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ERROR ESTIMATE OF A RANDOM PARTICLE BLOB METHOD
FOR THE KELLER-SEGEL EQUATION

HUI HUANG AND JIAN-GUO LIU

ABSTRACT. We establish an optimal error estimate for a random particle blob
method for the Keller-Segel equation in R? (d > 2). With a blob size ¢ = h*
(1/2 < k < 1), we prove a rate h|Inh| of convergence in £} (p > ﬁ) norm

up to a probability 1 — hC!m "l where h is the initial grid size.

1. INTRODUCTION

The vortex method was first introduced by Chorin in 1973 [6], which is one of
the most significant computational methods for fluid dynamics and other related
fields. The convergence of the vortex method for two- and three-dimensional in-
viscid incompressible fluid flows was first proved by Hald [13], Beale and Majda
[213]. Then Anderson and Greengard [I] gave a simpler proof for the estimate of
the consistency error. When the effect of viscosity is involved, the vortex method
is replaced by the so-called random vortex method by adding a Brownian motion
to every vortex. The convergence analysis of the random vortex method for the
Navier-Stokes equation has been given by [IT19L20L23] in 1980s.

Generally speaking, there are two ways to set up the initial data. On one hand,
some authors like Marchioro and Pulvirenti [20], Osada [23], Goodman [I1] and [I7]
took the initial positions as independent identically distributed random variables
X;(0) with common density po(x). Specifically, Goodman proved a rate of conver-
gence for the incompressible Navier-Stokes equation in two dimensions of the order
N-Y41n N, where N is the number of vortices used in the computation. However,
this Monte Carlo sampling method is very inefficient in the computation. On the
other hand, Chorin’s original method assumed that initial positions of the vortices
are on the lattice points hi € R? with mass po(hi)h%. In particular, Long [19]
achieved an almost optimal rate of convergence of the order N=/2In N ~ h|In A
except an event of probability hC'C: much of his technique will be adapted to this
article. A similar probabilistic approach has been used on the Vlasov-Poisson sys-
tem by [5]. Finally, we refer to the book [7] for theoretical and practical use of the
vortex methods, and also refer to [§] for recent progress on a blob method for the
aggregation equation.
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In this paper, we introduce a random particle blob method for the following
classical Keller-Segel (KS) equation [14] in R¢ (d > 2):
op=vAp—V-(pVe), zeR? t>0,
(L.1) — Ac=plt,x),
p(O,l‘) = pO(‘T)7
where v is a positive constant. This model is developed to describe the biological
phenomenon chemotaxis. In the context of biological aggregation, p(t, ) represents

the bacteria density, and c(t,x) represents the chemical substance concentration,
which is given by a fundamental solution as follows:

t
(1.2) o(t,z) = - vy
- — 1 — t,y)d ifd=2
5= | nle = sloltndy. it d=2
1 /2
where Cy = M and ag = m, i.e., ag is the volume of the d-

dimensional unit ball. We can recast c(t,z) as c(t,z) = @ * p(t,z) with Newton
potential ®(x), which can be represented as

Cq

W’ 1fd237

(1.3) O(z) = )
— —Inlz|, ifd=2.
2m

Furthermore, we take the gradient of the Newtonian potential ®(x) as the attractive
force F'(z). Thus, we have F(z) = V®(z) = —‘C;;Llf, V z € RN\{0}, d > 2, where
C, = Ld/2)

— 9gd/2
Now we consider the KS equation (1)) under the following assumption.

Assumption 1. The initial density po(x) satisfies:
(1) po(z) has a compact support D with D C B(Ry);
(2) 0< pg € H¥(RY) for k> 3¢ 4 1.

In fact, the above assumption is sufficient for the existence of the unique local
solution to (ILI]) with the following regularity:

(1.4) o1l oo (0,7 1% )y < C ([l poll zrx (rt))

(1.5) 9ol oe (0,73 152 (rt)y < Cllpoll % (raY),

where 7" > 0 only depends on ||po|| g+ ®e). The proof of this result is a standard
process and it will be given in Appendix A. Denote Tmax to be the largest existence
time, such that (I4)) and (IH) are valid for any 0 < T' < Tmax. As a direct result of
the Sobolev imbedding theorem, one has p(t,z) € C*~4/2=1(R?) for any t € [0, T).
We define the drift term

(1.6) Glt.a) = [ Flo=y)p(t.u)dy,
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A RANDOM PARTICLE BLOB METHOD FOR THE KS EQUATION 2721
then —AG(t,z) = Vp(t,x). By using the Sobolev imbedding theorem, one has

(L7) ”GHLOo (0,T;W’°’%’°°(]Rd)>
(18) 1961,

< ClGllpoe 0,517+ (r1y) < C(llpoll % (ray),

o,T;W’“*%*Z"’O(RdO < C(|lpoll z» (ray)-

So G(t,z) is bounded and Lipschitz continuous with respect to x for k > d/2 + 1
from (L) and the Sobolev imbedding theorem. Thus, the stochastic differential
equation (SDE)

(1.9) X(t) = X(0) + /0 /R F(X(s) — y)p(s,y)dyds + V2uB(t)

has a unique strong solution X (¢) by a basic theorem of SDE [22, Theorem 5.2.1],
where X (0) = a € D and B(t) is a standard Brownian motion.
If we denote the fundamental solution of the PDE

{ut:VAu—V~(uG),

(1.10) w(0,z) = 04(x), a € D,

to be g(t,z < 0,«), then it is the transition probability density of the diffusion
process X (t), i.e., g(t,z < 0, ) is the density that a particle reached the position
x at time ¢ from position « at time 0, and we have

(1.11) p(t,x) = /Rd g(t,x < 0,a)po(a)dar.

See Friedman [10, Theorem 5.4 on p. 149].
We take & as the grid size and decompose the domain D into the union of non-

overlapping cells C; = X;(0) + [-2%, 2]? with center X;(0) = hi =: o; € D, i.e.,

D C | Ci, where I = {i} C Z% is the index set for cells. The total number of cells
i€l
is given by N = > = %.
i€l

Suppose X;(t) is the strong solution to (L3, i.e.,

(1.12)  X;(t) = X,(0) —l—/o y F(Xi(s) —y)p(s,y)dyds + V2uB;(t), iel,

with the initial data X;(0) = o; = hi where B;(t) are independent standard Brown-
ian motions.
For any test function ¢ € C§°(R%) and ¢ € [0, T, we define

(1.13) u(s,a) = /Rd p(x)g(t,x < s,a)dz, s€][0,t].

Then u(s, «) is the solution to the following backward Kolmogrov equation:
dsu = —vAu—G-Vu, a€cR? sel0,1],
(1.14)
u(t, a) = ().
Following the standard regularity estimate, we have

(115) HU(S, ')||Hd+1(]Rd) < CT||Lp||Hd+1(Rd), s e [O,t].
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Moreover, on one hand, we have
(116 (o) = [ elp@is= [ o) [ m@gltn e 0.)dads
R4 R4 D
:/ (0, &) po(a)da.
D

On the other hand, we define the empirical measure py (t):=>" §(2—X;(t))po(a;)h?,

JeI
and define E[uy (¢)] in the sense of the Pettis integral [25], i.e.,
(1.17) (0, Elun ()]) = E[(¢, pn (8))]
= Z/ g(t, < 0,c;)dzpo(c;)h?
JeI
= > (0, a;)po(a;)®.
jel

Combining (II6) and (LI7), and using 21]) from Lemma[Z3] we conclude that

(1.18) (@, Elun ()] = p)| = ZU(O,aj)Po(aj)hd—/DU(O,Q)Po(Oé)da

jeI
< ChTH|u(0, ) pollwa+rr ey
< ChAY|u(0, )| prass (ray < ChH |l rars (gay

which leads to
(1.19) IE[an(8)] = pll g gaey < ChOL

Our above error estimate ([LI9) is in the weak sense (see [I2] for the concept).
Recently, the error estimate in the strong sense up to a small probability was
obtained by [I8]. Therefore, the main task of this article is to establish the error
estimate between X;(¢) and X, .(¢). Here X, .(¢) is the solution to the random
particle blob method which we will describe below.

Introducing a random particle blob method for the KS equation as in [I9], we
have the following system of SDEs:

(1.20) X; (1) / 3 F(Xie 1.2())p;hlds+V2wB,(t), i€,
JjelI

with the initial data X; .(0) = «; = hi where

(1.21) p;j =pola), F.=Fxv., tc(x)=c % x), €>0.

The choice of the blob function 1 is closely related to the accuracy of our method.
Following [16], we choose () > 0, 1(z) € C24T2(RY),

C(1+ A2 2] < 1,
(1.22) b(z) = { (14 cosm|x|) if || <

0, if |z| > 1,

where C' is a constant such that [;, ¢ (2)dx = 1.
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For convenience, we will give the following notation for the drift term:

(1.23) G(t,x) ::F*p:/d F(z —y)p(t,y)dy,
R
(1.24) Gh(t,2) ZF x — X;(t))pjh?,
j€l
(1.25) Gh(t,x) =Y Fe(x — X;(t))p;h?.
jer

Define the discrete 82 norm of a vector v = (v;);er such that

1/p
(1.26) [oller = ll(vi)ierller = (Z |Ui|phd> , p>1

icl
Then we have the following main theorem.

Theorem 1.1. Suppose the initial density po(x) satisfies Assumption 1. Let Tiax
be the largest existence time of the reqular solution (L4), (LH) to KS equation
(@LI). Assume that Xp(t) = (X;(t));c; is the exact path of (LI2) and X .(t) =
(Xie(t);ep is the solution to the mndom particle blob method ([L20). We take
e = h" with any 2 <k <landp> % m then for all0 < h < hqg with hg sufficiently
small, there exist two positive constants C' and C' depending on Tyax, p, d, Rg and
lpoll ek (ray, such that the estimate

P (Orgtagc [ Xne(t) = Xn()llp < Ah|lnh|) > 1 — pOAImA]

holds for any A > C' and 0 < T < Tyax-

Remark 1.1. For the Coulomb interaction case F = —V®(z), the above estimate
holds for any T' > 0, since the regular solution p exists globally.

To conclude this introduction, we present the outline of the paper. In Section
2, we give some essential lemmas including kernel, sampling, concentration and far
field estimates. In Section 3, we give a proof of the consistency error at the fixed
time ¢ € [0,7]. Then we give a stability theorem in Section 4. Next, by using
results from Sections 3 and 4, we conclude the proof of the convergence of the
particle path in Section 5. In Appendix A, we give a sketch proof of the regularity
pE L™ (O,T; H’“(Rd)). Finally, we extend our result to the particle system with
regular force in Appendix B.

2. PRELIMINARIES ON KERNEL, SAMPLING, CONCENTRATION
AND FAR FIELD ESTIMATES

Notation. The inessential constants will be denoted generically by C, even if it is
different from line to line.

First, we summarize some useful estimates about the kernel F; in (L2I]) and its
derivatives.
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Lemma 2.1 (Pointwise estimates).

(i) F.(0) =0 and F.(x) = F(z)h (‘wl) for any x # 0,where

27Td/2 i1
T(d2) / P(s ds;

(ii) F.(x) = F(z) for any |z| > € and F.(x )<m1n{C'| | F ()|}
(iii) |9°F.(z)| < Ce' =218 for any x € R%;
(iv) [0°F.()| < Cgla|' =" 81 for any |o] > e.

The estimates (i) and (ii) have been proved in [16, Lemma 2.1]. For (iii) and

(iv), we can follow the argument of [2 Lemma 5.1] by making dimensional changes
and using the definition of F;(z) in our this paper.

Lemma 2.2 (Integral estimates).
(i) Jfo<p|Fe(x)lde < CR, Ve <1;
(i) [1F:llypisraqay < Ce/at1=a=181 " for g > 1.

Lemma is a direct result from Lemma 2]
Also, we will need the following sampling lemma, which is essential to our error
estimate.

Lemma 2.3 ([I, Lemma 2.2]). Suppose that f € W4tLLH(RY), then

(2.1) Z f(hi)h® — » f(@)da| < Cah™ | fllwario g

€24

The proof of this lemma is based on the Poisson summation formula, which was
given by Anderson and Greengard [I].

Since the initial positions X;(0) are chosen on the lattice points instead of being
chosen randomly, the following lemma is essential to our analysis.

Lemma 2.4. Let X (t,«) be the solution of the following SDE under Assumption 1:
t
X(t;a) = X(0;) + / G (s, X(s;a))ds + V2vB,(t),
0

with initial data X (0;a) = o € D and B,(t) is the standard Brownian motion.
Assume {X;(t)} are solutions of the SDEs

Xi(t):Xi(0)+/tG(s,Xi(s))ds+\/2_uBi(t), iel,

with initial data X;(0) = o; = hi € D and {B;(t)} are independent standard
Brownian motions. For functions f € Wt1h4(RE:RY) and ' € W (R4 RY)
with supp I' = D and 1/q+ 1/¢" = 1, we have the following estimate for the
quadrature error:

(2.2) was S EL (GO~ [ EIF (X(1:0)Ta)da

0<t<T |4
el

SCRY| Fllyyass.arasa )

where C depends only on d, d', T, |poll grray and ”FHWO‘HI"?/(]Rd;]Rd/

)
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Proof. To prove this lemma, for any ¢t € [0,7], we define

(2.3) u(s,y) = y f(x)g(t,x + s,y)dz, se€0,t].

Then, one has

(24)  wu(t,y) = fly); uw0,y) = ” f(@)g(t,x < 0,y)dz =E[f (X(t;y))].

Thus, u(s,y) is the solution to the following backward Kolmogrov equation

(2.5) {8Su— —vAu—G-Vu, yeR? sel0,1],
u(t,y) = f(y)-

Following the standard regularity estimate, we have

(2.6) [uls, Mlwarramey < Cllfllwarragagay, s €01,

where C' depends only on d, d', T and ||G|| poc (0,7, wd+1.00 (Re)) -
Notice that I'(a) has support D, and we can use Lemma [2Z3] which leads to

(2.7)

Zu(o,ai)l“(ai)hd—/ u(0, a)T'()da

i€l D

<CATH[u(0, @) (@) [lwarra(ray < ChTH[u(0, @) |[was o)
SChd—H||f||Wd+1v‘1(Rd;Rd')a
where C' depends only on d, d', T ||po| gy and ||F||Wd+1,q/(Rd,Rd/).
0 5

Substitute u(0, o) = E[f (X (t; )] in ([Z7); then one has

(2.8) max
0<t<T

SELf (¥(a)ITa)h! = [ B (X (5 )] T(@)da

SChd—H||fHWd+1s<1(]Rd;]Rd’)7

where C' depends only on d, d', T, ||po|| zrxway and [|T|;,a+1.a ) Since X;(t)
0

(REGRY
and X (¢; ;) have the same distribution, we have

(2.9) E[f (Xi()] = E[f (X (£ )],
which leads to our lemma. O
Next, we introduce the following concentration inequality, which is a reformation

of the well-known Bennett’s inequality; it plays a very important role in the sequel
analysis.

Lemma 2.5. Let {Y;}_, be n independent bounded d-dimensional random vectors
satisfying:

(i) ElY;] =0 and |Y;| < M foralli=1,--- ,n;
(i) Y Var(Y;) <V with Var(Y;) = E[|Y;]?].
i=1
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2726 HUI HUANG AND JIAN-GUO LIU

If M < C’@ with some positive constant C, then we have

(2.10) P ( Zn: Y| > n\/V> < exp (—C'?)
=1

for all n > 0, where C' only depends on C' and d.

Proof. See Pollard [24], Appendix B] for a proof of Bennet’s inequality in case d = 1,
which leads to

(2.11) p (IZYZ > n\/V> < 2exp [—%n2B(M77V_%)] :
i—1
where B(A) = 2A72[(1 + A\)In(1+A) — A, A >0, lim B(\) =1, lim B(\) =
A—0+ A— 400

and B()) is decreasing in (0, +00).
Since M < C 4 and B(\) is decreasing, one concludes that

(2.12) P <| zn:m > m/V) < 2exp [—%B(o)nz] .

n
Denote S = > Y;; then for d-dimensional random vector Y;, we have
i=1

P(Isl=nvv) < zpusjm%)

1
2d exp [——B(C)nz} <exp [-C'n?],

J

(2.13)

IN

2d
where C’ only depends on C and d. O

Lemma 2.6. Fori,j € I, let M{; = max max|0°F.(X;(t) — X;(t) + y)| with
ly|<Coe |B|=!

some positive constant Cy. We take ¢ > hlln h|%, then there exist two positive
constants C, Cy depending on T, d and ||pol| g+ we), such that

P ZijhdzAHne\ ghCA“W, foranyiel, if ¢ =1,
jel
(2.14)

P Zijhd > Ae b | < RCAMWRL for any i e I, if € =2,
JeI
hold true at any fized time t for any A > Cy.

This lemma can be obtained using the same approach as in [I9, Lemma 9].

Lemma 2.7 ([I9] Lemma 10]). Assume B(t) is a standard Brownian motion in
R?. Then

P{ max  |B(s) — B(t)| > b} < C(VAL/b) exp(—C'b? | At),

t<s<t+At

where b > 0 and the positive constants C,C" depend only on d.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



A RANDOM PARTICLE BLOB METHOD FOR THE KS EQUATION 2727

Proof. We give the proof of d = 1; then the case d > 2 can be obtained easily. See
Freedman [9, p. 18], then one has

(2.15)
P {K?}%ﬁt |B(s) — B(t)| > b} < 2P {|B(At)| > b} = 4P {|B(1)\ > b/\/At} .
Since B(1) ~ N(0,1), a simple computation leads to our lemma. (]

Finally, we introduce the following far field estimate:

Lemma 2.8. Assume that X;(t) is the exact solution to (LI2)), for R bigger than
the diameter of D. Then we have

C
(2.16) P(|X;(t)| > R) < ik
where C depends on d, T, Ro and ||pl| g+ wa)-

Proof. Recall that g(t,z < 0, ) is the solution to the following equation:

u = vAu — V- (uG),
(2.17)
u(0,2) = dq(x), v € D.
We denote the second moment estimate of u as ma(t) = [pa |z|2u(t, z)dz, then one
has
dmo(t
(2.18) n:;t( ) = 2d—|—2/ (- G)udz

_2d+20// dzxd
Re JRd |$—y|dp v)ule)dudy

r(y) p(y)
§2d+20*/ x|u(z / —dy+/ ————dy| dz
Rd| ol )l le—y|<1 |z —y|d—1 lz—y|>1 |z —yld-t

<2d+ C(lpllus, ol ) (Il +ma(t), ¢ € (0,71,
By using Gronwall’s inequality, we have

(2.19) ma(t) < €T (my(0) + CoT), t e (0,T).

Notice that mg(0) = [pu |#|*6a(2)dz < CRE, which leads to

(2.20) mo(t) < C1R3 + Cy, t€0,T),

where D satisfies D C B(Ry) and C1, Cy depend on d, T, ||pll1, ||pllco. Now, we
compute P(|X;(t)] > R), and one has

(2.21) P(Xi(t)] > R) = /|I>Rg(t,3: —0,0)dx < mégt).

Thus, we conclude the proof. O

3. CONSISTENCY ERROR AT THE FIXED TIME

In this section, we will achieve the following consistency estimate result at any
fixed time. Recall the definition of G(t,z), G"(¢,z) in (L23) and (L24)), then we
have the result as below.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Theorem 3.1. Assume that X;(t) is the exact path of (LI12). Under the same
assumption as in Theorem 1.1, there exist two constants C,C' > 0 depending only
on T, d, Ry and ||po|| g+ (ray, such that at any fired time t € [0,T], we have

(3.1) P <malx |Gh(t, Xi(t)) — G(t, X;(t))| < AR lnh> > 1 — pCAImAL
S

for all A > C".

Proof. For any fixed = and ¢, we decompose the consistency error into the sampling
error, the discretization error and the moment error as follows:

(3:2)  1G2(ta) - Glt.a) = |3 Felo = X;(0)psh" = [ Fla = plt.)dy
jel R4
<3 Flo = X, ()pih — S EIF @ — X, (0)]ph
Jel jeI
_ d v
* (LI - X0 - [ Pttty

+

/ Fe(z —y)p(t,y)dy — | F(x—y)p(t, y)dy}
Rd Rd
=:es(t,x) +eq(t,z) + em(t, ).
Step 1. For the moment error, it can be proved that
(3.3) em(t, x) < 0152.

Indeed, if we rewrite e, (t, ) = | [pa[F=(y) — F(y)]p(t,x — y)dy|, and from (i) in
Lemma 2.7] then one has

A;Mﬂh—uF@mUJ—ymﬂ

(3.4) em(t,x) = 5

=&

=D = 1P Gtz = c2)as

=&

/Rd [h(l2]) = F(2)[p(t, x — ez) — p(t, x)]dz

1
< Ce?||Vp||p- / 21 = h(r)|dr < C1€2,
0

where C} depends only on d, ||pol| g (ra)-

Step 2. For the discretization error eq4(t, x), we notice that

(3.5) /Rd Fo(z —y)p(t,y)dy = /Rd F.(z—y) UD 9(t,y; 0, a)po(a)da} dy

= /D [/Rd F.(x — y)g(t,y;O,a)dy} po(a)da
= | BlFa = X(t:0))] po(a)do.
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By applying Lemma 24 with f(y) = F.(x — y),I'(a) = po(a), we obtain

(3.6) SB[ - X,(0))psh? - [ E[F.(e - X(t:0))] po(a)da
jerI D

<ChUY| Fellyasraqay < CohdTed/a72d,

It follows from (B3] and (3.4 that

(37 ealtyr) = | S E[F(w — X))o - / Fu(z — y)o(t,y)dy
jer R
S Czhd+15d/q72d’

where Cy only depends on T, d and ||po|| g% (re)-

Step 3. For the sampling error e, (¢, z), we will use Lemma 2.5 to give an estimate
of es(t,z) =| > Y|, where

jel
(3.8) Y; = (Falw — X;(0) — EIE.(x — X;(0))]) ;.
It is obvious that
(3.9) E[Y;] =0 and |Y;| < Chde'=¢ =: M, forall j € I.
Next, we will show that Z:I Var Y; is uniformly bounded by some V. Actually,
VIS
(310) Y Var¥; =) {E[|F.(z - X;(1)]*] - [E[F(x - X;(t)]]*} p3h*
jel jer
< SCE[IF. (v — X, (0) o2
jeI

We apply Lemma 4 again with f(y) = |F.(z — y)|? = C|9? 1 F.(x — y)|,[(a) =
po(a)?. Then one has

(3.11) D> _E[Fc(x — X;(t)]ph* - hd/ E[|F:(z — X (t; @))*]po () *dex
jer D

< Chd||FE||W2d,q(Rd)hd+1 < Chd+1€d/q73d+lhd,

which follows from Lemma 2:2] as we have done in (B.7]).
Notice that

(3.12) /D E[|F.(x — X(t; 0)) ) po(0)?dar

= [ [ 1Fa = nPotty = 0.0)p0(0) dyde

— [ 1o =l { [ st 0.0 m(a)da ay

where g(t,y < 0,a) is the Green’s function. Notice also that

u(t,z) = /Dg(t,x 0, a)po(a)’da
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is the solution of the following equation:

ou=vAu—V - (uVe), xR t>0,
(3.13) — Ac = u(t,x),

w(0,2) = p3(x).

So the L* norm of u are bounded by ||po||g+. Therefore, using Lemma 22 one
has that (312) is bounded by

(3.14) c/ Fo(z — y)[2dy = C||FL |3 < Ce>.
Rd
Collecting (B.10), (311) and [BI4)), we have
(3.15) D Var Yj < Chttleamsdtipd o opdemd
jerl

a(2—d)

< ChH T =V (by e = hFaT),

where the constant C' depends only on 7', d and ||pol| g (ray-

For any C3 > 0, we let n = Cs|Inh| in Lemma In order to use Lemma [2.5]
we need to verify that M < C g, which leads to
(3.16) h—z(32—‘§i3?(:12—i1> (|In h|)ﬁ <e.

Since we choose &€ = hZT with ¢ > 1, (316) can be verified when h is sufficiently
small. Hence, it follows from the concentration inequality (2I0) that

(3.17) P (es(t,az) > Cs]ln h\\/V) < exp[—C'C2|Inh[?] < RC"Cslmhl
for some C” > 0 depending only on 7', d and ||pol| g+ (re)-

Step 4. We take € = h= T with any ¢ > 1 and h sufficiently small. Then
(3.18) C1e? + Cohdt1ed/a=2d o Oyl In h|VV < Cyh|Inhl,

where Cy is bigger than a positive constant depending only on 7', d and ||po | g% (ra)-
In summary, at any fixed x and ¢, we have

(3.19)
P(|G"(t,z) — G(t,x)| > 3C4h|Inh|)
<P(em(t,x) + eq(t,x) + es(t, ) > 3Cyh|Inhl)
<P(em(t,x) > Cyh|Inh|) + P(eq(t,x) > Csh|lnh|) + P(es(t,x) > Cyh|Inhl)
<040+ P (es(t,z) > Cyh|Inh|) < pCCallnhl
with some C" > 0.

Step 5. For the lattice points z, = hk in ball B(R) with R = h="I"™"I (5 will be
determined later), it follows from inequality ([B.19) that

(3.20) P <m]§1x |G (t, 2) — G(t, 21)| > 3C4h lnh|)
<> P(|GI(t, 1) — G(t, zi)| > 3Csh|In )
k

1y —(14+v|Inh|)d,C"' Cs|Inh| _ 111y —d+(C""" Cy—~d)|Inh
<" p~ (A lInhldy allnh| _ iy —d+( a—yd)|Inh|
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which leads to
(3.21) P (m,gx |G (t, 21) — G(t, 2)| > Cyhl lnh|> < RCCilmh|,

with some constant C' > 0 provided that C""Cy — vd > 0.

Step 6. For any fixed ¢, denote the event U := {X;(¢t) € B(R)}. Then we know
from Lemma that P(U°) < % = Ch2I!nhl . Now, we do the estimate under
event U, and suppose z; is the closest lattice point to X;(¢) with |X;(¢) — z;| < h.
We compute
(3:22) |G2(t, X,(t)) — G(t, Xy(1))]
<|GE(t, Xi(t) = GL(t, zi) | + |GL(t, z1) — G(t, i) | + |G (¢, 20) — G(t, Xi(t))]
=:L+ L+ Is

Then P (Iz > Cjh|Inh|) < RCCilnR] follows from B21).
For I, we have

(323) L =|Y F(Xi(t) = X;(t)psh® =D Fe(zi — X;(t)psh?
jel Jjel
=) VF(X X;(t) + &)psh?| | Xi(t) — 21| < O MLk,
Jel Jjel

by applying the mean-value theorem. We take ¢ = h= T with any ¢ > 1 and h
sufficiently small; this ensures £ > h|ln h|%. Apply Lemma for any Cs > CCy,
one has

c
(3.24) P(I; > Csh|Inel) < PO M}h? > ?5| Ine|) < RCCsImAL
jeI
which leads to
(3.25) P(I, > Csh|Inh|) < hCCsImAl(hy h < ¢),

with some C' > 0.
For I3, since G(t, ) is smooth enough, one has

(326) 13 = |VG(t, Zi + §)H Z; — Xz(t)l < Cﬁh < C(g,h| In h|,

by using the mean-value theorem.
Take C7 > max{C}, Cs,Cs}, and collect the estimates of I;, Iy and I5. Then
one has

(3.27) P (mgf |G (¢, X;(t) — G(t, X;(t)| > 3C7h| lnh|)
<NP (I + I, + Iy > 3C7h|In h)

with some C' > 0 and C7 bigger than a positive constant depending only on T, d

and [[po || e (ra)-
Until now, we have only proved that

(3.28) P <{maIX |GR(t, Xi(t)) — G(t, Xi(t)| > C5hl lnh|} N U> < pCC7ImAl,
1€
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Hence, we have

329 P (a6t X0) - Gl X0)] 2 Can)
ShCCHlnh\ —I—P(Uc) < hCC’;|111h| +Ch2fy\lnh\ < hCC;\lnhL

Finally, we conclude the proof of this theorem by using P(A¢) =1— P(A). O

4. STABILITY ESTIMATE

In this section, we will focus on giving a proof of the stability estimate, which
can be expressed as follows.

Theorem 4.1 (Stability). Under the same assumption as in Theorem 1.1. Denote
the event

. = i - X; < .
(4.1) B {ogltang max | X, () — Xi(2)] < E}

Then there exist two positive constants C, C' depending only on T, p, d, Ry and
lpoll % (ray, such that for any A > C', if we denote the event
(4.2)

A= {IGE(E X (0) = GEE Xn(®) e < A Xne () = Xn(®) g, ¥ ¢ € 0,71},
the following stability estimate holds:

(4.3) P(ANB)>1— pCAImAL

where G, G are defined in (L24) and (LZ5).

Proof. In order to prove [@3]), we divide [0,7] into N’ subintervals with length
At =h" for some r > 2 and t, = nh",n=0,...,N’. If we denote the events

(4.4)
A= {IGE(E Xne (1)) = GLE(E Xn(0) 2 Al Xn e () = Xn(®)llgs 3L [t tsa]
(4.5)

A= {IGE(E X (5) = GE(E X0 () g > Al Xne(t) = Xa(B)lgg, 32 € 0,71},

then one has

N'—1

(4.6) P (A) -P U 4.
n=0

So our main idea of this proof is to give the estimate of P(A,,) first.
Directly, we apply Lemma 2.7 and get

(4.7 P <max max |X;(t) — X;(tn)| > Ch" + \/ﬁh)

n by <t<tni1

<C'h" P exp(—C"h*7") = 0,
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which leads to

(4.8) P (max max | X;(t) — X;(tn)] > 5) < C'A2 L exp(—C"R*T) = 0,

n tn, <t<tni1

provided that
(4.9) Ch" ++v2vh <e.

Again, [£9) can be verified by our choice of ¢ = h7 T with h sufficiently small.
Actually, (£8) ensures that the position X;(t) for t € [t,, t,11] is close to X;(t,,).
For t € [ty, tn11], recalling the definition of drift term (L.24]) and (L2H), we write

(4.10) G2 (t, X c(1)) — GL(t, X,(t))
= Z [Fs (Xi,a(t) - Xj,e(t)) - Fa (Xz(t) - Xj (t))} pjhd
jel
_ZVF ( )+§ZJ) ( ”(t) _Xi(t)+Xj(t) _Xj,E(t))pjhd

jel

=" VE(Xi(tn) = X;(ta) + &) - (Xie(t) = X)) pih”

jeI
+ Z VF(Xi(ta) = X;j(tn) + &;5) - (X;(t) — Xj.(8)) pjh?
jeI
=: I’L + t7i7
where the term &;; is from the mean-value theorem, which may depend on the

components X; . (t),X; -(t), X;(t), X;(¢t), Xi(tn), X;(tn). Furthermore, from (@3],
one has

(411)  P({&;: €] < 4e, Yt € [tn,tn1]} NB) >1— C'h"/2 Lexp(—C"h*T),

We will give the estimates of Z; and J; under the event A = {&; : |&;] <
de, ¥V t € [tn, tnt1]} N B in the following steps 1-2.

Step 1 (Estimate of Z;). In order to do the estimate of Z;, we first need to give the
uniform bound of Y- VF.(X;(tn) — X;(tn) + &;)p;h®. To do this, we are required

JEI
to prove the uniform bound of }_ VF.(X;(t,) — X;(tn))p;h%.
JjeI
We may write
D OVF(x = X;(ta))pih® = Z]E [VF.(x — X;(tn))]p;h?

Jel

+ _Z [VF (2 = X;(tn)) — E[VE. (z — X;(ta))]] p;h"
=: Ilj—|— IQ.
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For I, it can be estimated by Lemma R A with f(y) = VF.(z—y), I'(a) = po(a)
as we have done before:

I —/ E[VF.(z — X (ty; @))]po(a)do
Rd

<hTY| FL|lwarz.amey < ChOT1e4724=1 < 0 (by € = hza-T),

(4.12)

where C' depends on T, d, ||po| gz#(re). On the other hand, we notice that

(4.13)

/Rd E[VFE (:E — X(lfn; a))}ﬂo(@z)da

[ e = 0ottt
R
<IVollzellFellr sy + IVoll Ll Fell oo maymy) < C,

where [|Vp|l 1 < C(T,d, Ro, ||pol| g+ (ray) has been used and B is the unit ball in RY.
Actually, the proof of the estimate of |Vpl||p:1 can be done by using the standard
semigroup method. We recall the heat semigroup operator e!® defined by

(4.14) e®p = H(t,z) * p,

z|2
where H(t,x) = W@’% is the heat kernel. Then the solution to the KS

equation (L)) can be represented as

t
(4.15) p=ePpy+ / eIV - (pVe))ds.
0

A simple computation leads to

(4.16) IVollr < CliVpollLr + C(DIV - (pV )| Lo 0,7;10 Re))-

Furthermore, one has

(4.17) IV - (oY)l = V- Ve = p?|lrr < [[Vpllz2lIVellzz + o]l
< C@)Vplzalipl, 2, +lplZ> < Cd, llpollar)-

Ldrz

Thus, we have [|[Vp|[z1 < C(T,d, Ro, ||poll g+ (ray). Combining (4I2)) and (£.13),
one concludes that

(4.18) || < Ci(T, d, Ro, |pollzwray)-
To estimate Io, let I = ) Yt
jerl
(4.19) Yj = [VE.(z — X;(tn)) — E[VF.(z — X;(tn))]] p;h".

We have E[Y;] =0, |Y;| < Chde=¢ < C|Inh|~? := M provided that
(4.20) h|Inh|7 < e.

Indeed, [@20) can be verified since we choose &€ = h%—T with 1 < ¢ and sufficiently
small h.
Furthermore,

(4.21) > VarY; <Y E[|VE(z — X;(t))[*] p30.
jerl jeI
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We once again apply Lemma 24 with f(y) = |[VF.(z — y)|? = C|0 F.(x — y)],
I(a) = pol)?:
(4.22)
> R ([|VF(z — X;(tn))I?] p3h** = hd/ E[|VF. (2 — X (tn; @) |*] po(@)?da
jeI Re
<ChptH1e/a=34=1 < O|Inh|™2 (by e = h%-T),

where the constant C' depends only on 7', d and ||pol| g+ (re)-
On the other hand, as we have done in (812) and ([BI4), we have

(4.23) < Ch%e™® < C|Inh|2

ne /]R E [[VE. (¢ — X(tu; a)) ] pola)?da

Hence, one has > VarY; < C|Inh|2 = V.

j
For any Cy > 0, we choose n = Cs|Inh| in Lemma It is easy to check that

(4.24) M =C|lnh|™2 < Cﬂ.
n

Thus, we can use Lemma now, for any Cy > 0:
(4.25) P (|12| > Oy Inh|VC] 1nhrl)
=P (|| > C2V/C) < exp {~C'CF|mh[?} < hC"CIml,

We take C5 > Oy + C2/C'; thus we have
(4.26)
P D VE (v — X;(tn))psh?| 2 2C5 | < P (L] + |I2| > 2C5) < B lmnl,
jeI

with some C" > 0. Hence, at the fixed time t,,,

> VE(Xi(tn) = X;(tn))p;h?| < C5,
jeI

except for an event of probability less than ROCsl k| with C, bigger than a positive
constant depending only on T, d, Ry and ||po| g (ra)-
Notice that

(4.27) Y IVE(Xi(ta) = X;(ta) + &) = VE(Xi(tn) = X;(ta))] psh
Jjel

S€C”H Z M7,2] hd.
jel
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So one has

(4.28) P | > VFA(Xi(tn) = X;(tn) + &;) p;h?| > 2C4
jel

<P D VFA(Xi(tn) = X;(tn)) psh®| +C™ > M50 > 2C4
Jel jEI

<P D VF(Xi(tn) = Xj(ta))psh?| = C4 | + P [ eC"" > MZh > C4
jel Jjel

CCL|Ilnh
Sh 31 ‘7

where Lemma has been used in the last inequality since we can choose C§ >
C””Cﬂ-

Recall Z; = Y VF. (Xi(tn)—Xj (tn)—|—§ij) . (Xm(t) —Xi(t))pjhd; hence it follows
jeI

from (£2]) that
(4.29) P (I(Tierlly = CHIXne(t) = Xu(®llig It € [tnstasa]) < RO,

with some C' > 0 and CY bigger than a positive constant depending only on 7', d, Ry
and || pol| g (wa)-
Step 2 (Estimate of J;). At the fixed time t,,, let Z; € ¢ - Z< be the closest lattice

point to X;(t,). If there is more than one lattice point closest to X;(t,), then we
choose an arbitrary one. We write

(4.30) Ji =Y VF(Zi - Z;) - ejp;h?
jerl
+ Z[VFE (Xz(tn) - Xj(tn) =+ gzj) - VFE(Zi - Zj)] ' ejpjhd
jel
=: Ji + J2,
where e; = X;(t) — X;.(t). For each z, = ¢k, k € Z¢, we define f; to be the
average of all e;p;h? where X;(t,) is in the square Qi = zj + [—£, £]?. Namely,

272
(4.31) fe=e D epiht,
Xj(tn)EQk

with convention of f; = 0 if @)y contains none of the X;(t,). Then one has

(4.32) I(fenezaller < Colltespi)serler,
(4.33)
P <|<Ju>iez||zg > Cul (S VE (o — 20) - freDwenaller, Tt € [tn,tnm)
<pCCalnh| *

for some C > 0 and C} is bigger than a positive constant depending on T', p, d and
lpoll ek (ray- The derivation of these two results can be achieved by the argument
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in [19} p. 797]. In addition, it follows from Beale [3, pp. 47-48] that

(4.34) 1O VE (o = 20) - freDwezaller < Cll(fi)nezaller
k

which implies
(435 P (I(Gaierlly = Callespi)serll 3t € ltnstusa]) < RO,
For [Js;, we use the mean-value theorem again,
(4.36) Jai = Y _[VPFe(Xi(tn) = Xj(tn) + &; + &) - €3] - €5p;h%,
jel

where &7 = &; + (Xi(tn) — Zi) — (X;(tn) — Zj). Since |&;;] < e, [§;] < €] < 3,
then one has

(4.37) | J2i| < Z3M¢2j5|€jpj|hd~
jel

Applying the discrete version of Young’s inequality, we conclude that

(4.38) ||(«721)zel||€” < 3EZM2 hd” eaPa)jGIHEP
jeI

By Lemma 2.6 with Cy = 4, one has
(439) P (I(Tedetllg = Calespi)yerlley: 3t € ltastura]) < hOEIH,

with any Cs > 3C}.

Recall [@35]) and ([{38), then we have
(440) P (I(Fierlley = 2Cel(espi)serllys 3t € ltn,tuga] ) < ROCCIm,
for any Cg > C4 + Cs.

Step 3. Collecting the estimate of Z; (£29), the estimate of J; (£40) and the
definition of event A,, ([@4]), one concludes that

(4.41) P(A,NA)<pOAmA o —0 ... N —1,

for some C' > 0 and A bigger than a positive constant depending on T, p, d, Ry
and || pol| g+ (re). Since (@8] and (AT, we have

(4.42)
} N'—1
P(ADA) —p U (A, nA) | < N/RCAInh| — vy =rp CAlInh| < hCA\1nh|7
n=0

for some C' > 0. Finally, we have
(4.43)
P (A) <Pp <AOA) +P(Ac) < hCA\lnh\ + O/hr/271 exp(_C//h27'r) < hCA\lnh|’

for some C' > 0 and A bigger than a positive constant depending on T, p, d, Ry
and ||po|| rx(ray- Now, the proof of the stability theorem can be completed, since

P(AC):1—P(A). O
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5. THE CONVERGENCE ANALYSIS AND THE PROOF OF THEOREM 1.1

In order to prove the convergence of particle paths, we need to extend the consis-
tency error to all time. It can be obtained by combining the consistency estimates
for a finite number of times 0 =ty < ¢ < -+ < tny» = T where At = h" with r > 2.
We denote the following events:

(5.1) AT {mealx (G2 (tn, Xi(tn)) — G(tn, Xi(tn))| < A1h| lnh|} :
(5.2) As {max max | X;(t) — X;(tn)| < C(h" + I/l/zh)} ,
n ty<t<t,i1

(5.3)

Ay {1 X0 (0) = GEE X () g < Aol Xne(0) — Xu (Ol g V£ € 0,71}
with Ay, Az bigger than a constant depending only on 7', p, d, Ry and ||pol| g (ray-
For all t € [t,,,tn+1], under the event AT N Ay, we obtain

IGE(t, Xa(1) = Gt Xn (1)l ez
<|IGE(t, Xn(t)) = G2 (ta, Xn(ta))ller

Gt Xn(tn) = G, Xn(ta))llep + |G (s Xn(ta)) — Gt Xn(6)) e
<C||Xn(t) — Xh(tn)ng;b + Ch" + Arh|Inh|
<(C+ Ay)h|Inhl,

by the estimate |X;(t) — X;(t,)| < C(h" + v'/2h) and the fact that G(t,z) has
bounded derivatives. Therefore,

(5.4) s |G (8, (1)) = Gt X))y, < (€ + An)h|
N/

under the event () A7 N As.
n=0

The convergence can be proved by the same argument as in [2l[3]. Denote ¢;(t) =
Xi(t) — X;(t) and vector e(t) = (€;)ier = Xn(t) — Xp(t). One has

dei A
(55) = G Xie(0) — Gl X(0)
and the differential inequality
(5.6)

de A
I e < IGL(t, Xne () = GE(t, Xn(0)ller + [GE(t, Xn(t) = G, Xn()) ]l er
< Aslle(®)]ler + (C + A1)h|Inhl,

N/
under the event () A} N Ay N Az by the stability Theorem EI] and the consis-
n=0
dllell
tency estimate (54). It follows from (5.6) and the fact dta’g < H%Hq, by using

Gronwall’s inequality with e(0) = 0, that

(5.7) Joax le@llw < C(T, A1, As)h|Inh| = Ah[Inh],

’

N
under the event () A} N Az N As. Here we denote A := C(T, Ay, As).
n=0
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To complete the proof, we need to Justlfy the stability condition: |e;(t)| < e for
all ¢ and 0 < ¢t < T under the event ﬂ AN Ay N Az, Since h4 malx|ei(t)|p <
1€

n=0
(le(@)llez)?, one has
(5.8) mea,XIei(t)\ <h™Ple(t)]lp < CR' =P Inh| < % for0<t<T,

(2q 1)

by choosing p > , &= h%T with ¢ > 1, and h small enough. Hence, max e
K3

can hardly reach e. Thus if we denote (5.8)) as event B, one has P ((A3 N B)¢) <
REAsI IRl according to [@3) in Theorem Il From the discussion above, we have

(5.9)

c

Nl
P ( max || Xp.(t) = Xu(t)|lr > Ahlnh> <P|[[)ATNA:NA3NB
n=0

0<t<T
N'—1 N'—1

=P | |J (A} udsu(43nB)°| < Z °) + P(A5) + P((A3 N B)°)
n=0

SCh*ThCAﬂlnh\ _|_C/hr/2flexp(_c//h27r) + hCAg\lnh| < hCA|lnh\7

where we have used (BI)) in Theorem Bl and (£8). Finally, we denote x =
then the proof has been completed.

q .
2q—17

APPENDICES
APPENDIX A. PROOF OF p € H¥(R?) WITH INITIAL DATA pg € L' N H*(RY).

Theorem A.1l. Assume that the initial data py satisfies
d
(A1) 0 < po € L' N H*(RY) with k > 3

Then the KS system (1)) has a local solution with the regularity
(A.2)

”p”L‘”(O,T;H"(Rd)) < C(”pOHLlﬁH"(Rd))a ||P||L2(0,:nHk+1(Rd)) < C(”POHleHk(Rd)),

where T > 0 only depends on | poll L1+ (rd)-

Proof. We give a sketch of the proof here. By the weak Young’s inequality [15]
p. 107], one has

(43) 196l < Clllel= Do loll 2, < Cllol g,
To estimate ||p|| 2a, We multiply (I by dp?~! and integrate over R?, which leads
to
d 4(d—-1) d
(A.4) el + =——1Vp2 3 < (4= D)lpl3}-

Let us recall the Gagliardo-Nirenberg inequality [21] p. 176, (2.3.50)]:
(A.5) Iellq < ClIVolplolls"
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where 1 < p,r < 00, 0 <6 <1, and%z@(%—%)—l—%e. Wechoosequ(dTH)
and p = r = 2; then one has

4, 2d+D) d 4, 442
(A.6) lpllgti = llp® Hw}l) < COIVpz|l2llpz " -

Hence, by using the Young’s inequality, we obtain

d+2

d at2
(A7) Zlella < Cliolle) ™

Solving the above ordinary differential inequality, we know there exists a T3 > 0
depending on ||po || 1~ g+ re), Such that

(A.8) 1ol oo (0,11; 4Ry < C(llpollLrAms rey)-

Furthermore, as shown in [4], we know the mass conservation holds true:

(A.9) lolly = llpolls-
Hence, by applying the interpolation inequality (1 < % < d), we know that
(A.10) ol 22, < Clllpoll Lrnms@ey),

which leads to

(A.11) [Vell2 < C(HPOHLlﬂH’“(Rd))v

for 0 <t <Tj.
A simple computation of system (1) shows that, for 0 < |s| < k,

d S 1 S 1 S
(A.12) —1D°pll3 + 511D°Vpl3 < S D*(pVe)|3-

dt 2 2
Using the Leibniz formula and Sobolev imbedding theorem, one concludes that
(A.13) 1D*(pVe)llz < llplloclVellms + ol arl[Velloo < Cllpll g [IVel g
Recall the fact that
(A.14) IVelgr < llpllee + Vel < llplls + Cllpoll Lrnsera),
which leads to

d 2 Lo 2 2

(A.15) gl + Slpllin < CllpollLinmxea) (X + lloll)”

Solving the above ordinary differential inequality, there exists 0 < T' < T} depend-
ing on ||pol| 1A m+ ey, such that

(A.16) o1l oo (0,7 % )y < C(llpoll 1A m* (rey)

and

(A.17) o1l 20,1, 5%+1 Ry < C(llpollLrnms ®e))s

which concludes our proof. (Il
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APPENDIX B. EXTENSION TO GENERAL REGULAR ATTRACTIVE FORCE F

In this section, we will extend our result to the particle system with interacting
function F' regular enough, which satisfies

(B.1) F € H™YRY).

We consider the regular solution p of the following PDE:
dp=vAp—V-(pFxp), zecRL t>0,

{ p(0,z) = po(),

with po has a compact support D with D C B(Ry) and 0 < py € H*(R?) with
k > d—+ 1. Then p has the following regularity for any 7" > 0:

(B.2)

(B.3) ol Lo (0,75 1041 Ry < C (T [ poll srasr rays | F || srasr ()
and
(B.4) |G| Lo (0,75 +1,00 (Ra)

=||F % pll o (0,75 war1.00 ®ayy < C (T, || poll grasr mays | Fll gras (may) -
Again we suppose the self-consistent process X;(t) satisfying

(B.5)  Xi(t / /[R —y)p(s,y)dyds + V2uB;(t), i€l

with the initial data X;(0) = oy.
Since F' is regular enough, there is no need to mollify the force F' anymore. To
be specific, we consider trajectories {X;(t)}ics satisfying the SDEs:

(B.6) Xt / Y F(X; X;(s))pjhtds + V2vB;(t), i€l
jeI
with initial data X;(0) = a;, and we denote
(B.7) Gh(t,x) = ZFIE— pih?,
JEI
(B.8) = F(x— X;(t))p;h".
JET

The extended result can be described in the following theorem.

Theorem B.1. Suppose the initial density po(x) has a compact support D with

D C B(Ry) and 0 < py € H*(RY) with k > d + 1. For the attractive force F

satisfying (BO)), p is the global regqular solution to (B2). Assume that Xp(t) =

(Xi(t));es is the exact path of (B.5) and Xn(t) = ()A(z(t)) is the solution to the
icl

particle system (BS). There exist two positive constants C' and C' depending on

T, p, d, Ro, |F| ga+1@ay and ||pol gr(way such that the following estimate holds:

P HX ) —X tH AR|Inh|) > 1 — pCAIAL
(g, [0 -~ X0, < A >
forany A>C', p>1and T > 0.

The idea of the proof of Theorem [B.1] can be done as before, which is the con-
sistency and stability implying convergence.

Like we have done in Section 3, the consistency can be proved.
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Theorem B.2. Under the same assumption as Theorem [B1], there exist two con-
stants C,C" > 0 depending only on T, d, Ro, ||F| gty and ||pollgrmay such
that at any fized time t € [0,T], we have

(B.9) P (meajx |G"(t, Xi(t)) — G(t, Xi(1))| < Ah| lnhl) > 1 — pCAImAL

for all A > C’, where G = F x p and G" is defined in (BJ).

Proof. The proof is almost the same as the proof of Theorem 3.1. In this case, we
have

(B10) |G (t,) — G(t.2)| < | Y Fla — X;(6)psh® — S EIF (@ — X, (1))psh
Jjel jeI

+ S EFG = X0)lpsh? [ P y)oltn)dy
jel Re
=:es(t,x) + eq(t, x),
and one can prove that
(B.11) eq(t,r) < Chdt; Pley(t,z) > Ah|Inh|) < ROAIRAL
Then this theorem can be proved similarly. ]
As we have done in Section 4, we have the following stability result.

Theorem B.3. Under the same assumption as Theorem [B.1l, there exist a constant
C > 0 depending only on T, p, d, Ro, || F||ga+1(ray and ||poll g ey such that

(B.12)  [IG"(t, Xn(t)) — G™M(t, Xa(t) e < ClIXn(t) = Xa(t)llep, ¥ ¢ € 0,7,
where G, G are defined in (B1) and (BI).

Proof. Instead of using Lemma 2.6 we have that M}, = |[VF(X;(t) - X;(t) +y)| <
C for any t € [0,T], which leads to

(B.13) > Mlpt<C, v teloT).
JerI
In addition, one has
(B.14)  GM(t, X;(t)) — G"(t, X4(t))
=3 [F(Xit) = X5(0) = F(Xi(t) = X5(8) | psh?
JeI
=Y VF(Xi(t) = X;(t) + &) - (Xi(t) — Xs(t) + X;(t) — X;(8)) psh*
Jjel

:Z VF(X;(t) — X;(t) + &j) - (Xi(t) — Xi(t))pjh?

jel
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Hence, we have

(B.15) Tl < CIXi() = Xa(O); 1Tl < D ME;IX5(0) = X5(0)lp;h,
JEI
which concludes the proof. O

Finally, combining Theorem [B.2 and Theorem [B.3], we can get Theorem [B.1] as
we have done in Section 5.
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