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DISCRETE-IN-TIME RANDOM PARTICLE BLOB METHOD FOR
THE KELLER-SEGEL EQUATION AND CONVERGENCE ANALYSIS*

HUI HUANG! AND JIAN-GUO LIU%

Abstract. We establish an error estimate of a discrete-in-time random particle blob method for

1
the Keller-Segel (KS) equation in R? (d>2). With a blob size e=N_ d4(@+1 log(N), we prove the
convergence rate between the solution to the KS equation and the empirical measure of the random
particle method under L2 norm in probability, where N is the number of the particles.
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1. Introduction

Analogously to the random vortex blob method for the Navier—Stokes equations,
we propose a discrete-in-time random particle blob method for the Keller—Segel (KS)
equation in R? (d>2) [19,25], which reads

dp=vAp—V-(pVec), xR, t>0,
—AC:p(t,.’E), (11)
p(07x) :p()(x)a

where v is a positive constant. In the context of biological aggregation, p(t,z) represents
the bacteria density, and ¢(¢,z) represents the chemical substance concentration, which
is given from the fundamental solution of Laplace’s equation as follows

t
Cd/ L’y)d% if d>3,
Ra |2 —y[?72
c(t,x)= 1 (1.2)
- In|x— t,y)d if d=2
27T/}Rd nlz—ylp(t.y)dy, i ;
1 7.‘.d/2

where Cy = , i.e. ayg is the volume of the d-dimensional unit

d(d—2)aq’ T T(d/211)
ball. We can recast c(t,z) as c(t,x) =P« p(t,z) with Newton potential ®(z), which can
be represented as

xizd—z’ if d>3,

O(z) = (1.3)

1
—%ln|x|7 if d=2.

*Received: April 3, 2016; accepted (in revised form): April 15, 2017. Communicated by Peter
Markowich.
Hui Huang is partially supported by the Alan Mekler Postdoctoral Fellowship in the Department of
Mathematics at Simon Fraser University. He also hopes to thank Professor Huai-Yu Jian for his support
and encouragement. Jian-Guo Liu is partially supported by KI-Net NSF RNMS (Grant No. 1107444)
and NSF DMS (Grant No. 1514826).

fDepartment of Mathematics, Simon Fraser University, Burnaby, BC, V5A 1S6, Canada
(huanghuil2@mails.tsinghua.edu.cn).

fDepartments of Physics and Mathematics, Duke University, Durham, NC 27708, USA (jliu@
phy.duke.edu).

1821


mailto:huanghui12@mails.tsinghua.edu.cn
mailto:jliu@phy.duke.edu
mailto:jliu@phy.duke.edu

1822 DISCRETE-IN-TIME RANDOM PARTICLE BLOB METHOD

Furthermore, we take the gradient of the Newtonian potential ®(z) as the attractive
force F(z). Thus we have

Cix

F(I):V@(I):*W,

vV zeRN\{0}, d>2, (1.4)

with C, = L(4/2)

ord/2 *

In recent years, there has been a surge of activities focused on properties of the
KS equation, both for parabolic-elliptic and parabolic-parabilic systems. In the case
of two dimensions, for the parabolic-elliptic model (1.1), a sharp bound on the critical
mass, m.=38w, was given by Dolbeault and Perthame in [12] through using the loga-
rithmic Hardy-Littlewood—Sobolev inequality. Critical mass means that if the initial
mass is less than m., the solution will exist globally; otherwise there must be mass
concentration [12]. This result was further completed and improved in [5], where the
existence of free-energy solutions had been proved. In [3], Bedrossian and Masmoudi
proved a local existence and uniqueness of mild solutions for initial measure only sat-
isfying max, g2 u{x} < 8n. For the parabolic-parabolic KS model, the global existence
was analyzed and the critical mass (which is also 87) was derived in [8]. There was in-
depth analyses for the case of critical mass m. =8 in [4,6]. In space dimension d >3,
global existence, finite time blow-up and large time asymptotic behavior were studied
in [7,26,28]. Last, we refer readers to the review paper [16] or Chapter 5 in [26] for
more details.

Since the error estimates obtained later are valid when the solution of the KS
equation is regular enough, we assume that

0<po€ L' N H*(RY) with k>d/2+3, (1.5)
then the KS system (1.1) has a unique local solution with the following regularity

1ol Loe (0,717 (Ray) < C (ol e ray ) » (1.6)

where T'>0 depends on ||po || 1~p#®e). The proof of this result is a standard process
and it can be found in [17, Theorem A.1]. As a direct result of the Sobolev imbedding
theorem, one has

|‘pHL°°(0,T;W3v°°(Rd)) <C (||PO||L1nHk(1Rd)) ) (1.7)

for k>d/2+3.
Let {X;(0)}Y, be N independent, identically distributed (i.i.d) random vectors
with common density po(x). Then we introduce a random particle blob method for the

KS equation, and it is given by the following stochastic particle system of N particle
paths {X:()}Y,

N
dX;(t)= ﬁZFE (Xi(t) - X;(t))dt+V2vdB;(t), i=1,---N, (1.8)

where {B;(t)}}¥, are N independent standard Brownian motions and
F.=t.xF, vY.(x)=c (e ), >0. (1.9)

In this article, we take the cut-off function 0 < (x) € C§°(R?) as in [17], which satisfies
(@) =1(|z]) and [patp(z)de=1.
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To discretize equation (1.8) in time, take a time step At >0 and let ¢, =nAt. Our
approximation Xi(") ~ X;(t,), will satisfy

XM= x4 AtGn (X)) +VWAENT, =1, N, (1.10)

where the Ni(n) are independent standard Gaussian random vectors and

Gy (X™):= N 1ZF LX), (1.11)

Our error estimate is based on the coupling method. To do this, we will construct
independent particles {Y(”)}N from the mean field equation and prove that they are
close to particles {X () }Z with high probability (see Theorem 3.1).

Before the construction of {Yi(n)}i:17 we recall a simple fact from the probability
theory. Suppose X € R? is a random vector with density p(z). Let u(x) be a smooth

vector field so that the mapping y=x + Atu(x) is a smooth homeomorphism for all At
small enough. If Y =X + Atwu(X), then Y has the density function p(z) defined by

p(z+Atu(z)) =det ™" (I+AtDu(z))p(z). (1.12)

Now, we can construct independent particles {Y;(n)}f\i:l to approximate {Xi(n)}jv:l
by following the approach in [13]. Assume that we have independent random variables
{Yi(O)}iI\; with the same density p(© (2) = po(z). If G© = F.xp© and v;'/? =y 9 4
AtG©) (Y;(O)), then {Yi(lﬂ)}i]\;l are independent and have common density p(1/?) (see
equation (1.14)) by the definition (1.12). Furthermore, if Yi(l) :Yi(1/2)—|—MNi(O),
the NZ-(O) being the independent standard Gaussian random vectors, then {Yi(l) }i\il has
density p(l) given by equation (1.15). Continuing this process, we have constructed

{Y(" }Z , With common density p™ satisfying the discretized equations:

G (z)=Foxp™ (x), (1.13)
plnt1/2) (x—i—AtG(”)(m)) =det™* (I—l—AtDG(”)(a?))p(”)(a:), (1.14)
P (@) = H(Vwat)p" 2 (z). (1.15)

Here, the operator H(s) is the solution operator of the heat equation at time s. In
addition, the splitting algorithm from equations (1.13)—(1.15) is a splitting scheme with
the linear transport approximation, and it has been proved in [18] that p(™ converges
to p(tn,x) with the rate CAt when F; in equation (1.13) is replaced by F.

To approximate XZ.("), we define Yi(o) :Xi(o) and

St

where G(") (Yi(")) is the vector field constructed in equation (1.13). Note that Yi(”) is

independent of Yj(") if i #j, and they share the common density p(™).
Now, we define the regularized empirical measure as follows: consider a non-negative
function p(z) = ¢(|z|) € C§°(R?), which satisfies:
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e (x) is bounded and compactly supported;

o [pap(z)dz=1and [y, 22" ¢(z)dr=aly, where a= 3 [, x*p(z)dx and I, is the
identity matrix.

And for some 6 >0, which will be specified later, let os(x)=0"% (6 'x). Then the

regularized empirical measure of {Xi(n)}i,v:l can be defined as
1 () + Z% (z—x™), (1.17)

and similarly, one has the regularized empirical measure of {Yi(n)}i.v:l

" () : wa vM). (1.18)

The use of such regularized empirical measures above is important in computation.
The vortex method was first introduced by Chorin in 1973 [9], which is one of the most
significant computational methods for fluid dynamics and other related fields. The
convergence of the vortex method for two and three dimensional inviscid incompressible
fluid flows was first proved by Hald etal. [14,15], Beale and Majda [1,2]. When the effect
of viscosity is involved, the vortex method is replaced by the so called random vortex
method by adding a Brownian motion to every vortex. The convergence analysis of the
random vortex method for the Navier—Stokes equation have been given by [13,22-24]
in 1980s. Lastly, we refer to the book [10] for theoretical and practical use of the vortex
methods, and also refer to [11] for recent progress on a blob method for the aggregation
equation.

For the KS equation, a random particle blob method has been studied in [20], where
a rigorous global convergence without probability rate has been obtained. Furthermore,
our recent paper [17] studied the time continuous system (1.8), and proved the conver-
gence of particle paths in probability. However, in this paper, we study the fully dis-
cretized system (1.10) and prove the convergence of the regularized empirical measure
in L? space. Since the system (1.8) has a very large size N and the kernel F. is singular,
the standard convergence analyses of time discretization does not work. To overcome
this, in [18], we proposed a splitting method with the linear transport approximation
as in equations (1.13)(1.15), so that we can fully use the regularity of p(™). Based
on the stability and regularity of the splitting method, we use the coupling method to
achieve our objective. In order to realize this approach, this splitting method requires

us to take the initial positions as i.i.d. random vectors {XZ-(O)}?;1 with the common
density pg. On the contrary, the initial positions of the particles were taken on the lat-
tice points N~/9q c R% with mass %po (N_l/da) in [17], where a=(ay,---,aq) € Z4,
and a sampling letter plays a crucial part in the proof. This tool could not be adapted
here. Based on the convergence result of random particle trajectories in [17], Liu and
Zhang [21] showed the convergence of regularized empirical measures of many particle
systems in probability under a Sobolev norm to the corresponding mean field PDE by
using a new martingale method.

With defining the regularized empirical measure ug?), we can state the main result

in this paper, which shows that u( ) converges to the unique solution of KS Equation
(1.1) in L? norm with high probability.
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THEOREM 1.1.  Suppose that 0< po(z) € L' N H*(R?) with k>d/2+3. Let p(t,x) be
the unique regular solution of the KS Equation (1.1) with local existence time T and

,ug?) be the regularized empirical measure as in definition (1.17) with §=N" @) (N
sufficiently large). If e=N" @ log(N) , then there exists some Ty, Cy depending
only on T and ||pol|1npwmay, for Tu/N <At<Cy and (n+1)At <T., such that the
following estimate holds

n __ 1 __2
P(OQIFA%)QT* ot ) =1 (Yo < Cy (N7 +At)> >1—C,N 7@,

where Cy, Cy depend only on Ty and ||pol| L1+ (r)-

To conclude the introduction, we give the outline of this paper. First (Section
2), we provide several lemmas including kernel estimates, the regularity of p(™) and

a concentration inequality. In Section 3, we consider the independent particles Yi(")
moving with the velocity field constructed from equations (1.13)—(1.15). And given
sufficient smoothing, we prove that these independent particles satisfy Equation (1.10)
up to an error. Then we establish the error estimate between the regularized empirical
measure ,ug?) and the solution to KS Equation (1.1) in L? norm in Section 4. Then
(Section 5), we obtain the error estimate on the interaction. In Section 6, we extend

our results to general regular attractive force F.

2. Preliminaries

Notation: For convenience, we denote the index set of the particles as [:=
{1,---,N} and the number of particles N is assumed to be sufficiently large in the
sequel. In this paper, we use ||-||, for LP norm of a function and use ||-||¢2 for discrete
L? norm of a vector, which can be represented as

L 1/2
||('Ui)i61|€2:<NZ|Ui|2> : (2.1)

Moreover, we denote f (&) as the Fourier transformation of f(x), which is

fle):= [ fw)e S (2.2)

The generic constant will be denoted generically by C, even if it is different from line
to line.

Firstly, we summarize some useful estimates about the regularized kernel F. as in
definition (1.9).

LEMMA 2.1 (Kernel estimates).
(i) Fo(0)=0, F.(x)=F(x) for any |z|>= and |Fo(z)| <|F(2)];
(ii) 0P F.(z)| < Cget=2= 181, for any x € RY;

(iii) || Fe|lyior.agay < ¥/ 9147181 for g > 1.

These results can be found in [17, Lemma 2.1-2.2].
The following lemma shows that the algorithm from equations (1.13)-(1.15) is H*
stable.

LEMMA 2.2 ( [18, Proposition 3]). Suppose that the initial density 0<po(x)€
L'NH*(R?) with k>%—|—1. Then there exists some Cy,T1 >0 depending only on
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llpollLrnrw ey, such that for the algorithm (1.13)—~(1.15) with At <C., we have

||p(n)HHk <C(T, ||P0||L1mHk(Rd))» VO0<nAt<T. (2.3)

The next lemma can be found in [13], which provides us the probability bounds of
random vectors in the sequel.

LEMMA 2.3 ( [13, Lemma 1]). Let Zi,-+, ZN be i.i.d. random vectors with E[Z;] =0,
E[Z}] <g(N) and |Z;| <C+/Ng(N). Then the sample mean Z = 3; ZiilZi satisfies

[exp <1/ |Z|> (2.4)
and
p <|Z| > Cp\/g(\‘f/V]lvlog(N)> <N-P. (2.5)

where C, depends only on C' and p>0.

Applying Lemma 2.3, we obtain the probability bound of the gradient of the regu-
larized kernel F:

LEMMA 2.4. Let F. be the regularized kernel as in definition (1.9) with >

N‘ﬁlog(N). Then there exists a positive constant C' depending only on p>0, Tj
and ||po|l L1 nmk ey, such that if T1 /N <At <Oy (T1,Cy are used in Lemma 2.2), then

m;ix —3 ZVF Yj(n)) >C for some nAt<T, | <N'7P. (2.6)

Proof. The main idea of this proof is to use the Fourier transform and Markov’s
inequality. First, let us define

Lz ZVF ~v) - /R VE(x=y)p™ (y)dy. (2.7)

So in order to give a rough bound on

N
1 (n)
_1ZVFE(x—Yj ), (2.8)
j=1
we only need to bound
S, :=max|L™ (z)], (2.9)

since the integral contribution to L(™ (z) is bounded. We shall use the fact that

max| L™ (z)| < / B de, (2.10)
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with

~ 1 N . (n) —

L€ =5 D (7™ = p()) VE (). (2.11)
j=1

If we define
1 N ey () 1 N

Li(€) = (7 =) = ¢ 34, (2.12)

j=1 j=1

then it is easy to verify that
E(Z;)=0, E(|Z;]))<C, |Z]<C. (2.13)
Thus it follows from Lemma 2.3 that

E [exp{WLl(g)} <cC. (2.14)
Set L (e) = [pa IVF.(€)|d¢. Then one has

VE.(9)|
Rd LQ(E)

Now we can apply Jensen’s inequality since e” is a convex function:

de=1. (2.15)

IVE(€)] IVE.(¢)]
exp{ VNL(€) Lot d&} / exp{VNL1(€)} e % (2.16)

which leads to

E lexp{ [ VEL© ) de < [ EfewtvFie e

Ls(e) Ly (e)
NZAGI
<C o o) d¢=C. (2.17)
Hence,
(n)
E |exp \/NS" <E |exp ffRAL Olde
LQ(E)
=E exp{ VNLy(¢ )| (ﬁ g} (2.18)
If we use Markov’s inequality, it follows that
Cplog(N)L2(5)> p
P<S"Z\/N <N7P, (2.19)

Notice that

Le)= | IVR(©Olds= [ [FOITE©lde<C [ [deolde<ce,  @220)
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since |F(€)| < % and |V/\@[JE(§)| = ¢l (£€)]. So if we assume that £ > N~ 21 log(N), then
inequalities (2.19) and (2.20) imply that

P(Snszlogl_d(N)> < N7 (2.21)
By the constriction of time size Ty /N < At, one has
n<T;/At<N. (2.22)
Taking unions of N sets of the events
rn;:{snzc,,logl—d(zv)}, (2.23)
inequality (2.21) implies that
P (m§X|L(”)(:E)| > C,log' "%(N) for some nAt < Tl) =P(U,T,) <N P, (2.24)
For N sufficiently large, there exists some A such that

P (max|L(") (x)] > A for some nAtSTl) < NP (2.25)

and

x

P (max

VE.(z—y)p"™ (y) dy’ > A for some nAt < T1> =0. (2.26)
R4

Hence, it follows from the definition (2.7), that

N
1
Y VE(z—Y[")| 2 2A for some nAt<Ty
j=1

P
max N

<P (max|L(") ()| > A for some nAt < Tl)

+P (max VE.(z—y)p"™ (y) dy’ > A for some nAt < T1>
x R4
<N'P (2.27)
which concludes the proof. 0

3. The error estimate between Xi(") and Yi(n)

In this section, we will show that Yi(") is a good approximation of Xi(n). Actually,
it satisfies

Y =y AtGn (V) + VRAENT + AL, el (3.1)
where
N
On (V) = g SR v, (32)
j=1
and
N
P = G (v, ™) - %12 F (v -y, (3.3)
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The following proposition states that the residual vector (") := (rgn))i cI is small in
f5 norm with high probability.
ProrosiTIiON 3.1. Assume that e>N—Y4  Then there exists a positive con-

stant C' depending only on p>1, T1 and | pollL1nmk®e), such that if Ty /N <At<C,
(T1,C\ are used in Lemma 2.2), then

P (|rz(n)| >CN Y og(N) for some i eI, nAt< Tl) < NP, (3.4)
and
P (||r(”) e, > CN~Ylog(N) for some nAthl) <N*7P (3.5)
where rgn) is the residual as in definition (3.3).

Proof. First, we are ready to bound
1 & 1
) - LS Ry LS g
Jj=1 j=2

where Z; =G (Yl(n)) —F( 1(n) —Yj(n)) and we have used F;(0)=0. Since Y7 and Yj
are independent, let us consider Y as given and denote E'[:| =E[-|Y1]. It is easy to show
that E'[Z;] =0 since

Rd

E [F (v, —Yj("))} = / F (Y™ =) p™ (y)dy = [G™ (v™)]. (3.7)
To use Lemma 2.3, we need a bound for the variance
B[22 =E' [|6™ (") - F (v - v") . (3.8)
Since G is bounded and Yl(") could be any point, it suffices to bound

B[R0 -y = [ R0 —2)p™ (@)de <||p™ | Fol <01 (3.9)
R
and
E [F.(07" -Y")?] = / F({" — )29 (2)dz < [|p™ | | FL|3 < Ce*7, (3.10)
]Rd
where we have used [[p(™ o < Cllp™ g SC(T1, 0@l x) and || Fell2 < Ce' =42,
Hence one has

E'[|Z;?] <Ce* . (3.11)

Under the assumption that e > N~1/4 the hypotheses of Lemma 2.3 are satisfied
with g(N)=CN'~2/¢ In addition, |Z;|<Ce'=?<CN'~1/4<(C,/Ng(N). Hence, we
have the probability bound of T%") by Lemma 2.3:

P (\7«1")\ > CpN_l/dlog(N)> < NP, (3.12)
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Similarly, the same bound must also apply hold to other TZ(") with ¢=2,---, N, which
leads to

rP (|rf")| >C,N~Y4log(N) for some ieI,nAt§T1> <N?7P, (3.13)

As a direct result of inequality (3.13), we obtain inequality (3.5) by the definition of /5
norm. O

Recall the definition (1.11) of G (Xi(")) and the definition (3.2) of Gy (Yi(”)). We
obtain the following proposition of stability.

PRrROPOSITION 3.2. Suppose that e > N~ @ log(N), wvectors X(™) := (Xgn) and

i ier
y®) .= (Yi("))iel satisfy equations (1.10) and (1.16) respectively. If we denote events

:{||GN (X)—Gn (Y ™M), <CIX™ =Yy, for any nAthl}, (3.14)

= (n) _ vy (n) < _1 3
b: {O<TILnAat}éT1||X Y e, <NTlog(N) ¢, (3.15)
and
— o)
L= m9?X0<nmAat§T1 N 1 ZVF Y; ) <Cy, (3.16)

where C' depends only on p>0, Ty and ||pollL1nmrray, then for Ti/N <At<C,
(Ty,Cy are used in Lemma 2.2), we have

BNLCA. (3.17)

Here the event A can be seen as the stability result and the event BNL can be treated
as the stability condition.

Proof. First, we split Gy (Xi(n)) —Gn (Yi(")) into two parts:

(F(x = x{) = P (v = ™))

=

On(X") = Cn (V") = 5

Jj=1

I
7|~
.MZ M=

(F(x"=x") =R (v - X))

<

j=1
::Ilﬂl—'—IQ,i. (318)

To estimate I; ;, one has

N 1
__1 (n) (n) 1 (n)
Il,i—]“;/o OsF(sX{™ + (1 -5V — x{")ds
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1 N
/ ﬁ SOVE (XM +(1-s)Y ™ - x™M)ds| (XM -y
0 =

1
::/ fils)ds(x{" =Y ™). (3.19)
0
Notice that
n) (n) (n) (n)
il <5 1ZVF +(1=)V" =) [+ €d+1 Z|X =Y.
(3.20)

The first term in inequality (3.20) can be bounded under the event £:

N
1 (n) (n) _y(m)
max max mZ_:VFg(in +(1=8)Y; " =Y )| <C, (3.21)

for e > N~ 2alog(N). To estimate the second term in inequality (3.20), since we assume
that e> N~ @ log(N), using the Holder inequality, one has

N

C (n) —d
—_ E X Y <Cl Ny <O 3.22
Ed+1(N 1 ]=1| | C Og ( )— ) ( )

under the event B.
Hence, it follows from inequalities (3.21) and (3.22) that

; 2
mpx maX |fil <C, (3.23)

under the event BN L, which leads to the following bound of I; ; under the event BNL
1 & C

NZ | < N Z |Xi(n) —Yi(n)|2 for any nAt<Tj. (3.24)
i=1 i=1

Next, we will estimate I ;:
, ZVF y(n _ n))(X( n) Y(n))_i_Lisz (<H)(X('n)_y_(n))2
Iyi= N_1 =~ e\big )\ J
=:q1; —1—922-. (3.25)
For ¢1;, by Young’s inequality, under the event £, we conclude that

| (g14)icrlles <CHX(”) —Y(")ng for any nAt<Tj. (3.26)

For ¢o;, we notice that

XM —y ™7 (3.27)

|92 < o
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which leads to

C n n n n n n
||(g2i)ie1||e2§5dﬁllX( F—Y g | X =YW, <O X ™ =Yg, (3.28)

under the event B, since the assumption € > N~ @D log(N). Hence, it follows from
inequalities (3.26) and (3.28) that

[(I2.)iexlle, < CII X ™ =Y ™|, for any nAt<T) (3.29)

under the event BNL. Combing inequalities (3.24) and (3.29) and equation (3.18)
implies that

BNLCA. (3.30)

O
As a direct result of the Proposition 3.1 and Proposition 3.2, we have the following
theorem:

THEOREM 3.1. Under the same assumption as Proposition 3.2, then for Ti/N <
At<C, (Ty,C. are used in Lemma 2.2) and nAt <Ty, Y™ is a good approzimation of
X ) " and the following estimate holds
(n) _y®) -1/d >1— 3—p
P <0<%§T1 [IX Y, <C1N log(N)) >1—-CyN°7P, (3.31)

where C1, Cy depend only on p>3, T1 and ||po| L1 mwa)-

Proof. First, we prove the following inequality by the induction on n.

P (013]35 [X®) —y®)),, < c{")N—l/dlog(N)> >1-3nN?P, (3.32)
where
C’{n) = G4 [(1+C3AH)" 1] < gexp(anAt) < %exp(C’ng), (3.33)
Cs Cs Cs

with C3, Cy given below. It is obvious that inequality (3.32) holds for n=0, since
P(|X©-y©],, =0)=1. Assume that inequality (3.32) holds true up to n. That is,
if we denote

n._ ®) _y R, <o n—1/d
A= { s 159 =Y O, <CLON T tog() |

then one has
P((A™)¢)<3nN?7P, (3.34)

If we denote the event

- ® _y® | < N-blog
5= { max X -y O, <8 hogh () . (3.35)

then we have

A" C B, for N sufficiently large. (3.36)
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In addition, we define the event
Ap = { G (X)) = Gn (YD), < Co| XB =Y By, for any k<n},  (3.37)
where Cj3 is independent of n, then it follows from (3.17) in Proposition 3.2 that
A"NLCBNLCAY. (3.38)
Now, we show inequality (3.32) holds for n+1. Indeed, notice that
XD _y ) = xR _y ) L At (Gy (X)) -~ Gr(Y®)) — Atr®), (3.39)
then one concludes that

max [|[XFFD) —y D)< (14 C5AE) max || XM =Y ™|, + At max [[r®|,,,
0<k<n 0<k<n 0<k<n

(3.40)
under the event A7.
Moreover, we define event
AL = {||r(k) e, < CaN Y 1og(N) for any k Sn}, (3.41)

where Cy is independent of n. Thus we have

(h+1) _ y (ht1) (k) _y (k) (*)
Jpax [|X YT e, < (14 CsAt) max [ X =Yl + At max [,

< (C O CyAt+Co AN~ og(N)

=" N~ dog(N), (3.42)
under the event A" NATNAZ D A"NBNLNASY D A" NLNAY, where we have used the
definition of C’fn) in (3.33).

Now collecting inequality (3.5) in Proposition 3.1, inequality (2.6) in Lemma 2.4
and the induction assumption (3.34), one has

P( max | X ¢ —y B, > C£"“>N-1/dlog<N>)
0<k<n

S P((A"NATNAZ)) S P((A"NLNAZ))

<P(LY+P((AM))+P((AD)) < NV P43nN?> P N2 P<3(n+1)N?7P,  (3.43)
which leads to

P <O<r,£1<ax+1 | X® —y®),, < cf"“)Nl/dlog(N)) >1-3(n+1)N>7.  (3.44)

Hence, we finish the proof of inequality (3.32) by induction. Using the fact n <N from
inequality (2.22) and definition (3.33), inequality (3.32) implies the theorem. |

4. Convergence analysis and the proof of Theorem 1.1
In order to prove the error estimate between p and /,Lg?), let us split the error into

three parts

lp— P2 < o= |2+ 110" = 1 o+ 118 = 1S - (4.1)

Then the idea of the proof of Theorem 1.1 is to obtain the error estimates of those three
parts respectively.
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4.1. The error estimate between p and p(™.
LEMMA 4.1.  Under the same assumption as Theorem 1.1, the solution to the splitting
algorithm from equations (1.13)—(1.15) is convergent to p(tn,z) in L? norm. There
exists some T, :=min{T,T1} such that the following estimate

0% 10 = pltns 2 < C(Teslpoll s ey (At +-2), (4.2)

holds for At<C, and (n+1)At<T, (T1,C. are used in Lemma 2.2).

The process of the proof of this lemma is almost the same as the proof of [18
Theorem 1.2]. The only difference is that we consider F; here instead of F. Hence we
omit the details.

4.2. The error estimate between p™ and ugf). Before we establish the

n)

error estimate between p(™ and /~Ly , let us introduce the following lemma about kernel

density estimation.

LEMMA 4.2.  Assume that {Y( )} L, are i.i.d. random vectors that we have constructed
in definition (1.16), and they share with the common density p™ . Let ug,) be the

regularized empirical measure of {Y )}N1 as in definition (1.18), then we have the
following mean integrated squared error estimate

E o™ - p{” || <CNT1 1+ o, (4.3)

where C depends only on Ty (T is used in Lemma 2.2), ||pollpinprs@ey and
JralzPo(x) d
Proof. This lemma can be found in [27, Chap. 4], and for completeness and precise

regularity used in the bound, we give the sketch of the proof here. First, we calculate
that

Bl )= [ o) ey [ o a—d)(z) iz
: / o(2) () (52)7 V) 3077 D20 )2 ) -+l
=p (5/ Vo™ (z (z)dz—l—%52/RdZTDQp(”)(x)zw(z)dz—&—o(éQ)

=p) (x)+ 552trace <D2p(”) (x)/ ZzTcp(z)dz) +0(6%)
R4

d
1
o)+ 58200 (2) [ [alPelz)det old?). (4.4
2 i=1 Rd
Hence,
1= s <0 ([ BPoGaslo® e ) ot (45)

Then, we estimate Var(ug?))

Var(ui”) :% [(sld /]R 0*(2)p™ (z —82) dz — ( /]R e(2)p™ (m—éz)dz) T
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1
(n)
T @ [ ol ). (16)
Notice that
2
E[1p) i) = Var(u?)) + (B} - o) (47)

Integrating equation (4.7) over x in R? and applying inequality (4.5) with equation
(4.6), one has

(n) _ (n) 2 < 4
E [l — 1] < Oy +05", (48)
which concludes the proof of this lemma. ]

As a direct result of Lemma 4.2, we can get the distance between p(™ and u( m)

Indeed, one has

P (n) _ () >N~ @D —p (n) _ () 2>N—ﬁ
(O<H1Aat§T 10 =y 2 ot o = pyllz 2

1 __2
{ max o) —uy” 32N d<d+2>}

0<nALL Ty
2

<E| max_|p™ —pu{" |ZNTE1 o

0<nAt<T, { max_ [[p™ —p{ 12> N d<d+2>}

0<nAL< Ty

2
<NdE@EE| max () _ 2] 4.9
< omax o) = 3 (49)

If we choose § =N~ @ in estimate (4.3), then one has

(n) _,, ) > d(d+2) < d(d+2)
P( s, 10 >N oN" (4.10)
which gives the probability bound of the error between p(™ and ,ugf )

4.3. The error estimate between ug?) and ugf ). Recall that

i) = Zsoa xM, (4.11)
and
1 N
=5y s (e =v™). (4.12)
i=1
The L? norm of the difference between ug?) and ugf ) is given by
= 1< e x (™) ey (W)
S = 1o = 1) e = Oy < < D[P X —em ™| (4.13)
i=1

where we have used the properties of Fourier transformation.
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Since |e‘i§X5n) — iy | < |§||Xi(n) —Yi(n) |, one has

n n 1 Y n n A
I =1l < = DX =Y 2ol

i=1

<||Be) e[| X ™ =Y ™, (4.14)
Notice that
[Beelly =2 | elulay< s+, (115)
which leads to
11 = |2 < 067142 x ) —y (). (4.16)

So applying Theorem 3.1 and choosing § =N @ , one concludes that

() _ () _L D
P(Oéglgénlmx py |2 <CN 2dlog(N))_1 CN3-7. (4.17)

4.4. The proof of Theorem 1.1.  Finally, collecting inequalities (4.2), (4.10)
and (4.17), we compute that:

— |2 > ( BicE=) )
P<o<ﬁafim|p px'll223C (N FAtte

<P (n) _ ) )1,y > (N‘d(dlm A )
<P (s, (o=l 1% o 17 ) 25 +Atte

<P —p™|y>C(A P ) _ ™M > ON— 7D
- (OS}PA%}ET*'/) P22 O t+5))+ (OﬁfmnAat}éT*“) py ll2=C

— >
+P(O<mm<T 15 = 2> CN = Zdlog(N)>

<0+ CN~ 7@ 4 CN3P <CN~ T (4.18)

for p>3+ FlCE=)] Hence Theorem 1.1 has been proved.

d+2)
5. The error estimate on interaction

THEOREM 5.1.  For 2<d<3, suppose that 0< po(x)€ L' NH*(R?) with k>d/2+3

and F, F. satisfy equations (1.4), (1.9) respectively. Let p(t,z) be the regqular solution of

the KS Equation (1.1) with local existence time T and {Xl-(")}f\[:1 satisfy equation (1.10)

(N sufficiently large). If we choose N— @ log(N)=¢, then there exists some Ty, C
depending only on T and ||pol| 1 mk(ray, for T/N <At<Cy and (n+1)At <T., such
that the following estimate holds

N
F(z=y)p(tn,y)dy — 17— Z XMy

P< max max

0<nAt<T, =

R4

< (ElsAt+g2%+N—m)>

>1-CyN°7P, (5.1)
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where C1, Cy depend only on p>3, T. and ||poll L1+ (ra)-
Proof. First, we split the error into two parts:

N
1 3 (n)
/RdF(xy)P(tmy)dyN_lj_lFs(IXj )

<

| Fa=ppttea)ar= [ Fa=i™ ) dy\

+| [ Fe(z—y)p™(y) y—izF =ef(z)+ey(z).  (5.2)

Rd
To estimate e} (x), we have

e (z) <

/Rd (F(w—y)—Fe(x—y))p(tmy)dy‘+‘/ Fe(z—y)(pltn,y) — p™ (y)) dy

Rd
= e1(z) +els(). (5:3)

A simple computation we know that

el (z) <Ce, (5.4)
and
efa(@) < | Exlll|ptn,) =™, < Ce' 7% (At +e), (5:5)
which leads to
mgxe?(w) < C( 1_’At+52_5) . (5.6)
As for el (x), we compute
N
@ <| [ Pl )dy— 5 SR a=")
j=1
N ONER IR (n)
+ Ni_;Fe(x—Yj )—7_1j21F6(93—Xj )
=:e51 (%) +e55(). (5.7)

To estimate ef; (x), we follow the same procedure in the proof of Lemma 2.4. Indeed,
similar to definition (2.9), we let S, :=maxe}; (z), and we can prove that
T

P (sn > W) <N, (5.8)

as presented in inequality (2.19), Where Ly(e) = [za |F &)|de< el
So if we assume that e > N~ @D log(N )2 N~ 3@ log(N), then it implies that

P (maxeg‘l (z) < CN~#log? %(N) for any nAtST*) >1- NP (5.9)
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similar to inequality (2.24).
To estimate efy(x), by Lemma 2.1, one has

—d (n) T 1o ¢ (n) _y®)
ey(r) < Ced—— 12\ Y <N T Iog AN XM Y Py, (5.10)
under the assumption that e > N~ @D log(N). Then we apply Theorem 3.1 and obtain

P (maxeSQ(x) <CN~ 7@ log' (N for any nAt < T*) >1-CN3P, (5.11)
x
Collecting estimates (5.9) and (5.11), we conclude that
P (maxeg(x) <CN~ 7@ for any nAt < T*> >1-CN3P, (5.12)

Combining estimates (5.6) and (5.12), one has

P Pl LS e ex)
(oggﬁénm?x | F@=yeltny)dy Z

>20 (slngtJrs%% + N~ @@ ))

< n )} > (1—1 2—¢ —m)
_P(OSTILnAat)éT*mEX{eI(:13)—1—62(36)}_20 e T2 At+e“ 24N

<P ( max maxef(z)>C (slgAt—f—Ezg))

0<nAt<T, =
+P< max maxeg(x)EC’er(«ﬁm)
0<nAt<T., =
<0+CN*P=CN>7P. (5.13)

Then we conclude the proof. ]

6. Extension to general regular attractive force F
In this section, we will further extend our result to the particle system with inter-
acting function F' regular enough, which satisfies

F ¢ H*(RY) with k>g+3. (6.1)

We consider the regular solution p of the following Fokker—Planck equation

p(0,2) = pola), (62)

where 0< py € H*(R?) with k> % +3. Then p has the following regularity for any 7'> 0

{8tP:VAp—V-(pF*p), zeR?, >0,

Hp||L°°(O,T;Hk(Rd)) <C (T7 ||P0||L1mHk(Rd)7 ||F||H’<(Rd)) . (6-3)
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Since F' is non-singular, there is no need to mollify the force F' anymore. To be
specific, we consider trajectories {X;(¢)}Y satisfying SDEs:

N
dx Z X;(t))dt+v2vdB;(t), i=1,---,N, (6.4)

where {B;(t)}}¥, are N independent standard Brownian motions. To discretize this
system, one has

X" = XM 4 AtGy (X)) + VAN, i=1, N, (6.5)

where the Ni(n) are independent standard Gaussian random vectors and

N
Gy (X™M): Z Fox ). (6.6)

Moreover, the splitting scheme we constructed from equations (1.13)—(1.15) becomes

G™ () =Fxp™ (), (6.7)
P2 (2 4+ AtG™ (2)) =det ™ (I + AtDG™ (2)) p™ (), (6.8)
P () = H (v/uAt)p"t2) (). (6.9)
To approximate Xi("), we define Yi(o) :Xz-(o) and
Y =y 4 At GO (VM) 4 VI AIN, i=1,- N, (6.10)

where G(™) (Yi(n)) are the vector fields constructed in definition (6.7). Note that }Q(n)
is independent of Yj(") if i #j, and they share the common density p(™).

Then the regularized empirical measure of {X i(”) }ivzl can be defined as

N
1 n
:NE s (x—XM), (6.11)
i=1
and similarly, we can define
1 X
:NE o5 (z—Y™). (6.12)

First, similar to Theorem 3.1, we have the following extended result.

THEOREM 6.1.  Suppose that 0< po(x) € LN H*(RY) and F € H*(R?) with k>d/2+

3. Let p(t,z) be the regular solution of equation (6.2) and {X(”)}Z 1 {Y(")} Y, (N
sufficiently large) satisfy equations (6.5) and (6.10) respectively. Then for any T >0,
there exists some C. depending only on T, ||F| gxway and ||poll1nmk(ray, for T/N <
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At<C,, such that Y™ is a good approzimation of X, and the following estimate
holds

(n) _y(n) S 1_ N3P
P<O<r7{1Aa§(<T|X YU, <C1N™ 210g(N))_1 CyN°>7P, (6.13)

where Cy, Cy depend only on p>3, T, || F|| gxway and ||poll 1nmk ra) -

Proof. As we have done in Proposition 3.1, for

(n) (n (n) _ n)
=G"(Y; 712F (v, ), (6.14)
we prove that
n) > 1/2 < N2-P
P (0<%1A3L5<<T||r le, > C N~ =1log(N )) <N*7P, (6.15)
Then, similar to Proposition 3.2, we have the stability result
|Gn (X™) —Gn (Y ™M), <CIX™ =Y ™|y, for any nAt<T, (6.16)
under the following event
— (n) _y®)
B: {0<r£1§§( IX YU, <N™ Zlog2 (N)} (6.17)

Finally, following the approach of the proof in Theorem 3.1, inequality (6.13) can
be obtained from inequality (6.15). |
Next we can extend the result in Theorem 1.1 to the following theorem.

THEOREM 6.2. Under the same assumption as in Theorem 6.1, let ,ug?) be the

reqularized empirical measure as in definition (6.11) with 6=N" 2@ (N sufficiently
large). Then for any T >0, there exists some C. depending only on T, ||F| grgay and
llpoll LAk ey, for T/N <At<C, and (n+1)At<T, such that the following estimate
holds

v Ece) >1— ==
P<0<nAt<T||p( n7) Hx ||2<Cl(N 2tz +At) >1 CQN a+2

where Cy, Cy depend only on T, || F|| gxray and ||poll L1 ey -

Proof. We only give the sketch of the proof here, since it is almost the same as we
have done in Theorem 1.1. First, we have the error estimate between p and p(™

(n) _ <
o0ax [P = pltn, )|l < CAL. (6.18)

Next, we obtain the error estimate between p(™ and ,ugf )

P( max__||p™ — <">||2>N2<;+2>) <CON @z, (6.19)
0<nAt<T

Furthermore, we can prove the error estimate between ug?) and /Lgf )

(n) _ (ﬂ) >1_ 3—p
P <0< At<T”M l2<CON™1 10g(N)> >1-CN""". (6.20)
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Collecting inequalities (6.18)—(6.20), we conclude the proof. |
Moreover, we can extend the result in Theorem 5.1.

THEOREM 6.3. For d>2, suppose that 0<po(z)€ L' NH*(RY), Fe H*RY) with

k>d/2+3. Let p(t,x) be the reqular solution of equation (6.2) and {X(n)} Y, satisfy
equation (6.5) (N sufficiently large). Then for any T >0, there exists some C, depending
only on T, ||F| gr®ey and |pollL1nmk@ay, for T/N <At<Cy and (n+1)At<T, such
that the following estimate holds

F Fle— Fla—x™)
<0§Ir?§§<§Tm§X ]R'i (x —y)p(tn,y)d Z

<Cy(N~2 log(N)+At)> >1—CyN37P,

where Cy, Cy depend only on p>1, T, || F|| gxway and ||poll 1nmk ray -
Proof. We split the error into two parts:

/WF( ¥)p(tn,y) dy——ZF -x;")

AdF(xy)p(tnay)dyAdF(wy)p(”)(y)dy‘

<

—|—/RdF(x—y)p(”)( ZF ~ X\ | =€t (2) + €5 (). (6.21)

Following the method in Theorem 5.1, it is easy to prove that

maxef (z) < CAt, (6.22)
and
1
P N~ Zlog(N) ) >1-CN3? 2
(o ) < ON g 210N (623
which leads to inequality (6.21). 0
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