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Abstract

We rigorously justify the mean-field limit of an N-particle system subject to Brownian
motions and interacting through the Newtonian potential in R3. Our result leads to a derivation
of the Vlasov—Poisson-Fokker—Planck (VPFP) equations from the regularized microscopic
N-particle system. More precisely, we show that the maximal distance between the exact
microscopic trajectories and the mean-field trajectories is bounded by N —3+e (6]—3 <e< 31—6)
with a blob size of N ~° (% <d < % - %8) up to a probability of 1 — N~ for any o > 0.
Moreover, we prove the convergence rate between the empirical measure associated to the
regularized particle system and the solution of the VPFP equations. The technical novelty of
this paper is that our estimates rely on the randomness coming from the initial data and from
the Brownian motions.

Keywords Coupling method - Propagation of chaos - Concentration inequality -
Wasserstein metric

1 Introduction

Systems of interacting particles are quite common in physics and biosciences, and they are

usually formulated according to first principles (such as Newton’s second law). For instance,
particles can represent galaxies in cosmological models [1], molecules in a fluid [33], or
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ions and electrons in plasmas [61]. Such particle systems are also relevant as models for
the collective behavior of certain animals like birds, fish, insects, and even micro-organisms
(such as cells or bacteria) [5,13,48].

Such systems are often described by time dependent trajectory on the N-body configura-
tion space. Depending on the equation of motion, in particular if it is first or second order,
the configuration space is given by the collection of all particle positions or all positions and
velocities. The latter is used to translate the second order equation into a first order system.
The trajectory is then given by the integral curves of the respective flow.

Since numeric and analytic treatment of many body systems is often complicated, effective
descriptions which describe collective degrees of freedom of the system are sought for.
These effective equations describe collective degrees of freedom of the system, for example
temperature, pressure or, as it is the topic of the present manuscript, the density.

In this paper, we are interested in the second order case, in particular the classical New-
tonian dynamics of N indistinguishable particles interacting through pair interaction forces
and subject to Brownian noise. Denote by x; € R? and v; € R3 the position and velocity
of particle i. The evolution of the system is given by the following stochastic differential
equations (SDEjs),

N
1
dx; = vidt, dv,»:ﬁZk(xi—x,)dH«/zadBi, i=1,...,N, (D
J#i

where k (x) models the pairwise interaction between the individuals, and { B; }lNz | are indepen-
dent realizations of Brownian motions which count for extrinsic random perturbations such
as random collisions against the background. In the presence of friction, model (1) is known
as the interacting Ornstein—Uhlenbeck model in the probability or statistical mechanics com-
munity. In particular, we refer readers to [49,58] by Olla, Varadhan and Tremoulet for the
scaling limit of the Ornstein—Uhlenbeck system. In this manuscript, we take the interaction
kernel to be the Coulombian kernel

k(x) = aﬁ, 2)

for some real number a. The case a > 0 corresponds, for example, to the electrostatic
(repulsive) interaction of charged particles in a plasma, while the case a < 0 describes the
attraction between massive particles subject to gravitation. We refer readers to [37,61] for
the original modelings.

Since the number N of particles is large, it is extremely complicated to investigate the
microscopic particle system (1) directly. Fortunately, it can be studied through macroscopic
descriptions of the system based on the probability density for the particles on phase space.
These macroscopic descriptions are usually expressed as continuous partial differential equa-
tions (PDEs). The analysis of the scaling limit of the interacting particle system to the
macroscopic continuum model is usually called the mean-field limit. For the second order
particle system (1), it is expected to be approximated by the following Vlasov—Poisson—
Fokker-Planck (VPFP) equations

o f(x,v,)+v-Vif(x,v,t)+k*p(x,t) - Vyf(x,v,t) =0y f(x,v,1),

3
fx,v,0) = folx,v),
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where f(x,v,1): (x,v,1) € R? x R3 x [0, 00) — R is the probability density function
in the phase space (x, v) at time ¢, and

pCr. 1) = f Fx. v, Ddv, @)
]R3

is the charge density introduced by f(x, v, ). We denote by E(x,t) := k * p(x,t) the
Coulombian or gravitational force field.

The intent of this research is to show the mean-field limit of the particle system (1) towards
the Vlasov—Poisson—Fokker-Planck equations (3). In particular, we quantify how close these
descriptions are for a given N. Where o = 0 (there is no randomness coming from the noise),
mean-field limit results for interacting particle systems with globally Lipschitz forces have
been obtained by Braun and Hepp [9] and Dobrushin [16]. Bolley et al. [5] presented an
extension of the classical theory to the particle system with only locally Lipschitz interacting
force. Such case concerning kernels k € Wll(;fo were also used in the context of neuroscience
[6,57]. The last few years have seen great progress in mean-field limits for singular forces by
treating them with an N-dependent cut-off. In particular, Hauray and Jabin [32] discussed
mildly singular force kernels satisfying |k(x)| < ‘x% with ¢ < d — 1 in dimensions d > 3.
For 1 < @ < d — 1, they performed the mean-field limit for typical initial data, where

they chose the cut-off to be N —2.Fora < 1, they proved molecular chaos without cut-off.
Unfortunately, their method failed precisely at the Coulomb threshold when « = d — 1. More
recently, Boers and Pickl [4] proposed a novel method for deriving mean-field equations with
interaction forces scaling like W% (5/6 < A < 1), and they were able to obtain a cut-off as

small as N -7 . Furthermore, Lazarovici and Pickl [39] extended the method in [4] to include
the Coulomb singularity and they obtained a microscopic derivation of the Vlasov—Poisson
equations with a cut-off of N0 (0 < § < é). More recently, the cut-off parameter was

reduced to as small as N~ 18 in [23] by using the second order nature of the dynamics. Where
o > 0, the random particle method for approximating the VPFP system with the Coulombian
kernel was studied in [26], where the initial data was chose on a mesh and the cut-off parameter
couldbe N9 (0 <68 < é). Most recently, Carrillo et al. [12] also investigated the singular
VPFP system but with the i.i.d. initial data, and obtained the propagation of chaos through
acut-off of N8 (0 < 8 < é), which was a generalization of [39]. We also note that Jabin
and Wang [34] rigorously justified the mean-field limit and propagation of chaos for the
Vlasov systems with L* forces and vanishing viscosity (o — 0 as N — 00) by using
a relative entropy method. They were also able to give quantitative estimates for stochastic
systems with integration kernel in the negative Sobolev space W12 [36]. Moreover, [54]
introduced a relative entropy method at the the level of the empirical measure based on the
energy of the system, which lead to mean-field limit for quite singular interactions of Riesz
potential form without a cut-off. Lastly, for a general overview of this topic we refer readers
to [13,31,35,56].

When the interacting kernel k is singular, it poses problems for both theory and numerical
simulations. An easy remedy is to regularize the force with an N-dependent cut-off parameter
and get k. The delicate question is how to choose this cut-off. On the one hand, the larger the
cut-off is, the smoother kY will be, and the easier it will be to show the convergence. However,
the regularized system is not a good approximation of the actual system. On the other hand,
the smaller the cut-off is, the closer k% is to the real k, thus the less information will be
lost through the cut-off. Consequently, the necessary balance between accuracy (small cut-
off) and regularity (large cut-off) is crucial. The analysis we reviewed above tried to justify
that. In this manuscript, we set o > 0. Compared with the recent work [12], the main
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technical innovation of this paper is that we fully use the randomness coming from the initial
conditions and the Brownian motions to significantly improve the cut-off. Note that in [12]
the size of cut-off can be very close to but larger than N 7. However we manage to reduce
the cut-off size to be smaller than N -2 (see Remark 1.4), which is a sort of average minimal
distance between N particles in dimension d. This manuscript significantly improves the
ideas presented in [10]. There the potential is split up into a more singular and less singular
part. The less singular part is controlled in the usual manner while the mixing coming from
the Brownian motion is used to estimate the more singular part. The technical innovation
in the present paper is that the possible number of particles subject to the singular part of
the interaction can be bounded due to the fact that the support of the singular part is small
using a Law of Large Numbers argument. Again using the Law of Large Numbers based on
the randomness coming from the Brownian motion, we show that the leading order of the
singular part of the interaction can be replaced by its expectation value. This step is a key
point of the present manuscript. The replacement by the expectation value, i.e. the integration
of the force against the probability density, gives the regularization of the singular part and
gives a significant improvement of our estimates. This is carried out in Lemma 3.3, the proof
of which can be found in Sect. 5. [10] and the present paper are, to our knowledge, so far the
only results where the mixing from the Brownian motion has been used in the derivation of
a mean-field limit for an interacting many-body system.
As a companion of (1), some also consider the first order stochastic system

N
1
dx; = ﬁZk(xi —xj)dt +~20dB;, i=1,---,N. 5)
J#
As before, one can expect that as the number of the particles N goes to infinity we can get
the continuous description of the dynamics as the following nonlinear PDE

O f, )+ V- (flkxf)) =0Axf, 6)

where f(x, t) is now the spatial density.
The particle system (5) has many important applications. One of the best known classical
applications is in fluid dynamics with the Biot-Savart kernel

k@:i(”ZM). %

2z \Ix]?7 |xJ?

It can be treated by the well-known vortex method introduced by Chorin in 1973 [14].
The convergence of the vortex method for two and three dimensional inviscid (¢ = 0)
incompressible fluid flows was first proved by Hald et al. [24,25], Beale and Majda [2,3].
When the effect of viscosity is involved (o > 0), the vortex method is replaced by the so
called random vortex method by adding a Brownian motion to every vortex. The convergence
analysis of the random vortex method for the Navier—Stokes equations was given by [22,46,
47,51] in the 1980s. For more recent results we refer to [17,19,36,54]. Another well-known
application of the system (5) is to choose the interaction to be the Poisson kernel

k@) =—Car. d =2, ®)

x|

where C; > 0 and k is set to be attractive. Now the system (5) coincides with the particle
models to approximate the classical Keller—Segel (KS) equation for chemotaxis [38,52]. We
mainly refer to [10,18,28-30,43,44] for the mean-field limit of the KS system. Concerning

the size of the cut-off, more specifically, [43] chose the cut-off to be (In N )_5, which was
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1
significantly improved in [28], where the cut-off size could be as small as N~ @@+ log(N).

In [10,29], the cut-off size was almost optimal, coming fairly close to N _5. Many tech-
niques used in this manuscript are adapted from these papers. For the Poisson-Nernst-Planck
equation (k is set to be repulsive), [41,43] proved the mean-field limit without a cut-off.

The rest of the introduction will be split into three parts: We start with introducing the
microscopic random particle system in Sect. 1.1. Then we present some results on the exis-
tence of the macroscopic mean-field VPFP equations in Sect. 1.2. Lastly, our main theorem
will be stated in Sect. 1.3, where we prove the closeness of the approximation of solutions
to VPFP equations by the microscopic system.

1.1 Microscopic Random Particle System

We are interested in the time evolution of a system of N -interacting Newtonian particles with
noise in the N — oo limit. The motion of the system studied in this paper is described by
trajectories on phase space, i.e. a time dependent ®; : R — RV, We use the notation

D= (X, Vi) o= (x], o xl ol vy 9)

where x;. stands for the position of the j particle at time ¢ and v;. stands for the velocity of

the j particle at time 7. The system is a Newtonian system with a noise term coupled to the
velocity, whose evolution is governed by a system of SDEs of the type

dx! =vidt, i=1,...,N,
(. (10)
dvj = —— D k(xf —xhydt +V20dB]
J#
where k is the Coulomb kernel (2) modeling interaction between particles and B} are inde-
pendent realizations of Brownian motions.
We regularize the kernel k by a blob function 0 < ¥/ (x) € C 2(R3), supp ¥ (x) € B(0, 1)

and [p3 ¥ (x)dx = 1. Let )Y = N3y (N°x), then the Coulomb kernel with regularization
has the form

KN (x) = ks gl (11)
Thus one has the regularized microscopic N-particle system fori =1,2..., N
dx! =vldt,
[ (12)
N
dvj = - Y KN —xpdi +V20dB]
i#j

Here the initial condition ®¢ of the system is independently, identically distributed (i.i.d.)

with the common probability density given by fy. And the corresponding regularized VPFP
equations are

AN v, D)+ v Ve VN u, )+ oV, ) - Vo N v ) =0 A N (x, v, 1),

oNx, 1) :/ FN(x, v, Hdv, (13)
]R3

N, v,0) = folx, v).
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1.2 Existence of Classical Solutions to the Vlasov-Poisson-Fokker-Planck System

The existence of weak and classical solutions to VPFP equations (3) and related systems has
been very well studied. Degond [15] first showed the existence of a global-in-time smooth
solution for the Vlasov—Fokker—Planck equations in one and two space dimensions in the
electrostatic case. Later on, Bouchut [7,8] extended the result to three dimensions when the
electric field was coupled through a Poisson equation, and the results were given in both the
electrostatic and gravitational case. Also, Victory and O’Dwyer [59] showed existence of
classical solutions for VPFP equations when the spacial dimension was less than or equal
to two, and local existence for all other dimensions. Then Bouchut in [7] proved the global
existence of classical solutions for the VPFP system (3) in dimension d = 3. His proof relied
on the techniques introduced by Lions and Perthame [42] concerning the existence to the
Vlasov—Poisson system in three dimensions. The long time behavior of the VPFP system
was studied by Ono and Strauss [50], Carpio [11] and Carrillo et al. [55].

The existence results in [7,59] are most appropriate for this work. We summarize them in
the following theorem, which was also used in [26, Theorem 2.1].

Theorem 1.1 (Classical solutions of the VPFP equations) Let the initial data 0 < fy(x, v)
satisfies the following properties:

(a) fO e Wl,l N WI,OO(R6);
(b) there exists a mo > 6, such that

1+ )% fo e Whe®R). (14)
Then for any T > 0, the VPFP equations (3) admits a unique classical solution on [0, T].
Remark 1.1 The proof of the above theorem given in [7,59] indicates that the map

t— E(,t):=kxp(,t) (15)

is a continuous map from [0, T'] to W1.o°(R3). This implies that initial smooth data remains
smooth for all time intervals [0, T]. So if we assume the initial data satisfies the following
forany k > 1

@ fo e WhlinwhkeRS);
(b) there exists a mqo > 6, such that

A+ A7 fo e Wol n WheRE) . (16)
Then the unique classical solution f maintains the regularity on [0, 7] for any k > 1:

mno
max [|(1+ [v*) 2 fillyi koo gs) < 00 (17)
0<t<T

The present paper also needs the uniform-in-time L° bound of the charge density p:
ot 100 (R3 o0, 18
max 19, D)l aey < (18)

which was obtained in [53] by means of the stochastic characteristic method under the
assumption the f was compactly supported in velocity. We also note that [12] provided
a proof of the local-in-time L° bound for p by employing Feynman—Kac’s formula and
assuming the initial data has polynomial decay.

In this paper, we assume that the initial data fy satisfies the following assumption:
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Assumption 1.1 The initial data 0 < fy(x, v) satisfies

L fo e WhinwheRo);
2. there exists a mg > 6, such that

A+ A7 fo e wh nwhe RS, (19)
3. fo(x,v) =0 when |v] > Q,.

The above assumption makes sure that we have the regularity needed for this article: for
any T > 0,

2. ™0
;2[1&)}]”'0(" ) |l w00 w3y +0rélta§XT”(l + D72 fillwiiawreomsy < Cry, (20)

where CfO depends OIlly on ”fO”W]’lﬂW]‘OO(R%’ ”(1+|U|2)mTOf()||W},Inwl.cc(R6) and QU.NOte
that the charge density p satisfies

B,p(x,t)—i—/ v-Vyif(x,v,t)dv=0. 21
R3
Thus we have

max [|0;p(, 1)l ;0o (R3
te[O,T]” oG Dl (R3)

/1; V||V f(x, v, t)|dv

Lo (R3)

o vl
= max [|(1+ [v*) o0 6/ ———gdv = Cpy. 22
 max 10+ ol Jillwi.oogs) B0t e Jo (22)

We also note that equivalently one can estimate a bound for £V and p" uniformly in N.

Remark 1.2 The assumption that fy is compactly supported in the velocity variable is not
required for the existence of the VPFP system. However it is used to get the L°° bound of
the charge density p (see in [53]) and also in the proof of Lemma 3.1 (see in (84)).

Remark 1.3 All our estimates below are also possible in the presence of sufficiently smooth
external fields. Due to the fluctuation-dissipation principle it is more natural to add an external,
velocity-dependent friction force to the system.

1.3 Statement of the Main Results

Our objective is to derive the macroscopic mean-field PDE (3) from the regularized micro-
scopic particle system (12). We will do this by using probabilistic methods asin [10,28,29,39].
More precisely, we shall prove the convergence rate between the solution of VPFP equations
(3) and the empirical measure associated to the regularized particle system &, satisfying (12).
We assume that the initial condition & of the system is independently, identically distributed
(i.i.d.) with the common probability density given by fo.

Given the solution £V to the mean-field Eq. (13), we first construct an auxiliary trajectory
W, from (13). Then we prove the closeness between &, and ;. For the auxiliary trajectory

U= (X, V) = (¥, ... X 00, 0Yy) (23)
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we shall consider again a Newtonian system with noise, however, this time not subject to the
pair interaction but under the influence of the external mean field KN s pN(x, 1)

d¥t =vidt, i=1,...,N,

24
dv! =/ 1N e = x)pN (x, 1)dxdt + V20 dB] . .
R3

Here we let W; have the same initial condition as ®; (i.i.d. with the common density f).
Since the particles are just N identical copies of evolution, the independence is conserved.
Therefore the W, are distributed i.i.d. according to the common probability density fV. We
remark that the VPFP equation (13) is Kolmogorov’s forward equation for any solution of
(24), and in particular their probability density fV solves (13). This i.i.d. property will play
a crucial role below, where we shall use the concentration inequality (see in Lemma 2.5) on
some functions depending on ;.

Our main result states that the N-particle trajectory &, starting from & (i.i.d. with the
common density fp) remains close to the mean-field trajectory W, with the same initial
configuration &y = ¢ during any finite time [0, T']. More precisely, we prove that the
measure of the set where the maximal distance , g[lél);_ ]||<I>, — W, |l on [0, T] exceeds N ~*2

decreases exponentially as the number N of particles grows to infinity. Here the distance
|®; — ¥, |loo is measured by

1D: = Wi lloo := v10g(N) 1 X1 = Xilloo + 1Ve = Villoc- (25)

Theorem 1.2 Forany T > 0, assume that trajectories ®, = (X;, V;), ¥; = X, V) satisfy
(12) and (24) respectively with the initial data ®y = Vo, which is i.i.d. sharing the common

density fy that satisfies Assumption 1.1. Then for any @ > 0 and 0 < hy < %, there exists

some 0 < A < %2 and a Ny € N which both depend only on o, T and C y,, such that for
N > Ny, the following estimate holds with the cut-off index § € [%, min { W, 1_% })

P( max [|®; — Wil = N7A2> >1-N""%,
1€10,T}

where | ®; — U, || is defined in (25).

. 1 1 : _1_ — 1 _
Remark 1.4 In particular, for any & <¢< 3 choosing A = 3—¢& and A; = g — & we

1 . . —
have a convergence rate N~ 3¢ with a cut-off size of N 8 (% <é§ < é—g — 2{). In other

words, the cut-off parameter § can be chosen very close to % and in particular larger than %,
which is a significant improvement over previous results in the literature.

Strategy of the proof

Before we explain our strategy in more details, we would like to explain the novelty of
this paper, namely the use of the Brownian motion. Of course Brownian motion helps for the
solution theory of nonlinear PDE. Existence, both local and global, as well as uniqueness
are typically easier to prove or hold with more generality, given that the PDE includes a term
which smooths the density. In this case the smoothing comes from the heat kernel, which is
due to the Brownian motion on the microscopic level. This paper, however, focuses on the
derivation of the effective description from the microscopic dynamics. We cite the respective
results on the existence of classical solutions with the properties we need, which is done in
Theorem 1.1. For the proof we refer to the literature.

However, in addition to stronger results on the solution theory, there is also a direct
advantage for the proof of validity of the effective description from the microscopic dynamics,
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which plays an important part in the technicalities of this paper. The argument is, on the
heuristic level, implemented in the following way: All our proof is based on controlling the
growth of the difference between the trajectory of the many body system and the trajectory
of the mean field system, which starts with the same initial configuration but assumes that the
particles follow the flow generated from the mean-field interaction. This distance is measured
in maximum norm, so it gives a control for the deviation of each single particle from its mean-
field trajectory. We use Gronwall’s inequality, i.e. assuming that this distance has a certain
value, we control the growth of this distance. Under this assumption we are blind to many
details of our system. Having information on the distance for each particle, for example, one
does not get a good control of the clustering of particles. This is because the density in our
system is high, and the worst case scenario can still lead to large clusters assuming that the
estimate on the distance of the true positions of the particles from the mean-field trajectory is
much larger than the intermediate distance of particles. Without using the effect of Brownian
motion in our proof we would now have to assume the worst case, i.e. that the particles form
the largest possible clusters. Of course, given the Brownian motion, this is not very probable.
Therefore the idea is to show that the worst clusters have only small probability using a law
of large numbers argument based on the randomness we get from the Brownian motion.

Note that for other arguments the randomness coming from the initial condition is helpful.
Thus we will distinguish between the two in the proof below. In more detail: the strategy is
to obtain a Gronwall-type inequality for . g[10a>; J||CI>, — U, ||so- Notice that

d(th_ L = KN(XI) _?N(Yt),
t
where KV (X,) and fN (X;) are defined as
1 —N — _
KV X i= 7 D kN Gf —xf); (KT (X)) 1= / 1N @ = x)p" (x, 1)dx(26)
I e

One can compute

w = ViogW) [Vi = Vi, + KV (X0 =BV (Ko)|
< Viog®) Vi = Vi, + | k¥ 00 — kY| + k¥ K @
@7

If the force k" is Lipschitz continuous with a Lipschitz constant independent of N, the desired
convergence follows easily [9,16]. However the force considered here becomes singular as
N — 00, hence it does not satisfy a uniform Lipschitz bound.

The first term in (27) is already a sufficient bound in view of Gronwall’s Lemma.

e By the Law of Large Numbers, carried out in detail for our purpose here in Proposition
3.1, we show forany 7 > 0

max | KY(X) - K" (X))
1€[0,T]

< CN¥"'og(N), (28)
o0

where for convenience we abused the notation a < b to denote a < b except for an event
with probability approaching zero. This direct error estimate can be seen as a consistency of
the two evolution in high probability.

e In Proposition 3.2 and Lemma 3.4, we show that the propagation of errors, coming from
the second term in (27), is stable. This stability is important to be able to close the Gronwall
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argument. We show that for any 7 > 0

IKN (X)) = KY (X)) lloo < Clog(N) | X, — X¢ |, + Clog? (N)N™*3, forall € [0, T(R9)
holds under the condition that

max [|®; — W lloe < N7*2. (30)
t€[0,T]

Here it is crucial to ensure the constant A3 satisfies 26 — 1 < —A3 < —Ap < 0.

To get this improvement of the cutoff parameter compared to previous results in the
literature, we make use of the mixing caused by the Brownian motion. Therefore we split
potential K N.—K IN + Kév , Where Kév is chosen to have a wider cut-off of order N~*2 >
N~%.The less singular part K2N is controlled in the usual manner [4,28,29,39] (see in estimate
(116)):

1KY (X1) = K (XD)lloo < Clog(N) | X — X/ - 31)
Thus we are left with the force K fv . We shall first estimate the number of particles that will
be present in the support of K ]N . Since the latter is small, this number will always be very
small compared to N.

Under the condition (30) we can not track the particles of the Newtonian time evolution
with an accuracy larger than N —*2. Thus — without using the Brownian motion — we have to
assume the worst case scenario, which is all particles giving the maximal possible solution
to the force, i.e. sitting close to the edge of the cutoff region, and all forces summing up, i.e.
all particles sitting on top of each other.

But the Brownian motion in our system will lead to mixing. For a short time interval the
effect of mixing will be much larger than the effect of the correlations coming from the pair
interaction, and we can make use of the independence of the Brownian motions. This mixing,
which happens on a larger spacial scale than the range of the potential, causes the particles to
be distributed roughly equally over the support of the interaction resulting in a cancellation
of the leading order of K 1N . It follows for the more singular part K IN that there exists some
constant A3 satisfying 2§ — 1 < —A3 < —A; < 0 such that

1KY (X0) = K (X0)lloo < Clog? (V)N (32)
This is mainly carried out in Sect. 5 (the proof of Lemma 3.3).

e Combining consistency (28) and stability (29), we conclude that

d| P — Villo
dt

where —A3 < —X2 < 0. Gronwall’s inequality implies

< Clog(N) | X; — X, || + Clog®(N)N™** | forallt € (0,T], (33)

1
max [ — W [loc < VIENTClog?(N)NTHT < N2 < N2, (34)
1€[0,T] 2
which verifies the condition (30). Hence it completes our proof.
To quantify the convergence of probability measures, we give a brief introduction on the
topology of the p-Wasserstein space. In the context of kinetic equations, it was first introduced

by Dobrushin [16]. Consider the following probability space with finite p-th moment:

Py (Rd) = {ul /4 is a probability measure on R? and / [x|Pdu(x) < +oo}. (35)
Rd
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We denote the Monge-Kantorovich-Wasserstein distance in P, (R9) as follows

Wi = ot [ e=sianten) = o {B0x-vi) co
where A (i, v) is the set of joint probability measures on R? x R? with marginals ;2 and
v respectively and (X, Y) are all possible couples of random variables with u and v as
respective laws. For rotational simplicity, the notation for a probability measure and its
probability density is often abused. So if w, v have densities p1, pp respectively, we also
denote the distance as W},’ (p1, p2). For further details, we refer the reader to the book of
Villani [60].

Following the same argument as [39, Corollary 4.3], Theorem 1.2 implies molecular chaos
in the following sense:

Corollary 1.1 For any T > 0, let F(fv = @V fo and FN be the N-particle distribution
evolving with the microscopic flow (12) starting from Fév . Then the k-particle marginal

©OFN Gz ::/F,N(z)dzkﬂ...dm

converges weakly to @ f; as N — oo for all k € N, where f; is the unique solution of the
VPFP equations (3) with f;|;=0 = fo. More precisely, under the assumptions of Theorem
1.2, for any o > 0, there exists some constants C > 0 and Ny > 0 depending only on o, T
and C g, such that for N > Ny, the following estimate holds

Wi ((k)FtN, ®’<f,) < kexp (Tc,/log(N)) N, YOo<i<T,
where Ay is used in Theorem 1.2.

Another result from Theorem 1.2 is the derivation of the macroscopic mean-field VPFP
equations (3) from the microscopic random particle system (12). We define the empirical
measure associated to the microscopic N-particle systems (12) and (24) respectively as

N N
1 1 _ _
Ho(t) = D s —xDEw —v). pe) = ¥ D s —xDs—1). (37
i=1 i=1
The following theorem shows that under additional moment control assumptions on fj,
the empirical measure 1 () converges to the solution of VPFP equations (3) in W), distance
with high probability.

Theorem 1.3 Under the same assumption as in Theorem 1.2, let f; be the unique solution

to the VPFP equations (3) with the initial data satisfying Assumption 1.1 and ¢ (t) be the

empirical measure defined in (37) with O, being the particle flow solving (12). Let p € [1, 00)

and assume that there exists m > 2p such that ff]Rﬁ [x]™ fo(x, v)dxdv < +o0. Then for any

T >0andk < min{%, ﬁ, 8}, there exists a constant Cy depending only on T and C g, and
c 2

constants Cy, C3 depending only on m, p, k, such that for all N > e( "31*2) it holds that

P Wy (fr, po()) < NTFI732 4 v
(é’f&’%; p(fts na (1)) < +
>1— c, (e_cle—max(é.Zp)K n Nliz%) ) (38)

where § and Ly are used in Theorem 1.2.
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This theorem provides a derivation of the VPFP equations from an interacting N-particle
system, bridging the gap between the microscopic descriptions in terms of agent based
models and macroscopic or hydrodynamic descriptions for the particle probability density.

2 Preliminaries

In this section we collect the technical lemmas that are used in the proofs of the main theorems.
Throughout this manuscript, generic constants will be denoted generically by C (independent
of N), even if they are different from line to line. We use ||-||, for the L” (1 < p < 00) norm
of a function. Moreover if v = (v, ..., vy) is a vector, then ||v] s := r?axN [vi].

.....

2.1 Local Lipschitz Bound

First let us recall some estimates of the regularized kernel k" defined in (11):
Lemma 2.1 (Regularity of kN )
@) kN©0) =0, kN (x) = k(x), for any |x| = N=% and |kN (x)| < |k(x)|, for any x € R3;
(i) 10PkN (x)] < CNEHBDS for any x € R3;
Giii) KVl < CN3.
The estimate (i) has been proved in [63, Lemma 2.1] and (ii) follows from [2, Lemma 5.1].
As for (iii), it is a direct result of Young’s inequality.

Next we define a cut-off function ¢V, which will provide the local Lipschitz bound for
kN,

Definition 2.1 Let
3

—, if x| = 6N,
Ny =1 IxP 39)

N 3‘3, else ,

and LY : R*N — R be defined by (LY (X))i := 55 3 €V (x] — x*). Furthermore, we
i#]
—N — —N — _
define L™ (X)) by (L™ (X1))i := [gs N & — x)pN (x, 1)dx.

We summarize our first observation of k" and £V in the following lemma:

Lemma 2.2 There is a constant C > 0 independent of N such that for all x,y € R? with
Ix —y| < N2> N3 ()y < 8) the following holds:

|VEN (x)|
N (y)

where kN is the regularization of the Coulomb kernel (2) and £V satisfies Definition 2.1.

< CN3(6=22) i

Proof Let us first consider the case |y| < 2N ~*2. Tt follows from the bound from Lemma
2.1 and the decrease of ¢V that
’VkN (x)‘ N3¢S
<

= CN30O—2), 40
o) SN ) “o
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where we used 2N ~*2 > 6N, thus ¢V (2N ~*2) = 27N,
Next we consider the case |y| > 2N ~*2. It follows that |x| > N2 and thus by Lemma
2.1 %)

N -3 _ N3
[VEY@] _ Cil =N
) Iy Iy~

where in the last step we used |x| > (|y| — N7*2) > % for |y| = 2N~*2. Collecting (40)
and (41) finishes the proof. O

(41

Recall the notations

(KN (X)) = ﬁ ZkN(x; —xb), KV = ﬁ ZkN@f -,
J# J#
(42)
and we have the local Lipschitz continuity of KV :
Lemma2.3 If | X, — X;lloo < 2N, then it holds that
[x¥ oo - kVEo| = CILY ®llool X = Killoe, (43)
for some C > 0 independent of N.
Proof For any & € R3? with || < 4N %, we claim that
KN (x + &) — kY (0)] = CeV ()8, (44)

where ¢/ (x) is defined in (39). Indeed, for |x| < 6N %, estimate (44) holds due to the fact
that || VA" ||oo < N3. For |x| > 6N, there exists s € [0, 1] such that

Y (x +8) — kN ()] < VAN (x + s9)118],
where
VKN (x + s£)| < Clx + 5&| .
The right hand side of the above expression takes its largest value when s = 1 and

1

lx + €172 < |x(1— ).
|x]|

Since |&] < 4N~% and |x| > 6N, it follows that % < % Therefore, we get

2
KN +8) — kN0l < € (i> £] < cBL

|x| |x|3

Applying claim (44) one has

A

_ .
(KN X0)i = KV Xl = = D KN (] = x) — kN (5 = %))
J#L

N
N —i — — —
< N_lz:CK (xﬁ—x’j)|xf—x;- —x§+x;|

J#
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< CALYXNilX: — Xilloo < CILY X ool Xi — Xt oo,
(45)

which leads to (43). ]

The following observations of k¥ and ¢V turn out to be very helpful in the sequel:

Lemma2.4 Letr ¢V (x) be defined in Definition 2.1 and p € whin whoo(R3). Then there
exists a constant C > 0 independent of N such that

1€V % pllos < Clog(N)(llpllt + llplls)s 1Y) % plloo < CNCV (lIpll + [10]100):(46)

and
1KY % plloe < Clpll + Iplloc)s IVEY 5 pllos < CUIVRlL + IVplloo). (A7)

Proof We only prove one of the estimates above, since all the estimates can be obtained
through the same procedure. One can estimate

1 pl = | [ €= 00|

o0

<

[ =]
x—y|<6N—

o0

/ eN(x — y)p(y)dy”
6N <[x—y|<1 oo

/1 | W(x—y)p(y)dy” . (48)
<lx—y

[ee)

+

"

We estimate the first term

where B(r) denotes the ball with radius r in R3. The second term is bounded by

/| » EEN(x—ym(y)dyH < 1pllocll€¥ o | BO6GN )|
xX—y|<6N~

o0

Am 503038
< 3 (6N"°)’N pllcc = Cliplloo, (49)

C
/ N (x - y)p(y)dyH = ”p”oo/ —=zdy < Clog(N)||plloc-
6N <|x—y|<1 o0 6N <lyl=1 |Yl
(50)
It is easy to compute the last term
‘f o x —y)p(y)dyH < Cllolh. (51)
I<|x—y| 00

Collecting estimates (49), (50) and (51), one has

1€ % plloe < Cliplloo + Clog(N) [ pllos + Cllplli < Clog(N)(llpllos + llol11). (52)
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2.2 Law of Large Numbers

Also, we need the following concentration inequality to provide us the probability bounds
of random variables:

Lemma25 LetZ,...,Zy bei.i.d. random variables withE[Z;] = 0, E[Z?] < g(N) and
|Zi| < C/Ng(N). Then for any o > 0, the sample mean Z = % ZlNz1 Z; satisfies

]P><|Z| > C“— wg(j/\’)ﬁl()g(l\’)) <N7“ (53)

where Cy depends only on C and «.

The proof can be seen in [22, Lemma 1], which is a direct result of Taylor’s expansion and
Markov’s inequality.
Recall the notation

&= [ KN =00V, (54)

We can introduce the following version of the Law of Large Numbers:

Lemma 2.6 At any fixed time t € [0, T, suppose that X, satisfies the mean-field dynamics
24), KN and fN are defined in (42) and (54) respectively, LN and ZN are introduced in
Definition 2.1. For any o > 0 and % < § < 1, there exist a constant C1 o > 0 depending
onlyona, T and C gy such that

H{LACORy e o)

= CLaN? log(V)) = N7°, (55)
o0
and

P (@ -2V

> Cp NP1 log(N)> <N~ (56)
o0

Proof We can prove this lemma by using Lemma 2.5.
Due to the exchangeability of the particles, we are ready to bound

ZkN(x1 -x /skN(f’l — )" (x, 1)dx

(KY X)) — & X

=

7
N-—1&77 7

where
Zj =kN@E - %) - / KN & —x)0N (x, 1)dx.
R3

Since X and X'; are independent when j # I and kN (0) = 0, let us consider X as given and
denote E'[-] = E[-|x]. It is easy to show that E'[Z;] = O since

E [k”(z’l - fg.)] = //R6 KN @ — x) N (x, v, H)dxdv

- /R3 KN @ — )" (x, 1)dx. (58)
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2
i| . (59)

[ RV =200 ndx < Y+ " oo (60)
R

To use Lemma 2.5, we need a bound for the variance

E(1Z;1°] =E [

Since it follows from Lemma 2.4 that

N @ - x5 - fR} N @ — x)p" (x, 1)dx

it suffices to bound

B[k @ - %)) = /R KM@ = 0p" (x, 0dx < CUPY I+ 110" loo) < C(T, Cpy),

(61)
and
B[k ) - %)% = /R VG =020 0 0dx < IV oo 1KV 15 < C(T, Cp) N,
(62)
where we have used [|kV ], < CN% in Lemma 2.1 (iii). Hence one has
E'[|Z;*] < CN°. (63)

So the hypotheses of Lemma 2.5 are satisfied with g(N) = C N**~!. In addition, it follows
from (ii) in Lemma 2.1 that | Z;| < CN% < C/Ng(N).Hence, using Lemma 2.5, we have
the probability bound

P (| X = B Xo)i| = C@. T, C)N»og)) < N7 (64)
Similarly, the same bound also holds for all other indexes i = 2, ..., N, which leads to

P(|x¥ ) - K X)

> C(a. T, Cp) NP1 log(N)) < N'-. (65)
o0

Let Cy 4 be the constant C(a, T, C ) in (65), then we conclude (55).
To prove (56), we follow the same procedure as above

_ N 1 X
WY Ey1 = @ En = g G -7 = [ VG =0 nd
j=2 -

I N
= — Z]’
N—ljz2

(66)

where
Z; =N —-x) - /M N —x)pN (x, )dx.

It is easy to show that E'[Z ] = 0. To use Lemma 2.5, we need a bound for the variance.
One computes that

ETeN & —x)] = /RS N & = x)p" (. dx < Clog(N) (1ol + llolloo)
< C(T, Cyy)log(N), (67)
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and
ETeN @ —x)*] = /R3 V@ =02 (x, t)dx
< CN*(lplh + llpllee) < C(T. C)N™, (68)
where we have used the estimates of £V in Lemma 2.4. Hence one has
E'[1Z;1*] < CN™. (69)

So the hypotheses of Lemma 2.5 are satisfied with g(N) = C N®~! In addition, it follows
from Definition 2.1 that | Z;| < CN3% < C/Ng(N). Hence, we have the probability bound

P (| @ - @ Xon| z €@ T.C)N*ogi)) = N7 (70)

by Lemma 2.5, which leads to
p(|e¥a) -V = C@. T, C)N¥! log(N)) = N' ™, (71)
Thus, (56) follows from (71). ]

3 Proof of Theorem 1.2

We do the proof by following the idea in [28,29], which is that consistency and stability
imply convergence. This at least in principle corresponds to the Lax’s equivalence theorem
of proving the convergence of a numerical algorithm, which is that stability and consistency
of an algorithm imply its convergence.

3.1 Consistency

In order to obtain the consistency error for the entire time interval, we divide [0, 7] into M + 1
subintervals with length At = N~5 for some y >4and iy = nAt, k=0,.... M+ 1.
The choice of y will be clear from the discussion below. Here the choice of At is only for
the purpose of proving consistency and it can be sufficiently small. Note that it is different
from At in the proof of stability in the next subsection.

First, we establish the following lemma on the traveling distance of X, in a short time
interval [tx, Txy1]:

Lemma 3.1 Assume that (X;, V) satisfies the mean-field dynamics (24). For y > 4 it holds

P (max max | ||Y, - Xq, ||OO > CBN7%> =< CBN%1 eXp(—CBN%), (72)

ko teltg, trer1

where Cg depends only on T and C .

Proof Notice that for ¢ € [t, Tk+1]

t t s t t
X — Xq, :/ Vds :f / fN(Yf)drdst/za/ (B(s)—B(rk))ds—i—/ Vyds
T T J 1) Tk )

k k

SIF () 4 15 () + 5 (1), (73)
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where
_ %y
Vo =W +/ K (X5)ds + ~20 B(ty). (74)
0
The estimate of / 1k (t) follows from Lemma 2.4

t N
| [ & &odras < @ik e < o ¥ )

T J1

So we have

2
max max [[I5(t)]eo < CN™F. (76)

ko relte, 41l -

To estimate If (1), recall a basic property of Brownian motion [20, Chap. 1.2]:

P( max [|B(s) — B()[loo > b) < C1(V/At/b) exp(—C2b? /A1), )
t<s<t+At
which leads to
1 y=2 r=2
P( max ||B(t) — B(t)|loo = N_§> < CINT T exp(—CN 37), (78)
re€ltk, Tit1]

_1
where we choose b = N73.

Since max ||12"(t)||oo < At/20 [max || B(t) — B (k) || 0, it follows from (78) that
te

telty, trer1l Tk, Th+11
k _yil _r=2 y=2
P e(ax ]||12 Do =CN™ 3 ) <CIN™ ¢ exp(=C2N 3), (79
ks Thet 1
which leads to
+1 +2 -2
P <m§"‘te[£“a£‘ JE Ol 2 CN—VT) SCIN'T exp(-CN'T),  (80)
k> Th+1

where we used the fact that n < % = TN,

Lastly, we prove the estimate of 13" (t). It is obvious that
"N < —N
/ K (Xy)ds <= nAt|K oo = CT, (81)
0

and it follows from (77) that
P(IB(t)lloo = N3) < CIN~3V/T exp(—CoN 3 /T). (82)

Moreover, it follows from the assumption in Theorem 1.1 b) the distribution f)’(v) of Vp has
a compact support:

fo () =/ So(x, v)dx =0, when |v| > Q,. (83)
R3
Then one has
P(| Volloo = N3) =/ , fy(v)dv =0, when N > Q3. (84)
lo[=N3
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It follows from (73) that

o Ly Tk N —
max ]||13k(t)”oo =/ Vi lloods < N73 (”V()Hoo + 20| B(ti) o +/ K (Xx)ds)
Tk 0

TE[Th, Tht1
< N5 ([Volloo + V20 | B(t)llso) + CN™ 5, (85)
then it yields

]P’( max H1§(z)sz3N*%1)

1E[Th, Tkt 11
r—1 r-1
3

<P (N5 Volloo = N5 ) +P (V2o N~ 5Bl = N7F)

+P (CN’% > N*V%l)

<0+ CN iexp(—~CN3)+0< CN~ 3 exp(—CN ), (86)
which leads to
P (max max Hlé‘(t) H > 3N—V%1) < CN5 exp(—CN?). (87)
ko telte, k1] 00

Then it follows from (76), (80) and (87) that

— J— —1
IP(max max ||X,—er|| ZCN7VT>
ko telte, g1l ©
y+2 r=2 y=1 2 y=1 2
< CIN & exp(—CpN 3 )4+ CN 3 exp(—CN3) <CN 3 exp(—CN3),
for y > 4, which completes the proof of (72). O

Now we can prove the consistency error for the entire time interval [0, T'].

Proposition 3.1 (Consistency) For any T > 0, let (X;, V) satisfy the mean-field dynamics
(24) with initial density fo(x,v), KV and fN be defined in (42) and (54) respectively. For
any o > 0 and % < 8 < 1, there exist a constant C3 4 > 0 depending only on o, T and C g,
such that

P( max |KV(X) — K" (X)| = CoaN?! 1og(N)> <N° (88)
t€[0,T] 00
and
1@( max HLN X)LV X)| = Cran¥! 10g(N)> <N (89)
t€[0,T] 00
Proof Denote the events:
— J— J— y—1
= X, — X <CpN~ 7 ¢, 90
pim s [ ~Fa = Cav w

and

Cop = {HKN(YTk) “ KV X

< CLaN?logV)} o1)
o0
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where Cp and C o are used in Lemma 2.6 and Lemma 3.1 respectively. According to Lemma
2.6 and Lemma 3.1, one has

P(C5) < N7, P(H') < CpN'T exp(—CpN ), 92)

forany o > O and y > 4.
Furthermore, we denote

By = {|LYXe) ~ TV X = CLaN¥ 1oz}, ©93)
then one has
PBz) < N7%, (94)
by Lemma 2.6. Also, under the event By, it holds that

— —N — _ _
ILY (X e)lloo < IL™ (Xg)lloo + C1,a N~ og(N) < C(a, T, C ) N* "' log(N),
(95)

where we have used ||ZN (Xg)lloo < Clog(N) from Lemma 2.4.
For all ¢ € [tx, Tx+1], under the event B, N C;, N H, we obtain

|k¥ ) - K" &)

o0
- - — —N — —N ~ —N —
= KX - KV Xe)| | KXo - K K|+ KT R K X)|
_ — — _ = = v
< CILN (Xe) lloollXs — Xz lloo + CroaN?Hog(N) + C | Xy — X |+ CN73
< C(@,T.Cr)N* log(N\)N~'F + C1.aN¥log(N)
< C(a, T, Cs)N® Tlog(N), (96)

due to the fact that 36 + 1 < 4 < y. In the second inequality we have used the local Lipschitz
bound of KV

[ K00 — KV Xy

= CILY X ool Xs = X oo, (97)

under the event H (see in Lemma 2.3). To bound the third term HfN (Yfk) — fN (X

s
oo

we used the uniform control of max ||9,0" || Loo(r3) in (22). Indeed,
Tk SI=Tk41

16N 5 oy (X0) = kY s oo (X ) lloo
< KN s o (X0) — KN s o (X)) lloo + 1KY 55 01 (X ) — KN s pry (X ) oo
<C|X; = Xy| +CAT < C|X, =Xy |, +CN5. 98)
In the third inequality we have used (90) and (95). This yields that

PR 7N7
max |[KVNX,)-K (X
max. [x¥ X - K" &)

< C(a, T, Cp)N¥ log(N), (99)
o0

M _
holds under the event () By, N Cy, N H. Therefore it follows from (92) and (94) that
k=0

P( max] HKN(Y,) - fN(Yt)

> C(a, T, Cs)N*¥ 1 og(N
1€[0,T 00 (@ £ 0g(N)
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M M
<Y PMB)+ Y PEC)+ PH)
k=0 k=0

3a—y

3a— —1 ’
<IN 4+ TN 4+ CyN'T exp(—CpN3) < N7 (100)

Denote C; o to be the constant C(«a, T, C,) in (100). Since o > 0 is arbitrary and so is o,
(88) holds true. The proof of (89) can be done similarly. ]

3.2 Stability

In this subsection we obtain the stability result.

Definition 3.1 Let .47 be the event given by
Ar = {tg[lom;] Vieg(N) | X; — X, ||oo +|vi =V, ||oo = N_Az} . (101)

Proposition 3.2 (Stability) For any T > 0, assume that the trajectories ®; = (X;, V;),
v, =X, V) satisfy (12) and (24) respectively with the initial data ®¢ = Vo which isi.i.d.
sharing the common density fy satisfying Assumption 1.1. Let KV be introduced in (42). For
any 0 < X < %, 0< A < %2 and% < 6§ < 1, we denote the event:

Sr(A) :={||KN(X,> — KV (XD)lloo < Alog(N) | X — X,

+ Alog?(N)(NS—1=M=%h2 4 N3hi=2h2 4 N25-1) 4 ¢ [0, T]}. (102)

Then for any o > 0, there exists some C3 o > 0 and a No € N depending only on o, T and
C, such that

P (A7 NS7(C34)) < N7, (103)
forall N > Ny.

Remark 3.1 This proposition is one of the crucial statements in our paper, which later leads
to Lemma 3.4. Proving propagation of chaos for systems like the one we consider under
the assumptions of Lipschitz-continuous forces is standard, as explained in the introduction.
The forces we consider are more singular. However our techniques allow us to show that
the Lipschitz condition encoded in the definition of S holds typically, i.e. with probability
close to one. In this sense, Proposition 3.2 is only helpful if we find an argument that Az
holds. But as long as we have good estimates on the difference of the forces and thus the
growth of ,é‘ﬂ@’}] J10g(N) ” X, — X, ||Oo + || Vv, -V, ||Oo, we are in fact able to control Ar

(see argument in (154)).

Proof Let @ > 0. First, we write S7(A) as the intersection of non-overlapping sets
{Sp(AM), where
[o¢]

Su(A) :={ 1KY (X)) — KN (X)lloo < Alog(N) || X, — X/ ||

+ Alog? (N)(N®- 7= g N3H22 4 N1 V1€ [t 1], 0 < < M’},
(104)

@ Springer



1936 H.Huang et al.
F
with At ==ty —t, = N~*1 then S (A) = () Sn(A). Note that here the choice of At is
n=0
for the purpose of proving stability and it is different from Az in the proof of consistency.
To prove this proposition, we split the interaction force k" into kN = kf’ + kY, where

kév is the result of choosing a wider cut-off of order N~*2 > N~ in the force kernel k and

kY =k kY kY =k, (105)

which means that for kév and £12v we choose § = A in (11) and (39) respectively.
Following the approach in [10], we introduce the following auxiliary trajectory
dx| = vldt,
106
dv! :f KN & — x)pN (x, t)dxdt + v20d B! . (106)
R3

We consider the above auxiliary trajectory with two different initial phases. Forany 1 <n <
M’ and ¢ € [ty, t,+1], we consider the auxiliary trajectory starting from the initial phase

(;{nfl , T)‘l{nfl) — (xl{n—] , v;n—] )’ (107)

1

where (xi’”" , v;”") satisfies (12) at time #,—1. However when n = 1, i.e. t € [0, t1], the

initial phase of the auxiliary trajectory is chosen to be ()7? , TJ?) = (x?, v?), which has the
distribution fj. Moreover in the latter case the distribution of ()'Fl? , 5’;) is exactly ftN , which
solves the regularized VPFP equations (13) with the initial data fj.

For later reference let us estimate the difference || X; — X tlloo and ||V, — \7, |loo- Using the
equations of these trajectories, we have for ¢ € [#,, t,+1],

d —  ~ _
E”Xt — Xilloo = IV — Villoos (108)
and
d — ~ —N —. —N 3
EIIVz —Vilo =K (X1) — K (X))o

< max [kN 5 pN (&) — kY % N (0
<j<N

1<j
=, _ . N N .
= max 1% = %I VKY 5" (1) o
N N v v
<CUVON I+ 1VAN ) I1X, — X lloo
<CIX; — Xlloo » (109)

where C depends only on 7" and C 7. Summarizing, we get

d o~ o~ o o~
7 (1% = Xilloo + 1V = Villoo) = € (1X; = Kelloo + Vs = Vrllc)
Using Gronwall’s inequality it follows that

max (X, — Xilloo + IV: — Villos) < exp(CAD(IX;, — X, lloo + Vi, — Vi lloo)

th <t<tp4+1
<exp(CN*)N™" < CN~*2, (110)

under the event A7 defined in (101).
Then for any ¢ € [t,, t,+1], one splits the error

IKY (X)) — KN (X)) lloo
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< 1KY (X)) = KY X)) lloo + 1KV (X)) = KN (X)) Moo + 1KY (X)) = KN (X)) [l
=11 +1Ir+ 1. (111)

A

First, let us compute Z1:
IK3 (X)) — K3 (XD lloo < CILY XD)llow | X — X¢ ||, - (112)

where we have used the local Lipschitz bound of K 2N under the event A7 (see in Lemma
2.3). Furthermore, we denote

By = : max HLQV(Z)—ZQV(Y,) < C27QN3)‘2_110g(N)}. (113)
te[0,T] 00

Since Proposition 3.1 also holds for the case A; < %, one has
P(BS) < N™*. (114)
Under the event By, it holds that

- +N _
ILY X)) lloo < ILy (X0)lloo + C2.e N> og(N) < Clog(N), (115)

since Ay < %, where ||Zév (X)) lloo < Clog(N) follows from Lemma 2.4. Hence, one has

T < 1KY (X)) — KY (X)llow < Clog(N) [ X: = Xt V1 €ltw.tusr]l,  (116)

under event Ar N Bs.
To estimate 75, notice that by triangle inequality and (110) one has

t t
1X: — Xilloo S/ Vs = Vslloods < / Vs = Villoo + 11V — Vslloods 117)
t" tn

<At max (Vs = Villoo + Vs = Visllo) (118)
s€[ty,,t]
<CN 772, (119)

under the event A7, which leads to

1KY (X)) — KNV (XD)lloo < VK (XD lloo + IVEY (XD lo) 1 Xr — Xtlloo

<CN3FO LY (X))o Xt = Xilloo < CNP 72 LV (X)) oo (120)
N
Here the bound W < CN3@=22) yges Lemma 2.2 since
t)lloco
|X =X, <N >N (121)
.
And a similar estimate leads to W < CN36-42),
t o0
‘We denote the event
Bs = { max HLN(E) —ZN(Z)H < Cy N3 log(N)}. (122)
1€[0,T] 00
It has been proved in Proposition 3.1 that
P(B5) < N~ (123)
Then under the event 3 it follows that
— —N — _ _
ILY (X0)lloo < IIL” (X))l + C2.a NP log(N) < CNP"'og(N),  (124)
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since ||ZN(Y,)||OO < Clog(N) and % < § < 1. Thus, we have
I = |KY (X)) — K (X)loo < CNOTIH72010g(N), V1 € [ty tas1]. (125)

under the event A7 N Bs.
The estimate of Z3 is a result of Lemma 3.2. Indeed, we denote the event

Gn I=[ max ’K{v(it) — K{V(Y,) < C4’DéN2‘S_1 log(N)
te[tnstrz+l] o0
+ Caa log? (NN V4 } (126)
so by Lemma 3.2 one has that forany 0 <n < M’
P(ArNGg) < N%. (127)

Furthermore, it holds that
Ty =1KN (X)) — KN X)) lloo < Caog NP7 og(N) + Cu g log?(N)N3H17222
<C(a, T, Cp) log? (N)(N3*17222 + NB=1Y ' ¥ 1 € [, ty11], (128)

under the event G,,, where we have used the fact that ||k{v 1 < CN™*2. Indeed, it is easy to
compute that

¥l =1~ ¢ [ L <N, (129)
0<|x|<N—2 |X|
Collecting (116), (125) and (128) yields that
1KY (X0) = KV (X)) llo
< Clog(N) | X; — X, ||, + CN®~ 171172 10g(N) + Clog? (N)(N1 7242 + N27T)
< Clog(N) ||Xz -X, ”oo + Clogz(N)(N("S’l’“’“z + N3—22 Nzafl),
vt € [t, tat1],

under the event B, N B3 N A7 NGy, where C depends on «, T and C g, . To distinguish it from
other constants we will denote this C by C3 o. This implies B, N B3N Ar NG, € S,(C3.q).
which yields that

M’ /
BN By N Ar N ()G € (ﬂfzosn(cz,a)) = $1(C3). (130)

n=0
It follows that
P (Ar N S5(C3.0)) < P (BS) + P (B5) + XLy P (Ar N )
< (M +3)N~® <2TNM~—% < N~¢,

where we used the estimates in (114), (123) and(127). Here « is arbitrary and sois«’. O

Lemma 3.2 Consider two trajectories ()?,, V,), X, V)ont € [ty, th+11 satisfying (106)-
(107) and (24) respectively. When 1 < n < M’, the two different initial phases are chosen
to be (X, ,, Vi,_,) and (Y,,H , Y,,H) at time t = t,_1, and when n = 0 the two different
initial phases are chosen to be (Xo, Vo) and (Xo, Vo) at time t = 0. Then for any o > 0,
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there exists a C4,4 > 0 depending only on o, T and C 7, such that for N sufficiently large it
holds that

IP’(.AT N { max
re

[tnsfn+l]

K& - kY (X

> Cy.oaN* og(N)
o0
+ C40 log? (N)NM =22 N m}) <N, (131)

where we require ty41 — t, = N with0) < Ay < %2 and 0 < Ay < % Here

- | _
(KYX)i = = DM G =), (K (X))
J#

N
1 — -
= S LK G =T, r el ],
J#
where kY is defined in (105).
Lemma 3.2 is used in the proof of Proposition 3.2. It follows from the following estimate of

the term in (131) at any fixed time ¢ € [, t,+1], a statement which will later be generalized
to hold for the maximum of max ¢ € [t,, t,;,41].

Lemma 3.3 Under the same assumptions as in Lemma 3.2, for any o« > 0, there exists
Cs,o > Odepending only on a, T and C y, such that for N sufficiently large it holds that for
any fixed time t € [t,, th+1]

P(AT n { [N ) - kY XD = CsaN? log)

+ Cs.q log? (N)N =22k N |y }) <N (132)

The proof of Lemma 3.3 is carried out in Sect. 5. The novel technique in the proof used the
fact that k{v has a support with the radius N ~*2 (small). This means that in order to contribute
to the interaction, 35; (or f’j) has to get close enough (less than N —*2) to SFi’ (or fﬁ ). Due to
the effect of Brownian motion we get mixing of the positions of the particles over the whole
support of k{v . Using a Law of Large Numbers argument one can show that the leading
order of the interaction can in good approximation be replaced by the respective expectation
value. Due to symmetry of k{v this expectation value is zero. Significant fluctuations of the
interaction k{v have very small probability.

The proof of Lemma 3.2 We follow the similar procedure as in Proposition 3.1. We divide
[#,, t+1] into M + 1 subintervals with length At = N=5 for some y > 4 and 1 = kAr,
k=0,..., M+ 1. Recall the event H as in (90) and denote the event

~ ~ ~ y—1
H:= X;— X <CpN 3 ;. 133
e o= Tl o7 Y
It follows from Lemma 3.1 that
P(H), P(FC) < CpN'T exp(—~CpN ), (134)
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for any y > 4. Furthermore we denote the event

Gr, :={ |k Fo - KN X

< Cs.aN*"log(N)
0o
+ Cs,q log? (V) NP1772 kY ||1} (135)
in (132), then it follow from Lemma 3.3 that
P(G;) < N7%. (136)
For all ¢ € [tx, Tx+1], under the event G;, N HN ﬁ we obtain

ISHCOR oS

o0

< HKIN (X)) — KV (X))

I LS AR e e

e LS SR e

[ee]

< IVKY oo (1%, = Ralloo + 1% = Kelloo) + | KD (Ke) = K (K

oo
< CNP7'5 4 Cs NP log(N) + Cs o o2 (N)N P2k |
< C(a,T,Cp)N® " og(N) + C(a, T, C ) log*(N)N* 22k |

when y > 4 is sufficiently large. This yields that under the event ﬂ,}(w: 0Gr, NHN H it holds
that

max H KN&X) - k¥ (X))

te[tn-,thrl]

< C(a,T,Cp)N® M og(N) 4 C(a, T, C ) log*(N)N* =22 iV .

[ee)

Therefore it follows from (134) and (136) that

]P( max HK{V(Z)—K{V(Y,)

LE€[tn, tnt1]

> C(a, T, Cr) N og(N)
o0

M
+C(a, T, Cpy) log® (N)N 72|k ||1) < Y PGE) + P(H') + P(H°)
k=0

30— —1 ’
< TN~ £ 2C5N’T exp(—CpN3) < N~ (137)

Denote Cy4 o to be the constant C(a, T, C g, in (137). Since o > 0 is arbitrary and so is o/,
(131) holds true. This completes the proof of Lemma 3.2. O

3.3 Convergence and the Proof of Theorem 1.2

In this section, we achieve the convergence by using the consistency from Proposition 3.1
and the stability from Proposition 3.2. To do this, we first prove the following lemma.

Lemma 3.4 Under the same assumptions as in Proposition 3.2, for any o > 0 assume that
P(A7) < N7%, (138)

and let C3 o be the constant given in Proposition 3.2. Then it holds that
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P(S7(C3,0)) <2N7°° (139)
for N large enough.
Proof We apply Proposition 3.2 and obtain
P(S7(C3,0)) = P(A7 N S7(C3.0)) + P(A7 N S7(C30)) < N™* +P(A7) <2N 7
for N large enough. O
We now return to the proof of Theorem 1.2.

Proof of Theorem 1.2 We shall also use the quantity e(r) defined as

e(t) = | = Willoo = VIog(N) [ X, = X ||+ [V = Vi, - (140)
Using the fact that d”x”” < || X |lo0, one has for all ¢ € (0, T']

de(t)

= ViogW) | Vi = Vil + | KV X0 = K" X
= ViogW) [Vi = Vi, + KV (X0 = KV K|+

[SCORaeal N
(141)

Recall the event S7(C3 o) defined in (102)
Sr(C30) :={ 1KY (X)) — KN (XD)lloo < Alog(N) | X: — X4

+ C3 0 log?(N)(NO®TIm2—4h 4 N3hi=202 4 N20-1) Ty g e [0, T]} ,
(142)

and denote

Cr = { max HK X)-K" (Xt)
tel0,T]

< CyoN¥! log(N)} (143)

Then under the event St (C3 ) N Cr it follows that

de (t) <Vlog(N) |V, = V4]
+ C30log(N) | X, — Xi|| , + C3.0log? (N)(NOTI7H1=%2 4 N3=200 4 y20-1)
+ C2,o N¥ ! log(N)
< C(a. T. Cpy)/log(N)e(1)
+ C(Ol, T, Cfo) logZ(N)(N6S—1—AI—4A2 + N3A1—2A2 + N28—])
< C(a, T, Cp)/log(N)e(t) + C(a, T, C ) log* (N)N 3, (144)
where in the second inequality we used the fact that
VIogN) |V = Vi | + log) | X, — X,|

Here we denote

= 1og(N)e(). (145)

— A3 = max {68 — 1 — Ap — 42, 301 — 222,26 — 1} (146)
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Notice that for

MA30+1 1—2
6 T2

one has —A3 < —Ay. In other words, we obtain that for —A3 < —Ap, there exists some

No € N such that for all N > Ny it holds that

A1 .
0<k2<1/3;0<k1<?; §§8<mm

} , (147)

de(t
% < C(a, T, Cp)ylog(Nye(t) + C(a, T, Cy,) logZ (N)N™3, forallr € (0, T],
(148)
which leads to
max_e(t) < eCVIEMNT Clog?(NYN T (149)
0<t<T
by Gronwall’s Lemma. Hence we have
P <0maxT e(t) > VeI ¢ 1og2(N)N—MT> <P((Sr(C3,4) N Cr)°)
<t<
=P(C7) + P(S7(C3.0)) - (150)
According to Lemma 3.4, assuming that for any o > 0
P(A) < N7, (151)
where Ar = { max e(t) < N _)‘2} implies that
1€[0,T]
P(S7(C3,4)) <2N%. (152)

This combining the consistency in Proposition 3.1, i.e. P (C%) < N™¢, (150) implies that

P <OmaxT e(r) > eCVIEMNT 0 1og2(N)N**3T) <P(C5) + P(S5(C30)) <3N*.
=I=

(153)
We are left to verify the assumption (151). Indeed since —A3z < —Aj, and eC/log(V )T
log?(N) are asymptotically bounded by any positive power of N, we can find a Ny € N

depending only on C and T such that for any N > Ny
1
CVIEMNT C o2 (NYN T < EN_M <N, (154)
Hence it holds that

1
IP’( max e(t) > fN‘“) <P ( max_e(t) > e© 1%’(N)Tc105,72(N)N—*3T)
t€[0,T] 2

0<r<T
!
<3N <N *,

where, similar as above, for sufficiently large N the exponents o and o’ can be any positive
real number. This means that n[lgl)} | e(t) can hardly reach N =2, which verifies the assumption
tel0,

(151). Summarizing, we have proven that for any o > 0, there exists some Ny € N such that
P ( max_e(r) < e“VIEMNT Clog2(N)N ™4 T) >1-N"“
0<t<T

for all N > Ny, where C depends only on «, T', and C y,. This leads to Theorem 1.2. |
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4 Proof of Theorem 1.3

In order to prove the error estimate between f; and pe(2), let us split the error into three
parts

Wy (fio o () < Wy (fi 1)+ Wo (N 10w () + Wy (w (1), o (). (155)

The Theorem 1.3 is proven once we obtain the respective error estimates of those three parts.

Proof of Theorem 1.3 e The first term W, (f;, fN). The convergence of this term is a deter-
ministic result: solutions of the regularized VPFP equations (13) approximate solutions of
the original VPFP equations (3) as the width of the cut-off goes to zero. It follows from [12,
Lemma 3.2] that

max W, (f;, V) < N2eC1vioe), (156)
t€(0,T]
where p € [1,00), N > 3 and C; depends only on T and C ;. The proof is inspired by the
method of Leoper [45]. Note that here we can’t follow the method in [39] directly since the
support of £V and f are not compact in our present case.

o The second term W ( ftN , L (t)). This term concerns the sampling of the mean-field
dynamics by discrete particle trajectories. The convergence rate has been proved in [39,
Corollary 9.4] by using the concentration estimate of Fournier and Guillin [18]. We summa-
rize the result as follows: let p € [1, 00), ¥ < min{§, %, ﬁ} and N > 3. Assume that there
exists m > 2p such that

/f (x|™ 4+ [v|™) fo(x, v)dxdv < +00.
RO
Then there exist constants C> and C3 such that it holds

P( max W, (f", pw (@) < 1og<N)N—KeCz«/logTV)>

te[0,T]
4Nl—max(6,2p)k

> 1—Cs (e*C +Nl_%’). (157)

o The third term Wy(uw(t), Lo (t)). The convergence of this term is a direct result of
Theorem 1.2. Indeed, it follows from [39, Lemma 5.2] that for all p € [0, co]

w t 1)) < V() — P(r . 158
max, p(w (1), o (1)) =< tg{l&);lll (1) = Pl (158)

Then we choose @ = % — 1 in Theorem 1.2 so that

P( max W) (1w (1), (1) < N—“) >1-N'"%, (159)

t€(0,

eConvergence of W, (f;, e (1)). Collecting estimates (156), (157) and (159) and choos-
ing k < min{s, {. ﬁ}, it follows that

]P( max Wy (fi, o (1) < (14 /log(N))N < eCsv10e) 1 N—M>
te€|0,

= 1= G (N L NI, (160)
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where Cs depends only on 7 and C,, and Cg, C7 depend only on m, p, . We can simplify
2C5

2
this result by demanding N > e( ‘*“2) , which yields N'73*2 > (14 ,/log(N))eCsv/1oe@),
Hence we conclude that

P 1% , ) < N—K+l—3)»2 N—)\z
(:?ﬂ&’}] p(ft, mo (1)) < +

> 1= Co (7N L NI, (161)

5 The Proof of Lemma 3.3

In this section, we present the proof of Lemma 3.3, which provides the distance between
KN (X)) and KN (X,) (1 € [ta, tas1]), where (X;, V), (X;, V) satisfying (106)-(107) and
(24) respectively with two different initial phases (X, ,, Vi, ,) and (X;, ,, X;, ,) at time
t =t,_1whenl <n < M or(Xo, Vo) and (X, Vo) at time t = 0 when n = 0. To do this,
we introduce the following stochastic process: For time 0 < s <t anda := (ay, ay) € ROV,
let ZN = (28N, 2&Y) be the process starting at time s at the position (ay, a,) and

. . . . —N
evolving from time s up to time ¢ according to the mean-field force K :

azihy = zghNar, 1>,

X,t,8 v,t,8

; ; 162
dzet N = / KN (24N — )N (x, t)dx +v20dB!, i=1,...,N, (162)

18 - 1,

and
(z&EN, 280Ny = (@l dl), att=s. (163)
a,i,N a,i,N - . a,N a,N

Note that here (Zy i, Z,; s ), i = 1, ..., N are independent. Furthermore (Z); s, Zy); )
has the strong Feller property (see [21] Definition (A)), implying in particular that it has
a transition probability density u®)" which is given by the product uf")' := [T, uf-i"

Hence each term u?”SI’N is the transition probability density of (Zf:”;”;v, Zﬁ:t’,"fv) and is also

the solution to the linearized equation for ¢ >:

a,i,N a,i,N N N a,i,N a,i,N AN
afut,s + v- qut,s + k Ol Vvut,s = Avut,s ) M?,; - 861,‘7 (164)

where pV = f]R3 FN(@, x, v)dv, and fN solves the regularized VPFP equations (13) with
initial condition fp.

Consider now the process Zﬁ;N and Zf’,’sN for two different starting points a, b € ROV, It
is intuitively clear that the probability density uf; N and uf,’s" N are just a shift of each other.
The next lemma gives an estimate for the distance between any two densities in terms of the
distance between the starting points a and b and the elapsed time ¢ — 5. The proof is carried

out in Appendix A.

Lemma 5.1 There exists a positive constant C depending only on C g, and T such that for
each N € N, any starting points a, b € RN and any time 0 < t < T, the following estimates
for the transition probability densities uf: a resp. u,béN of the processes Zﬁjf o resp. Z;?”Si ol
given by (162) hold for t —s < min{l, T — s}:

(i) Il = € (€ =973 4+ 1),
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(ii) a5 = w5V loor < Cla = bl (1 =)™+ 1)..

The norm | - || p,q denotes the p-norm in the x and q-norm in the v-variable, i.e. for any
fRPxR} >R

plq 1/p
1 fllpg = (fR3 (/]1{3 |f(x, v)|‘1dv> dx) . (165)

To this end one assumes At = t,.1 — t, = N . Next we define for t € [t,, f,41] the
random sets

M ={2=j=N:

bt f 1
xy" —xj"—i-(t — ) (v — vj”)

SN_M—I—log(N)At%} (166)

and

Min = {2 = J =< N : ftln —ft/" —+ ([ — tn)(itln _7?)

<3N 4 log(N)At%} .
(167)

Here M| is at time t, the set of indices of those particles x;" which are in the ball of radius

N2 +log(N) At around X+ (=t (V] — vf/?’ ), and M;I is an intermediate set introduced

—
to help to control M[ . Note that under the event Az, we have M; C M, .
We also define random sets for ¢ € [t,, t;41]

n

2
st {card (M[) < 2C,N (3N +log(N)Ar3 ) } : (168)
and
— — 2
5, = {card (M, ) <2C.N (31\/42 + 1og(N)m%> } , (169)

where C, will be defined later. Here S] indicates the event where the number of parti-

2 —
cles inside the set M/ is smaller than 2C N (3N’)‘2 + log(N)At%> , and the event S; is
introduced to help estimate IP’(S,’n ).

Our next lemma provides the probability estimate of the event where particle fj (or Y;)

is close to 3?{ (or ftl) (distance smaller than N ~*2) during a short time interval ¢ — ¢,,, which
contributes to the interaction of k{v defined in (105), since the support of k{v has radius N 2.

Lemma5.2 Let ('f}, 'f)';) satisfy (106) and (107) on t € [ty, tn11] and the random set M
satisfy (166), then for any o > 0, there exists some constant Ny > 0 depending only on o, T
and C g such that for all N > Ny it holds

P min max ”Y{ —)7;- ] <N | <N,
1€ltn,tut1] je(Mf,)¢ ’
P < min  max ”fﬁ -

: ] <N | <N
tdt"’t”*']je(ﬁin)"

This means that for some particle index j outside M,’”, f; for some t € [ty, t,41] such that

>t >t
xl xj

< N7 (ie. Y; contributes to the interaction of k{v) with probability less than

N ™%, Here P is understood to be taken on the initial condition 3?;".
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Proof Let(1, j)befixedandaj := (aj ., aj ), b’ == (b

1 6 . .
. ‘ . a0 bj,v) € R satisfy the stochastic
differential equations

day , = aj ,dt, da} , = ~20dB{; dbj, =V’ dt, db} ,=~20dB}, 1, <t <ty1,

with the initial data ai” = 0and b;” = 0. Here B; is the same as in (106). It follows from the
evolution Eq. (106) that

d(® —al,) = —a},)drandd (3, —a} ) = k" @)di, tn <1< itys1,
and
d ()?j. - b;,x) - (v; - b;,v) dt and d (i; - b;,v) = @t b <1<t

where

=
=

::kN*,oN,

which is bounded by ||?N||oo < C(IpMl1 + 1oV |loo) according to Lemma 2.4. Integrating
twice we get for any s > t,

(vs. —b3,) = +/SEN(YT~)dr
J J,v J ; J

n

and

t s
(3{; — btiw) = 353” —|—/ (U;” —|—/ EN(ff)dr> ds .
’ tn Iy ’

And by the same argument one has

t s*N S*N
X =X —(a), = b ) =% X +/t (5’; - +/t k(7 )dr—/t k (;’Z})dr) ds .

n

Since & (};) is bounded by IIENIIOO < C(UlpM 1 + 1oV |loo) according to Lemma 2.4., it

follows that there is a constant 0 < C < oo depending only on IIEN |loo such that

X=X = W =5 4+ - )@ = V)| = |ai = b | = CAP, forall 1 €[4y, 1],
(170)
For j € (M] )° for some t € [ty, tht1], i.e.
I~ Sy iy -2 3
X=X 4+ =)@ =0 = N7 4 log(N)Ar (171)

together with min  max Hfﬁ - )7; ] < N™*2,(170) and (171) imply

1€ltn,tur1] je(M],)¢

max  min ”aﬁ .= b; .
t€ltn.tut1] je(M]))e ’ '

] > (InN — C)Ar3.
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Hence

P min max ”fﬁ —f;-
te[tnstn-%—l]jE(M;n)"

J <N )

SIED( max  min Haﬁx—b;x

1€ty tnt1] j€(an)C

} >~ (InN — C)Ari)

t€lintuv1] je(M], )¢ o

51@( max  min Ha{yv—bt- }>(1nN—C)Ar%>, (172)

t
where we used a’. = / alds and bl = ftf’ bids in the second inequality. In the same way
In

we can argue that

P min max ”f’l —Yt,-H <N
tE[’nJ;H»]]je(M; )e !

<P max min ”a; s } >~ (nN—C)A? | . (173)
telty,tht1] je(ﬁjn)f ’ 7
Due to independence the difference C.l/\v = (C.ti,l , c_t/,z, c;y3) = ai’v — b;’v is itself a
Wiener process [62] since
dc',, = d(}, b\ ) = d(B| — BY). (174)

Splitting up this Wiener process into its three spacial components we get

P max min flal,—pt [} > v —c)an
t€lints1] je(ml e L0 /-

< 3IP< max  min Hc?l‘} > (nN — C)At%>

1€ltn,ts1] je(M] )

1€ty tht1] jE(M;n)"

< 6IP’< max  min ic}l] > (nN — C)Aﬁ)

= 121?( min [c;."?] > (InN — C)Aﬁ) . (175)
jeaye U7

where in the last equality we used the reflection principle based on the Markov property [40].
Recall that the time evolution of ai , and b; , are standard Brownian motions, i.e. the

density is a Gaussian with standard deviation o; = o (f — t,)2. Due to the independence of

a’l,v and b;’v, ct.‘1 is also normal distributed with the standard deviation of order (r — t,,)%.
Hence for N sufficiently large, following from (175), it holds that

]P’( max  min ”a{ , — b

1€ltn,tnr1] je(M}))© /v

] > (nN — C)At%> <N~
and
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P| max min ”aiv—bl»,}]>(lnN—C)Al% <N7“
1€ty tn41] je(ﬁin)f ’ s

With (172) and (173) the lemma follows. O
Now we have all the estimates needed for the proof of Lemma 3.3.

Proof of Lemma 3.3 We show that under the event A7 defined in (101), for any & > O there
exists a Cy depending only on «, T and C y, such that at any fixed time ¢ € [, t;+1]

N

1 N N
]P’( ﬁZ(k & =) — k' 7 - 7))
J#1
> C4N?log(N) + Cq 1og2(N)N3M—*2||k{V||1> < N7* (176)

This is done under the event A7 in three steps:
(1) We prove that for any ¢ € [#,, t,+1] the number of particles inside M ttn is larger than
M, :=2C.N (3N 4 log(N) Ar2)? (177)

with probability less than N ~. Note that M, is used as a bound in the definition of (168)
and (169). For any ¢ € [t,, t,41] we prove that

P (card (M])) > My) = P((S!,)°) < P((S;)*) < N~ (178)

(2) We prove that at any fixed time ¢t € [t,, f,+1], particles outside an contribute to the
interaction of k{v with probability less than N ~%, namely

! ¥ —o
P( N_1 > (kN(xl—x)—kN(xl—x})) >0>§N : (179)

jeM;, )¢

(3) According to step (2) above, at any fixed time ¢ € [t,, t,+1], particles outside M," : do not

contribute to the interaction of kN with high probability, so we only consider particles
thatare inside M, ! . And we know already from step (1) above that the number of particles
inside M;, ! s larger than M., with low probability. To prove (176), we only need to prove

IP’(X(M,’”) N{ card (M}) < M*}> <N (180)

at any fixed time ¢ € [t,, f,+1], where the event X’ (Mt’ ) is defined by

(M}) —H =Y (MG - -k - >)‘

GMt,,
> Cu NP M og(N) + Cy log?(N)N3* 122N ||1}. (181)

e Step 1: To prove the first part of (178), note that on the event A7 defined in (101) and
assuming that t € [#,, t,41]

X ¥l (= ) — )| £ N7 4 log(N) A
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- ~
-+ -~ ~

X3 N +
X

\ + o+ /
Y. X
~ -

~— —

Fig. 1 Illustration of the sets Mt’n and Mt,, under the assumption that A7 holds: the set M,’n contains all
indices of particles with respect to X which are in the ball of radius r = N —h 4 log(N )(At)3/ 2 around x1.In
the figure this is the ball with solid lines and M,’n = {1, 3}. The set ﬁ;n contains all indices of particles with
respect to X which are in the ball of radius R = 3N 2 + log(N)(At)3/2 around x1. In the figure this is the
ball with dashed lines and Mﬁn = {1, 3,4, 6}. Since on the set A7 the distance d of the particles x| and x|
cannot be larger than N —2_ it follows that, given that the event A7 holds, a particle X ; is in the solid ball only
if the particle x; is in the ball with dashed lines, i.e. with radius R = 3N 4 log(N)(At)3/2 around x| (see

for example particles x3 and x3). Thus M,’n C My, Controlling M,’n by My, will be helpful to estimate the
number of particles inside these sets. The X ; are distributed independently, and the probability of finding any
of these X ; inside the solid ball is small due to the small volume of the ball. This helps to estimate the number

of particles in the set M,n (see Step 1). Particles outside the ball, i.e. indices not in M;n do not contribute to
the interaction k1. This comes from the fact that in order to get a sufficiently small distance for x| to interact,
they have to travel a long distance during the short time interval (¢ — #;): the distance log(N )(At)3/ 2 (recall
that the support of k; has radius N —2 ). Due to the Brownian motion, this is possible, of course, but the
probability to travel that far will be smaller than any polynomial in N. This argument is worked out in Step
2. The main contribution thus comes from Step 3. Knowing that the number of particles in My, is quite small
helps to estimate this term

implies
—In —In —1In —=In —A2 2
x| —X; + (t — 1) (V] —vj) <3N +log(N)At2 .
Hence M| < M; and thus for any R > 0, card (M;n) < R implies that card (M] ) <
card (M;n) < R, consequently S; 2 gin, ie. (S ) C (g;)c .

The second part of (178) is trivial. For the third part we use the independence of the
x-particles. Note that the law of (Y{n , ﬁ{n) has a density fN (x,v,ty).Forany j € {2,..., N}
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the probability to find j € M; for any ¢ € [t,, t,41] is given by

P(jeﬁﬁ)zf f V@, v, ) dxdv, (182)
' R* JBr(E)

where the center &' of the ball is given by E' = x] + (r — t,,)(*t” — v), and the radius of
the ball is given by R = 3N "2 + log(N)At3/2
Define

gV v, s) = fN(x —us, v, 1) (183)

which then satisfies the following transport equation

asgN(x,U,S)+U'ngN(x,U,S):0, 0<S§At, (184)
gV (x,v,0) = fN(x v, ).
Then one has
f NG, ty)dx =f gV (v, 1 — t)dx, (185)
BRr(E") BR(Ef)

where the center Eg of the ball is given by E uo = x1 +(t— t,l)v in particular the integration

areais independent of v. It follows that the probability of finding j € M;n foranyt € [t,, ty+1]
is equivalent to

IP’ ]GM // gV (x, v, t —t,)dxdv. (186)
R3 JBR(E)

Next, we compute for 0 < s < At

,5N(x,s) ::/ gN(x,v,s)dv:/ gN(x,v,s)dv—l—/ gN(x,v,s)dv
R? [v|<r(s) [v]>r(s)

1
< CllgCoslr 4 g [l vy
r()° Jiv)>rs)
2 2 %
=2C7 18N 9% (f lvl®g™ (x, u,s>dv) , (187)
o] >r(s)
where we have chosen
1
[v°¢™ (x, v, s)dv\ °®
r(s) = Jitzreo = : (188)
Cillg™ ¢, 9)lleo

It follows that

/R3 1Y (x, 5)Pdx < 8C|gN (., "S)”io//Rf, %N (x, v, $)dxdv

=82V (x — vs, v, 1)1 // I8 £ (= vs, v, tn)dxdy
]Ré

<cC (||fN(, . tn)”LOO(]RG)’ |||v|6fN('y g S)”LI(R())) , (189)

which leads to
SN <C 190
el < o
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because of (20), where C> depends only on 7', and C g, It follows from (186) that

g _ _ 2
p(iedt,)= [ - < 15 hiBecEy)
B

R(E()
4 2 A 3\2
< C(3m)7 (387 + log(V)ard)

= C, (BN 4 log(N)AP?) =: p | (191)

where we define C,, := Cz(%n)%, which depends only on 7" and C .

The probability of finding k particles inside the set Mﬁn is thus bounded from above by
the binomial probability mass function with parameter p at position k, i.e. for any natural
number 0 < A < N and any ¢ € [#,, ty+1]

N
P (card (M;) > A) < Z (N> pl(1—pNi.
j=A /
Binomially distributed random variables have mean N p and standard deviation /Np(1 — p) <
+/Np, and the probability to find more than Np + a+/Np particles in the set M;n is expo-

nentially small in a, i.e. there is a sufficiently large N for any « > 0 and any ¢ € [t,, #;+1]
such that

IP(card (M;) > Np +a\/Np) <a“.

This is because of the central limit theory and so the binomial distribution can be seen as a
normal distribution when N is sufficiently large. Since p > CN~3*2, we get that /Np >

CN3(-34) (A2 < 1/3).Hence the probability of finding more than2Np = Np++/Np/Np
(i.e.a =+/Np > CN%“_”‘Z)) particles is the set Mﬁ,, is smaller than any polynomial in NV,
i.e. there is a Cy, for any o > 0 and any ¢ € [t,, t,41] such that

P((S;)9) =P (card (M} ) = 2Np) < N7

e Step 2: For (179) it is sufficient to show that for any o > 0 there is a sufficiently large
N such that for some j € (M] )

1 N~ ~t N —t —t —a
P(;qﬂf}%ﬁl]‘z\/ — (kG =50 kY@ - ))| > 0) = N7
The total probability we have to control in (179) is at maximum the N-fold value of this. The
key to prove that is Lemma 5.2. To have an interaction k{v (351 — 3?’/.) # Oforallt € [t,, th41]
the distance between particle 1 and particle j has to be reduced to a value smaller than
N7™*2, Due to the Brownian motion, this is possible, but suppressed. Due to the fast decay

of the Gaussian it is very unlikely that k{v & - f;) # 0. The probability is smaller than any
polynomial in N (see Lemma 5.2).The same holds true for k{v (Y’l — f;).

In more detail: due to the cut-off N ~*2 we introduced for k{v

1 N~  ~t N =t  —t
P(:JS%@ N—1 2 (kl (¥ = X)) =k (¥ _xj)) >0
je)

@ Springer



1952 H.Huang et al.

1
<P —_— NG -3 >0
=2 oy X M@ ~0)

jew; )¢
+P( max L Z KNE -3 >0
t€ltntur1] | N — 1 b J
jew e
} <N~ )

}<N7}‘2 ),

where we used the fact that (Mﬁn )¢ C (M] )¢ in the last inequality. With Lemma 5.2 we get
the bound for (179).
e Step 3: To get (180) we prove that for any natural number

< NP min max {.351 — 35;
1€ltn,tas1] je(M] )

R

+NIP’< min max { i

te[tn,tn-#l] jE(M; )
n

0< M < M, =2C.N (3N +log(N) Ar*/?)?
one has
P(X(M{)N{card (M] ) =M}) < N~°, (192)
where the event X (M,’n) is defined in (181). This can be recast without relabeling j as

| R L
IP( NI (k'@ =7 — k' @ — %))

j=1

> CyN*"'og(N) + Cq log*(N)N1 =22 ||V ||1) <N (193)
Lemma5.3 Let Zy, -, Zy be independent random variables with E[|Z;|] < CM~2 and
|Zi| < C foranyi € {1,---, M}. Then for any a > 0, it holds that
M
P (Z 1Zi| = Cq 1n<M>> =M (194)
i=1

where Cy depends only on C and o.

Proof We first split the random variables Z; = Z{ + Zf’ such that Z{ and Zl.b are sequences
of independent random variables with

P(|1Z¢| > 0) =M 'and |Zl| < CcM~".
This can be achieved by defining

Zi(w) if Zi(w) > vy,
0 else .

Z{ () = {
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and Zf’ = Z; — Z{. Here we choose y such that P(|Z{| > 0) = M~'. Applying Markov’s
inequality, one computes

_ E(Z]] _ M7
=P(Z{| > 0) =P(Z >J/)SIP’<|Z'|> ———E[|Z |]) <C—-.
: ’ " ENZ] v 1
(195)
This implies that y < cM—t,
For the sum of Zf’ we get the trivial bound
M
Ylzli<cm'm=c.
j=1
Thus the lemma follows if we can show that
M
P (Z 1Z¢] = Co 1n<M>) <N (196)
i=1

where C, has been changed.
Let

0 if z¢ =0
Xi ((l)) = {1 lelsel (C()) ’

Since |Z;| < C, one has

M M M
DoIZi =) Xzl =C Y X (197)
i=1 i=1 i=1

Then it follows that

M M C
Y 1Z{ = Coln(M) = Y X; > —ln(M)
i=1 j=1

Noticing that X; are i.i.d. Bernoulli random variables with P(X; = 1) = P(|Z{| > 0) =
M~ we get

M M
C
]P’(Z|Zf‘| > Cy ln(M)> <P|) Xi> ?"‘m(M)
i=1 j=1

M
2
J(1 — M—j J
E_ N _j)'M (1 M) <JE M <a'

where a = %"‘ In(M). Notice the decay property of the factorial

In(M)

Thus one chooses M large enough and concludes (196), which proves the lemma. O
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Using the lemma above, now we proceed to prove (193). Define
=N (kN(x — X )—k1 (x1 —X )).

It follows that | Z| is bounded and

a,N /
. s forl <n<M 9
IE(|Z]|) =< CN_%”k{le [Hut,tﬂ_l e == < C‘Ng)”l_%_)‘2 s

I N o1, forn =1

where we use the fact ||u, 1y ool < CN2)‘1 (At <t—t,_1 <2At)from (i) in Lemma 5.1,

I /M lso1 < Cpyand kN [ly < N7*2 from (129). Using Lemma 5.3 with M = NO+E=Gh
one obtains

1 R 2 o . . 3
P N_1 ; ’(kl (X — X)) =k (xl—x))‘ZCaN In(N) | < N7?,
(199)
which leads to (193) for M = N+ =4 1t is obvious that
M N+ F T
Yozl Yozl (200)
i= i=1

A A
forany M < N®+F=2* _ Thus one concludes (193) holds for the case M < NO+F -3k,
For the remaining M we note that

20N (3N +1o ~in)? 2(N)N
x g(N)N 2 <4CiNlog"(N)N—", (201)
due to the fact that 0 < A1 < %Az. Thus we are left to prove (193) for the case

e
N+F=IM o M < 4C,Nlog?(N)N M (202)

This can be done by Lemma 2.5, which we repeat below for easier reference:
Lemma 2.5 Let Zy, ..., Zy be i.i.d. random variables with E[Z;] = 0, E[Ziz] < g(M)

and |Z;| < C/Mg(M). Then for any o > 0, the sample mean Z= ﬁ Zf‘il Z; satisfies

]P’<|Z| . Ca\/g(M)log(M)) <M

203
NI (203)

where C, depends only on C and «.
For any fixed ¢ € [t,, t,+1] we choose Z;. = %k{v(f{ — 3?}) IEZ[kN(x1 — X )]

A
and g(M) := CMN*~2 where N‘HTZ’%)“ <M <A4CyN logz(N)N 3}" . Then following
the same argument as in (63), the condition

2 a,N /
B[z <c Mo [l lleotfor b= < ME_ o o2 yga oy
PN e = =&

”sz”oo,h forn =1
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is satisfied. We can also deduce that

M
1Zjl = € N = VM(CMN®2) = /Mg ().

Applying Lemma 2.5 we obtain at any fixed time ¢ € [t,, t,+1]

M
1
v > (k{V(x1 —X%) - Elk) 5] - % )]) > CyN*og(N) | < N7°,
j=1
(204)
and similarly
M
T (k' G = ) — B ) = F)1)| 2 CaN?ogV) | = N7
j=1
(205)
It is left to control the difference
1 M
gt Z} (B & = %01 - Bk & = %)1) |
=

where M satisfies (202). This can be done by using Lemma 5.1. For anyt € [t:, th+1], when
l<n<M wewrtea = (X, ,,V;, ) = (Xs,_,, Vi) and b = (X, ,, Vy,,)- Then it
follows that

M
ﬁ > (E[kN(xl — X1 — Bk (v} —f’j)])
Jj=1

M
1 1 N
= ﬁ‘ Z/klN(XI =) (uf ) G v (g vp)
j=1

b,1,N b.j.N
=y, (s vDug s (g, vj))dxldvldx./dvj

1 M
SN—]/X:;

N a,1,N a,j,N b,j,N
/kl (xr — xj)upy " (X1, v1) (uf-tn—l (xj,vj) —upy” (xj,v) ) dxidvidxjdv;

M
Vo1
j=1

N b,j,N a,l,N b,1,N
/k] (X] — xj')um"il (X] N U1) (utstn—l (xj', Uj) — u,q,ﬂil (Xj, Uj)) dedUIdxjdvj

IA

M
1 aji,N _ bj.N
s j. N LN LN bIN N bj.N
N1 E (H rt,,l_”trnlnooA,IHk *p;l,n]”]'f'“ ?tnl_“zt,,lHoo,I”k *ptt,,l‘ll)
j=1

M
— 1 b,j,N
an — ) Clai = bl (Y I llofy i+ 16 Il 1)

I /\

Clog <N>N3*l la; — billk{ I} < Clog?(N)N 1721k ||y, (206)

where pt I (xl) = fR; u, tn | (xl, v1)dv;. Here we have used the fact that when 1 < n <
M/

N _
Il —uli N oot < Clag = bil((t = ta—1)~® + 1) < Cla; — by N
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by Lemma 5.1 since N™*1 < t —,_; < 2N~*. When n = 1, since a = (Xo, Vo) =
(Xo, Vo) = (Xo, Vo) = b, one has

1 M
2 (B @ - #)) - Bk 7 - 7)1) | =0.

N—lj=1

Collecting (204), (205) and (206) we get (193) for M satisfying (202), which finishes the
proof of (193) for any M. Hence we conclude (180).

eStep 4: Now we prove (176). To see this, we split the summation ng#l into two parts:
the part where j € M| and the part where j € (M )

N

1 L - .

P( ﬁ% (k¥ @ -7 — kY @ = )| 2 26N> log(W)
J

4 2Cy log?(N) N3 1 =22 kN 1) <P (X)) +P(X((M])9)) . (207)

where X(Ml’n) is defined in (181) and

. 1 . o
x(M;,)) :={ﬁ > (WE - -k @ -)|

jeMy,)e
> Co NP og(N) + Cy log (N) N2 |1k |14 } (208)

For the part in the event X ((M,’n)") where j € (Mz‘t,, )¢, it follows from (179) that

P(X((M]))) < N~“ (209)
Thus we have
1 N
IP’( T (k"G = 7)) — k' & - fj)) > 2C,N*~ ' log(N)
J#1
+2Cy log? (N) N1 =22 N ||1> <P(XM]))+N"“. (210)

Next we split the summation ) jeM! in the event X’ (M,’n) (181) into two cases: the case
where card (an) < M, and the case where card (M{n) > M. Here M, is defined in (177).

P(X(M])) <P(xM; )N {card (M]) < My} ) +P(X(M] )N {card (M) > M,})
<P(xM})n{card (M) > M.})+ N, (211)

where in the last inequality we used (180).
According to (178), for any ¢ € [t,, t,+1] one has

P (card (M] ) > M) < N™%, (212)
which leads to

P(x(M{) N {card (M] ) > M,}) <P (card (M) > M) < N™°. (213)
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Therefore it follows from (211) that

P(X(M])) <2N~°. (214)
Together with (210), it implies
1 N
]P’( ~ 1 > (k{V(fj - &) — k& - fj)) > 2C,N*log(N)
J#1
+2Cq log>(N)N3* 12| kN|) ) <3N, (215)
1

Finally, since the particles are exchangeable, the same result holds for changing (¥}, f’l)
in (215) into (3{’?, x%),i =2,..., N, which completes the proof of Lemma 3.3. m}

i
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Appendix
A Proof of Lemma 5.1

First, let us consider the fundamental solution G (x, v, ) of the equation
0:G+v-V,G=A,G, G li—=38x)5), (216)
which can be calculated explicitly as

1 > 3lx —rv/2
Gx,v,t)=C—exp|—— - ———, 217
( ) ; p( P 3 217)
where C is a normalization constant. The following lemma states some estimates of the

fundamental solution.

LemmaA.1 Let G(x,v,t) be defined in (217) and p € [1, oo]. There exists a C,, such that
Sfor any j € Ny the following holds

—10p+3jp+9

H|x|fvaHp SCp H|x|/va”p1 < Cpt

—12p+3jp+9
2p

(218)

and

G('_%(ai_bi))_G(‘_%(bi_ai))

—12p+9 —10p+9
< Cplai —bil (17 +1 2 ),

(219)

p.1
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as well as
1 1 “7pt9 —9p+9
HI | (G <-— E(ai _bi)> —G<'— E(bi —m))) =< Cplai — bil (l o+ ) .
p.1
(220)
The norm || - || p,q denotes the p-norm in the x and q-norm in the v-variable, i.e. for any

fiRIxR >R

2 1/p
IIfIIp,qi=(/R}</R3|f(x,v)lqdv> dx) . (21)

Proof Tt is easy to compute that

I 3 lo— 351
G = Ct—6 exp <_F exp - (222)
1 3Ix|2 lv— 32X v 3x

Now we can do the calculation of [p3 |G|dv and g3 |V, G|dv:

1 3|x|? v— 22
/ |G|dv = C — exp —ﬂ / exp —M dv
R3 16 a3 ) Jrs t

and

1 3lx|?
= Cgz exp (—73 : (224)
and
1 3|x|? lv— 352 v 3x
A3|VUG|dv=Cﬁexp (— e /R3 exp - —7-1-72 dv
3|x|? 3|x|?

1 2 1

respectively. As a direct result from (224) and (225), one has

1

t0=3))/2 (226)

. 1
jvmal, <c

1 -
Hl ! GHoo,1 =C ool T 1573i/27

Forl <p < o0

1
. 3 ) 3px? »
v, = (o (55 )

1

_g+9+3pj . 5 P —9p+3jp+9
<Cpt 2T Iyl exp (=y*)dy) <Cpt™ 2 (227)
R3

1
. 3 ) 3px? »
|- |JVUGHP’] < C 5</RS |x|fexp<— pad )dx)
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_ 9+3jp . P —10p+3jp+9
= Cpt o <A@ Iyl exp (—?) dy) < Cpt L (228)

We also have

1 3x|? lv— 32 6x  3v
va=76exp(— )l )|z + ) (229)

which leads to

1 31x)? v — 2% 6
/ [V:Gldv = C—exp | — %] / exp 2’ ol
R3 t6 4l3 R3
< Cl exp _M / exp U — Z
- t8 4t3 R3

: 3)x|?
< Ct_8+% exp (— x| > / (Vtu — i)exp (—uz) du
R3 2t

413
1 3lx)? 1 x 3|x|?
<C-— — +C%s - . 230
=" P < 413 6,3 BT (230)
It follows from the above that
. 1
HI : IJVXGHOO’l =C - (231)

Forl <p <oo

-1 ViGlipa

1 1
1 . 3px2 » . 3 2 r K
<Cc / xl exp (- 222 ) dx ) + / il exp (= 22PE) (27 gy
16 R3 413 R3 413 3
12p+3jp+9 1 1
—12p+3jp+ . » . ?
<Cpt— W ((/W I/ exp (—?) dy) - </w Iyl exp (—py?) Iyl”dy) )

—12p+3jp+9
<Cpt— @ (232)

which concludes the proof of (218).
As a direct result of (218) we can prove (219). Indeed,

‘ (’_E(al_ z))_ (‘_E(l_az)>‘

1
VG ( — %(bi —a;)+sb; — a,))‘a’s

<la;
1 1
<la; V,G ( - *(bi —a;) +sb; — ai))‘ds
+ la; — ( ( —a;)+sb; — ))‘ds, (233)

which leads to

G ! b G 1b
( ('_E(Cli— i))_ ('_i(i—ai)))

p.1
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—12p+9 10

—12p+9 9
SCIai—biI(IIVuGIIp,l+||VxG||p,1)SCplai—bi|<t R ) (234)

|'|<G<‘_%(ai_bi)>—G —%(h—m)))
< 1 ) 1G b lb. NG lb. .
_<|'_§(al_l)| <'_ (al_l)>_|'_§(l_al)| <'_5(1_a1)>>

+ 3las bl <G < S b») +G ( S bi- a»)) . (235)

In view of (227), the (p, 1)-norm of the terms in the last line have the right bound. With the
other term we proceed as above, using the function H = | - |G:

1 1 1 1
<|-—5<a,~ ~b)1G < -5 @ —b») —l =5 —a,~>|G(- -5 @ —an))

1
<la; _bi|/
0

! 1
<la; _bi|/ VoH < - E(bi —ai) +s(b; —m))‘ds
0

1
+|ai—bi|/
0

It follows from our estimates in (218) that

1 1 1 1
H|'_§(Gi_bi)|G <'_§(ai_bi)>_|'_§(bi_ai)|6 <'_§(bi_ai)>

Next we prove (220):

D=/

VH ( — %(bi —a;) + s(b; —a,'))‘ds

V. H ( - %(bi —a;) +sb; — a,-))’ds. (236)

p,1

(237)
< Clai = bi| (Ill - IVoGllp 1 4+ 11 - VGl 1 + 1Gll 1)
=7p+9 —9p+9
SCp|ai—b,'|<t R >, (238)
which leads to (220). ]

Proof of Lemma 5.1 The proof of the estimates follows the ideas of [10, Lemma 2]. However,
the evolution equation for the present system is more difficult to handle, and in particular,
the spacial overlap is suppressed for short periods of time since we have a noise term in the
momentum variable only. Both estimates can be proved in the same way. We just give the
proof for the more difficult part (ii), which can be easily adapted for part (i). Without loss
of generality we set s = 0 and t < 1. What we need to show then is

Ji,N b,i,N —6
lufs ™ —ul s M oot < Clag — bil (£ —$)7° + 1)

holds foralli =1,..., N.

Note that the force E,N (x) := k" % pN we consider is globally Lipschitz and L> because
of (47), thus there exists a C > 0 independent of N such that

k() =k )] _

max

C. (239)
0<t<T;x,yeR3 lx — yl
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Let ¢; be the trajectory on phase space following the Newtonian equations of motion with
=N . . . .
respect to the force k, , starting with %(ai + b;) at time 0, i.e.

d . d -N 1
¢ = (xf,vy), EX’C =y, EU’C =k, (x), co = E(Cli +b;).

We use the trajectory ¢ to change the frame of inertia that we use to look at u;{’s[’N for
d € {a, b}, i.e. we define for any ¢ > 0 the density wt“’(;’N on phase space by

wi'o ™M (G, v) = ulg N (G, v) + ) (240)
From the evolution equation of u;l: Nford e {a, b} and ¢, one gets directly

9 diN d.i.N
Ewtb' (x,v) = Auwl,’o’ (x,v)

‘ iN (TN =N
Vg v = g (B (v x) - B (x5)). 4D)

with wi™ =8 (- = (3 (@ — b)) and wyg™ =8 (- = (3 (bi = an))).
Since w is built from u by translation we have forany 1 < p < oo

AN BN N BN
lufo™ — o pr = llwiy™ —w/ g™ lpa (242)

Before proceeding we would like to explain the advantage of looking at w instead of u
first on a heuristic level. The difficulties arise when dealing with short periods of time. There
the u?,d € {a, b} are roughly given by a Gaussian around the center at %(a + b), respectively
the w? are roughly given by a Gaussian around the center at 0. Here the force term of w —
which is zero at x = 0 — suppresses the last term of (241). Thus w will be very close to the
heat-kernel G, of our time evolution.

Using (241) and the properties of the heat kernel we get

. 1 ! . _
wio™N =G, %5 ( - (E (a; — b,»))) —/0 Gy * (vvwg;(z),zv (ks (- + x5) — ks (xg))) ds
1 ! PN (- N T
=6 (= 5 @ =00) = [ G (w8 o x0) Ko 15)
2 0 ’

. 1 4 SN — . — .
wie =G, ( —5 b= a,~)> —fo VoGios * (wf;gN (ks (- + x$) — ks (x;))) ds,

wta,y(;yN - wtb,’(;’N <Gl < - 5 (a; — bz)) -Gy < - 5 (b; — a,-)))

t . . —
- / oGroy (g = wlg™) (& (4 x) — %
0

PS
—
=
“ o
~
~
—
L
]

(244)

Defining ’7t1\,10 : RS — R} by anO(x, v) = |(x, v)| ‘wf(’)N — w%’N‘ and using (239), we
can find a constant C such that

1 1
o §|-|‘G, ('_E(ai_bi)> - G, (-—2(b,-—a,~)>‘
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t
+C ‘ / VoGios % nlods| . (245)
0

Using the properties of the heat kernel (218), (220) and Young’s inequality in (245), we get

Applying a generalized Gronwall’s inequality with weak singularities [27, Lemma 7.1.1]
leads to

t
1
ﬂw“sam—m+CAa—mv

anOHI ds. (246)

”’7?,[0”1,1 < Cla; — b;| uniformint € [0, T] . (247)

Further (245) gives forany 1 < p < oocandt € [0, T]

1 1
| LJ4MKE<—§@—h0—fH<—E@—WO
12 t
+C/ |
0

Using Young’s inequality we get for 1 4+ p~! = % +g 'andr €0, T],

N
N0
p,1

VoG % UQIOHP 1 ds + C/

ViGiogxnlo| ds. @48)
/2 ipa

t/2
19.Gisllp1 |

—9p+9
n;YOH <Cla; — bi|t 2» + C/ 77?’/0 H ds
p,1 0 1

1,

t
+ C/ IVyGi—slli0/9,1 7750” ds.
12 a1

Due to (218), one has | VG |l10/9,1 < C(t — 5)~'9/?. This and (247) give

—9p+9 1/2
o] = clai—bie 7 4 Cla—bil | IVGilds+Comax |
.0 pl 0 .l t2<s=<t | 9041
(249)
We use this formula starting at p; = 1 and setting pyy+1 = li)o_p’fk. Therefore, starting

nf’é’N H - (see (247)) we can then iteratively estimate the L” norms

with our estimate for ’

of "tIYo for higher exponents, i.e.

—9pg41+9

t/2
N L N
11,0 peen] < Cla; — bi|t 2+ +Cla; — bi|/0 IVoGi—sll ., 1 ds + Ct/rznszg(ﬁ U‘Y’()Hpk,l .
(250)
The exponent py4+1 = oo is attained after k = 10 steps. It follows that
N =9
o] = Clar—bila® +1). @51)
00,

Having good control of ||r;2’0||oo’1 we can now estimate w;"‘é'N - wf’”é’N using (244):

| 1
G, ( — E (a; —bi)> -G ( - E (bi _ai)) Hoo,l

VG (™ =l G (4 55) < E ()| s
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12
< Cla =0 +C [ 19,6l |

N H d
S
Ts.0fy 4

t
+ [ 196 |
t

N
nx,OH ds
/2 00,1

t/2 t
§Cmi—hh4+4ﬂm—bﬂ/‘(t—ﬂ_%s+Cmi—h| (t —$)"2(s"2 + Dds
0 t/2

5am—mQ*+f“Hﬂ5cm—mm4+n. (252)

With (242) statement (ii) of the lemma follows. ]
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