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ABSTRACT. This paper investigates the generalized Keller-Segel (KS) system
with a nonlocal diffusion term —v(—A)% p (1 < a < 2). Firstly, the global ex-

d
istence of weak solutions is proved for the initial density po € L'NL« (R?) (d >
2) with ||po|| ¢ < K, where K is a universal constant only depending on d, o, v.

Moreover, the conservation of mass holds true and the weak solution satisfies
some hyper-contractive and decay estimates in L” for any 1 < r < oo. Sec-
ondly, for the more general initial data po € L' N L2(R%) (d = 2, 3), the local
existence is obtained. Thirdly, for po € L' (R%, (1 + |z|)dz) N L= (RY)( d > 2)
with ||po]la < K, we prove the uniqueness and stability of weak solutions
under Wasserstein metric through the method of associating the KS equation
with a self-consistent stochastic process driven by the rotationally invariant
a-stable Lévy process Lq(t). Also, we prove the weak solution is L>° bounded
uniformly in time. Lastly, we consider the N-particle interacting system with
the Lévy process Ln(t) and the Newtonian potential aggregation and prove
that the expectation of collision time between particles is below a universal
constant if the moment [q4 |27 podz for some 1 < v < a is below a universal
constant K- and v is also below a universal constant. Meanwhile, we prove
the propagation of chaos as N — oo for the interacting particle system with a
cut-off parameter € ~ (In N)fi, and show that the mean field limit equation
is exactly the generalized KS equation.
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1. Introduction. In this paper, we study the existence, uniqueness, stability and
regularity for the following generalized Keller-Segel model with nonlocal diffusion
term —v(—A)%p (1 < a < 2) in dimension d > 2

Op=—v(=A)%p =V (pVe), z €R?, £ >0,
—Ac=p, (1)
p(ovx) = po(l’),

where v is a positive constant. As usual, this model is developed to describe the
biological phenomenon chemotaxis with anomalous diffusion. In the context of
biological aggregation, p(t,z) represents the density of some biology cells, c(t, )
represents the chemical substance concentration and it is given by the fundamental

solution
t
C’d/ Mdy, it d >3,
cta)y=q Y (2)
- 2—/ In|z —ylp(t,y)dy, ifd=2,
T JRd
1 71_d/2
where Cy = Ad—2) , 0 = Td/2+1) i.e. agq is the volume of the d-dimensional
—2ay
unit ball.

The motivation of using anomalous diffusion comes from the fact that in many
situations found in nature, organisms adopt Lévy process search strategies which
have continuous paths interspersed with random jumps (also called Lévy flight) and
therefore dispersal is better modelled by the non-local operator such as —(—A)%
[2, 19, 20, 25, 26]. Indeed, experimental evidences of super-diffusive behaviour have
been found in biological systems, such as microzooplankton [25], soil amebas [26] and
E. coli [32]. Super-diffusion is characterized by a super-linear dependence in time
of the mean square-displacement of the position of the dispersing population. In
mathematical description: the normal diffusion’s variation satisfies [X (t), X (¢)] o ¢,
and the super-diffusion’s variation satisfies [X (¢), X ()] oc t® with 8 > 1. Moreover,
the correct description of a population undergoing super-diffusion is Lévy process.

As the simplest Lévy process, the rotationally invariant a-stable Lévy process
has the infinitesimal generator of the form (—A)%,0 < a < 2 [1, 3], see also
[38]. For readers’ convenience, we give a brief introduction to the a-stable Lévy
process in Appendix A. In probabilistic terms, by replacing the Laplacian to its
fractional power, we can extend the results for the stochastic equations driven by
Brownian motion to those driven by a-stable Lévy process. In [31], the uniqueness
and stability under Wasserstein metric of classic KS equation have been proved by
associating it with a self-consistent stochastic process driven by Brownian motion.
This provides us a similar method to prove the uniqueness and stability for non-
local KS equation (1) by considering a self-consistent stochastic process driven by
rotationally invariant a-stable Lévy process (see Section 4).

Compare system (1) with the classic model of chemotaxis introduced by Keller
and Segel in [24]. The difference is that we replace the Laplacian A by its fractional
power —(—A)2 which is a integral operator, namely the fractional diffusion with
exponent 0 < o < 2. In recent years, there has been a surge of activity focused on
the use of this fractional diffusion operator, such as [13, 14, 15] by Caffarelli et al..
The main reason for using fractional Laplacian is that we can further extend the
theory of diffusion by taking into account the presence of the so-called long range
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interactions. This nonlocal operator does not act by point-wise differentiation but
by a global integration with respect to a singular kernel. We refer to [39, 40]
for comprehensive review of recent progress in the theory of fractional Laplacian
operator.

Under the mass invariant scaling py (¢, ) = A?p(Az, \°t), KS model (1) exhibits
the supercritical behavior. Namely, the aggregation dominates the diffusion for high
density (large A) and the density may blow up in finite time. While for low density
(small A), the diffusion dominates the aggregation and the density has infinite-time
spreading. Also, notice that PDEs (1) possesses L? norm invariant with ¢ := g.
Indeed if p(t,x) is a solution then py(t,2) = A*p(Ax, A\*t) is also a solution, and
this scaling preserves the L7 norm ||pyx|lq = ||pllq- This invariant scaling will provide
us a sharp initial condition ||pg]|, < K in the proof of global existence (see Section
2).

The fractional KS system was first studied by Escudero in [20], where the au-
thor prove that this model has blowing-up solutions for large initial conditions
in dimensions d > 2. Also, he obtains the global existence with the initial data
po € L' N HY(R) in dimension d = 1, which is a subcritical case. This system
has also been studied by Biler etal. [6, 7, 8, 9, 10] and Li etal. [27, 28, 29]. For
example, in [7], authors study the conditions for local and global in time existence
of positive weak solutions in dimensions d = 2,3. In [8], authors deal with the so-
called mild solutions based on applications of the linear analytic semigroup theory
to quasi-linear evolution equations. They prove the existence of local in time mild
solutions and global mild solutions under the small initial data ||po||l; < € in dimen-
sions d > 2. In [6], authors consider the Keller-Segel model for the chemotaxis with
either classical or fractional diffusion in dimension d = 2. The blow-up of solutions
in terms of suitable Morrey spaces norms is derived. In [29], the authors prove the
local existence and uniqueness of solutions by assuming py € LP U H*(R?) with
s >3 and 1 < p < 2. Moreover, they attain further properties of the solutions
including mass conservation and non-negativity.

Compared to the former studies, ours has more evolved results:

I. (Global existence, hyper-contractive and decay estimates) For d > 2, 1 < a <
2, 0 < po € LY(RY) and |pol|la < K, where K is a universal constant only
depending on d, a,v. We proveathat there exists a global weak solution p such
that | p(t, )||% < K for all t > 0. The mass conservation, decay estimate and

hyper-contractivity are also obtained (see Theorem 2.3).

IT. (Local existence) We have proved that under the more general initial density
0<py€L'NL*R?), for 1 < <2whend=2or 2 < a<2whend=3, there
exists a local in time weak solution p(t, z) with regularity p € L>°(0,T; L*(R%))N
L?(0,T; H? (RY)) and 0,p € L?(0,T; H~'(R?)) (see Theorem 3.1 and Theorem
3.2).

Before we go to further results, we recast ¢ in (2) as ¢ = ® % p where ®(z) is the
Newtonian potential, and it can be represented as

Cq

W’ 1fd237

a(@) = 3 11
—%ln|x|, ifd=2.
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Thus we have the attractive force

F(x) =Vd(x) = Icwl‘f v x € RO\{0}, (4)

where C, = I;(dz//zd). Moreover Ve = F x p.
In this paper, we introduce the following mean-field self-consistent stochastic

process X (t) underlying the KS equations:

X0+/ /R — y)p(s,y)dyds + vLa(?), (5)

where X has density pg(x), and L,(t) is a rotationally invariant a-stable Lévy
process. Furthermore, we require the process X (¢) has the density p(t,z) and
the drift term [p, F(z — y)p(s,y)dy is self-determined. Next we introduce the
following notion of strong solution of (5) by requiring p € L*(0,T; L' N L>(R?))
for any T > 0 to make sure the log-Lipschitz continuity of the self-consistent term
f]Rd (s,y)dy. This kind of log-Lipschitz continuity also appeared in the 2D
1ncompress1ble Euler equation and the uniqueness was proved by Yudovich [42].

Definition 1.1. We say that (X(¢),p) is a strong solution to (5) if there is a

stochastic process X (t) and it has the density p € L™ (O,T; L'n LOO(Rd)) for any
T > 0 such that

Xo+/ /Rd —y)p(s,y)dyds + vLa(t) a.s.,

We will utilize the strong solution of (5) as a characteristic line to prove the
uniqueness and stability for the KS equation (1) under the following assumptions:

Assumption 1. For 1 < a < 2, the initial data po(x) satisfies:
1. 0 < po(z) 6 L' N L= (RY) )s Jpa po(x)dz =1 and [,, |x|po(x)dz < oo;

2. ”pO”i < dS2 ;

e o _a /2
where Sid =2 FEdJra;[ (( ))]d = d+a)|Sd Y7, and [ = g(d/g)-

ITII. (Uniqueness) For d > 2, the initial data pg satisfies Assumption 1. We obtain
a unique global weak solution p(t,z) to (1) with regularity

p€ L (0,T; LR N LY (RY, (1 + |2|)dz)) ;

p? € L*(Ry; HE(RY)); dyp € L2(0,T; W ats (RY)),
for any T' > 0. Moreover, the corresponding self-consistent stochastic equation
(5) has a unique strong solution (X (t),p) with initial data (Xo,po), and p is
the unique weak solution to (1) (see Theorem 4.2).

2(q+1)

IV. (Dobrushin’s type Stability) With the help of self-consistent stochastic process
(5), we also obtain the stability with initial data in Wasserstein distance W for
(1). Namely, for any fixed T' > 0, there exists two constants C (depending on

Hp%HLw (0721 AL (me)) and prHLw (O,T;leLoo(Rd))) and C7 (depending only

on T') such that for any ¢ € [0, 7]
ech
sup Wi(py;. pi) < Cr max {Wl(péypﬁ), {Wileo: ) } }
telo,

where p;, p7 are weak solutions to (1) with initial data p{(z), p3(x) respectively
(see Theorem 4.3).
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Our last result will deal with the following N-particle interacting system of many
indistinguishable individuals {X?(¢)}Y; with Newtonian potential aggregation and

N independent rotationally invariant a-stable Lévy process {L% ()} ;:

N
AXi() = ﬁ S0~ XUO)dt+vdLi(B), i1, .
J#i

under the condition that the initial data {X{}¥ | are independent and identically

distributed (i.i.d.) with a common probability density function pg(zx).

For d > 2, a € (1,2) and some 1 < 7 < «, suppose the initial data satisfies
po € LY(R?, (1 + |z|")dx) and ||po|l; = 1. In [8], Biller et al. have proved that there
exists a universal constant K, > 0, such that the weak solution to the non-local KS
equation (1) with initial density [, |#|?po(z)dx < K, will blow up at a finite time.
Inspired by this, we prove the following result:

V. (Collision between particles) For d > 2, a € (1,2), v < % (will be specified)
and some v € (1, ), suppose initial data satisfies po € L' (R, (1 + |#|?)dz) and
llpolln = 1. Then there exists two universal constants K., ,T¢ > 0, such that if
Jga 1|7 po(z)dx < K, the expectation of the collision time E(r) satisfies

E(r) <T¢
(see Theorem 5.4).

Although we can only prove the collision happens when fRd || po(z)dz is below a
certain constant, we believe that the collision for (1) is generic since the initial data
po may concentrate in a local region. Therefore in order to obtain a global strong
solution to the interacting particle system, we regularize the force F(z) by a blob
function J(z) € C?(R%), supp J(z) € B(0,1), J(z) > 0 and fB(O,l) J(x)dzr = 1.
Let J.(z) = 4 J(%), ®.(x) = J- * ®(x) for 2 € R and F.(z) = V®.(z). In this
article we take a cut-off function J(z) > 0, J(z) € C3(R),

C(1 + cosl|z|)?, if|z] <1,
J(z) = .
0, if |z| > 1.

(6)

where C' is a constant such that C|S?~!| fol(l + cosr)2r?=1dr = 1. Then we have
F.(z) = F(m)g(%) for any x # 0, where g(r) = [S*7!| [ J(s)s? 'ds. Moreover
F.(z) = F(x) for any |z| > ¢ and |F.(z)| < |F(x)|(see [31, Lemma 2.1]).

The regularized particle system is given by

N
. 1 _ ' _
dX1(t) = 57— D Fe(XIU(H) = XI(O)dt + vdLy (), i=1,- N,
J#i
with ii.d. initial random variables {X¢}¥ ;. This system has a unique global

strong solution {X:(¢)}¥, by a standard theorem for stochastic differential equa-

tions (SDEs) [33, pp.249, Theorem 6].

VI. (Propagation of chaos) Assume the initial density po satisfies Assumption 1.
Let {X*(¢)}XY; be the unique strong solution to (5). We prove the propagation
of chaos for the interacting system with a cutoff parameter € ~ (In N)_i, ie.

E| sup |XI ()= X' (t)]| =0, asN — oo,
te[0,T)
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(see Theorem 5.5).

Noticing that in the case o = 2, the generalized KS equation (1) reduces to the
classic KS equation and the stable Lévy process L, (t) reduces to the Brownian
motion which has been studied in [31]. In the following sections, our discussion
will focus on the case 1 < a < 2, but the same results for &« = 2 can be obtained
similarly.

Concluding this introduction, we present the outline of the paper.

In Section 2, we start with the definition of fractional Laplacian and its basic
properties. As a preliminaries, some useful functional inequalities are introduced
too. The main results in this section are the global existence and hyper-contractive
estimates. Then, the local existence is given in Section 3. Section 4 is devoted to the
well-posedness for the generalized KS equation and its corresponding self-consistent
stochastic equation. In Section 5.1, we show that the expectation of the collision
time for the particle systems is bounded by a universal constant, and then we prove
the propagation of chaos in Section 5.2. In the Appendix A, we introduce the
definition and basic properties of the rotationally invariant a-stable Lévy process,
and the proof of L> uniform bound is given in Appendix B.

2. Global existence with initial data 0 < py € L' N L= (R?) and ||po s < K.

2.1. Preliminaries. According to Stein, Chapter V in [35], the definition of the
nonlocal operator (—A) %, known as the Laplacian of order 5, is given by means of
the Fourier multiplier

Dp(x) := (—=A)% p(x) = FH(|€*p(€)) (x),
where p(§) = F(p(x)) is the Fourier transformation of p(z).
Also, we will use the following formula as in [13], which is useful to study local
properties of equations involving the fractional Laplacian operator

C(CA)Eh(e) = Cappv. [ MO D), cd,ap.v./ Mz +y) — h(z)

ay) — nx) dy
Re T —yldte ly|>0 |y|d+e ’

29- 10T ((d4a)/2)
w2/d7(1—a/2)
Cauchy principle value. Then observe that the following properties hold:
[h(z +y) — h(z)]
ly| ¢t

where Cy o = is a normalization constant and P.V. denotes the

—(=A)2h(z) = CqaPV. dy

lyl<1

[ i),

|y|dte

_ [h(z +y) — h(z) —y - Vh(z)]
= OdaP.V./ i dy

[h(z +y) = h(z)]
+C4,a /y|21 yltTe dy. (7)

Next, we give the definition of weak solution to the KS equation (1).
Definition 2.1. Assume the initial data 0 < po(z) € L'(R?), and T > 0. We say
p(t,x) is a weak solution to (1) with initial data po(x) if it satisfies

1. Regularity:
p(t,z) € L=(0,T; L' (R")) N L*(0,T; L*(RY)), (8)
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op € L? (O,T; W—P1:p2 (Rd)) for some py, pa > 1. (9)
2. For all p(z) € C*(R?Y), 0 <t < T, it has

/Rd p(t,x)p(x)dr = /Rd po(z)p(z)dr — V/Ot /Rd[/’(37x)Da<p(:v)]d:vds

t
+/ / p(s,x)(Ve) - Vo(z)dzds. (10)
o JRd
3. cis the chemical substance concentration associated with p and given by
Ve= y F(z —y)p(t,y)dy. (11)

Remark 1. Notice that the regularity (8) is enough to make sense of each term in
(10). By the Hardy-Littelwood-Sobolev inequality one has

/ (s, >(VC) Vo (z)dz

<C / / Pl 2)0t:Y) 44y < Ol 2 [pll2: (12)
Rd JRd ‘x*

Now, We recall here some useful inequalities which will be used throughout the

paper:
(Stroock-Varopoulos’ inequality)[12] Let 0 < § < 1, p > 1, then

- / P2 De e < - 221
Rd p

for all f € LP(RY) such that D*f € Lp(Rd)
(Sobolev inequality)[12] Let 0 < § <1 and a < d, for any f € Hg (R?), then
||f||% < SadllD% fll2, (14)
where the best constant is given by

r(45e) lrw] RERAC T

D(H2) 05| T

ID% £2 )3, (13)

— &
Si’d =272

Lemma 2.2. [5, Lemma 2.6] Assume y(t) > 0 is a C* function for t > 0 satisfying
y'(t) <a—by(t) fora>0,b>0 and ¢ > 0, then
(i) For ¢ > 1,y(t) has the following hyper-contractive property

y(t) < (%)%Jr {b(cil)t](:ll, fort > 0.
}.

Furthermore, if y(0) is bounded, then
a
< —
y(t) < max {y(0), (3)
y(t) < 3 +y(0)e™, fort >0,

(i) For ¢ =1,y(t) uniformly bounded
Notation. Without confusion, we denote the LP norm of a function by || f||,. Also,
we will use the Sobolev space of non-integer power W*?(R?), s € R, which is defined
via the Fourier transform F:

1 Fllwen (ray = [|[F AL+ €A EFE]],-

p

o=



722 HUI HUANG AND JIAN-GUO LIU

Specifically, when p = 2, we have H*(R¢) with the norm defined as
£ llezs = |1+ 1€%)2 )],

Inessential constants will be denoted generically by C, even if it is different from
line to line.

2.2. Global existence and hyper-contractivity. In this subsection, we derive
the global existence of weak solutions in a standard approach. Firstly, we define
two constants which are related to the initial condition for the existence results:

d 4ov
=—; K:=——.
=5 ds? ,

Theorem 2.3. Denote q = g l<a<?2),(=K-—|pollq Assume0<poe€ L'N
LY(RY) and ¢ > 0, then there exists a global weak solution p such that ||p(t,x)||; < K
for allt > 0. Furthermore,

(i) For any T > 0, we have the following regularity
p € L>®(Ry; L' N LYRY)) N LI (Ry; LITY(RY)); p? € LP(Ry; HE (RY));
up € L2(0,T; W55 (RY)).

(i) The weak solution satisfies mass conservation and the following hyper contrac-
tive estimates hold true for any t >0 and any 1 < r < oco:

lplly < Clrovyd, e flpolla, Q7D 1 <r <g;

_a®(a+eg-D(A4r—a)(r=1) 1
lellr < Clryv.d,a flpoll1, €) ( ¢ (ar=a¥D<o +t79 ) g <r <00,
where €y satisfies M}W — |lpollq = %

Proof. The proof can be divided into 9 steps. Steps 1-6 give some crucial priori esti-
mates for the statement (), (4¢). In Steps 7-9, a regularized equation is constructed
to make these priori estimates of Steps 1-6 rigorous and obtain the global existence
of a weak solution to (1).

For the rigorous proof, we follow the method in [4] by taking a cutoff function
0 < Yy(z) < 1,91 (x) € C°(RY), which satisfies

1, if |z <1,
D@ =00 i g > 2.

Define 9r(z) := 91(%), then ¥r(z) — 1, as R — oo, and there exist constants
C1,Cy such that |Viyg(z)| < %, Deyr(z)| < C2 for z € R?. Indeed, if we set
z' = %, then

D*r(z) = CgaP.V. R Ix y|d+o¢
1(f) = ¥i(y) 1 :
= aP- - == 7DOL 5 1
CaaP.V. o o5 = y|d+a dy 7o P1(x’) (15)

and D% (') is finite for 2/ € RY. This cutoff function will be used to derive the
existence of the weak solution.
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Step 1. (Uniform L? estimates) Firstly, it is obtained by multiplying (1) with
gp?~! and using (13), then integrate over R?

d (g—Dv, o a 1
S lellg +4=—=ID% p* |15 < (¢ = Dllollg:- (16)
Compute the right side and use (14)
lollgty < Il llollg = Nlp% 22a_liplly < S2.allD% 2 3] plla, (17)

which implies
d a g
Zlellg + (g = 1)SE a(K = llpll) D% p2 I3 < 0.
Since ||pollq < K, so the following estimates hold true

lp(t: g < llpolle < K,

(- 1)S2 (K — [1o]l) / |D% p# |24t < K.

Recall we denote K = qs% and ¢ = K — ||po|lq, from the equations above one has
a,d
o] 1 o] . 2
q 2 S 3112
pllTidt < S K/ Dzp2|3dt < ———,
| elittar < s2x [ 108 ot <

which leads to the following estimates

p € LI (Ry; LYY (RY)), D%p? € L*(Ry; L*(RY)).

Step 2. (L7 decay estimates) By using ||p|l1 < ||poll1 compute

% 1
lolld ™ < lel&illelli™ <824

which leads to

IDEp3lpllallell i~ (18)

1

_1
(lollf) 7= < 82 41 D% p2 |3lpll

Thus one has

d (¢g—1)¢ 1
Slellg+ L= (gl s <o,

lpoll{ ™"
which leads to the decay property

loll < ()70 pofr=ets-,

Step 3. (Uniform L™ estimates with 79 = ¢ + € for €y small enough) As we have
done before

174 a o 1
IDEp= |5 < (ro—1)llplyois

d (7’0 — 1)
Zollmo + 4
Sl + 47
a To
< (ro—=1)S3 4IDZp= 3llpolly-  (19)
If we choose ¢g such that

¢ 4v

2 - <, 20

2 (q+60)S§,d ||P0||q C ( )
then one has

d r C a o
aHPHrg+Si,d(7°0—1)§HD2P2 I3 <o0. (21)
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On the other hand

To

ol < ||P||:3ﬂ||,0||r° T < S2IDE | ||PH HP||T0 P
o To ™
< S241D% o 36l oI O)lel P (22)
where 0 = Z?ﬁgjg, and it leads to

(loll79)* < S24lDFp HE R

and here § =1+ ( To=T) which implies

C(ro —1) .
|| 17 71)(||p| ")’
2|l poll{"
Now denote C,, = — o=l Q), then one computes
2]lpoll 07"
pll78 < [Cry (8 — 1))~ rom Dgmalro=1), (23)

Step 4. (Hyper-contractive estimates of L™ norm for r > rg) For r > ¢ we compute
as before by using the Young’s inequality

Doty + 4= pt 23

L 3 T
(T — Dl < (r =18, [ID%p% |, HP|| (1-0)(r+1)
1tr—q
<2!||D2 24+ C(r,v, ro,d)(||pl[}0) To=v, (24)
qrlro—(r+1)]

where 0 = satisfying w < 1 for rg > q. Collecting (23) yields

(r+1)[ro(g—1)—qr]

d r 2(’/’ ) 1
%HPHT ——QM(H pll7) D
S allpoll§
_a(rg—-1)(A+r—q)
—|—C(’I", v, To,d,Oé, HPOHl)t ro—1 . (25)

Thus we have for any ¢ > 0 with €y satisfying (20)

r _q2(q+eofl)(1+r7q)(r71) —q(r—1)
||pH7‘ S C(T7 v, d7a7 ||P0||1,<:) t (ar—a+1eo +t . (26)

Step 5. (Decay estimates on ||p||») In this step, based on the decay of ||p||, with
time evolution, ||p||, decays for large time. Divide r into two cases 1 < r < g and
q < r < oco. Recalling that in Step 2 we have gotten

C\—q(q— —a(g—
lellg = () 4@V pofeata=b. (27)

(1) For 1 < r < g, it follows from (27) by applying the interpolation inequality
that for any t > 0,

g—r r C _ _ q(qr:l)_i_g%r _ _
Il < llolls ™ ||,0|| =() 120 P (28)
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(2) For g < r < o0, since ||p||, decays to zero as time goes to infinity, then for ¢
larger than some 7;. one has

2(r — 1w
(r =182 alloly < 2=
which leads to

dy o 2(r = 1)v L
%IIpIITS——(II plp) =, > T

d||P ||1(T Y

Solving this ordinary differential inequality, the large time decay of ||p||» has been
obtained

lollz < Clrov,doar, flpoll )t~ Tr) 2D, ¢ > T, (29)

Step 6. (Mass conservation) Observe that for any ¢ > 0

G | ottante)ds

:‘_ /R uplt, ) DY) + /R Pl 2)Ve Vip(e)ds

C 2
< O “2a -
~ R~ RH “ﬁ (30)

Using the interpolation inequality, we have

/ o], ds < / 1022, 10120 ds < C(o),

which implies
c Ot c C
T Re 1(%) = /R P(tvﬂf)wR(x)dwf/R o(@)Yr()de < 2o+ =52

Thus as R — oo by the dominated convergence theorem one has

/Rd p(t,x)dx = /Rd po(z)dz.

Combing the virtue of (26), (28) and (29), the statement (i) has been proved.

Step 7. (Regularization) In order to show the existence of a weak solution with the
above prosperities and make the proof rigorous, we consider the following regularized
problem for € > 0:

Op- = —V(—A)%pe =V (peVee),
— Ace = Je * pe, (31)

p=(0,2) = po(x).

Here J.(z) = 2 J(%) is defined by J(z) as in (6). From parabolic theory, the
regularized problem has a global smooth positive solution p. with the regularity
lpe(t, )| < C; for all > 1,¢ > 0. By taking the similar arguments as in Step 6
arrives at the mass conservation of p..

Multiply equation (31) with 7pl 14 r(z), then integrate over R, one has

d

% Rd pawR(x)dx
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4(r — 1)v a L
< - u /d |D7p§ |31/;R(x)dm — r/d pZDWﬁR(x)dm
R R

r

+r=1) [ (e pdptunta)da+ [ Voo Von(a)pida

4(r—1)v o L T
<_ u/ D% pZ [3yr(x)de + (r — 1)/ (Je * pe)pcor () de
r Rd R4
rC c
RN . _— e r . 2
+galloll+ 5 [ (Vedlots (32)

By using the Hardy-Littlewood-Sobolev inequality, we know
C T C r+1
% [, IVedliide < Zlndid.

Combine this with [|p.(t,z)||, < C. and ||pe(t, 2)|| acrry < Ce, then the last two
d+1
terms of (32) will vanish as R — co. Thus the following inequality holds

(T—I)V a T
C=DYppF )3 < (r - Dl

d, .
%HPEHT—’—ZL r41-

Therefore all the estimates in Steps 1-5 hold true.
For the initial density 0 < py € L'(R%) N LY(R%), the following basic estimates
are obtained:

IIPEIILOO(MLIW(Rd)) <C, (33)
||p€||Lq+1 (R+;Lq+l(Rd)) S C’ (34)
ID% 022, o) <O 1< 7 <0 (35)
In addition, for any 7" > 0, applying the weak Young’s inequality, one has
T 2(a+1) T 2+1) (de1) 2(a+1)
J vl ae < e [ ol T el 0y
0 0 a+2 L3t
T 2(g+1)
< o el @<, (36)
0 d+2

Step 8. (Time regularity and application of Aubin-Lions-Dubinskii lemma) In
order to get the regularity of 0;p., one takes any test function

)

o 2(a4D)
hew, (Rd), IRl 26+ <1
we' Th (RY)

and estimate (O pe, h). We have
[(Oepe, W) = |=v{pe, D*h) + (p:Vee, V)|
Vel 2wen + [lpeVeell 2in - (37)
q+3 q+3

IN

Thus for any T > 0
T
[ 100 e e
0 W At (R)

T T
< ( / el Bgeny dt + / pewg||%<q+1>dt>
0 a+3 0 a3
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T
<C(T) +2 /0 212 1 | Ve | 2dt

—1

T 1 w1 T 2(q+1) 2
<C(T)+2 ( / ||pg||gildt> ( [ wel dt)
<c(r). (39)

Finally the regularity of 0;p. follows

[[Ocpe | 2(4+1) < C(T).

at3 (R4))

—a,

2 (0,75w

Before we use the Aubin-Lions-Dubinskii lemma, we introduce the so called semi-
normed nonnegative cone M, in Banach space B: M, € B; for all u € M, and
¢ >0, cu € My; there exist a function [-] : My — [0,400) such that [u] = 0 if and
only if u =0, and [cu] = c[u] for all ¢ > 0.

For any bounded domain 2, we choose B = Li(Q2), and define M, () := {p:

2
[p] < C} with [p] = ||D% p2||g +|pll1 +||pllq- Tt is easy to check that M, (Q) defined
here is a seminormed nonnegative cone in L%((2).

Next we will prove that M (Q) << L1(Q), i.e. for any bounded sequence {p.}

in M, (), there exists a subsequence converging in L7(Q). Since H?%(Q) <<

L?(Q), we know there is a subsequence {psg } without relabeling such that
pE% —p? in L*(Q), ase— 0.

For ¢ > 2, one has

/|p5—p|qd$ = /
Q Q
-,

q
For 1 < q¢< 2, wesetu.=p2 and u=p
inequality, one has

q2
4= q2
24 _ p37g
€

q 4 L 102
0 dxg/pg—pi dr
Q

2
dr — 0, ase—0. (39)

q

pe —p

a
2

q

2, by the mean value theorem and Holder

2 q q
/|p5—p|qu = /ug—u% ac<C/ |u€—|—u| e —uﬂ dx
Q
2 3
< ( ud d ) ( |u€—u|2dx>
—q aq
< Clocll,? o2 = p3lg >0, ase—o0. (40)

Thus, we get
My (Q) —— L1(Q).
Recall that

||p€||Lq (O,T;MJr(Q)) S C’

||p€||Lq (O,T;L‘I(Q)) < 07

0 <C
|| tp&HLQ( , ;W_ay2(qq_:r31) (Q)) = )



728 HUI HUANG AND JIAN-GUO LIU
and My (Q) —— L1Y(Q) - W™ L (©). By Aubin-Lions-Dubinskii lemma as in
[17], one arrives at that {pc }eso is compact in L4 (0, T; Lq(Q)). Consequently, there
exists a subsequence p. without relabeling such that

pe —p in L9(0,T;L%(S)), ase— 0.
Let {By}2, € R9 be a sequence of balls centered at 0 with radius Ry, R — co.

By a standard diagonal argument, there exists a subsequence p. without relabeling
the following uniform strong convergence holds true

pPe — p in Lq(O,T; Lq(Bk)), ase — 0, Vk.

Step 9. (Existence of a global weak solution) Now, we will prove that p is a weak
solution to (1). Indeed, the weak formulation for p. is that for any ¢ € C°(R9)
and any 0 <t < o0,

/ pe(t, o) () dz — / po(@)p(x)dz

//Rd [pe(s,2) D%p(z)]|dxds

+/ /Rd p6(571‘) (VCE) VLp(l‘)d.TdS (41)

For the first term of the right side of (41), it is obvious that

—/ / v[pe(s,2)Dp(z)|dxds — — / / p(s,2)D%p(x)]dxds, ase— 0.
0 JRrd Rd

(42)
For the second term, since F;(z) = F(x) for any |z| > € , one has

/o /Rd pe(s,2)(Vee) - Vip(z)drds —/O /Rd p(s,z)(Ve) - Vp(x)dads
:/0 /Ad R [ps(&l')Fs(fE - y)Ps(Syy) - p(S,fE)F(QL' . y)p(s,y):l . v@(f)dxdyds

:/ // 5 [Ps(s,x)F(x —Y)pe(s,y) — p(s,z)F(x — y)p(&y)] - V(z)dadyds

— p(s,2)F(z —y)p(s,y)] - Vep(a)dzdyds

. /O Ly (s)ds + /0 ' L(s)ds. (43)

Firstly, by using the fact F(z — y) = fﬁmﬁc;‘g) and |Vo(z)| < C, we calculate
Ii(s)

// |p< (s, %)pe(5, y) dp(lsvx)ﬂ(s,y)ldzdy
lz—y|>e ‘LL’— |

// pe(5,9)]p<(s, ) — p(&x)\dxdy
lz—y|>e |$_y‘d !

[11(s)]

IN

IN
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|lz—y|>e |$— |

=: Iy + Iqs. (44)

For I11, by using the Hardy-Littlewood-Sobolev inequality, one has

2
fn £ Cloe— ol g el Q<d+2_@
9 —
< Cllps = plollpe = plF Nl s llo= N0
< Clip= = pl0llpell9, s (45)

By using regularity (34) of p., from (45), we know

o]
¢ ¢ g
/ Ihds < C(t) {/ llpe — p||gds} —0, ase—0. (46)
0 0

Similarly, we can obtain fo Ii2ds — 0 as ¢ — 0, which leads to fo I(s)ds — 0.
For I»(s), since F(—z) = —F(x), Fe:(—z) = —F.(2) and [Vp(z) — Vo(y)| <
Clz — y| < Ce, we have

(s ‘[Lyke%sxﬁWx—)m@y)

—p(s,2)F(z —y)p(s,y)) - (Ve(x) = Vo(y))dedy
=¢ / 1< |p=(x) = p(@)[| Fe(x = y)|pe(y)dzdy
+ Ce //I e p(@X)pe (W) |Fe(xz —y) — F(x — y)|dxdy

vl @) — )P )y
r—y|<e
=: 121 + 122 + 123. (47)

Using |F.(z)| < |F(x)|, and calculate I

lpe(z) — p()|pe(y)
C /z e dxdy

I
2 |z —y|dt

IN

IN

Cllipe — pll 2|l pe|l2- (48)

da+z

Same as the discussion of I, (48) leads to fot Is1ds — 0, as € — 0. And similarly,
we have fot Iy3ds — 0. As for Iy, we have

(y)
I| < cg// P2)peY) 4o
- lz—y|<e |$—y|d !

2d
< Celoll e ool 2o (1<d+1<q+1>
0
< Cellpl ol Nl el
< Cellply ol (49)



730 HUI HUANG AND JIAN-GUO LIU

From (49), one has

t
/ [diS
0

where we have used the regularity (34) for p. and p. Hence we have f(f Irds — 0 as
e—0.
From all the discussion above, one obtain

t t
/ / pe(s,x)(Vee) - Vo(x)dads — / / p(s,x)(Ve) - Vo(z)dzds, ase — 0.
0 JRd 0o JRrd
(51)
Combining (42)and (51), we conclude p is a weak solution to (1). By now we have
given the existence of a global weak solution, and the conservation of mass is easy
to attain by the similar arguments as in Step 6. O

IN

l
e [ [ nagzzad] [ [ i

C(t)e -0, as € —0, (50)

A

3. Local existence. For more general initial data, the following local in time
existence holds true.

Theorem 3.1. ([10, Theorem 2.2]) Suppose that either d = 2, (1 < a < 2), or
d=3, (3 <a<2), and the initial density satisfies 0 < po(x) € L*(R?), ||polls = 1.
Then there exists T > 0, such that a weak solution to (1) p(t,x) exits in [0,T] with
reqularity

pe L>(0,T; L*(RY)) N L*(0,T; H2 (RY)); 9yp € L*(0,T; H(RY)),
and the conservation of mass
lpolls = llo(t, ) =1, ¢ €[0,T].

Proof. The result can be found in [10], but for the completeness, we will give the
sketch of the proof here.
Multiply equation (31) with 2p.1r (), then integrate over R?, one has

d [e3
G [ vn@ds =~ [ DFpPun@de— [ gD vn(a)do
dt Rd Rd R4
+/ (Jg*pg)pg’(/)lg(f[])dw—‘r/ Ve - Vygr(z)pidx
Rd R4

IN

=y / D p. Py + / (e % po)Pbn(a)da

C C
+ﬁ/ pldx + E/Rd |Vee|ptda. (52)
By using the Hardy-Littlewood-Sobolev inequality, we know
C C .
% | IVedlite < Zlody

As we have done in the last section, the last two terms of (32) will vanish as
R — oco. Thus the following inequality holds

d o
ngaH%ﬂLQVHszeI@S/ p2Je  peda.
Rd
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For a > %, we can use the interpolation inequality and the Sobolev imbedding
theorem (H® — Ldzdl’s)

2 3 4 3—4 d 3_d
/ pede x pedr < |[pells < lpell22alloelly = < Cllpelly g lo=llz =
Rd d—a
For a > %, we imply the Young’s inequality
d 2 a2 2 S
gpllpellz + 20 D= pelly < vllpellf g + Clloella™ " -

Thus we have

d a o Ge—2g
Zlloll5 + VD% pellz < wllpely s = vIDF pell3 + Cllpell™
9 6a—2d
2a—d
<o (el + o). 53)
Solving above ordinary differential inequality, we obtain
1
||p5||§ + 1 S 2a—d ) (54)

o

[(looll3 + 1)~ — 2501]

which implies there exists a T'(||po||3) independent of & such that for ¢ € [0, T], the
following estimates hold

||'06||L°° (O,T;LZ(Rd)) < C7

||p€||L2 (O,T;H% (Rd)) < C;

||atp6 ||L2 (O,T;Hfl(Rd)) < C

Now we can use the Lions-Aubin lemma, there exists a subsequence p. without
relabeling such that for any ball By,
pe = pin L?(0,T;L*(Bg)), ase—0
and p(t,x) is a weak solution to (1). The regularity of p follows:
i) pe L>=(0,T; L*(RY));
ii) pe L*(0,T; Hz(R%));
iii) 9,p € L*(0,T; H*(RY)).
Moreover the conservation of mass can be proved as we have done in the Step 6
from last section. O

Theorem 3.2. Let d > 2 and 1 < o < 2. Assume 0 < py € L' N L’"(Rd) for some
r > 4 .= g, then there are T > 0 and a weak solution p(t,z) in 0 <t < T to (1)
with mass conservation.

Proof. As in (16), it yields

d (r—=1v, a =
Sl + 4= D% % < (r = 1)l (55)
And notice that
29 a 24 _
lpllifl < [l [l < Sy ID= p2 Iy llpllitt =1
2(7' — ].)I/ a T 1+L
< ———|D=p= 15+ C (llplly) 77 . (56)
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Solving above ordinary differential inequality, we obtain

r—q
1

T < -
Il < —| (57)

lpollF — St

which implies the local in time estimate. The proof for the regularization, existence
of a weak solution and mass conservation is the same as the proof of Theorem
2.3. O

4. Well-posedness for the self-consistent stochastic differential equation
(SDE) and KS equation.

4.1. Well-posedness of the regularized self-consistent SDE. In this sub-
section, we claim the global existence and uniqueness of strong solutions to the
following regularized self-consistent stochastic equation:

Xo+//Rd $) = y)df.(t.y)ds + vLa(t),
fet,z) = L(X

where X, has the density po(z) satisfying [z, po(x)dz = 1 and L(X.(t)) denotes the
law of X.(¢). Moreover, L,(t) is the rotatlonally invariant a-stable Lévy process
(see Appendix A), which has following expression as in (103)

(58)

Lo(t) = P.V. TN (t,dz) + / TN (t,dx), (59)
|z|<1 lz|>1

where N(t,dxz) is a Poisson random measure generated by Lévy measure p/(dz) =
@%dw as in (102) and N (¢, dx) is the corresponding compensator as in (101).

The PDE associated to (58) is the following regularized KS equation (as will be
proved in the theorem below):

Ope = _V(_A)%pa -V (PEVC5)7
— Ace = Je % pe, (60)
pE(OVr) = p0($)7

which has a unique global weak solution p., and fRd pe(t, x)dx = 1.

Theorem 4.1. Given pg satisfying fRd po(z)dx =1 and Xy is a random variable
with density po(x). Then for any T > 0 and e > 0, (58) has a unique strong solution
(X (t), pe(t, x)) with initial data (Xo, po). Furthermore, pe(t,x) is the unique weak
solution to (60).

Proof. Suppose p.(t, z) is the unique weak solution to (60). Let

Gulta) = [ Fule—)pelt)dy = Veu(t.o),

then G.(t,x) is bounded and Lipschitz continuous. So the following stochastic
equation

Xe(t) = Xo+ /Ot G, (s,XE(s))ds + vL4 (),
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has a unique strong solution X, (¢), which admits a time marginal density denoted
by pe(t,z) [33, pp.249, Theorem 6]. Then we use It6 formula [1, Theorem 4.4.7]:
for each h € C°(R%), with probability 1 we have

X)) = h(X(0)+ / Vh(X.(s-)) - Ga(s, Xo(s))ds
/PV ||<1[h(XE(s—)+x)—h(Xs(s )] N(ds, dz)
v x) — h(X:(s—)|N(ds, dx
o [ [ B ) <O N )

v / PV. [ (W(Xo(s=) + ) — h(X.(s—)
0 |z|<1
—x - Vh(X(s—))]i (dz)ds.
(61)
Substitute N(ds,dz) = N(ds,dz) — E[N(ds,dz)] = N(ds,dz) — p'(dz)ds in (61),

we obtain

X)) = h(X(0)+ / Vh(X.(s-)) - Ge(s, Xo(s))ds
+V/O P.V./|<1[h(Xs(5)+x)h(XE(s))}N(ds,d:L’)
/PV | Kl[h(XE(s—)—l-w)—h(XE(s—))],u’(dm)ds
v x) — h(X:(s—)|N(ds, dx
b [ O ) MK N s

+y/ PV. [ [(X(s=) +2) — h(X.(s—))
0 |z|<1
—x - Vh(X(s—))]i (dz)ds.
(62)
To better understand the Poisson stochastic integrals [1, P.231], let A be an
arbitrary Borel set in R? — {0} which satisfies inf4 |z| > C > 0, and denote P4 (t) =
IS
J4xN(t,dx). Then

/ [ HCX(5) +-0) = BCX.(5)I N (s )

[A(Xc(s—) + APa(s)) = h(Xc(s=)]La(APa(s))- (63)
0<s<t

where AP4(s) = Pa(s) — Ps(s—) is the jump increment. Since Lévy process has
independent increments, we know X (s—) and AP4(s) are independent. Moreover,
it follows from [1, Theorem 2.3.7] that

Eap, [Z J(APA(s))1a(APA(s))

0<s<t
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=K [/Ot/Af(x)N(ds,dm)} :/Ot/Af(x)u’(dx)ds. (64)
Hence we have

E [ / t [ nxe(s) ) - h<X5<s—>1N<ds,dx>]

=Ex.Eap, [ Y [h(Xe(s=) + APa(s)) - h(Xe(S—)]lA(APA(S))]
0<s<t

_Ex. [ / t [ sy ) - h<X€<s—>]u’<dx>ds} . (65)

We take A = {x : |x| > 1} in (65), thus

E /0 /$21[h(X5(5_) + ) — h(X(s—)]N(ds, dx)]

Ey. l /0 /| UCISERE h(XE(s—)],u’(dx)ds] . (66)

Denote A5 = {x: 0 < < |z| < 1}, and
gs = / f(x)N(ds,dx).
As

lim g5 = /OPV @ saa) (67)

6—0

Then

Moreover, we can prove that gs is a Cauchy sequence. Actually, for 0 < §; < §2, we

have
el -onll <2 | [ [ yitnan| < [ [ i
51<|m\<52 51<\m|<52
(68)
by (64). It follows from (67) and (68) that
t
lim E[gs] = E / pv. [ f@)N(ds,do)| . (69)
6—0 0 |z <1

Now we apply (65) and (69)

E

/0 PV I<1[h(X6(s—)+;v)—h(XE(s—)]N(ds,dx)l

~ lm E [/Ot /Aé [A(X.(s—) + z) — h(X.(s—)]N(ds, dm)]
~imey [ t [ o) ) - X (s )i

/ P.V. / [h(Xg(s—)—&-x)—h(Xs(S—)]N/(dx)dS]7 (70)
0 |z|<1

where we have used the Dominated convergence theorem in the last equality.

:EXE
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Now combing (66) and (70), we can take expectation on both side of (62) , then
one has

E[h(X(1))]

—E OO+ | [ T (s) - Gulo Xels))s

+VvE /0 /|$|>1[h(X8(s) +x)— h(XE(s))]u/(dx)dsl
+vE / P.V./ [M(Xc(s—) +x) — WX (s—)) — x - VA(X(s—))]p (dz)ds]| .
0 |z|<1
(71)
Substitute u/(dz) = |f|“f,fa dz in (71), and it leads to
E[h(X<(t))]
=E[h(X(0))] +E [/0 Vh(Xc(s—)) - Ge(s,X:(s))ds
K Cd,a[h(Xs(Sf) + .CC) — h(Xs(S*))] T
JrVIE[/O [/|a:|>1 ||t I
Caalh(Xc(s—) + ) — h(Xc(s=)) — 2 - VA(X(s—))] olds
+ P.V. /|$|<1 D dz]d }
Then we use the properties of fractional Laplacian in (7), one has
EINX0)] = EICCO)]+E| [ THOG(5-) - Guls X.(o))ds
+VE [/0 [— (—A)ih(XE(s—))ds] ) (72)

which leads to

/R pelta)h(e)de /R pola)h(e)d

-/ t [t ( [ r- y)@(s,y)dy) - Vh(z)dads

t
+1// [— (=A) 2 h(x)pe(s, x)dz]ds. (73)
0
Thus we know g, (t, x) satisfies the following equation in distribution sense

Ope(t,x) = —V(—A)%ﬁg(t, x) =V - [pe(t, ) Ve (t, )],
pe(0,2) = po(x).

Since pe(t, ) is also a weak solution to (74) and the weak solution of (74) is unique,
then we get f.(t, 2) = p.(t,z). It means that (X.(t), p.(t,x)) is a strong solution to
(58). The uniqueness of the strong solutions to (58) comes from the uniqueness of
the solutions to (60). In fact, suppose (X2(t), p!) and (X2(¢), p2) are two solutions
to (58). By the Ito formula we have used before, one knows the p! and p? both are
weak solutions to (60) with the same initial data po(x). Since the weak solution to
(60) is unique, one has p! = p? which leads to X1(t) = X2(t). O

(74)
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4.2. Existence, uniqueness and stability with initial data 0 < py € L' N
LiN L>*(R%) and |pol, < K. The uniqueness of weak solutions to the KS model
has been concerned by many scholars. The optimal transport method [16] and
the renormalizing argument [18] have been used to prove the uniqueness of weak
solutions to the classical KS model with normal Laplacian term. Here we will follow
the method in [31] to prove the uniqueness for the generalized KS model (1).

Now we introduce a topology of the Wasserstein space which is useful in proving
the following theorem. Consider the space of probability measure

P1(RY) = {f|f is a probability measure on R? and /d |z|df (z) < oo} .
R

We define the Kantorovich-Rubinstein distance in P;(R?) as follows

= inf —yld
witta= it [ Jeslartean ],

where A(f,g) is the set of joint probability measures on R? x R? with marginals f
and g. And it has been proved that P; (R?) endowed with this distance is a complete
metric space in [41, Theorem 6.18].

Also we will use the following time dependent measure space L>(0,T; P;(R?))

{f(t,:c)|f(t, -) is a probability measure on R? with sup / |z|df (t,z) < oo}.
t€[0,T] JRE

Moreover, it is a complete metric space equipped with metric

MT(ftlﬂftQ) = Su% Wl(ft17ft2)7

t€[0,T]
for any two elements f}, /7 € L>(0,T;P1(R%)).

Theorem 4.2. Assume the initial density pog satisfies Assumption 1, then for any
T>0andtel0,T],
(i) There exists a unique weak solution p(t,xz) to (1) with initial density py and
reqularity

p€ L™ (0,T; LR N LY (R, (1 + |z])dz)) 5 p? € L2 (Ry; H? (RY));

up € L2(0,T; W35 (RY)).
(ii) There exists a unique strong solution (X (t), p) to (5) with initial data (Xo, po),
and p is the unique weak solution to (1).

Proof. The sketch of the proof will be divided into 4 steps and we refer to [31,
Theorem 1.1] for more details.

Step 1. (Global existence and L°(R¢) uniform bound ) The global existence of
weak solution to (1) has been proved in Theorem 2.3. Following the method in [30],
we leave the proof of the uniform L>° estimate in Appendix B.

Step 2. (Existence of strong solution to (5)) Firstly, we give some uniform estimates
for the regularized equation. For € > &’ > 0, consider equation (58), and suppose
(X (t), pe(t,2)), (X (1), ps (t,2)) are two strong solutions in Theorem 4.1 starting
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from the same initial data Xy. One can show that there exists a constant Cr and
eo(T) such that if € < g9(T'), then

sup Wy (fe, f) <E < Ope 7, (75)

t€[0,T]
where df. = p.(t,x)dx, df. = p. (t, z)dz.
Consequently, there exists a stochastic process X (t) € L>(0,T;L*(€2,P)) such
that

sup |Xc(t) — X (t)]
t€[0,T]

E| sup |X.(t)— X(@0)|| <Cre® . (76)
t€[0,T]
On the other hand there exists a unique f(t,z) € L>(0,T;P1(R%)) such that
Me(fer f) < Cre” (77)

since L>(0,T;P1(R%)) is a complete metric space.
Secondly, one can show the limiting density is the weak solution to KS equations
(1), ie.
df (t,x) = p(t, z)dz, (78)
where p(t, x) is a weak solution of (1).
Lastly, we conclude that the limiting stochastic process X (¢) is the strong solution
to (5).

Step 3. (Uniqueness of strong solutions to (5)) Assume
(X (1), ot 2)), (X' (1), ¢ (t,2)),

are strong solutions to (5) with the same initial data. Then one can deduce that
¢
E[X'(t) - X)) < C/O w(E[X'() — X(t)]])ds. (79)

Here w(z) is defined as

1, ifz>1,
w(z) = z(l—-Inz), f0<r<l, (80)

which is related to log-Lipschitz continuity of the field [ F(z — y)p(s,y)dy, seen in
[31, Lemma 2.2].
By E[|X’(0) — X(0)]] = 0 and Gronwall inequality, we have

Mr(p',p) SE[IX'(t) - X(t)]] = 0. (81)
Hence p’ = p and X'(t) = X (¢) a.s. for all ¢ > 0.

Step 4. (Uniqueness of weak solutions to (1)) Suppose p/, p are two weak solutions
with the same initial density pg. For any fixed random variable Xy with density pg,
by the following Proposition, there exists two processes X (t) and X'(¢) such that
(X(t), p(t,z)), (X'(t), p'(t,z)) both are strong solution to (5) with the same initial
data (XO7 po). Therefore (81) holds, the uniqueness is proved. O

Proposition 1. The relation between weak solution to (1) and strong solution to
(5) can be described
(i) If (X(t),p) is a strong solution to (5) with initial data (Xo, po), then p(t,z)
is a weak solution to (1) with initial data pg.
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(i) If p(t,x) is a weak solution to (1) with initial data po(x), then for any Xy with
density po(z), there is a unique process X (t) with density p(t, ) and (X (t), p)
is a strong solution to (5) with initial data (Xo,po),

Proof. The proof of this proposition is similar to [31, Proposition 2.3] except that
we use a different It6 formula as we have done in Theorem 4.1. O

Furthermore, with the help of the self-consistent stochastic process of (5), we
also obtain the following stability with initial data in the Wasserstein distance for

(1).

Theorem 4.3. For any fivred T > 0, suppose p;, p7 € L™ (0, T; L>®(RYHNL! (Rd, (1+
|z|)dz)) be two weak solutions to (1) with initial data p§(x), pg(x) respectively
and they satisfy Assumption 1. Then there exists two constants C (dependmg on

and || p?|| and Cr (depending only on T)

ot o (0.1:L1nLo* (RY)) Lo (O,T;LlﬂLW(Rd)))

such that

—CT
s Wiloh, ) < Cr max {0 ). O )} .
te|0,

where Wy is the Wasserstein distance.

Proof. The proof of this theorem is similar to [31, Theorem 1.2] except that we
change Brownian motion into rotationally invariant a-stable Lévy process.. O

5. Interacting particle system and mean-field limit. Inspired by [31], we
introduce the stochastic system of interacting particles with singular force kernel
and rotationally invariant a-stable Lévy process described as follows. Let (2, F,P)
be a probability space equipped with a filtration (F;,¢ > 0) which satisfies the
usual hypothesis of right continuity and completion, i.e. F is complete and F; is
right continuous. We suppose that the space is endowed with N independent d-
dimensional rotationally invariant a-stable Lévy process {Lf (t)}Y,. Furthermore,
every Lévy process L, (t) will be assumed to be F;-adapted which have cadlag (right
continuous with left limits) simple paths, and L (t) — L’ (s) is independent of F
for all 0 < s <t < co. And with the assumption a € (1,2], it allows us to freely
use expectation of the a-stable process. Denote {X%(¢)}}¥; be the positions of N-
particles at time ¢, where X(¢) € R%. The initial data {X§}X, are theii.d. random
variables with a common probability density function pg(x). Moreover we assume
the particles in the system interact with each other by Newtonian potential ®(z) as
in (3), and we have the interacting force F(z) = V®(z). Thus the dynamics of the
interacting particle system can be described by a system of stochastic differential
equations

N
. 1 . _ .
AX'(t) = = > F(X'(t) = X7 (t))dt + vdLi(t), i=1,---,N,
N -1 (82)
J#i
X'i=o = X
Various interesting particle systems in physical and biological science can de-
scribed by this equation. We can see the first term in the right hand side of (82)
represents the attractive force on X(¢) by all particles. Moreover, we assume
the initial data {X{}, are ii.d. random variables with the same distribution
L(X}) = fo(z) and density po().
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For (82), particles may collide to each other due to attractive force. Hence we
consider a standard smoothing kernel J.(z) satisfying J.(z) = 4 J(£), where J(z)
is defined as in (6). Let F. = J. x F, then regularized system

dX(t ZF (Xi(t) — XI(t))dt + vdLi(t), i=1,---,N,
N-1 J# (83)
X§|t:0 = Xév
has a unique strong solution {X!(¢)}¥, and F.(z) = F(x) for any |z| > € [31,
Lemma 2.1].

5.1. Collision between particles. In this subsection, we show that the expecta-
tion of the collision time for the interacting particle system (82) is below a constant.

Lemma 5.1. [8, Lemmma 4.1] For d > 2, a € (1,2) and some v € (1,«), and
define h(z) == (14 |x|?)%2 — 1. Then
K= || = (=A) 2 || oo ey < o0
The following lemma is a useful result from the process of proving Theorem 2.3
in [8].
Lemma 5.2. [8 ] Define the generalized momentum M, (t) := [p. h(z)p(x, t)dx with

h(z) = (1+|z]?)? =1. Ford>2,a € (1,2),y € (1,a), there exist suztable constants
Ky, s >0, such that

C. / p(t, 2)p(t,y) 1
e Vh(z) - Vh(y)) - (- y) 22000 goy < Ky
o Jea (VP = VRWD) (=) P REEITAT)
where h(z) = (1+ |z|?)2 — 1 and C, is from the definition of F(z), see (4).
Lemma 5.3. [8, Theorem 2.3] Ford > 2, a € (1,2) and some v € (1, ), suppose
initial data po satisﬁes po € L' (Rd (1+|x|7)dx) and ||poll1 = 1. Define the general-
ized momentum M., (t) := [pa h(z)p(z,t)dzx with h(z) = (1+|z|*)2 — 1. For certain

sufficiently small unwersal constant K,>0,ifvr< K (K, K5 as in Lemma 5.1
K
and Lemma 5.2) and

/]Rd |z po(z)dx < K,

then M., (t) is strictly decreasing and the solution to (1) has a concentration at finite
time.

Theorem 5.4. For d > 2, given N i.i.d. random variables { X}V, wzth common
density po satisfying po € Ll(Rd (1+|x|7)dx) and ||pollx = 1. Let {X*(t)} be the
strong solution of (82) with initial data {X{}N.,. For any fived T >0 and v < £2
(K1,Ks as in Lemma 5.1 and Lemma 5.2), define

— i) — X7
At) = Inf min|X"(s) — X/(s)], (84)

0, ife> A(0),
T { sup{t AT : A(t) > e}, ife < A(0),
and let T = gl_r% Te. There ewist universals two constants K., T¢ > 0, such that if
Jga |z po(x)de < K, then

(85)

E(r) <T°.
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Proof. Adapting the method of proof of in [31, Theorem 3.1], we know the sys-
tem (82) has a unique strong solution until the explosion time 7 = sup{t A T :

Oinf<tm1n|Xl( s) — XJ(s)] = 0}. Since F.(z) = F(z) for any |z| > &, we get

Xi(t) = Xi(t) for 1 < i < N, when t < 7., where X/(¢) is the global unique
solution to the regularized interacting system (83). By Itd formula, we choose
h(z) = (1 + |z|?)? — 1 in (72), then one has

MXHt) = h(X /Vh (Xi(s ZF (Xi(s) — XI(s))ds

J#i

—1//0 (=A)2h(X!(s))ds

< h(X, _1/VhXZ ZF (XZ(s) = XI(s))ds
J#i
K vt (86)
where we have used Lemma 5.1. Sum all of ( 6), we get
Soaxie) < Shep+ i [ S VA(X:(S) - FL(XE(S) - XE(5))ds
i=1 i=1 ij=1
stﬁz
K Nut. (87)

Since X (t) is the unique solution to (82) and F. = F on [0, 7.], one has

Z Vh(X1(s)) - Fe(X(s) = X(s))

3,j=1
J#i
C N -1) s,x)p(s,
— / (Vh(z) — Vh(y)) - (x — y)up(dy)dxdy
Rd ]R” |z —y|
NN for all s € [0, 7.], (88)

S (1+2M())s’

where in the second inequality we have used Lemma 5.2. Take expectation of (87)
and by exchangeability of X?(¢), one has

[ i 1
BICC(] < BRG]+ (v~ Ko ) B
1
= M'Y(O) + (VKl — K2MJW9) ]E[TE]. (89)

From Lemma 5.3, For certain (sufficiently small) universal constant K., > 0, if
M, (t) < M,(0) < [a |27 po(z)de < K, we have

E[h(X" ()] < M,(0) + (ﬂ(l - K2(1+21K7)S> E[7.]. (90)

If we choose 0 < K < (VKl)% — 3, then

(I/Kl — K2
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By the positivity of the left handside of (90), one has
M, (0) < Ey(142K,)°
(K2(1++K7)5 *I/Kl) Ky — (14 2K,)vK,

E[r] < 2T (92)

Finally, by the monotone convergence theorem, we concludes the proof. O

5.2. Propagation of chaos. The concept of the propagation of chaos was origi-
nated by Kac [23]. It is important for the kinetic theory that serves to relate the
kinetic equations, such as the Fokker-Planck, Boltzmann and Vlasov equations. In
this subsection we prove the propagation of chaos for the KS equations (1) following
the method in [31]. We refer to [11, 22, 36, 37] for more instances of the propagation
of chaos.

Theorem 5.5. Assume that the initial density po(x) satisfies Assumption 1 and
{XL(t)}N, is the unique strong solution to (83) with i.i.d. initial data {XJ}N,
and Lévy motions {LL, ()}, L{XE} = fo, dfo = po(z)dx. Let {(X(t),p")} Y, be
the unique solution to (5) with the same initial data {X}}., and Lévy motions
{LE ()N, Then {Xi(t)}N, are exchangeable, {X(t)}, arei.i.d. and there is a
list of regularized parameters e(N) ~ (In N)~@ — 0 as N — oo, such that for any
T>0andalll1 <i<N,

E | sup |X;(N)(t)in(t)| —0, as N — oo.

t€[0,T]

Proof. We will only give a sketch of proof here since it is similar to [31, Theorem
1.3]. The main idea is to link (83) with (5) through (58). In Theorem 4.1, we
stated the existence and uniqueness for strong solutions to (58), which derives that
if initial data {X¢}Y ; arei.i.d. and Lévy process {Li (t)}Y, are independent, then
the following nonlinear stochastic differential equations

t
X0 = X5+ [ [ R =)t s LA, = N (93)

have a unique strong solution {X’(¢)}, and they are i.i.d.. Suppose {X{(t)}Y,
is the unique strong solution to (83) with the same initial data {X¢}Y ; and Lévy
process {L¢ (t)}¥;. Then for any ¢ > 0,1 <i < N and T > 0, we can prove

E| sup [Xi(t) - Xi()|| <« ——SL__ F (94)
o T T VN =Tt

where Cr is a constant independent of e. The detail of the proof to (94) can be
find in [31, Proposition 3.1].

On the other hand, similar to (76), there exists a constant Cr and €o(T") > 0
such that if € < g9(T) for any € > 0,1 <¢ < N and T > 0, one has

cT

E| sup [X(t) - X'(0)|| < Cret (95)

t€[0,T]

Combine (94) and (95) together, one has

E l sup | XZ(t) — X"(t)ll

t€[0,T)



742 HUI HUANG AND JIAN-GUO LIU

<E l sup |XI(t) — X(t)]| +E | sup |[XI(t) — X'(t)]
te[0,T] te[0,T]
C c _
T Eg + CT€E CT. (96)

<——e¢
TN — 1gd-1

We choose ¢ = e(N) = A(InN)~@ — 0 as N — oo in (96), where X is a large enough
positive constant. And then

Cr d—1
; ; CTNﬁ(lnN)T —-cT
E | sup |X! t) — X' (¢t < + Cpe®
lte[mT] | (N)( ) ( )|‘| \/ﬁ)\dil T
—0, as N — oo, (97)
which ends the proof. O

Appendices.

Appendix A. Introduction to rotationally invariant a-stable Lévy pro-
cess. In this subsection we refer to [1] for some basic definitions in probability
theory. A random variable X is said to be stable if there exist real-valued sequences
(¢n,n € N) and (dp,,n € N) with each ¢, > 0 such that

X4+ X0+ + Xn L enX +dy, (98)

where X, Xs, ..., X, are independent copies of X. In fact, it can be shown in [21,
pp.166] that only possible choice of ¢, in (98) is onw ,where the parameter o (0<
a < 2) is called the index of stability which plays a key role in the investigation of
stable random variables. An alternative characterization of stable random variable
is defined by its characteristic function. A real-valued random variable X is stable
if and only if there exist ¢ > 0,—1 < 8 <1 and g € R such that the characteristic
function for X is

exp <iuu — ;O'QUQ) , if a =2,
dx(u) = E[e™X] = { exp {i,uu — o®ul*[1 — iBsgn(u) tan(%)] } , fa#1,2,
exp {iuu —olul[1+ iB%sgn(u) log(|ul)] } , fa=1.
(99)

It can be shown E(|X|) < oo if and only if 1 < a < 2. We define nx(u) :=
log(¢x (w)) which is called the Lévy symbol. In particular, we are interested in the
case whose Lévy symbol is given by

nx (u) = —o%ul®, (100)

which is called the rotationally invariant a-stable random variable. The generalisa-
tion of stability to random vectors is straightforward, readers can find more details
in [34, Theorem 14.3, Theorem 14.10]. And in the following, we will always talk
about the d-dimensional case.
A stochastic process X (¢) is called Lévy process if:
i) X(0)=0 a.s.;
ii) X has independent and stationary increments;
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iii) X is stochastically continuous, i.e. for all ¢ > 0 and for all s > 0
%gn P(|X(t) — X(s)] > a)=0.

Then we have to mention the famous Lévy-Ito decomposition: If X (¢) is a Lévy
process, then there exists b € R%, a Brownian motion B4 with covariance matrix A,
an independent Poisson Random measure N on R* x (R? —{0}) and corresponding
compensator

N =N —E(N), (101)
such that, for each ¢ > 0,

X(t) = bt + Ba(t) + P.V./

|z|<1

N (t,dz) + / xN(t,dz).

|z|>1
An important by-product of the Lévy-It6 decomposition is the Lévy-Khintchine
formula: If X is a Lévy process then for each v € R% ¢ > 0,

_ L

E [ei(u,X(t))] = exp (t{i(b, w) 5

(u, Au) +/ [e ) —1 — i(u,y)xB(y)]u'(dy)}) :
R4—{0}
where B = {y € R? |y| < 1}, 4/ is the Lévy measure. The triple (b, A, i/') is called
the characteristics of the Lévy process.
For a Lévy process X (t) we have

¢X(t) (u) = etx() (u),

where 7)x (1) is the Lévy symbol of X (1), which can be seen in [1, Therorem 1.3.3].
When we say the Lévy symbol of a Lévy process X (t), it means the Lévy symbol
of the random variable X (1).

A Lévy process X(t) is called stable if in which each X(¢) is a stable random
variable. Of particular interest is the so called rotationally invariant a-stable Lévy
process, where the Lévy symbol is defined by (100), i.e. nx)(u) = —o%u[*(0 <
a < 2). For simplicity we choose o = 1 in the sequel. And we denote this particular
rotationally invariant a-stable Lévy process as L, (t), and the characteristics of it
is (0,0, p’), where

C

[1, pp.37]. Specifically, we choose C to be Cy, as in the definition of fractional
Laplacian operator. Moreover we have

La(t) = PV. / eN(t,do) + /| N (), (103)

lz|<1

Appendix B. Uniform L> estimate. First, we will give a proof for the L"(R%)
(¢ < r < 400) bound uniformly in time in the following lemma.

Lemma B.1. Denote ¢ = ¢ (1 < a < 2), (=K —||pollq- Assume 0 < py € L' N

[e3

LY(R%) and ¢ > 0, then the weak solution p to (1) satisfies ||p|l; < K. Furthermore,

ateo—1 g(r—qg+1)

ol < llpollz + Cle, d, v, [lpoll, ) (llpoll7) <o «C=0%7, g <r < 400,

where €y satisfies

4v

m - ”pOHQ = 92’



744 HUI HUANG AND JIAN-GUO LIU

Proof. Recall in (21) we have already got

Lol + 2.a(ro ~ 15 IDT 3 < 0, (104)
with 7o = ¢+ €y and €9 small enough satisfying
4v ¢
W - HpOHq = 5

Hence, it follows from (104) that <|/p[|"0 < 0, which leads to the uniform estimate
for o]l

1£llre < llpollrs- (105)
For r > ro we compute as before by using Young’s inequality

(r — )

|| ||r+4 HD%’Ilg (r = Dol
20(r+1)
(7" - 1S, HDfP’llz ||PH(170)(T+1)
<2Q||D% 512 4+ C(r, 70, 0, d, ) ([l pl|70) Foa (106)
= r P2ll2 s 10y Gy Gy P 0 )
where § = % satisfying M < 1 for rg > q. Collecting (105) yields
d o 2(r — v L
alPlh <~ el e
Sa.alleollf
—‘r—C(T, To,a,d, V)(”pO”;r"g)év (107)

with § = 1:;T__qq. Solving the above ODE inequality we have

)
lolly < max {llooll7, Clev.d, v, lpolly, 7)ol 77 |

1 g(r—q+1)

< lpollz + Cled, v, llpoll1, 7)(1lpo[7) =7 e=De, (108)
here we have used the interpolation inequality in the second inequality. Recall
ro = q + €g, thus the theorem has been proved. O

Now, we will get the uniform estimate in L>®(R, L>(R?)) of the solution by
utilizing a bootstrap iterative technique [5] in the following theorem.

Theorem B.2. Assume initial density pg satisfies Assumption 1, then the weak
solution p of (1) has the uniform estimate in L™ (R+,L°°(Rd)), i.e. foranyt >0

ol < Cla, d, v, Ao),
where Ag = max{1, [|pol|1, [|polloc }-
Proof. Define py, := 2F + ¢+ 1 with k > 0. For k=0, po = ¢ + 2 > ¢, from Lemma
B.1, we have
ol < lpolls + Clasd, v, lpollss ) llzg) ™5 771 < (v, o)
For k > 1, take pppP*~! as a test function in the first equation of (1), we have

d (pk - ]-)V a Pk 1
a||ﬂ| be < *4T||Dzﬂ 2|3+ (p — Dllplpeis

IN

a Pk
—2C,, D% p = |3 + pellplpe s, (109)

where 0 < Cp, < 4@’“1)%1)” is a fixed constant.
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Now we will focus on estimating the last term Hp||£’“j:
» 2(pp+1) 92(Pk+1) (1 0) 2(pp+1)
+1 L LY B T
lollpets = o ||2<pf+1> <l 2" o |1 o
2(Pk+1) 92(Pk+1) (1-6 )Z(Pk+1)
< Sua IIDEpE Ly s R (110)
with
p " 3G
k 2(pr+1
?r = Pk—1, 0= %7
v 2d

where in the first inequality of (110) the interpolation inequality has been used and
Sobolev inequality (14) has been used in the second inequality.
The Young’s inequality tells that

2(pp+1)

d a Pk a Pk, q10
glelne < =20, D% pE | +ou| DEpE |

q292(p5+1) » a2(1-0) Q(PIJ:Jrl)
+C(0)(PE) P Sgq " P Ir o (111)
where C(01) = (01q1) "2/ gy ", ¢ = %7 ie. qo2etl) kH) =2, and
k=14 ap,
_ Pk I Faber gy
e — 0(pr +1) Spr—1—1
By taking o1 = Cp, in (111), we get
o vy 426 225+
Hp||pk < =Cp D2 p2 [l 4+ Clo)(pr)®Saq ™ (lelpiz)™, (112)
where
- ©(1-0)px+1) G+l -1 <9
Dk—1 GPk-1—1
On the other hand,
0 20 _
lollzs = Np# 113 < S24ID% ™ 137 1o (1207, (113)
where r is the same as before, and
1_ 1
_ r 2
th = o
T 2d
Similar to (111), we have
~ 011 -
oIl < o1l D% p# |13+ Clo1) S22 | pllbe 0", (114)

where C(o1) = (o101) /1151 1 = %, and [y = ﬁ. Hence from (112) and (114),
we deduce

d 920 22E T
g lelBs < =lellf; + Cle) ) ™Saa ™ (olf=)™ + Clon S (g™,
(115)

_ pe(1—=01)l2
where 7, = Pr—1 T PE-1 —

2 92(Pk+1)

Cilpr) = C(01)Sny ™ 5 Calpr) = Co1)S2".
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It is easy to know that C1(px) and Ca(pg) is uniformly bounded for any k& > 1. So,
we let C(d, o,v) > 1 be a common upper bound of Cy(py) and Ca(pk), we obtain
the following inequality

d
ZlIellEs < =llelipy + C(dy v, a)pie (ol =)™ + (lelipizt)™). (116)
Let yx(t) := [[p||bk, solving the ODE inequality (116), we get

(e'ye(®) < Clv,d,a)pi (it +yi e’

< 20 e {Lspit L0 b, 1D
>0

where the last inequality used 1 < go < d+ 1. Let ay, := 2C (v, d, )44+12k@+D) > 1
and integrate (117), then one has

n(6) < axmax { Lsup i 4(0) (1= ) 4 (0 (118)

Notice that yi,(0) = [|pol[5% < [lpoll1]lpol[2~", so we have
1} < APk
rlg§§{yk(0), } < AP

where constant A > 1 is independent of k& but depends on ||pol|1, ||pollcc- Hence it
follows from (118) that

Yy (t) < ap max {sup y,%_l (t), APx }
>0

After some iterative steps, we have

k—1

2 k—1 k oi

ye(t) < ak(ak,l)z(ak,g)2 -~-a% max {supyg (t),g APr—i2
t>0 =

k—1
< (2C(v,d, a)4d+1)2’“—1(2d+1)2k+1—k—2 max {supygk (t), ZAp;H-T} .
t20 i=0

Since APx-i2' < Apk7 one concludes that

ol < (2C (v, d, a)4+1)2 1 (2 1)2 k=2 iy {sup w2 (), kixm} :
t>0

where A > 1 is constant independent of & but depends on ||pol|1, ||20]/co-
Taking the power pik to above inequality, then

Ipllp, < 2C(v,d,)4% 2% max {sup Yo(t), kl/M} : (119)
t>0

Recall that yo(t) = ||pl|5 < C(a, d, v, Ag), then the estimate is obtained by passing
to the limit & — oo in (119),

HpHOO S C(Oé,d, V7A0)~ (120)
O
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