc dx dy + f (y(c)cosOcL + ysL. — Ysc) ver ds.
/9[ V14 |Vh? a2
With the volume constraint V, we take the total free energy of the droplet as
F(h(t), $2¢, A / c)ly/ 14+ |Vul? dx dy +( )/SL—J/SG)/ dx dy — A(t) (/ h dx dy—V), (2.52)
2 2t

where A(t) is a Lagrangian multiplier. Thus, given h(x, y, t) and c(c, y, t), the rate of change of the total free energy can be regarded as
a functional of h;, vc.. Denote

d d /!
P vaih )= —F == | (=y(cH + 1) b dx dy =D O ve. mve drdy

dt @ 2 /14 |Vh]? (253)

+ / (y(c)cosbcL + (ys. — ¥s6)) var ds.
002
The derivation with some additional potential forces is standard and will not be included here.
2.2. The onsager principle and the governing equations in 3D

In Section 2.1, we used the normal velocity v, and the contact line speed v¢ to give kinematic descriptions including (i) the motion
of the capillary surface (2.12), (ii) the continuity equation of the surfactant (2.28) and (iii) the rate of change of total energy (2.53).
Now we determine these velocities v,, vc. from energetic considerations via Onsager’s principle.

From energetic considerations, we choose the following Rayleigh dissipation functional

ﬂ h2 e//(c)

2 1+ [Vh[ @ 1+ |Vh]2

where B represents the friction coefficient for the normal motion of the capillary surface, & represents the friction coefficient for the
moving contact lines and the last term represents the dissipation due to the diffusion of the surfactant. We will see the first term in
(2.54) leads to the motion by mean curvature of the capillary surface [25]. Then minimizing the Rayleighian [5]

Q(he, ves h, ¢) = ———"—_Vc-MVc dx dy, (2.54)

d}’-i-g/ v |? d$+
a2

d
Rihe, v b, ) = Q(he, vas b, ) + -~ F(he, vas b, €) (2.55)

with respect to (h¢, vc) gives the governing equation

B
P = —y(OH 4+
VIt V2 VIR + (2.56)

Eve, = —y(c)cos O — (ysL — ¥s6)s

where the right hand side F; = —y/(c)cosOc. — (ys1 — Ysc) is exactly the surfactant-dependent unbalanced Young force.
Combining this with (2.27), the full system is
B

hi = —y(c)H + X, h(x,y)loe,= 0,

J1+ VhP
- e V-( cvh ):DASC, cve+Dn,-Ve|. . =0,
Vi+Ivh?  \V1+|vhP? e

§vc, = —y(c)cosOcL — (ysL — ¥sc), 0N 082,

/ hdxdy =V.
2t

This system can be regarded as (i) the linear response relation of v, to the Laplace pressure y(c)H, (ii) the linear response relation of
vcL to the surfactant-dependent unbalanced Young force Fs, and (iii) the transport of the insoluble surfactant on the capillary surface.
As a consequence, the energy dissipation relation is

(2.57)

d F 'th D ¢e) Vc-MVc dx dy Elve|? ds
—F = - —=Vec- - veL
dt 2 1+ |Vh? 2 1+ |Vh? ey (2.58)
=—2Q.

In physics, 22 is denoted as S, the entropy production rate.

We pomt out that the first dissipation term in Rayleigh dissipation functional (2.54) is not a standard one. Instead, the standard
dissipation functional includes the dissipation due to the viscosity of fluids inside the droplet, for which we will also give a simple
derivation using Onsager’s principle in Section 3. However, our choice of the Rayleigh dissipation functional (2.54) allows us to study
the purely geometric motion of the droplets and has the following advantages. (i) For small droplets, it captures the essential physics

9
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and the leading behaviors of the droplet dynamics; (ii) it satisfies the Onsager principle in physics and thus has a gradient flow structure
so that this simplified model is friendly for theoretical studies; (iii) this model is also computationally efficient because it does not need
to compute the fluids inside the droplets and the numerical schemes can be easily adapted to more complicated physical examples
such as inclined textured substrates, the electrowetting and the surfactant dynamics considered here.

3. Surfactant-induced Marangoni stress and viscous flow

In this section, we derive the surfactant-induced Marangoni flow for droplets on a substrate by including the viscous bulk fluids
inside the droplets. Including the fluid viscosity dissipation in the Rayleigh dissipation functional, instead of the first term in (2.54),
will lead to the Stokes equations for fluids inside droplets [13,15,16] or the thin film equation in the lubrication approximation [16,26].
Although different forms of viscous flow models coupled with moving contact lines and surfactant transport were derived previously,
we adapt the energy law on the capillary surface (2.34) to the general case, i.e., the surfactant moves on the capillary surface along
with both the normal velocity v, and tangential velocity vs of the fluids, and then use Onsager’s principle to give a simple derivation
for the viscous bulk fluids inside the droplet coupled with the Marangoni flow induced by the surfactant. We will see in (3.12) and
(3.20) that the variation of the total surface energy with a surfactant-dependent surface tension will exert an additional force V,y(c)
for the bulk fluids on the capillary surface S;. This surface gradient of the effective surface tension induces a Marangoni flow, and thus
this phenomenon is called Marangoni effect. At the end of this section, we also point out the two cases with or without bulk fluids
inside the droplet are indeed quite similar in terms of the linear response relation u = KF; see (3.30). In Proposition 3.1, we will prove
the Rayleigh dissipation functional for the viscous flow case is indeed stronger than the one for the motion by mean curvature of the
capillary surface. However, the bulk fluids cases with both the hydrodynamic effect of the viscous bulk fluids inside the droplet and the
surfactant effect on the moving surface, i.e., the case that the dynamics of the bulk fluids is described by the Stokes equation coupled
with the advection-diffusion of the surfactant on the moving capillary surface (see (3.20)), require additional computations for bulk
fluids. Thus the computational strategies presented in Section 4 shall be modified and will be left as a future research.

Now let us first state the idea of derivations for the governing equations (3.20) for the general “free-slip” case, i.e., the surfactant
moves on the capillary surface along with both the normal velocity v, and tangential velocity v, of the fluids inside the droplet. For this
general case, given an underlying velocity v, the kinematic description for the capillary surface is still (2.11), i.e., hy + v1hx + v2hy = v3,
and the continuity equation for the surfactant becomes (3.1). Below, we will follow the procedures in Section 2 to first give the kinematic
descriptions for the rate of change of total energy in Section 3.1. After the calculations for the rate of change of total energy # in (3.17),
it quantifies the work done by the open system (capillary surface laid by surfactant and its contact line) against friction [21]. Then
we determine the velocity fields, including fluid velocity v and contact line speed vc, via energy considerations in Section 3.2, i.e., via
Onsager’s principle by introducing a new Rayleigh dissipation functional Q. These immediately yield the governing equations and the
energy dissipation law for the bulk fluids coupled with transport of surfactant on the evolutionary surface; see (3.20). In the end of this
section, we give a proof of Onsager’s reciprocal relation and obtain a lower bound estimate for energy dissipation in Proposition 3.1,
which helps us to characterize the steady solution as a spherical cap laid by constant-concentrated surfactant.

3.1. Kinematic descriptions for the rate of change of total energy

In the following subsections, we will adapt the same kinematic descriptions as in Section 2 to the general “free-slip” case for
surfactant with vs, derive the corresponding boundary conditions of the surfactant at the contact line and compute the rate of change
of the total surface energy. With the convection contribution, transport equation (2.29) for ¢ becomes

3 (cy/1 Vh2>—v- e gy v.<,/1 Vh2<f>>:DV~ v wve). 3.1
(C IV <\/1+|Vh|2 >+ RARE g V14 |Vh]? ‘ G-

We impose a non-flux boundary condition
e - VC|99[ =0 (3.2)

for c to preserve the total mass of the surfactant.

3.1.1. Conservation of the total mass of the surfactant
Using (3.1) and the same calculus derivations as (2.43) except for adding (f, g), we have

d
— | ¢ /1+|VhP? dxd
at Jo, + [ Vh| ly
D 1 —
= —ny, - Vc+ C———v—Cy/ 1+ |Vh|2( ) -ng ds.
02 1+ |Vh|? 02 /14 |Vh}? g

The first term on the right-hand-side vanishes due to the no-flux boundary condition (3.2). Recall (2.13). Suppose we impose the
non-penetration boundary condition for the bulk fluid velocity v - e;|3e,= 0. Then

(3.3)

vioe=-— " 4ihf+hg=0 ond. (34)
V14 |VhP?
Then by n, = —%, we have

Up f
o (f) 35
TriveE |<g) " )

10
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From this and the continuity condition (2.40), we know the last two terms in (3.3) also vanish

1
WUCL—\/l + |Vh)? (2) -ny =0. (3.6)

Hence (3.3) yields & Jo, v/ 1+ |Vh|? dx dy = 0.

3.1.2. Calculations of Marangoni stress induced by the tangential convection of surfactant
Recall (vq, v2)(x, y, t) is the xy-component of the velocity of the moving capillary surface. Then (3.1) is recast as

1
3 1+ Vh2>+V-< 1+ th("])):Dv- —  _MVc). 3.7
(c,/ Vh ey 1+ va? (2 Tl 37)

Then by same calculations as (2.34), we obtain the change of the surface energy

v
BN (e(c),/l + |Vh|2) +V. (e(c),/l + |Vh)? (é))
=y(c) <8m/1 +|Vh? + V- (,/1 + |Vh[? (g;))) + Dy/1+ |Vh*¢/(c)Asc (3.8)
=:y(c) + Dy/ 1+ |Vh*e/(c)Asc.

Here using the identity (2.33), y(c)I can be further simplified as

y (O =y(c)heH — Vy(c)- <\/1 + |Vh[? <£>> +V. (y(C)\/l + |Vh[? <£)>
=—4/1+4|Vh? (—y(c)vnH + (2) . Vy(c)> +V. (y(c),h + |Vh]? <jgr)> ) (3.9)

Now we simplify the first term in y(c)I to see that besides the Laplace pressure, there is an additional force, brought by the surface
gradient of y(C). Recall v = v,n + v;. Denote

F = —y(c)Hn + Viy(C). (3.10)

Here the additional force term, surface gradient Vy(C), is called the Marangoni stress, so the total capillary force density F exerting to
the environment consists of both the negative Laplace pressure done by the capillary surface and the Marangoni stress caused by the
surface gradient of surfactant-dependent surface tension. We now prove the first term in y(c)I satisfies

— y(c)vsH + (g) - Vyy(c)=v-F. (3.11)

In other words, the first term in (3.9) can be recast as the work done by the capillary surface per unit time v - F. Indeed, from the
orthogonality and definition of F in (3.10), we have

v-F=—v,y(c)H+vs-Vgpy(C) onz=h(x,y,t). (3.12)
By the definition of vs and surface gradient, the last term is
vs - Vsy(C) =(fr1 +872) - [T —n®@n)Vy(C)]

=(fr1 +gm2) - Vy(C) = (g) - Vyr ().

3.1.3. Rate of change of total surface energy
Recall the calculations for energy change (3.8) and its relation with the Marangoni stress F in (3.11). Using the same calculations as
(2.47), we can simplify the second term in (3.9)

d / 2
o /:2[ e(c)y/1+ |Vh|® dx dy
f Fy/1+ |Vh? dx dy D ¢ Vc - MVc dx dy
=— | v-Fy — | b——==Vc-: 3.13
2 2 /14 |Vh]? (3.13)
he / f / 2
+ e(c)———Vh-n, —ce'(c)/1+ |Vh]? ( ) Mg ds+/ e(c)/1+ |Vh[>vq ds,
V14 |Vh)? & 002

A2t
11
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where we used the no-flux boundary condition (3.2). Using (3.6) and (2.41),

d
— W1+ |Vh? dxd
i Q[e(c) + [Vh|” dx dy
f Fy/1+ |Vh? dx dy D ¢ Vc - MVc dx dy
— — v - - —_— .
2 2 /14 |Vh]?

\Vh[? 1 (3.14)
+ / —e(¢) ———v(L — €'(C)——va ds+/ e(ch/1+ |Vh|?vc, ds
1o V1+|Vh? V1+|Vh]? 92
e’(c) 1
=— v-Fy/1+|Vh? dx dy — D—————Vc-MVc dx dy—i—/ y(Cc)ve, ——=—= ds.
[g, 2 1+ |Vh)? a2 V14 |Vh]?
Therefore in the presence of convention contribution of surfactant, the rate of change of the total surface energy becomes
d
Sl 14 1ThE dxdy+Om - ) [ exay]
dt 2 2
(3.15)

=— | v-Fy1+|Vh?dxdy— | D———=—Vc -MVc dx dy—/ Fuey ds,
fgt 2 1+ |VhP ’

A2t

where F; = —y/(c) cosOc. + ysg — ysi is the surfactant-dependent unbalanced Young force.

3.2, Energetic descriptions: Stokes flow for bulk fluids and governing equations derived by Onsager’s principle

As we used the fluid velocity v and the contact line speed v¢, to give kinematic descriptions including motion of the capillary
surface, the continuity equation of the surfactant and the rate of change of total energy (3.15), it remains to determine these velocities
v, vc, from energetic considerations. Using Onsager’s principle and a new Rayleigh dissipation functional, we give derivations for the
governing equations of the surfactant induced Marangoni flow coupled with moving contact lines.

Let u(x, y, z, t) be the velocity of the bulk fluids. Assume the velocity v of the capillary surface coincides with the velocity u of the

bulk fluids restricted on the capillary surface, i.e., v(x, y, t) = u(x, y, z, t)|z=h(xy 0"

First, we impose the non-penetration boundary condition for the bottom of the droplet
u-n=0 on £ (3.16)

and consider an incompressible fluid satisfying V - u = 0 inside the droplet A;.
Given h(x, y, t) and c(x, y, t), then the rate of change of the total surface energy (3.15) can be regarded as a linear functional of u, vc;
and we denote it as

v ) = — | u-Fy 2axdy— [ p—9  ge. _ /

F(u, ver; h, c) - /m u-Fy/1+|Vh|* dx dy . DWVC MVc dx dy o Fsvucp ds. (3.17)
We remark the rate of change of total energy # in (3.17) quantifies the work done by the open system (capillary surface laid by
surfactant and its contact line) against friction [21]. Then all we need to do is to determine the fluid velocity u and the contact line speed
vcL via Onsager’s principle by introducing a proper Rayleigh dissipation functional Q. In general, the choice of the Rayleigh dissipation
functional in Onsager’s principle comes from phenomenological modeling instead of from some physical principles. Therefore, Onsager’s
principle is valid only for certain class of problems. However, many specific problems in soft matter including diffusion, viscous fluids
and surfactant belong to this class. The resulting governing equations determined by the choice of Rayleighian are consistent with
some well-accepted or experimentally tested models, for instance, the Navier-Stokes equations and the stokes equations in the current
section; see more worked out examples in Dor’s book [27].

Second, given h(x, y, t) and c(x, y, t), introduce the Rayleigh dissipation functional Q

D /!
Q(u, ve; h, ¢) == %/ (Vu+vu'): (Vu+vu')dv + > ¢© Vc-MVc dx dy

Ar 2 /14 |Vh|]? (3.18)

+ i/ u? dx dy+§/ lve|® ds,
2a 2 2 002

where u is the dynamics viscosity for the bulk fluids and « is the slip length.
Given h(x, y, t) and c(x, y, t), define Rayleighian as

R(U, ver; hy €) := Qu, v h, ¢) + F(u, va; by ©). (3.19)

Then based on Onsager’s principle, we minimize R(u, vc; h, ¢) w.r.t the velocity u, vc. This yields the following governing equations,
whose derivations are given in three steps below.

12
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After incorporating the transport equation (3.1) for surfactant ¢ and the no-flux boundary condition (3.2), the minimization of
R(u, ver; h, ¢) gives the governing equations

Vp = ndu in A,
V.-u=0 in A,
on=F on S,

%r-on+t-u:0, u-n=0 on $2,
och + uq0h +ud0,h =u3  on £,

h=0 on 92, (3.20)
EUCL = FS on S.Qt,
u
or (c,/l + |nyh|2> + Vyy <C,/1 + |nyh|2 <u;)> = DV, - <WMVWC> on £,
Vg€ -ng =0 on d052,

where U](X, Y, t) = uX(Xv Y, h(Xv Y, t)v t)7 u2(X7 Y, t) = uy(xs y, h(X, Y, t): t)v U3(X, Y, t) = uZ(X7 Y, h(X, y, t)7 t) and
o =—pl+u(Vu+Vu'), F=—y(Hn+ Vey(C). F =—y(c)cosba +ysc = ¥si. (321)

The first group of (3.20) is the stationary Stokes equation inside the droplet coupled with the traction boundary condition balanced
with the total capillary force density F and Navier slip boundary condition at the bottom. The second group of (3.20) is the evolution
of the capillary surface induced by the fluid velocity and the moving contact line as a linear response to the surfactant-dependent
unbalanced Young force F;. The third group of (3.20) is the transport equation for the insoluble surfactant with the no-flux boundary
condition on the contact line d2;. We particularly point out that the Dirichlet boundary condition h = 0 on 942, is necessary [28]
because “the projection of the capillary forces onto the vertical axis is balanced out by a force of reaction exerted by the solid”
[29, p. 18]. We refer to [30] for the wellposedness of this model for the 2D single droplet without surfactant. We remark in the case
o — 0, the Navier slip boundary condition in the first group of (3.20) is reduced to the nonslip boundary condition u = 0 on £2;. In
this case, the Rayleigh dissipation functional becomes

1 T T D e’(c) § 2
Q== Vu+Vu'):(Vu+Vu' )dV + = ————Vc-MVcdxdy+ = |veL|” ds. (3.22)
4 Ja 2 Jo. /14 |Vh? 2 Joge,

The derivations of the governing equations (3.20) can be summarized as the following three steps.
Step 1. To impose the incompressible condition, introduce the Lagrangian multiplier p. Then we take the first variation of R with
perturbations u + &ii, p + ep such that (i, p) are compact supported in the open set A,

(R(u +ell,ve; h,c)— | (p+ep)V-(u+ ﬁ)) . (3.23)

E e=0 At
This implies the static Stokes equation inside A
V.o=0, V.-u=0,
- (3.24)
o=—-pl+ u(Vu+Vu').

Step 2. From the non-penetration boundary condition (3.16), we take the first variation of R with perturbations u + e satisfying
i~ n|,_, = 0. Using (3.24),

0_d
T de

:ﬁ/(Vu—i—VuT):(Vﬁ—i—VﬂT)deLﬁf u-ftdxdy—/ﬁ~Fds
2 At (04 ko St

:/a:VﬁdV—i—ﬁ/ u-l]dxdy—/ﬁ~Fds
At o ¢ St

=/ ﬁ-(on+ﬁu) dxdy—i—/ ii-(on—F) ds.
2 o

St

R(u + &il, vers b, )
=0

(3.25)

By the arbitrary of i, this implies the Navier slip boundary condition for the bottom part
Y on+t-u=0 on (3.26)
m

and the traction boundary condition on the capillary surface
on=F onS§. (3.27)
Step 3. Taking first variation of R w.r.t vc, + £0¢, we obtain the contact line speed
Eva =F ondg. (3.28)

Thus after incorporating the transport of the surfactant, we obtain the governing equations (3.20) of the surfactant induced Marangoni
flow for droplets on a substrate. As a consequence, the energy dissipation law is

F=-2Q. (3.29)
13
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Now we explain Onsager’s reciprocal relation for the linear response of u, vc to the two unbalanced forces F, F;. Given c(x, y, t) and
h(x, y, t), define an operator
K L3S R?) — [X(Si; R?), F > uls,

such that u solves the Stokes equations with traction force F (first group in (3.20)). Then the velocity fields u, vc solved from the
governing equation (3.20) satisfy the following linear response relations

u=KF on S,

va = 1F  onag. (3.30)

Proposition 3.1. K is a bijective and self-adjoint operator from L*(S;; R?) onto [*(S;; R?). K is a positive operator in L*(S;; R>). Furthermore,
for the no-slip boundary condition case, i.e., « = 0, then K is a bounded operator in L*(S;; R?) satisfying

/ F-KFds>C [ |KF|*ds foranyF e [*(S;; R%). (3.31)
St St

Proof. First, given any f € L*(S;; R?), the solution to

Vp = uAu in A,
V-u=0 in At,
ief on s, (3.32)
%r~on+r~u=0, u-n=0 on £,
exists uniquely. This gives a unique F = on and thus K is bijective operator from L*(S;; R?) onto L%(S;; R3).
Second, for any Fi, F, € [%(S;; R?), let u; = KF; and u, = KF,. Then we have
/F1 - KF, ds:/ on-uy ds
St 5t (3.33)
=ﬁ/(Vu1 + Vu1T) : (Vuy +Vu2T) dv + ﬁf up - uy dx dy =/ KF;y - F, ds,
2 At (o4 2 St

which, together with D(K) = L*(S;), shows K is self-adjoint. The symmetry (3.33) is known as Lorentz’s reciprocal theorem for the
Stokes flow.
Third, the positivity of K is directly from

/ F-KF ds > 0. (3.34)
St
This equality holds if and only if F = 0 because u|p,= 0 implies the Korn’s inequality [31, (3)]
Vul?dv <C | |Vu+vu')’ dv, (3.35)
At At

where C is a generic constant.
Fourth, in the case @ = 0. Combining the trace theorem, the standard Poincare’s inequality and Korn’s inequality (3.35), we know

[u|? ds < c/ (W] + Vu?) dv <C | |Vu+ vu') dv. (3.36)
St At At

This concludes (3.31). O

The first statement in Proposition 3.1 proves the linear response operator K is positive self-adjoint in L?(S;; R?). The symmetry (3.33)
of K is exactly the original statement in Lorentz’s reciprocal theorem for the Stokes flow, while we interpret it as a positive self-adjoint
operator in a functional space.

The second advantage of Proposition 3.1 is we proved the lower bound of the inverse operator X£~!, which means the dissipation
term Q in (3.29) and (3.22) has a lower bound. That gives further the energy estimate

A
F=-2Q < —c/ ul> ds — D O ve mvededy—¢ [ Juaf? ds. (3.37)

St 2 /14 |Vh]? 9%

We remark in the geometric motion case, the first equation in (2.57) is the linear response relation u = KF = %F . Thus Proposition 3.1

also tells us the Rayleigh dissipation functional Q in (3.18) for the viscous flow is stronger than the one defined in (2.54) for the
. . +00 2
geometric motion case. As a consequence of (3.37), we know fo fsr |u|® ds dt < 4o0.

The third advantage of Proposition 3.1 is the characterization for the steady solution to (3.20). Rigorous proof for the uniform
convergence of the dynamic solutions to its steady state is challenging; see [32] for small data convergence without surfactant. However,
if the limiting solution (the capillary surface) remains a smooth surface, i.e., assume no fattening phenomenon, we will show below the
steady solution u = 0 in A;, ¢ = const on S; and the steady shape S; is characterized by a spherical cap with constant mean curvature
while the contact angle being Young's angle. Specifically:

(i) For the steady solution to (3.20) with Q = 0, we know f_qt

e//(c)
A/ 14|Vh?

14

Vc-MVc dx dy = 0 and thus ¢ = c* is constant on S;;
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(ii) As a consequence of (3.37), we know Q = 0 implies fst [u]?> ds = 0 and thus u = 0 on S;. From u = 0 on S; N £2;, the bulk fluids

described by the stokes equation satisfy u = 0 in A;. This uniquely determines ¢ = —pI with a constant pressure p = const and thus
F = —pn = —y(c*)Hn due to (3.21) and ¢ = c*;
(iii) Therefore the characterization problem is reduced to solve a spherical cap profile with constant mean curvature H = -2~ = const.

y(c*)
Denote R as the radius of the spherical cap. Given volume V and total mass M, of surfactant in (2.5), we solve unknowns {#, R, c*} such

that
R3 M
. V= 7”3 (2+cosB)(1—cos§)?, — =2xR*(1— cosh), (3.38)

C*

VsG — VsL
y(c*)
where we used the volume and area formula for a spherical cap with radius R. Notice y(c) is strictly decreasing w.r.t. c. The solvability

of these algebraic equations, the uniqueness of the spherical cap solution and the convergence to this steady solution will be left for a
future study.

cosfh =

Remark 2. We also remark under the non-penetration boundary condition u - n = 0 on the bottom of the droplet, the Navier slip
boundary condition on a textured substrate w(x, y) becomes

Y on+t-u=0 ondANi{z=uw) (3.39)
"

which is equivalent to
an-V)(t-u)+t-u=au-(n-Vr+n-Vrt) ondA N{z=w} (3.40)
In the case w = 0, then the Navier slip boundary condition is simplified as

T-Uu=ad,(r-u) on 2. (3.41)
4. Algorithms based on unconditionally stable explicit boundary updates

In this section, we propose a numerical scheme for the droplet dynamics with the surfactant on the moving capillary surface. These
mainly rely on decoupling the motion of the contact lines, the motion of the capillary surface, and the dynamics of the surfactant on
the surface. Therefore, we will adapt the 1st/2nd order schemes developed in [9] for the pure geometric motion of single droplets and
then incorporate the constantly changed dynamic surface tension y(c) due to the dynamics of the surfactant.

To give a clear presentation, we describe the numerical scheme for 2D droplets. For the 3D droplets, the construction of the arbitrary
Lagrangian-Eulerian method for the moving grids need to be developed and will be left for a future study. Before this, we first derive
the governing equations for 2D droplets laid by surfactant but placed on an inclined textured substrate. This is described by the motion
of the capillary surface, the moving contact lines and the transport of the surfactant.

4.1. Contact line dynamics and surfactant effect for 2D droplets on an inclined textured substrate

Given an inclined textured solid substrate, we follow the convention for studying droplets on an inclined substrate and choose the
Cartesian coordinate system built on an inclined plane with effective inclined angle 6 such that —% < 6y < 7, i.e,, (tan6p)x is the new
x-axis we choose; see Fig. 1(b). With this Cartesian coordinate system, the textured substrate is described by a graph function w(x) and

the droplet is then described by
Ar = {(x,y); a(t) < x < b(t), w(x) <y < u(x, t) + w(x)}. (4.1)

The motion of this droplet is described by the relative height function of the capillary surface u(x, t) > 0 and the partially wetting
domain a(t) < x < b(t) with free boundaries a(t), b(t).

With the new Cartesian coordinate system, the substrate w(x) and the total height h(x, t) := u(x, t) + w(x), one can use the same
lift-up method in Section 2.1.2 to derive the continuity equation for c(x, t), x € (a(t), b(t)), i.e.

hy 1
Ct — Unax (C%) = DaSSC, 85 = \/ﬁ&( (42)

This is equivalent to

h, hy By
0C — VpCy———=+vy¢H=Dds¢c, H=—-0k| —— ]| =—""—. (4.3)
t nCx /714—}1)2( n ss x( /;1+h)2(> (]_i_h)%)%

Notice the compatibility condition (2.40) on the contact line now changes to
h[|b = _axu|bb/7 htla - _axu|aa, (44)

due to u(x(t), t) = 0 at x = a, b. We will compute the rate of change of total energy and derive the governing equations for droplets
placed an inclined textured surface below.

15
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4.2. The rate of change of the total surface energy with a textured substrate

First, we compute the rate of change of the surface energy for the capillary surface.
Multiplying (4.2) by €'(c),/1 + h2, same derivations as (2.34) gives

o (e(c),/l + hf) — y(c)Hhy — 3 (e(c)m) = De'(c)dssc 4/ 1+ h2. (4.5)

On one hand, integration of the left-hand-side of (4.5) gives
b

b(t) 5 hxh[
d 1+h2)— Hh, dx — —_—
f( [<e(c)\/ n ) yicHh ox—ete) |

a(t)

d o b(t) heh, (b
= e(c)y/1+ h2 dx +/ —y(c)Hh, dx — e(c )7

dt X a(t) t + h2

a
d b(t) b(t)
T (e(c),/ 1+ hf) dx — / y(c)Hh, dx — e(c)l + e(c)lq,
a(t) (

a(t)
where we used the Reynolds transport theorem and

\/1—i—7hz|b~|—ae(c \/1+7hz|

heh heh
:b/‘/1+h§|b+x7t‘ : a1+ 12|+ —2 (46)
J1+h JI+h2la
Then by compatibility condition (4.4),
h P(1+h ‘(1+h
b=t (J1em— e ) PAx g o a0 havd) (47)
J1+ 12 Jith b Ji+h2 la

On the other hand, the right-hand-side of (4.5) becomes

b b 2
3
fDe’(c)BX & Vax=-D[ ()2 _ _oele)
o J1+h

dx+D
T+ hgla
Therefore,

X
d [ bt) b 2
— (e(c) 1+h§> dx—/ y(c)h:H dx—l—D/ e’(c)—2— dx
a( a

b

dt Jou t) 1+ h? (438)

oxe(c) |b

—e(c(b))y — e(c(a))y + D22 [

14 hZla

Particularly for e(c) = c, we have
d o
0= T (c,/l + h,%) dx = cos 0y[Dcy|p+c(b)(1 4+ hywy)b'] — cos O,[Dcyla+c(a)(1 + hywy)a'l, (4.9)
a(t)
where cos6, = \/ﬁ J cosfy = ﬁ , and 6,, 6, are the dynamic contact angle at a, b respectively. Same as (2.45), to maintain
the mass conservation law, we impose the Robin boundary condition for surfactant concentration (4.2)

Dex|p+c(b)(1 + hywy)lp b" =0,  Dexlatc(a)(1 + hywy)la @ = 0. (4.10)

Using boundary condition (4.10), we further simplify (4.8) as

d b(t)( b(t) b 2
— e(c)y/1+ h2> dx —/ y(c)h:H dx—l—D/ e’(c)—2— dx
dt Jou * at) a V14 h? (4.11)

=cos 6 (e(c(b))(1 + hywy)lpb’ + De’cylp) — cos 6, (e(c(a))(1 4 hywy)lq@” + De'cxla)
= cos Oy (c(b)D'(1 + hywy)|p— cos ay (c(a))a’(1 + hywy)la-

Second, we compute the rate of change of the total free energy including the total surface energy and the gravitational potential
energy.

For a 2D droplet placed on an inclined textured surface, with the gravitational effect and the volume constraint V, we take the total
free energy of the droplet as

b(t) b(t)
F(R(D), a(t), b(E), M) = / e(c)V/T+ (P dx+ (vt — vsc) / T+ @) dx
a(t) at)

b(t) putw b(t)
+,og/ / (ycosbp + xsinby) dy dx—k(t)(/ udx—V),
ait) Jw at)

where h = u+w, e(c) is the energy density on the capillary surface, p is the density of the liquid, and g is the gravitational acceleration.
Denote k = pg.

(4.12)
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Notice the time derivative of the second term in F is
d b(t)
5 5L = ¥s0) T (@) dx = (s — y50) (B'V/1+ @ Pl—ay/T+ @Galla)
a(t)
and from u|q = 0, the time derivative of the third term in F is

b(t) b(t)
—K/ / (y cos Oy + xsinbyp) dy dx = K/ he(hcos 6y + xsinép) dx. (4.13)
t) a(t)

This, together with the energy dissipation (4.11), gives

d / (t) b(t) c2
—F=- (—y(c)H + A — k(hcos 6y + xsinby)) h dx—D/ e’(c)—=2— dx
« o [ “ Tk (4.14)
+ b'[cos By (c(b))(T + hywy)lp+(yse — vse )y T+ (8xw)? ] '
— d'[cos Oy (c(@)(1 + hywy)la+(ys. — ¥s6)v/ 1+ (3w )?[a]-
4.3. Energetic considerations: the Onsager principle and the governing equations
Same as Section 2, we choose the Rayleigh dissipation functional as
:B b(t) h2 é o y ) D b(t) . C)%
Q== (Ibl +1d")+ = e’(c)——= dx. (4.15)
ary 1+ h2 2 Jaw V1+h

Then by the same derivations as (2.55)-(2.57) for the 3D case, we conclude the governing equations for the full dynamics of a 2D single
droplet on a textured substrate

B ) .
———h; = —y(c)H — k(hcos Oy + xsinfy) + A, in (a(t), b(t))
JV1+h2

(h—w)le=0, (h—w)p=0

h
Ct — Unax Cix = Dassc» in (a(t)v b(t))
Jir

/ 4.16
Dely+e(BD'(1+ hywg)ly= 0. Deylatc(b)a'(1 + hywy)la= O, (416)
&b = — cos Oy (c(b))(1 + hywy)lb—(¥sL — Ysc )V 1+ (8xw)?p,
ga/ = cos Oy (c(a))(1 + hywx)la+(ys. — Ysc)vV 1+ (axw la,
b(t)
/ hdx=V
a(t)
where 0; = oy and H = —0y e = — M _ j5 the mean curvature. After taking into account the textured substrate, we
’ «/ﬁ * M) (1+h§)% &
remark that the unbalanced Young force becomes
Fy = — cos Oy (c(b))(1 + hawy)lp—(¥sr — ¥sc)v/ 1 4 (8xw)?|s, (4.17)
Fq = cos 6,y (c(@))(1 + hywy)la+(yse — ¥sc)v/ 1+ (3xw)?[a. (4.18)

As a consequence, the energy dissipation relation (2.58) becomes

4r— s JRLL S bee”(c) % dx— g + 1) = —20
dt ar) /1+h2 a J1+h2 '
Before proceeding to the computations for the full dynamics (4.16), we recast Eq. (4.3) for the dynamics of surfactant concentration ¢

das
C[ . h[hx CX . hthxx c= D CXX _ DhXhXX CX, (4.‘19)
1+ h? (1+ h2)? 14+ h2 (1+h2)?

which is a computationally friendly form.

4.4. Proposed numerical scheme

We will split the PDE solver for the full dynamics of droplets with surfactant into the following three steps: (i) explicit boundary
updates; (ii) semi-implicit capillary surface updates and (iii) implicit surfactant updates. The unconditional stability for the explicit 1D
boundary updates is proved in [9], which efficiently decouples the computations of the boundary evolution and the capillary surface
updates. The semi-implicit capillary surface updates with the volume constraint and the implicit surfactant updates can be converted
to standard elliptic solvers at each step.

Let t" = nAt,n =0, 1, ... with time step At. We approximate a(t"), b(t"), h(t") by a", b", h" respectively. We present the first order
scheme as follows. For completeness, we also provide a pseudo-code in Appendix B.
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First order scheme:
Step 1. Explicit boundary updates. Compute the one-side approximated derivative of h" at b" and a", denoted as (dyh" )y and (3xh")o.
Then by the moving contact line boundary conditions in (4.16), we update a"*!, b**! using

an+1 _ an 1
ST = cos 0] y(c§ )1+ (h)o(wx)o) + (vsr — ¥sc)y/ 1 + (w)g,  cosO) = ———,
1+ (hh3
gt _ g ) (4.20)
E? = —cos O]y (e )(1 + (K)n(win) — (oL — ¥sc)y/ 1+ (Bw)y,  €osf) = ——.
J 1+ R

Step 2. Rescale h" from [a", b"] to [a"t!, b*"1] with O(At?) accuracy using an ALE discretization. For x"*! € [¢""!, b™t1], denote the
map from moving grids at t"*! to t" as

b" —a"
X" =a"+ W(x’”rl — a1 e [a", b"]. (4.21)
Define the rescaled solution for h" as
™ (1) == AP(x") + 3.h"(x™)(x™T — x™). (4.22)
B%/ the Taylor expansion, it is easy to verify that K™ (x"*1) = h"(x"*1)+0(|x" — x"*! |2). From [9, (B.11)], we have the first order accuracy
0

h(an’ tn+l) _ h“*(X'ﬁL], t“)

ah(x"1, ¢ty = v + 0(At). (4.23)
Step 3. Capillary surface updates with the volume constraint. Update h"™*! and A"*! semi-implicitly.
hn+1 — h™ n
p = 4G 0™ — k(W™ cos By + x™ ' sin ) + A",
1+ (ochm)2 At (14 (8,hm)2)2
hn+1(an+l) — u)(alhq)7 hn+1(bn+1) — w(bl1+1)7 (424)
bn+1 bO
f un+1(xn+1) dxn+1 =/ UO(XO) dXO,
an+1 a0
where the independent variable is x**! e (a"*1, b"+1).
Step 4. Update the concentration of surfactant.
oyt = M
At
1 Cn+1 —c" . Dhn+1hn+1 ; ; h?+lhn+1 (4-25)
n+ — n+ _ X XX n n+ n+ n XX n
(1+(hy™) )? = Doy C 1o e R OxC" 4 iR 0" + 1o e n (h,’}“)zc
with boundary conditions
n+l | ot at! —a" n+l | ntl bt — bt
Dlcx)y™ +¢p (1 +(hx)0(wx)0)? =0, Dla)y +cy (1 +(hx)N(wx)N)T =0. (4.26)

We remark that the second order numerical scheme developed in [9] can be adapted here. When there are topological changes
of droplets such as splitting and merging due to an impermeable textured substrate, the projection method for solving variational
inequalities developed in [33] can also be adapted.

5. Computations for droplets with dynamic surface tension

We now use the numerical scheme in Section 4.4 to demonstrate several challenging examples: (i) the surface tension decreasing
phenomena and asymmetric capillary surfaces due to the presence of the surfactant; (ii) the enhanced contact angle hysteresis or
resistance with gravity for droplets placed on an inclined substrate; (iii) droplets on a textured substrate or in a container with different
surfactant concentrations.

5.1. Surface tension decreasing phenomena and asymmetric capillary surface due to the presence of surfactant

In the first example, we compute the spreading of a droplet placed on a flat plane to observe the surface tension decreasing
phenomena due to the presence of different concentrations of surfactant.
First, we set the initial droplet as a spherical cap profile
b 3
h(x,0) = VR2 — x> —Rcos(6y) With R= —>, by =37, 6ip=—— (5.1)
Oin 16
and the computational parameters as follows
B=01 «=05 yL—yc=-07, £&€=1, D=0.1, T=1.5; At=0.015 N =800. (5.2)
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Fig. 2. Spreading of droplets on a plane with lower surface tension due to the surfactant effect. 1st: Time evolution of the capillary surface without the surfactant
starting from an initial profile (5.1) marked with black pentagrams to a droplet profile marked with black circles at the final time T = 1.5. 2nd: With initial
concentration ¢ = 0.8, the flatten droplet with a pancake shape is shown with a density-patched surface at T = 1.5. 3rd: With an asymmetric initial concentration
(5.4), an asymmetric evolution with the surfactant ‘drag’ effect is shown at equal time intervals and at T = 1.5. 4th: The asymmetric profile dragged by surfactant
with initial concentration (5.4) turns out to be symmetric with approximated constant-concentration of surfactant at T = 25. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Following (2.35), the surfactant-dependent surface tension y(c) is taken to be
yc)=ro+1In(1—c) withy =2. (5.3)

This means y/(c) is decreasing w.r.t ¢ and if ¢ = 0, the equilibrium Young’s angle is given by cos 6y = —% = 0.35.

In Fig. 2 (1st), we first take ¢ = 0 and compute the spreading process without the surfactant starting from the initial droplet
(5.1) to time T = 1.5. We observe the initial symmetric droplet (marked with black pentagrams) tends to shrink to it’s equilibrium
symmetrically; see the symmetric droplet profile at T = 1.5 (marked with black circles). Notice the dynamics of the concentration of
surfactant c is shown on the capillary surface using different color; see color bar on the right side of the figures. The evolution of the
capillary surface is drawn at equal time intervals with solid thin lines and patched with color showing the surfactant concentration.

Then in Fig. 2 (2nd), we take a uniform initial concentration of surfactant c(x, 0) = 0.8 and start from the same initial symmetric
droplet, which is marked with black pentagrams and is patched with a uniform color. We observe that, as time increases to T = 1.5,
the droplet tends to spread out like a thin film due to the lower effective surface tension y(c); see the flatten droplet profile at T = 1.5
(marked with black circles). During the spreading process, the concentration of the surfactant at two contact endpoints decreases, so
we observe the droplet still holds a pancake shape instead of completely spreading out; see similar droplet profiles in the lubrication
model [26,34].

To see the significant contribution of different surfactant concentrations to the droplet profile, we use the same initial capillary

surface (marked with black pentagrams) but take an asymmetric initial concentration of the surfactant in Fig. 2 (3rd). Explicitly, we
take initial concentration as

0.6
c(x,0) = 0.5 + — arctan(100x), (5.4)
T

which increases from 0.2 to 0.8 with a sharp transition; see the patched curve marked with black pentagrams. Then as time increases,
the surfactant ‘drags’ the droplet to the right and induces an asymmetric motion. We can observe an advancing contact angle and a
receding contact angle in the droplet profile at T = 1.5 (marked with black circles). To further observe the long time behaviors of
the droplets, with the same initial asymmetric concentration of surfactant (5.4), we compute the dynamics of the droplet profile up to
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Fig. 3. Enhanced CAH and resistance with the gravity due to asymmetric concentration of surfactant for a droplet placed on an inclined substrate with 6, = 0.3.
(upper) Time evolution of the capillary surface without the surfactant starting from an initial profile (5.1) marked with black pentagrams to a droplet profile marked
with black circles at a final time T = 2. (middle) With the initial concentration (5.6), the significant enhancement of rolling down and the CAH phenomena are
shown with density-patched surfaces at equal time intervals and at T = 2. (lower) With the initial concentration (5.7), the droplet rises up instead of rolling down
because the surfactant effect wins the competition with the gravity.

T = 25. We use same computational parameters as in (5.2) except T = 25, At = 0.125, N = 1600. The asymmetric droplet profile
dragged by surfactant becomes symmetric again with approximated constant-concentration of surfactant at T = 20. This is a numerical
justification for the convergence of dynamic solution to the steady spherical cap solution given in (3.38).

5.2. Droplet on an inclined surface

In the second example, we compute the spreading of a droplet placed on an inclined substrate to observe the competition between
the gravitational effect and the surfactant-dependent capillary effect due to the presence of different concentration of the surfactant.

We use the same initial droplet profile (5.1) and take the inclined angle 6, = 0.3 for the substrate. We use the following
computational parameters in Fig. 3
B=0.1, «=05 yL—yc=-075 &=1, D=0.1, At=0.02, N =800. (5.5)

Same as Fig. 2, the evolution of the capillary surface is drawn at equal time intervals with solid thin lines and patched with color
showing surfactant concentration.

In Fig. 3 (upper one), we take ¢ = 0 and compute the evolution of a droplet without surfactant as a comparison. We can observe
the contact angle hysteresis (CAH) in the droplet profile at T = 2 (marked with black circles) with an advancing contact angle and a
receding contact angle due to the gravity, which is unapparent.
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Fig. 4. The upper figure is the time evolution of a droplet in a cocktail glass with a uniform initial concentration of surfactant. The initial profile (5.9) is marked
with black pentagrams while the density-patched capillary surface at the final time T = 4 is marked with black circles. The lower figure is the time evolution of
a droplet on an inclined textured substrate (5.11). An asymmetric rising up starting from (5.12) is shown with the density-patched capillary surfaces at equal time
intervals and at T = 2.

However, in Fig. 3 (middle one), to see the enhanced CAH due to the surfactant effect, we take an asymmetric initial concentration
0.5

c(x,0) = 0.45 — — arctan(100x), (5.6)
b4

which decreases from 0.7 to 0.2 with a sharp transition; see the patched curve marked with black pentagrams in Fig. 3 (middle one).
As time increases, we see the gravity and the asymmetric concentration of the surfactant (left part higher than the right part of the
capillary surface) accelerate the rolling down of the droplet. Then droplet profile at T = 2 is marked with black circles and patched
with the surfactant concentration, in which we observe a significant enhancement of CAH phenomena with very different advancing
contact angles and receding contact angles. On the other hand, if we switch the initial concentration of the surfactant to

0.5
c(x,0) = 0.45 + — arctan(100x) (5.7)
b4

so that the right part has higher concentration than the left part of the capillary surface. Then in Fig. 3 (lower one), we observe the
surfactant effect wins the competition with the gravity and the droplet even rises up instead of rolling down; see the droplet profile
at T = 2 (marked with black circles).

5.3. Droplets on a textured substrate and in a cocktail glass

In the third example, we compute the spreading of a droplet on some typical textured substrates such as a cocktail glass and a
substrate with constantly changed effective slope. The common computational parameters are
=01 «x=05 £=1, D=05 At=0.02. (5.8)

In Fig. 4 (upper), we take the initial droplet profile (marked with black pentagrams) as

h(x, 0) = v/R? — X2 — Rcos(6i) + w(bo) + [w(bo) — w;;bo)](x + bo)’ R— gio’
0 in

bo = 3.7 (5.9)

with 6, = % and a cocktail glass substrate

w(x) = 0.5v/x% +0.1. (5.10)

Then taking ys1 — ys5¢ = —0.9, N = 1600 and the initial concentration of the surfactant as c(x,0) = 0.2, time evolution of the
density-patched capillary surfaces is shown at equal time intervals and at the final time T = 4 (marked with black circles). We observe
the capillary rise near the contact lines and the surfactant tends to push themselves and concentrate near the contact lines.

In Fig. 4 (lower), we take the initial droplet profile (marked with black pentagrams) as (5.9) with 6, = %, an effective inclined
angle 6, = 0.2 and a textured substrate

w(x) = 0.1 (sin(2x) + cos(4x))? . (5.11)
Then taking ys. — ys¢ = —0.5, N = 800 and the initial asymmetric concentration of the surfactant as
0.7
c(x, 0) = 0.45 + — arctan(100x), (5.12)
b4
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time evolution of the density-patched capillary surfaces is shown at equal time intervals and at final time T = 2 (marked with black
circles). We observe an asymmetric rising up of the droplet due to the asymmetric initial concentration and the constantly changed
effective slope of the textured substrate.
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Appendix A. Proof of Proposition 2.1

Proof of Proposition 2.1. Recall the continuity equation (2.18) on wetting domain §2; and the relation (2.14) between ¢ and C. We
then have

0 =0, (c,/l + |Vh|2) + V- <c,/1 + |Vh|2vxy>
=1+ VA (3 + vy - Vig)c) +¢ <8m/1 + |Vh? + Vy - (,/1 + |Vh|2vxy>> (A1)
=/1+|Vh? (8 +v-V)O) +C (at,/l + VA + Vyy - <\/1 + |Vh|2vxy)>
—h¢hy
where vy, = (Zl> = (H Y;?ylz) + (f) due to (2.15).
> 14 |Vh? £

First, for the last term in (A.1), using the identity (2.33), we have

dy/ 1+ |Vh]? + Vyy - (,/1 + |Vh|2vxy> =hH + Vyy - (,/1 + |Vh|? (f;)) . (A2)

This, together with (A.1), gives the equation for C

1 2 (F)) _
(3 4+ v - V)C) + CvpH + Wwy : (,/1 + |Vh (g)) =0. (A.3)

Second, we prove the following claim

__ 1 , 2 (1)) _ 1(f\ VolVhP)

Recall the tangential velocity on S;

US(vaah(xvyvt)vt):v_vnn:ftl+gT2: s f(x7y5h(x7y5t)):f(xuyst)? g(x,y,h(x,y,t)):g(X,y,t). (AS)

h,g

+ o

hf
By the chain rule, we have
V- letieo= (08 + 08 + hf +ho.8) |, = B + 08 (A.6)
On the other hand,

1 (‘hx f
—n(n-Vjys=— ———— | —hy ) - (—=hedx — hydy +9;) y g
1+ |Vh]| 1 hi + h (A7)
1 1 ny |Vh|?)
=———— (f(hw + hy) + 8(hy + h =
1+ |Vh (f( y) + 8(hxy yy =3 ( > 1+ |Vh|2

Combining (A.6) and (A.7) yields (A.4). O
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Appendix B. Pseudo-code for first order scheme

Below, we present a pseudo-code for the first order scheme in Section 4.4.

1. Grid for time: t" = nAt,n =0, 1, ..., where At is time step.

2. Fix N and set moving grids for space: x =a"+jt", "= #,]’ =-1,0,1,...,. N+ 1.
3. Calculate volume V := Z] Yo — w)(X] 0)70
4, Denote the finite dlfference operators
(3h)! = 4h' — h} — 3h] (ouh) = —4hy_; + hy_, + 3hy
xIt)o = on s X = 271 s
h' . —h! h?, , — 2h! + h7
_ i1 _ J -1 .
(@)} = L ()] = F e =N
Denote
(w)o := dhw(xg), (Bwly :=dw(xy), ¥ =y(c), i=0,...,N.
5. Update @™+, b™1,j=0,1,...,N,
atl — g 1+ (0xh™)o(0xw)o
§—— =W T (e~ vsly 1+ (B,
1+ (3:hm)3
b1 — pn 1+ (3ch")n(Ow)
f— = — (s~ psa)y 1+ (B}
1+ (0chm)?
6. Update the moving grids x}‘“ ="t 4 jem ol = bm,\,;“m j=0,1,...,N.
7. From (4.22), h]’?* = h + (3:h")(a""" — a" 4 j(z™! — <), j=0,...,N.
8. Solve h™*! semi- 1mp11c1tly
Forj=1,.. — 1, denote o = 1+ (h})! and solve
h{1+1 — hm* hn+1 hlj+1 + h(l«H
Bo;- o L=y i+l Ty 1 /caja/z(h]’?“ cos g +x”“ sinfp) + )»"“af/z,
T
N—-1
D —wg ) = v,
j=1
with the Dirichlet boundary condition b} = w(xg*!), R = w(xpt).
Denote a positive-definite matrix An—1)xn—1) = (aij) with
3
Gj1 ==y, G ==y =2y + ﬂ(T a,—l—xcos@o(r”“) Q
and a vector of length N — 1
- .L,n+l 2 3
fi= 'B(Ait)h}‘*a, K« sin 6, x““( "“)zajz, j=1,...,N—1
and (B.2) becomes forj=1,...,N — 1,
3 -
ajj-1h' +a“h +a”+1hJ"+1 - jz(r”“)ZA"Jr1 =f.
Denote

fi=h+viwg™. F =15 fior =+ i w™. f

The resulting linear system Ay = f has a non-singular matrix

3

t A a2

A:(T ) '
e 0 NxN

where yT = ("1, . RUHL (e P2a ) and e =(1,...,1) e RN
9. Solve ¢! from (4.25) implicitly.
Denote
!1+‘1 _ hn* . (h )n+1( )n+1
(ht)j'.1+1 = #, fii=- W(Cx)]n + (ht)?+1(hx);+1(cx);' +

Then (4.25) becomes

n+1 n+1 n+1 n+1
(1+(h2)n+])cj _C}l _ch+1 — 2 +G
x/j At - (.L.rH»l)Z

23

’

L 4+F j=1...N—1

(o) ()

)
1+ (2
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(B.7)
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with boundary conditions

an+1 —at
Dlc" + 65" (1 + (ho(wido)——— =0,
n+1 _ p" (B'S)
Dc™ + ey (1 + (hdn(wow) ——— =0,
where
1 1 1
(o)t = 4t — gt =3¢t (Bc)mt! = —dey oy 3yt
X-J0 2+l ’ XN 2+l ’
Let
2.L,n+l an—H —a" 2.L.n+1 bn+l —p"
to 7= S (1 (h(wado) —— . i = = (1 + (v {wh)——.

then boundary condition (B.8) becomes
(to = 3)cg™ +4cfT =t =0, it — 4t + (i +3)eht = 0.
Now we recast (B.7) in a N 4+ 1 order matrix form

Bc™' =f, B = (by)ijeo...n

(.[Tl+1 )2
DAt

where, fori =0, bgg =19 — 3, bo1 =4, bpy = —1;fori=1,...,N—1, b,’yi_1 = -1, b,’y,‘ =2+ 1+ (h)z():H—l), bi,H—l = —1; for
_ (r”+1)2

; R AT W
i=Nbyn—o=T1byn-1=—-4byv=w+3andfo=0,fy =0.fi=>5~fi+ —x—¢' ), i=1....,N-1L
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