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Abstract

This paper investigates Cauchy problems for nonlinear fractional time—space generalized Keller—Segel

equation (‘)D;g o+ (=D) 7 p+ V- (pB(p)) =0, where Caputo derivative (‘)Df p models memory effects in

time, fractional Laplacian (—A)% o represents Lévy diffusion and B(p) = —sp,y f RY l){_’;%m p(y)dy
is the Riesz potential with a singular kernel which takes into account the long rang interaction. We first
establish L" — L9 estimates and weighted estimates of the fundamental solutions (P (x,t), Y (x,t)) (or
equivalently, the solution operators (Sg (1), To’? (t))). Then, we prove the existence and uniqueness of the
mild solutions when initial data are in L? spaces, or the weighted spaces. Similar to Keller—Segel equations,
if the initial data are small in critical space LPc(R") (p, = #}/_2), we construct the global existence.
Furthermore, we prove the L! integrability and integral preservation when the initial data are in LY®RMN
LP(R") or L1 (R") N LP<(R™). Finally, some important properties of the mild solutions including the
nonnegativity preservation, mass conservation and blowup behaviors are established.
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1. Introduction

Fractional derivatives [41,28,14,20,33] are employed to describe the nonlocal effects in
time and space. They are integro-differential operators generalizing the definition of integer
order derivative to fractional orders, and have been used to deal with numerous application
in areas such as physics, hydrology, biomedical engineering, control theory, to name a few
[39,30,36,13,49,42,35]. Time fractional derivatives [11,41,28,33] are usually applied to model
the ubiquitous memory effects. The theory of time fractional differential equations, especially
time fractional ODEs, has been developed by many authors [21,14,17,34]. Both time and spatial
fractional derivatives [39,47,13] can be used for anomalous diffusion or dispersion when a par-
ticle plume spreads at a rate inconsistent with the Brownian motion models. The appearance of
spatial fractional derivatives in diffusion equations are exploited for macroscopic description of
transport and often lead to superdiffusion phenomenon. Time fractional derivatives are usually
connected with anomalous subdiffusion, where a cloud of particles spread more slowly than a
classical diffusion [37,12], because particle sticking and trapping phenomena ordinarily display
power-law behaviors.

There have been a lot of works investigating fractional partial differential equation (see [47,
24,15,31,45,50,27] for example). Huang and Liu [24] studied the uniqueness and stability of
nonlocal Keller—Segel equations by considering a self-consistent stochastic process driven by
rotationally invariant a-stable Lévy process. Taylor [45] constructed the formulas and estimates
for the solution to nonhomogeneous time fractional diffusion equations ng u+ Au —qt) =
0 where A is a positive self-adjoint operator. Zacher [50] considered the regularity of weak
solutions to linear diffusion equations with Riemann—Liouville time fractional derivative in a
bounded domain in R”. Kemppainen, Siljander and Zacher [27] performed a careful analysis
of the large-time behaviors for fully nonlocal diffusion equations. Allen, Caffarelli and Vasseur
[1,2] discussed porous medium flows and parabolic problems with fractional time derivative of
Caputo-type.

In this paper, we focus on Cauchy problems of the following nonlinear time—space fractional
diffusion equations (NFDE):

$DF o+ (D)3 p+ V- (pB(p) =0in (x,1) €R" x (0, 00), 0
p(x,0) = po(x), '

where 0 < B < 1,1l <o <2. ngﬂ is Caputo fractional derivative operator of order 8. Caputo
derivative was first introduced in [11] and is more suitable for the initial-value problem com-
pared with the Riemann—Liouville fractional derivative. There are many recent definitions of the
Caputo derivative in the literature listed to generalize the traditional definition [20,2,5,33,34].
We will use the definition introduced in [33,34] because of the theoretic convenience (see also
Section 2 for the detailed introduction). When the function v is absolutely continuous in time,
the definition in [33,34] reduces to the traditional form:

t
CDﬂv(t)z;/(t—s)_ﬁi)(s)ds (1.2)
0 ra-p ) ’ '
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where I is the Gamma function and v(¢) is the first order integer derivative of function v(¢) with
respect to independent variable . According to Chapter V in [43], the nonlocal operator (—A) 2,
known as the Laplacian of order 3, is given by means of the Fourier multiplier

(—A) 2 p(x) :=F L (IE1%5(5)) (x),

where

pE) = Flo() = / p(r)e i dx (13)

Rn

is the Fourier transformation of p(x). For y € (1,n], n > 2 and some constant s, , > 0, the

linear vector operator B can be formally represented as B(p) = V( (—A)_% p) and is explicitly
expressed with convolution of a singular Riesz kernel as follows

B(p)(x) = —sny / u_"y%p(y)dy, (1.4)
R?l

which is the attractive kernel as [32] pointed out.
Model (1.1) generalizes the well known parabolic—elliptic Keller—Segel model [25,23,8]:

:sz =Ap—V-(pVo),
(1.5)

— Ac=np.

Here, p(x,t) represents the density of bacteria cells and ¢ represents the density of chem-
ical substance. The original parabolic—parabolic Keller—Segel model was first introduced in
[26] for chemotactic migration processes, while the parabolic—elliptic model was introduced
due to the fact that the diffusion coefficient of the chemical substance is very large [25]. The
equation —Ac = p models the fact that the bacteria generate chemical substance and the term
—V - (pVc) comes from chemotaxis (the bacteria move according to the chemical gradient).
Hence, —V - (pVc) is the aggregation term and the two terms on the right hand side of the first
equation compete with each other. The aggregation term can not be bounded in all cases, and the
destabilizing effect indeed causes the solution to blow up in finite time for some cases [25,38]. In
the classical work of Jager and Luckhaus [25], they studied the blowup of the Keller—Segel sys-
tem based on a certain comparison principle for the radially symmetric solutions. This technique
has recently been modified for much larger classes including refined chemotaxis models [44,4].
Another excellent strategy to prove blowup relies on the moment method dating back to [38] and
later for more general systems in [6]. The moment method seems to be restricted to parabolic—
elliptic system, and for the techniques regarding fully parabolic—parabolic system, one can refer
to [22,48].

Our model (1.1) describes the biological phenomenon chemotaxis with both anomalous diffu-
sion and memory effects. Formally, (1.1) is just to replace the time derivative in the Keller—Segel
model (1.5) with the Caputo fractional derivative and the Laplacian in the second equation with
y /2-fractional Laplacian, when the memory effect and nonlocality are concerned. Our model re-
tains some interesting and essential features of the Keller—Segel model (1.5). Indeed, in Section 6,
we show that the aggregation term still causes blowup when the mass is large and concentrated
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for the indices we consider. Since our system is the generalization of the parabolic—elliptic sys-
tem, the method we use for blowup is the moment method.

With the usual time derivative where no memory is concerned, the generalized Keller—Segel
equation for chemotaxis with anomalous diffusion has been studied by several authors. When
y =2, Escudero [16] constructed global in time solutions for the fractional diffusion with 1 <
a < 2. In two dimensional space (n =2) and y = 2, Biler and Wu [7] investigated the Cauchy
problem with initial data ug in critical Besov spaces 321:0‘ (R?) for r € [1,00] and 1 < a < 2.
Li, Rodrigo and Zhang [32] proved the wellposedness, continuation criteria and smoothness of
local solutions. For general y and «, Biler and Karch [6] studied the local and global existence
of mild solutions in C ([0, T'], L? (R™)), and blowup behaviors.

For the model with memory effects and anomalous diffusion (1.1), first of all, in Proposi-
tion 3.3, 3.4 and 3.5, we construct the L” — L7 estimates, the time continuity and weighted
estimates of the solution operators (Sg ), Ta’,g (1)), using the results of the asymptotic behavior
of the fundamental solutions (P (x,?), Y (x, t)) to fully nonlocal diffusion equations established
in [15,27], listed in Lemma 3.3, Proposition 3.1 and Proposition 3.2. With the help of above esti-
mates, in Theorem 4.1, 4.2 and 4.5, we prove the existence and uniqueness of the mild solutions
to (1.1) with the initial data in L” spaces and weighted spaces. The main results regarding L”
spaces are as following:

Theorem (Theorem 4.1). Suppose n > 2, 0 < <1, l <a<2and 1 <y <n. Let p €
(pe,o0) N [#, ﬁ). Then, for any pg € LP(R"), there exists T > 0 such that the equa-
tion (1.1) admits a unique mild solution in C ([0, T]; L (R")) with initial value pg in the sense

of Definition 4. Define the largest time of existence
Tp = sup{T > 0: (1.1) has a unique mild solution in C([0, T1; L (R"))}.
Then if Ty < 0o, we have lim Sup,_, 7~ loC, DIl =—+oo0.

Theorem (Theorem 4.2). Suppose n >2, 0 < B <1, l <a<2and 1 <y <n. Let v=00
if2(a+y—2)ﬁ—a§00rv=% if 2 +y —2)B — a > 0. Then, whenever
(Pes V) N =47 #) is nonempty, for any p € (pe,v) N [;=057, ﬁ), there exists § > 0
such that for all pg € LP<(R") with || pollp, <, the equation (1.1) admits a mild solution p €
C([0, 00); LP<(R™)) with initial value pg in the sense of Definition 4, satisfying

lo@llp. =28,V1 >0, (1.6)

and p € C((0, 00), L? (R™)). Further, the solution is unique in
X7 i={p € C10. T3 LPF®R™) N C(O. TL LP®"): ol popir < 00, T € (0.00). (1)

Here, the critical p, is given by p. = #y—z (see Section 4 to see why L?¢ is critical). These
results are based on a fixed point lemma for a bilinear operator in Banach space (see Lemma 4.1).
In the framework of mild solutions, some basic properties such as nonnegativity preserva-
tion and mass conservation are nontrivial. We prove the L' integrability and integral preser-
vation property of the mild solutions in Theorem 4.3 and 4.4 when initial data belong to
LY(R™) N LP(R") spaces or L' (R") N LP<(R"). Interestingly, if po € L' (R") N L?(R"), we can
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prove the existence of mild solutions for larger range of p values in Theorem 4.3 compared with
Theorem 4.1. We then establish nonnegativity preservation (and therefore mass conservation) in
Section 5. The main result regarding nonnegativity reads:

Theorem (Theorem 5.1). In Theorem 4.1 (or Theorem 4.2, Theorem 4.3, Theorem 4.4, Theo-
rem 4.5), if we also have py > 0, then for all t in the interval of existence we have

p(x,1)>0. (1.8)

The nonnegativity preservation is based on the following important properties (see Corol-
lary 5.1 and equation (5.16))

(=A)2p, pT) >0,

) 1 _
/(gD,ﬂp)p dx ==3GDf 17 13).
Rn

where pT =max(p,0) = p VvO0and p~ = —min(p, 0) = —p A 0. The rigorous proof is achieved
by utilizing some approximating sequences to gain required regularity.

In Section 6, we investigate blowup behaviors of system (1.1) using the v-moment (1 < v < o)
following the method used in [38,6]. The main results are as follows:

Theorem (Theorem 6.1). Assume n>2,0<f < 1,1 <a <2,1 <y <n. Assume py > 0 and
also the conditions in Theorem 4.3 (or Theorem 4.5) hold to ensure the existence of mild solu-
tions. If one of the following conditions are satisfied,

(i) Fora =2,y =n,v=2, if po € L'R", (1 + |x|")dx) so that

2n
lloollr > .
Sn,y

(ii) For some v € (1,a) when o« <2 or v € (1,2] when o = 2, with "_—’;H > 1, if po €
LYR", (1 + |x|")dx) and

loollt > M*, /le"po(x)dx <38,
Rﬂ

for certain constants M*(v,n, o, y) and §(v,n,a, y).
(iii) Suppose o +y <n+ 2 (or p. > 1) and for some v € (1,a) when a <2 or v € (1, 2] when
a=2.If poe L"(R", (1 + |x|")dx) satisfying
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n+2 a—y
u lx]” Po(x)dx
Joo "0 / po(x)dx : (1.9)
fR" po(x)dx
where x = S(M*)_H_‘HVV*Z*" (M*, § are the constants in (ii)).

Then the mild solution of (1.1) will blow up in a finite time.

The rest of this paper is organized as follows. In Section 2, we recall some notations, def-
initions and known results needed later. In Section 3, we construct the L™ — L4 estimates, the
time continuity and weighted estimates of the fundamental solutions and solution operators to
(1.1). In Section 4, we establish the existence and uniqueness of the mild solutions to NFDE
(1.1) by applying the results derived in Section 3, and show that the integral of the mild solution
is preserved. The nonnegativity preservation property and conservation of mass are discussed in
Section 5. In Section 6, the blowup criterion for (1.1) are established with the similar approach
as the one used in [6, Theorem 2.3].

2. Notations and preliminaries

In this section, first we provide the definition of Caputo derivative based on a convolution
group (introduced in [33,34]) and show some properties related to Caputo derivatives. Then we
define the mild solution to (1.1), introduce the notations of some functional spaces and recall
some results which will be used later.

2.1. Caputo derivatives based on a convolution group

To introduce the generalized definition of Caputo derivatives, let us first present the following
notion of limit:

Definition 1. Let B be a Banach space. For a locally integrable function u € L, OC((O, T); B), if
there exists ug € B such that
1 t
lim - / l(s) — uollpds =0, (2.1)
t—0t 1
0

we call ug the right limit of u at r = 0, denoted by u(0+) = ug. Similarly, we define u(7T —) to
be the constant u7 € B such that

T
1
lim —— / lu(s) —ur| gds =0. (2.2)
t>T- T —t
1
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As in [33], we use the following distributions {gg} as the convolution kernels for g > —1:

0 _

T T B >0,
gp(t) :=18(1), B=0,

F(++ﬂ)D(9(t)tﬁ), B e(—1,0).

Here 0(¢) is the standard Heaviside step function and D means the distributional derivative. gg
can also be defined for § < —1 (see [33]) so that these distributions form a convolution group
¢ ={gp : P € R} and consequently we have

81 * 86 = &p1+p2» VP1. P2 €R, (2.3)

where the convolution between distributions with one-sided bounded supports can be defined as
[19, Chap. 1]. Correspondingly, we have the time-reflected group

C =18 : 8a(t) = gu(—1), x € R}.

Clearly, supp g C (—o0, 0] and for y € (0, 1), the following equality is true

gy (1) =— DEO(=1)(=1)"")=—=Dgi— (1), 2.4

T —y)
where D represents the distributional derivative on ¢.

To define the weak Caputo derivatives valued in general Banach spaces, we first introduce the
definition of the right Caputo derivatives of test functions:
Definition 2 (/34]). Let 0 < 8 < 1. Consider u € Llloc((—oo, T); R) such that u has a left limit
u(T—) at t =T in the sense of Definition 1. The S-th order right Caputo derivative of u is a
distribution in 2'(R) with support in (—oo, T], given by

DP pui=g_p* O(T — 0)(u() — u(T-))).
We now introduce the definition of Caputo derivatives for mappings into Banach spaces:

Definition 3 (/34]). Let B be a Banach space and u € Ll ([0, 7); B).Let ug € B. We define the

loc
weak Caputo derivative of u associated with initial data u(, denoted by ng u, to be a bounded
linear functional from C2°(—o0, T) to B such that for any test function ¢ € C2°((—o0, T); R),

T T
(6D u.g) = / (u —uo)0(t)(DE ¢y dt = / (u — uo)(DL ) dr. 2.5)
—00 0

We call the weak Caputo derivative SD;B u associated with initial value u¢ the Caputo derivative

of u (still denoted as ng u) if u(04) = ug in the sense of Definition 1 under the norm of the
underlying Banach space B.
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The so-defined Caputo derivatives have the following properties

Lemma 2.1 (/34]). BD,ﬂu is supported in [0, T). In other words, for any ¢ € C°(—o0, T) that
is zero on [0, T), the action ongfu on ¢ is zero. In addition:

(i) If B=R", then the Caputo derivative is consistent with the one in [33], given by

BDzﬂu =g-p* ((u—up)o(r)).

(ii) Ifu: (0, T) — B is absolutely continuous, then

c _
oDru=

=N

t
1 i(s) : .
ra—g / (t — )P €L ((0,7); B).
0
(iii) Ifue C([0,T),B)N Cl((O, T), B), then for t € (0, T), we have

u(t) — u(s)

Y —-d (2.6)

0
r(1 - B)DPu() = ”( ) ﬂ/

Remark 2.1. If T < oo, g_,, * u should be understood as the restriction of the convolution onto
9’ (—00, T). One can refer to [33] for the technical details. Actually, if one defines the convolu-
tion between g, and u suitably, the claim in Part (i) of Lemma 2.1 still holds for general Banach
spaces.

In general, CDﬁu is an abstract functional from C°((—o0, T); R) to B. We say gDﬂu €
lOC([O T); B) if there exists a function f € L, ([0, T); B) such that forany ¢ € C°((—o00, T);
R), we have

loc

(6Dl u,¢) = /f(t)cp(t)dt. (2.7)
0
In this case, we will identify OD’3 u with f. With this notion, we have the following claims from
[33,34]:
Lemma 2.2. Let 8 € (0, 1).

(i) Letu € Lloc
upg € Ris (C)D,ﬂu. As linear functionals on C2°((—oo, T'); R), we have

((0, T); R). Assume that the weak Caputo derivative for an assigned initial value

(u — u0)o (1) = gg * (DL w). 2.8)
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(ii) If £ (1) := ($DFu) € LL ([0, T); B), then

t

u(t) =ug+ % (t —s) "V f(s)ds, a.e.on (0, T),

where the integral is understood as the Lebesgue integral.

The above claims follow from the properties of the underlying convolution group . The
generalized definition in [33,34] has the following theoretic convenience: it only requires the
functions to be locally integrable with a certain initial value, which allows the study of solutions
of fractional PDEs in very weak sense. There is no requirement on the time regularity of the
functions to obtain the claims in Lemma 2.2.

Using Lemma 2.2, we are able to conclude the following results:

Lemma 2.3.Let 0 < 8 < 1,T > 0. Suppose u € L. (0, T; B) and there is an assignment of

loc
initial value ug € B such that f := (OD;gu) e LP(0,T) with & < p < 00. Then u is continuous
and for any s, t € [0, T] with s < t, we have

lee(t) — us)| <—3—<p_1)kéa—nﬂﬁnﬂ| 2.9)
P21 \pp—1 HOT: '

Proof. Case 1.1 < p <oo.Fors <t,0< B <1, one has

lu(t) —u(s)| 5
S t
:%,3) /((t — 0 = - 0P ) f@dr + /(t — ) f(nyde
0 S R
1 r ! (2.10)
=T ZQVJWA_U—ﬂvaﬁmmh+/O—ﬂWWﬂﬂhﬁ
- i+
rp b

It follows from Holder’s inequality with % + % =1 that

N

1
ns( [ =0/ == 0f)ar) i o,

0

Substitution s — T = &(r — s) gives that

Q=

Ky —

/((s—r)ﬂ—l—(r—z)ﬂ—l)qdr — (1 —s)iTFD /sﬂl (1 +6") s

0 0

.



L. Li et al. / J. Differential Equations 265 (2018) 1044—-1096 1053

If (B —1)qg + 1 > 0, which is equivalent to p > % it follows from the elementary inequality
(a—b) <a"—b" foralla>b>0andr > 1 that

|“

1—s

(5 - aror)ae < [ (60— v pP10)as

1 ¢\ (B-Dg+1 s (B—D)g+1 1
TB-Dg+1\\r—s Ut +

=i

(=)

<
(B=Dg+1
Consequently,
LH(B-1) 1
n=@=9r " (B=Da+1) IS lrors: @.11)

Applying Holder’s inequality again and then computing the integral directly, one has

t

1
b= ( [ (€= dr) 1 flrorn
/ (2.12)

| _1
=(— s)5+(’3_1)((/3 — g + 1) “NfllLro.7:8)-

Therefore, we have from (2.10)—(2.12) and é + % =1 that (2.9) holds in this case.
Case 2. p = oo. With similar argument as (2.10), one deduce that

llu(?) —u(s)lz

S

t
1
) /<“‘”'H‘(’")ﬁ_l)df”fllmo’r;m+/<r—r)/f‘—ldr||f||Loo<o,T;B>
" ’ 13)

1
= i (2= )il
<tarp Y M l=orm.

Hence (2.9) with p =oco holds. O

The following comparison principle for Caputo derivative will play an important role in the
proof of the nonnegativity and the study of finite time blowup of the solution to (1.1).

Lemma 2.4. [33] Let 0 < B < 1, T > 0. Assume that v(t) € C([0, T]; R). Suppose f(t,x) is a
continuous function, locally Lipschitz in x, such that ¥t > 0, x <y implies f(t,x) < f(t,y). If
f(,v)— ((C)D,yv) is a nonnegative distribution, then v < u fort € [0, min(T, Tp)), where u is the
solution to the following ODE



1054 L. Li et al. / J. Differential Equations 265 (2018) 1044—-1096

§DPu = f(t.u). u(©) = v(0)
and Ty is the largest existence time for u.

Remark 2.2. Indeed, the monotonicity in x for f (¢, x) can be removed. The proof will be pre-
sented in a forthcoming short note [18].

For real numbers 8, y, the Mittag—Leffler function Eg , : C — C is defined by

o Zn
Egy(@)=) ——. (2.14)
ZTp +7)
We will denote
Eg(z) .= Ep1(2). (2.15)

If B> 0and y >0, Eg ), (z) is an entire function.

For function u € LllOC (0, T; R) with u(0+) = uo and polynomial growth in time, [33] shows

that the Laplace transform of the weak Caputo derivative is still given by:

E(ngu) =sPL@w) —uopsP!, (2.16)
and the solution to the ODE

SDfu=hu+ f(1), u(0)=uo

is given by

t
u(t) =uoEg(AtP) +ﬂ/sﬁ—1Eg(Mﬁ)f(t —s)ds. (2.17)
0

As a corollary of Lemma 2.4, we have

Corollary 2.1. Let 0 < 8 < 1, T > 0. Assume that u(t) € C([0, T]; R). If(C)Dfu <a+ bu(t) for

some b > 0 (the inequality means a + bu(t) — (§ Df u) is a non-negative distribution), then, when
b=0,

atP

u(t) <u(0) + m§

(2.18)
when b # 0,

u(t) <u(0)Eg(btP) + %(Eﬂ(btﬂ) —1). (2.19)
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2.2. Basic setup: definitions, notations and preliminary lemmas

Denote
A= (=A)3 (2.20)

and E ﬁ(—tﬁ A) is the linear operator defined by operator calculus. Following [45], formally
taking the Laplace transform of (1.1), we can find that p satisfies the following Duhamel type
integral equation (similar to (2.17)) though the equation (1.1) is non-Markovian:

t
p(x.1) = Ep(—1P A)po — B / (¢ =P T ER (=t = )P A)(V - (pB(p)(1)dT
0 2.21)

t
= Eg(—tP A)py — / (t — P Eg g(—(t — )P AV - (pB(p))(7)dT,
0

where we have used the well-known fact:

BEg(z) = Ep (2).
This formal computation then motivates the definition of the mild solution as follows:

Definition 4. Let X be a Banach space over space and time. We call p € X is a mild solution to
(1.1) if p satisfies the integral equation (2.21) in X.

Let us now clarify the notations for the spaces which will be used later in this paper. For
1 < p < o0, weuse ||ul|, to denote the L”-norm of a Lebesgue measurable function u in L? (R")
space. Recall that the weak L? norm is defined by

llullLpoe = iug{kdu(?»)%}, dy(A) = [{x : fu(x)] > A}|. (2.22)

The Hardy-Littlewood—Sobolev inequality for L? spaces is listed in the following lemma.

Lemma 2.5. [43, page 119, Theorem 1] Let0 < <n, 1 < p <q < oo and é = % - %. Then
J»
———d <C , 2.23
” /|x_y|H v =cisl, (2.23)
Rn

holds for all f € LP(R").
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Consequently, we have

Corollary 2.2. Assume 0 <\ <n,p= sz 5. Then

/ LD gray | < ciri. (2.24)

lx —y*
Rn Rll

When A = 0, it is trivial while for 1 < A < n, it follows from Lemma 2.5.
For fixed v > 0, we define the weighted space L°(R") as follows

LY®R") ={ve L®®R":[lvlre =1+ [xD"v(x) e < 00} (2.25)
Fors e R, 1 < p < o0, the Sobolev spaces are defined in [46, Chapter 13.6]:
H*P(R") = {u e LP(R") : F~ (1 + €3 0) € LP(RM),
where F is the Fourier transform and the norm given by
leell .0 = 1F (L + €121 -

The H*P?(R") spaces are also called the Bessel potential spaces and sometimes denoted by
W*-P(R"). The following Sobolev embedding is standard:

Lemma 2.6. [46] For 0 <sp <n, 1 < p < oo, then
HSP(R") C L757 (R").
3. Estimates of the fundamental solutions
Consider the functions P(x,t) and Q(x,t) defined for | <o <2and0< S < 1:
FP(,1)=Eg(—I§|tF), FO(,1)=Epp(—|&*1), 3.0

where F is the Fourier transform defined in (1.3).
Now, we define

Y(x,0) =P 0, 1). (3.2)

It is mentioned in [27, Lemma 4.1] that Y is the 1 — 8 order Riemann—Liouville derivative of P.
We pick A = (—A)% (1 < o <2), and consider operators So’? (1), Taﬂ (t) defined by

F) e SE@) f(x) = Eg(—tPA) F(x) = P(-, 1) % f(x),

71 (3.3)
FO T f) =P Eg g(—tP A F) =Y (1) % f(x).
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The pair {P, Y} is called the fundamental solutions to the Cauchy problem (1.1). In particular,
35 po is the formal solution to the following initial value problem

{ngp+(—A)%p=o, in (x,1) € R" x (0, 00) a4
p(x,0) = po(x),
while the mild solution in (2.21) can be rewritten as
t
p(1) =S5 (1)po — / Vi (Tt = )p(s)B(p)(5)) ds
0
. (3.5)
= [ Pa=yomerdy = [ [V, 00C =55 = 3009 BE) ) dys
R® 0 R»
By extending the results in [29,27], we have the following claims
Lemma 3.1. P and Q are both nonnegative and integrable. In particular, we have
/P( t)d 1 /Q( t)d : (3.6)
x,t)dx =1, x,t)dx = ——. .
I'(B)

Rn Rn

Proof. The proof follows from Remark 4.2 in [27]. It is well-known that
s> Eg(—tPs%), s> Eg g(—tPs®)

are completely monotone functions on R . Hence, F P(-,¢) and FQ(:, t) are positive definite
on R”. By Bochner’s theorem [40], both P and Q are nonnegative.

Note that the Fourier transform evaluated at & = 0 equals the integral of the function. Then,
we have

/P(x, dx = Eg(—0%tP) = 1.
R4
With the fact that P (-, ¢) is nonnegative, we find that P (-, ¢) is integrable and the integral values

is 1. Similar results for Q(-, t) follow from the fact

1

Next, we are going to collect some estimates of these operators, which will be useful for the
analysis of time fractional PDEs (though some of them are not used in this paper).
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3.1. Contraction properties

The contraction properties follow from the asymptotic behavior of the Mittag—Leffler func-
tions. We have the following estimates regarding the operators appeared in (2.21):

Lemma 3.2. [45, (8.23), (8.36), (8.38)]

(i) Suppose that e™' is a contraction semi-group in a Banach space, where A is the generator

of the semigroup. Then,

1
IEg(—tPA) fllg < I f Il ||Eﬂ,ﬂ(—fﬂA)f||B§Tﬂ)”f”B.

(ii) Let 0 < <2 and A = (—A)%. If 1 < p<ooando € (0,1], then for Ty > 0, there exists
C > 0 such that

1Eg(—tP A) flluoar < CtP| fllp. 1Egp(—tPA) flloar < CtP| £ ], (3.7
uniformly for t € (0, To].
3.2. L" — L1 estimates

The L" — L9 estimates follow from the asymptotic study of the fundamental solutions,
which have been established in [15,27] using the asymptotic behaviors of the so-called Fox
H -functions:

Lemma3.3. Let 0 < B8 < 1,1 < o < 2. We have the following asymptotic estimates for P and Y :
(1) When |x|%t=F > 1, there exists C > 0 such that

Clx|™"—h, l<a<?2,
IP(x,0)| <y o _ B (3.8)
Ct T exp{—Clx|eFt P}, a=2,
Clx|™"—* 11, l<a<?2,
IVP(x,)| <\ = pusn o _ B (3.9
Ct™ 2 exp{—Clx|*Ft «F}, a=2,
and that
Clx|7—eg?P=1, l<a<2,
Y.OI=y ey o B (3.10)
Ct— 2P lexp{—Clx|7Ft &), a=2,
Clx|—a 1281 l<a<?2,
VY, DI = s 4, o _ B (3.11)
Ct— 2 P lexp{(—Clx|#Ft a7}, a=2,
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(2) When |x|%t—8 < 1, there is C > 0 such that

ng

Ct™ o, o>n,
|[P(x,t)| < {Clx|"Fer P, o <n, (3.12)
Ct= P+ |Inx|*t~ ), a=n(=2),
IVP(x, 1) < Clx|7" T~ 1P, (3.13)
and that
- 1p-1
Ct @ , 20 > n,
Y (x,0)| < { C|x| 2P 1, 2a < n, (3.14)
Ct=P=1(1 +|In|x|*t~P|), 2a=n,
=B x| 142 n>2a—2,
VY (x,0)| < {17P 7 x| 4+ log(x[*t7F)), n=2a -2, (3.15)
/3717‘9(”‘*'2)
t a |x| n<2a-—2,

Remark 3.1. In [29], in the expression for P, the prefactor of the exponential is given by |x|™"
in the case @ = 2 and |x|°lt’/3 > 1. This is indeed equivalent to the above estimates. In fact, we

. ng . .
introduce z = |x|2t"S and |x|"exp(...) =t~ 2 (" exp(...)) which is controlled from above
and below by the same exponential with a different constant inside.

Using Lemma 3.3, one can derive the estimates of || P||, and ||V P|, (see [27, Lemma 6.1,
Lemma 6.22]). We summarize the results as following.

Proposition 3.1. [27] Suppose 0 < B <1 and 1 <a <2.

(1). Set k1 = ﬁ if n > a and k| = 0o otherwise. Then we have for any p € [1, k1), there

exists C > 0 such that
_mB-1y
IPll,<Ct « p’, (3.16)

Ifn <a (orn=1),(3.16) also holds for p = k1 = c0. If n > «a, for p = k1 = ;*—, (3.16) holds
only for weak L*! norm:

[Pl < Ct™F.
(2). Let kp = ,H')’[—H ifn > o — 1 and kp = oo otherwise. Then for p € [1, k2), there is C > 0
such that
_mB_y_ B
IVP|, <Ct «* »" <, (3.17)

Ifn<oa—1(orn=1,aa=2), (3.17) also holds for p =k, =00. Forn >« — 1 and p = k2,
(3.17) only holds in weak LP:

VP 2o < C1P.



1060 L. Li et al. / J. Differential Equations 265 (2018) 1044—-1096

Similarly, we have the estimates for Y:
Proposition 3.2. Suppose 0 < <land 1 <o <2.

(1). Set k3 = # if n > 2a and k1 = oo otherwise. Then we have for any p € [1, k3), there
exists C > 0 such that

_mB_1 _
1Y), <Cm e Pl (3.18)

Ifn <2a, (3.18) also holds for p = k3 =00. If n > 2, for p =K3 =
weak L¥! norm:

(3.18) holds only for

_n_
n—2u’

1Y || pesoe < Cr P71

(2). Let k4 = IJ—aH ifn > 2a — 1 and k4 = 00 otherwise. Then for p € [1, k4), there is C > 0
such that

_mBq_1y_Bp
VY|, <Ci «=p)math=l, (3.19)

If n <20 — 1, (3.19) also holds for p = k4 = 00. For n > 20 — 1 and p = k4, (3.19) only
holds in weak L?:

IVY || prace < Ct P71,

The proof of Proposition 3.2 is similar to the proof of Proposition 3.1. Part (1) of Propo-
sition 3.2 is the Lemma 6.2 in [27] and part (2) does not appear in [27]. Though the proof is
similar, due to the importance of this result, we attach the proof in Appendix A for completeness.

With the help of Propositions 3.1 and 3.2, we obtain the following L” — L7 estimates regarding
the operators Sg (t) and Tf (t):

Proposition 3.3. Let 0 < 8 <1 and 1 <« < 2. Then,
(1). The following L*° estimates hold:

8 B U s
”Sa ®utlloo < lllloos ”Ta Oulleo < T t llulloos
#) (3.20)

_B _Big_
IVSE(®ulloo < Ct™a llulloss IVTEOulloo < Ct™a P |l

(2). Let g € [1,00). We define 6 = nZ’;a if n > qa and 61 = oo otherwise. Then, for any
r e[l,6y), we have

B -2-bH
1S Dull, =Ct o g ully (3.21)
If r = q, the constant can be chosen to be 1. If n < qa, then the above also holds for r = 61 = oo.

(3). Let g € [1, 00). We define 6, = % if n > 2na and 6, = oo otherwise. Then, for any
r €ll,0,), we have
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_mBl_1yig 4
1T @ull, < Ct™« TPy, (3.22)

If r = q, the constant can be chosen as %ﬁ) If n <2qua, then the above also holds for r =6, =
Q.

(4). Let g € [1,00). Let 65 = %
r €lq, 03) there is C > 0 satisfying

if n > q(ax — 1), and 63 = oo otherwise. Then for

8 _mBl 1y B
VS, Dull, <Ct « a7 alull,. (3.23)

If n < g(a — 1), the estimate also holds for r = 63 = oo.
(5). Let g € [1,00). Let 04 = m ifn >qQa — 1), and 64 = 0o otherwise. Then for
r € [q,64) there is C > 0 satisfying

_mBel 1y Big g
INTE Oull, < Ct @Dt Py (3.24)

Ifn < qQRa — 1), the estimate also holds for r = 64 = oco.

Proof. Recall that Young’s inequality says thatif r, p, g € [1, oo] satisfying % +1= % + %, then

If =gl < Nflpligllg-

(1). The estimates here follow directly by setting f =u, g = P,Y, VP, VY respectively,
r=p=ooandq=1.Recallthat |P|; =1and |Y|; =21 Q|: = %ﬂ)rﬂﬂ The bounds for
VP and |VY]; follow from (3.17) and (3.19).

The proofs for (2)—(5) are similar by setting f =u, g = P,Y, VP, VY respectively. In par-
ticular, we choose p € [1, «;). Then, we have 1 — % = % — % Clearly, as long as qul < k;, the
estimate holds for all r € [g, oo]. If # > k;, which happens only if k; < 00, then g < <

po and

1 . . .
" < TETg=T This then gives the desired results. O

Using the above results, we now establish the time continuity of the fundamental solutions:
Proposition 3.4. Let ®(x) := P(x, 1) and V(x) :=Y (x, 1) = Q(x, 1). Then, we have
(i) ® € LP(R") when p € [1, k1), while VO € LP(R") when p € [1,k2). W € LP(R") when

p €11, «3), while V¥ € LP(R") when p € [1, kg).
(ii) We have the following formulas for P, Q,Y:

P.y=t"%d (= = (=
wn=rvo(Zo). =1 "w(Zo).

— by (2

Y, 0)=1" 4t w(tﬁ/a). (3.25)
Consequently, P(x,t) € C((0,00), LP(R")) for p €[1,k1), VP € C((0, 00), L?(R™)) for
pell, k), Y € C(0,00), LP(R")) for p €[1,k3) and VY € C((0, 00), LP(R™)) for p €
(1, k4).

(iii) For any u € LY1(R") with q € [1, 00), t > Sgu e C([0, 00), L1(R™)).
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Proof. (i). The claims follow from Proposition 3.1 and Proposition 3.2.
(ii). Since we have (FP)(§,t) = Eg(—|§ |%£#), it is clear that

Pt = F Eg(— (g%t = 17¢ F (Ep(—| - I“))(;ﬁ%) — Y (ﬁ%)

Similarly, we have
O, )=t (m) )
and hence the formula for Y (x, t) follows from (3.2).
It is a well-known fact that if f € L9(R") with g € [1, 00), we have ||\ f(Ax) — fllzr = 0
as A — 1 (This can be proved by the standard process of approximating L functions with C2°
functions). The claims then follow.

(iii). The fact t 55 u € C((0,00), L1(R™)) is obvious from the results in (ii). The continuity
of Sg u at t = 0 is a standard consequence of mollification, given the expression of P in (ii)). O

3.3. Weighted estimates

We consider the weighted estimates of the fundamental solutions in the weighted space
LS°(R") (see equation (2.25)).

Proposition 3.5. Assume 0 < 8 <1, 1 <a <2andug e L5 ,(R") C LYR™) N L®(R"). Then,
there is C > 0 such that

IS8 (t)uoll e, < Clluolizs, + CtPlluolls, (3.26)
IVTE Ouollis, < Cr e uoll s, + €12~ ugl1. (3.27)
Proof. For [x|+~# >1and | <& <2, (3.8) implies that
x|t P (x, 1) < CtP. (3.28)
For |x|"‘t"3 <1, we use (3.12) to obtain

Ix|"T|P(x,1)| < CtP. (3.29)

(For example, if a < n, we have |x|"T¥|P(x, )| < Clx|>t=8 < Cth)
Hence, due to (3.28) and (3.29), we have

Ix]" P (x, )]0 < CtP. (3.30)
Note that there exists C > 0 such that
(L4 [xD"T* < CA+ [y + Clx — y|" . (3.31)

It then follows from (3.31) and (3.29) that
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1S5 (Yuoll s, = ess sup [SE ()uol(1 4 [x[)"+*

xeRn
< Cess sup / P(x — y. Duo() (1 + [y dy
cR?

TS e (3.32)
+ Cess sup /P(x —y.Dlx — " uo(y)dy

xeRn

Rn

< ClluollLs, + CrPlluolr.

Using (3.11) and (3.15), we similarly find
XV Y (x, Do < C2F~51, (3.33)
Further, equation (3.19) implies
IVY (x, )l < Crma b, (3.34)
Therefore, by (3.31), (3.33) and (3.34), we similarly have

IVTE (yuol| s, = ess sup [(VY) xuo|(1+ [x])" T

xeR”

< CIVY O li1lluollLge, + ClIx"™ VY (&, Dlloolluolly (3.35)

n+a

_Big 1 28—L 1
< CrE P gl e+ O E uglly. O

4. Existence and uniqueness of mild solutions

In this section, based on the L" — L7 estimates in subsection 3.2, we construct the local
existence and uniqueness of mild solution to equation (1.1) for initial data pg € L? (R") and the
global existence for small initial data pg € LP<(R"), where p, = #}/_2 Based on the weighted
estimates in subsection 3.3, we establish the existence and uniqueness of mild solutions in the
weighed space C([0, T'], L9, (R")). Finally, we provide the proof of integrability and integral
preservation for pg € L' (R") N L?(R") and pg € L' (R") N LP<(R").

Before we make the analysis, let us perform scaling. Suppose that u(x, t) satisfies the equation
(1.1). Since (1.1) formally preserves mass, we consider first the mass-preserving scaling as

u; (x, 1) = Nu(hx, Abr).

Then, (—A)Zu; = A% (—A)Zu while V- (uy B(u;)) = A2 277V . (uB(u)). Clearly, if n + o >
2n+42—y,or

n<a+y-—2,

the diffusion is stronger and this case is referred to the sub-critical case (in terms of mass con-
centration or diffusion). For usual PDEs, in the subcritical case, all L! initial data will lead to
global existence of solutions. For our model, since we have used (1.4) and assumed y € (1, n],
there will be no sub-critical cases. If we allow y > n (of course (1.4) should be replaced by
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B(p) = V((—A)_% p), there can be sub-critical cases. Since sub-critical case is not our focus
and the paper is already too long, we leave it for future.

If n > o + y — 2, the aggregation term can be strong, and this case will be referred to the
super-critical case. For super-critical case, there is a critical L? space. To see this, let us consider
another scaling which yields another solution:

u* = 2%u(x, A1),

We have nguA = xaxﬁbngu, (—A)Tu* = 29T (—A) 5y while V - (u* B(u?)) = 224127V .
(uB(u)). For u* to be a solution, we then find

a+Bb=a+o,a=a+y—2.

In other words,
uh = 22y (ux, A B 1)

is also a solution to (1.1). Under the transformation u +— u”*, the L=~2 norm is invariant. Hence,
the critical index should be

n

= 4.1
a+y—2 @1

Pc

As we will see in Section 6, for supercritical case and critical case (n = o + y — 2), large L! data

can lead to blowup behaviors. Since the assumption n > 2 and y < n implies that p. > 1, we

need to impose the small initial data in L”¢ in order to obtain the global existence (Theorem 4.2).
To prove the existence of mild solutions, we first recall the following fixed point theorem

Lemma 4.1. [6, Lemma 3.1] Let (X, || - ||x) be a Banach space and H : X x X — X be a
bounded bilinear form such that for all uy,uy € X and a constant n > 0,

1H i, u2)llx <nllurlixlluzllx. 4.2)

If0<e< ﬁ and v € X such that ||v||x <€, then the equation u = v + H (u, u) has a solution

in X satisfying ||\u|lx < 2e. In addition, this solution is the unique one in B(0, 2¢).
For our model, we are going to define the bilinear form to be

t

H,v)=— / V. (Tf(t —5)u(s)B(v(s))))ds. (4.3)

0
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4.1. Existence in L? spaces

In this subsection, we investigate the existence of the solution to (1.1) when the initial data is
in L? space.

Theorem 4.1. Suppose n > 2, 0 < <1, l <a<2and 1 <y <n. Let p € (pc,00) N

[#, #). Then, for any py € LP(R™), there exists T > 0 such that the equation (1.1) admits

a unique mild solution in C ([0, T]; L?(R™)) with initial value pg in the sense of Definition 4.
Define the largest time of existence

Tp = sup{T > 0: (1.1) has a unique mild solution in C ([0, T]; L? (R"))}.
Then if T, < 0o, we have

limsup | (-, )|, = +00.

=T,
Proof. By Proposition 3.3 and Proposition 3.4, 55 (t)po € C([0, T]; LP(R™)) with

ISE (0) poll cqro.71: Lr ey < ool p-

We now consider the second term in (3.5). By Proposition 3.3, we have

t
||H(M,U)||p§/||V'(T(f(f—S)M(S)B(U(S)))des
0
t
—mBl_Lly Bpg g
SC/(I—S) AR lu(s)B(s))lqds, 4.4
0

t
B (1_1\_Bg
SC/([—S) a(q p) a8 ]||M(s)||p”B(U(S))||%ds,
0

provided 1 < g < p < 6, as in Proposition 3.3.
Choosing g such that

1 y-1 p—gq

p n prq
orlzz—”_l.lfl>landqzl,0r
g p n 9~ p
2n n
l<—=<p< ,
n+y—1 y—1

then Hardy-Littlewood—Sobolev inequality implies that
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I1B@)$)] pa = Cllv)]lp-

2n

Clearly, if p > Yty This means

that we need

64 = 0o. Otherwise, we need p < 04 = m.

n

P ety —2

which is clearly true since p > p..
With these requirements, we find

t

—mBl_Lly_Bipg
sup [[H(u,v)llp =<C sup [(t—s) «'a r° = lu(pllvpds.  (4.5)

0<t<T 0<t<T

1y~ L4 60, wehave

Since p > p. implies that — 2 ([ll -

o

_ﬁ(l_l)_ﬁ_ﬂg
sup [|H @, v)|lp < Cllullcqo,ri:Le@®yllviicqo,ry;Lr@mpT  « " 27« ™h,

0<t<T

Now, we need to verify that H(u, v) € C([0, T], L? (R")). Choosing the same g as above,
again by Holder inequality and Hardy-Littlewood—Sobolev inequality, we have that

w(s) :=u(s)B(v(s)) € C(0, T]; LI (R™)).

Now, choose 0 <t <t 4§ <T for some ¢t > 0 and § > 0. Then, we pick §; > 0 and have

148
IH@oC+D) - Haowl,<| [ VTfars-sueds
max(0,t—387) P
t max(0,—581)
+ / VTf(t—s)w(s)ds + / V(Tf(t—i—z?—s)—Taﬂ(t—s))w(s)ds
ax(0,1—481) » 0 P

Estimates of the first two terms are similar to the argument in (4.4) and they are controlled by

n 1 1

Cllwllco,ry,Le ) (6 + 51)_7ﬁ(5_; g
By Proposition 3.4, VY € C([§1, T], L"(R")) for r € [1, k4) and therefore VY is uniformly con-
tinuous on [§1, T]. Hence, the third term goes to zero as § — 0. This verifies that H (u, v) €
C([0, T], LP(R")).

Choosing T small enough, Lemma 4.1 applies and the existence follows.

Because our equation is non-Markovian so that we cannot apply the continuation technique
while Lemma 4.1 only implies the uniqueness in short time. Instead, we provide another direct
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proof for the uniqueness. Suppose that we have two solution p; and pp on [0, T]. Let M =
max ([l p1llcqo,71;Lr ®y)» P21l 0,71 L7 (R7))). We define

e(t) = |lp1 — p2llcqo,n;LP ®1))) -

Then, by (3.5), (4.3) and (4.5), we have

t
—Z2d-H-L4ph
e(r) < sup IIH(pl,m)(s)—H(pz,pz)(s)llpSMC/(t—r) @laT e T e(T) d
0

0<s<t

The comparison principle in [17, Proposition 5] implies that e(t) = 0.

We prove the last claim regarding 7, by contradiction. Assume lim Sup; 7.~ lell, <
oo. Then sup,¢o 7,) lp(1)llp, < oo. Following the same approach as we show H(u,v) €
C([0, oo], L?(R™)), and noticing the fact that Sg po € C([0, M], LP(R™)) (and thus uniformly
continuous) for any M > 0, equation (3.5) indicates that for any € > 0, there exists § > 0 such
that |[p(t1) — p(22)|lp <€ when T, — § < t; <t < Tp. Hence, we can define p(7j) so that
p(-) € C([0, Tp], R™). Now, we consider the following equation about p:

Tp

p(6) = | SE(t+ Tp)po — / Ve - (TE(Ty +1 — 5)p(s)B(p)(s)) ds
0

t

- [V @ta 95086 ds.
0

The first term is in C([0, co), LP (R")) following the same approach as we show H(u,v) €
C([0, oo], LP(R™)). Repeating what has been just done, this new integral equation has a unique
solution in C ([0, 8;]; L? (R™)) for some §; > 0. If we define p(Tp +t) = p(t) fort € [0, 1], then
p becomes a mild solution on [0, T} + &), which contradicts with the definition of 7. O

By the L" — L4 estimate of 35 (#)u in Proposition 3.3, we find that for p; € [p, 61)

p TGP
sup (IS (Dullp +1 Sy Wullp) = Cllullp. (4.6)

0<t<T

This motivates us to define the following norm for u € C([0, T']; L? (R")):

np 1 1
Bl
lullp,py;7 := sup (lullp +1<°7 P17 ullp) < Cllullp. 4.7)
0<t<T
For a given initial data in pg € L?(R"), we may use the modified norm || - || ,, », above for the

function space. This is beneficial because we do not have to use [|v]|, to control B(p) when
applying the Hardy—Littlewood—Sobolev inequality. Instead, we can use | - || ,, norm with some
time factor to control B(p). Indeed, by some preliminary calculation, we find
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t
1H (u, v)llp < / IVTL (1 — $)u(s) BQ)(s)| pds

fc/a—w PGP u () B) (s) ] ds,

t

L,;l ,E+ ,1
_c/u—n CE I () ol d
0

( + +1)
< Cllullp.p 0]l p, t# e~

In the above estimate, g and p; are related by é = % + % -X

find that for p > p,, this viewpoint provides nothing new compared with Theorem 4.1. However,
we are allowed to choose p = p. while keeping p; > p.. This observation yields the global
existence and uniqueness of the mild solution to (1.1) with small data in L?<(R"):

Theorem 4.2. Suppose n >2, 0 < B <1, l <a<2and 1 <y <n. Let v=00 if 2(e +
y—2)B—a<0orv= 2((”5% if 2 +y —2)B — a > 0. Then, whenever (p¢,v) N
et %) is nonempty, for any p € (pc,v) N ;=477 ﬁ)’ there exists § > 0 such that for
all pg € LP<(R"™) with

leollpe <6,

the equation (1.1) admits a mild solution p € C ([0, 00); LP<(R"™)) with initial value py in the
sense of Definition 4, satisfying

lo@®llp, <23,V >0, (4.8)
and p € C((0, 00), L? (R™)). Further, the solution is unique in
Xr = {,0 e C(0,T]; LPR*) NC(O, T, LPR™) : llpll pe.pi7 < 00}» T €(0,00). (4.9)

Proof. Fix T € (0, co]. Consider the space X := X7 with the norm || - |x := || - |, p;7- This
space is then a Banach space.

By Proposition 3.4, Sf(t),oo € C([0, T], LP<(R"™)) for any T > 0. Since P € C((0, 00),
L"(R")) for r € [1, k1), we then have Sf ®)po € C((0, T], LP(R™)). By (4.7), we find

IS8 (1) pollx < Cllpollp. < C8

Hence Sg po € X.
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For H(u, v), we have:

_ﬁ
o

1H @, v)ll,, < C / (t — )" % GO () Bo(s) l, ds.

Bl _y=1y B g
§C/(t—s) E G55 ol ds
(4.10)

,Vl

t
_ng 1 1 nﬂ 11
§C||M||X||Ullx/(t—s) 24 Brpo ALy
0

= Cllullxllvlix.

where Holder’s inequality and Lemma 2.5 imply that l =Ll41_ y—_l . In these inequalities,

Pc P
we need 64 > p. >¢q > 1and p > p., and "5(1 -1 )> —1. Notethatpc>q> 1 ensures the
Holder inequality, the Hardy—Littlewood— Sobolev 1nequa11ty (Lemma 2.5) to be applied:

n < n
< .
=P~y

n—ao-+

Also p > p. and %(% — i) > —1 ensure the integrals with respect to s to converge. Note that

max(n_g—H, De) > max(#}f’_l, pe) as it should be. Further, 04 = o0 if p> Z. If p < Z,

n
" n(/pet1/p—(y —D/n)+1—2a’

and 1 < ¢ < p. < 64 is automatically true.
The other part can be estimated in the same way.

np _ 1y _Bip_
£ %G P Hu, )|, < Cr'% e /(r 97 @D P () B(s)) 4 ds.
t 4.11)
1 l n,s 1
<cre e /(r—s) G B ) o) ds.
0
Wherel—g—y L
q 14

the conditions in Theorem 4.1. However, as we know max(;,— — +1 s Pe) = max( - +y T» Pe), these
conditions are satisfied automatically.
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We then find that

1% G I H G, ),

Q‘m

o

B ngel 1
c+B- 1S2°‘(P )ds

\ﬂ~

< Cllu®llx o) 1x° e /(l
=Cllu)lxllvis)lx.

For this integral to converge, we need 2%( % — lc) >—1,0r p<v.

The claim that H (u,v) € C([0, T], LP<(R™)) N C((0, T], L?(R™)) can be proved with the
same argument as the proof of Theorem 4.1. The only difference is the estimates of (4.10) and
(4.11). We omit the details and then H (u, v) € X.

Applying Lemma 4.1, the existence part then follows. The uniqueness can be verified in the
same way as what we did in the proof of Theorem 4.1. 0O

Remark 4.1. For the standard Keller—Segel equation (¢ =y =2 and 8 — 1), (p.,v) N
) s Rl ~%) is nonempty.

Remark 4.2. For n > 2, y <n and thus p. > 1, (1.1) is critical or super-critical. According to
the blowup results in Section 6, the smallness of initial data is necessary for global existence. As
for usual Keller—Segel model, the global existence for all initial data holds for sub-critical case
(see [3, Section 3.2] when n = 1). We believe (1.1) (with B(p) = V((—A)’%p) allowing y > n)
also has global solutions in the sub-critical cases without the assumption of smallness.

4.2. Integrability and integral preservation
In this subsection, we explore the integrability of the mild solutions if pg € L' (R") N L? (R™).
By interpolation, we know that pg € L"(R") for all r € [1, p]. Corresponding to Theorem 4.1,

we have the following theorem:

Theorem 4.3. Suppose n > 2, 0 < B<1 1<a<2and 1<y <n. Suppose py € L'(R") N
LP(R"™) where p € (p¢,00) N[ 00). Then

n+y 1’

(i) There exists T > 0 such that equation (1.1) admits a unique mild solution in C([0, T];
L'(®R™) N C([0, T1; L?(R™)) with initial value pg in the sense of Definition 4. Further, the
integral is preserved, that is,

/p(x,t)dx:/,oo(x)dx. 4.12)
R7 R7
(ii) Define the largest time of existence

T, =sup{T >0:
(1.1) has a unique mild solution in C ([0, T, L' (R") N C(0, T]; L? (R™))}.
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If Ty, < 0o, we then have

limsup(lo G, Ot + Lo, Dl p) = +o0.

t—>T,

(iii) If p falls into the range in Theorem 4.1, then the largest existence times for the mild solution
in Theorem 4.1 and the mild solution here are the same.

Proof. In this proof, we consider the space
X =C([0.T]; L' R") N C([0, T]; L”(R™)),

with the norm given by

lullx := sup (llully + llullp)-

0<t<T

Then, X is a Banach space.
It is clear that for any r € [1, p], llullcqo,7);.®?y) < llullx.
(1). By Proposition 3.4, S{j po € X. Thus, by Proposition 3.3, we find that

1S5 @ pollx < lleolli + lleol -

We then evaluate that for any 0 <t < T':

t
I1H (u, v) [l < C/a — )" P u(s) Bw)(s) [ ds
0
(4.13)

t
SC/(I—S)_g-Fﬁ—l”u(S)H,,I ”B(U)(S)H%ds
0

t
_Bipg_
< c/(r O E () Ly [Vl s
0

_B
<CllullxlvllxT~«*P,

_ 1 _ 1 _y=l v=1 .12 1,4yl
where 1 o = —. Clearly, as long as 1 + =—— € [p,2) N (p + 5=, 2), there always

exist p; € (1, pl, p2 € (1, pIN(1, %) such that the Holder and the Hardy—Littlewood—Sobolev
inequalities hold. This condition is satisfied if

2n

>—
p_n—i-y—l

The other constraint 64 > 1 in Proposition 3.3 is automatically satisfied.
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Similarly, we can estimate for 0 <t < T':

t

H @, )|, < c/<r )G () Bo(s)) , ds,

P3—q

0
t
_mBl_1y BLg g
=C [(@—s) @ @ () ps 1B ()| p3a_ds (4.14)
0

t
_mBl_1y_ Big 4
sc/(t—s) « G () s 0]l g ds.
0

. 1 1 1 y—1 1 y—1
> > - —_ = = = — f— = PA——
Here, we require 94 >p q 1, and P S " P Clearly, as 10Hg as p + n S

[%, 1+Hnd+ 7”;1, 1+ é), there always exist p3 € (¢, pl, pa € (1, y’il) N (1, p] to make
the Holder and the Hardy-Littlewood—Sobolev inequalities hold. Hence, we need the following

condition

2 y—-1

11 y—1__ 1 2 y—1
—el— n=-f— 2L n-2-
g p p n n P

—1 1
Y == ni= =Y
p p n

n

2n
n+y—1°

The interval is nonempty since p > To make the integrals converge, we need

oa—1

1 1
o=
q p n
y=1

n

P > pc. p < 04 requires % <14 20l

T which is guaranteed by p > p. also.
The claim that H(u,v) € C([0, T, LY(R™)) N C([0, T], L?(R")) can be proved as in the
proof of Theorem 4.1. The only difference is that we use estimates as in (4.13) and (4.14). We
omit the details and then H (i, v) € X.

Then, we find that there exists some § > 0 such that

Therefore, we need % — < % + o‘n;l to ensure ¢ to exist and the inequality is satisfied since

IH (u, v)llx < CT|lullx]lvllx.

The existence for small time then follows from Lemma 4.1. The uniqueness argument is per-
formed similarly as we did in Theorem 4.1.

(i1). The statement regarding 7} follows in a similar approach as the proof in Theorem 4.1 and
we omit the details.

(iii). Consider that p is in the range as in Theorem 4.1. To prove that the largest existence
times are the same, we only have to show that if p € C([0, T1]; L?(R")) is a mild solution
in Theorem 4.1 for some 77 > 0, then p € C([0, T1]; L‘(R”)). To this end, we consider the
sequence {p"} defined inductively by p° = S(f po and

p" Tt =SEpo+ H(p,p"), n>0.
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By the same estimates as in Theorem 4.1, we find that p" € C([0, T'], L? (R")). Direct computa-
tion shows that p” — p in C ([0, T1]; L? (R")) as n — oo. Now, by (4.13), we find

t

IH (p, o™i < C/(t — ) B 0" () ds.

np+py—n—p
0

Since W € (1, p], there is o € [0, 1) such that

t
_Big_ _
IH (o, p™h sC/(r—s) " IT " ()N, ds
0
t
_Big_
<cr [a=s H e ] as
0

This gives the inequality

t
_Big_
16"l < lleoll +clm)/<r ) EHE 0 ()1 ds.
0

Inductively, it is easy to see that for any positive integer m, || 0™ (¢)||1 < u(t), where u(t) solves

the fractional ODE ng %y = C1(T)u® ,u(0) = ||poll1, which exists globally as showed in
[17]. Extracting an almost everywhere convergent subsequence and applying Fatou’s lemma to
|p™*| and |p]|, we find ||p|l; < u(¢). Using this boundedness and similar estimate to the proof
in equation (4.13), it is straightforward to show || p(t + At) — p(¢)||1 — 0 as Ar — 0. Hence,
p € C(0, T1]; L' (RM)).

As soon as we have the integrability, we have

t
/pdx=/Sgpodx—//v-(Tf(z—s)p(s)B(p(s)))dsdx. (4.15)
R? 0

Rll Rll
Since we know P > 0 and fan P dx =1, we then have
/Sgpodxz/podx. (4.16)
Rn RI‘[

Further, for any # > 0, we have ¢ = p(s)B(p)(s) € C([0,¢]; LY(R™)) since p € X. By approxi-
mating ¢ with C2°([0, t] x R") functions, we find
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t
//v A(TE(t = 5)¢(s))ds dx =0. 4.17)

]

(4.15), (4.16) and (4.17) prove that L' integral is preserved. O

Remark 4.3. In Theorem 4.3, we do not need to ask for p < "5 compared with Theorem 4.1.
The reason is that we only choose ps < -, and p3 can be adJusted accordingly, which will not
affect p.

For po € L'(R") N LP<(R™), we have the following claim:

Theorem 4.4. Assume the conditions and notations in Theorem 4.2 hold. Suppose (p¢,v) N
[”J'TH, ~=7) is nonempty. Then, there exists § > 0 such that for all po € LY(R") N LP<(R")
with |pollp, <8, all the claims for the mild solution p in Theorem 4.2 hold and further
p € C([0, 00), L' (RM)) satisfying

/,o(x,t)dx = /po(x)dx. (4.18)
Rl‘l Rl‘l
Proof. As in the proof of Theorem 4.2, we pick p € (p¢, v) N [n pEn Y 1) and § > 0 so that
the mild solution satisfies
lollx =supliollp. +t“ e~ )Ilpll <24, (4.19)

t>0

and using (4.19), it holds that

t
Bl _ 1y Bipg
||H(p,v>||pCsC/<r—s) o« G P b () B(u(s)) Il ds

t

nB
C/(t—s) O o)l ds

0

(4.20)

= Cillplixlvlicqo,m;zrey = l”v”C([O,t];LPC),
where the same constralnt - pl + % V L holds. The only difference is that we applied L?¢
norm on v here while we apphed LPe norrn on the first function in the proof of Theorem 4.2.
Note that § is chosen such that C;26 <3 L which is the same as what we did in the proof of
Theorem 4.2.

Clearly,

I1SE(t)poll1 < llpoll1- (4.21)
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Ifpr=;—g=pcorn<2a+y-3,

pc—1

t
IH (o, p)ll1 < c/(r — )" o () | BN e ds,
0

n—o+1

t
<C / (t =) B ()| 0 ) | o ds (4.22)
0

t
B nB on—a+l 1
< C||p||§/(r —5) TPl T T g,
0

where the norm X is in (4.19). It is clear that

U s L S F WV S S A SP Y0 SR 4.23)
o n De o o

The integral in the third inequality of (4.22) converges. Hence, (4.21) and (4.22) imply that
p(t) e LY(R™). It is then easy to show that

o+ At) —p(®l1 — 0, At =0, V=0,

by using similar controls. Approximating pB(p) with C2°([0, #] x R") functions, we can prove
easily that

/H(p,p)dx:O.

Rn

This then proves the claims when p; > p,.
Now, we assume p; < p. (p1 > 1 is clearly true). Then, using interpolation, there exists
o € (0, 1) such that

lullp, < IIMIITIIMII},:”- (4.24)
We construct the sequence p” as p? = Sg po and

Pt =88po+ H(p, p"), n20 (4.25)

where p is the mild solution. Inductively, with the help of (4.25), (4.20) and (4.19), assumption
llpoll p. <& implies that

1
o™y <8+ I1H(p, p")lp. <8+ 528=2.

Similarly, p"*1 € C([0, 00); LP<(R")) can be verified directly.
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Further, let u(¢) be the solution to the following equation

c /3*5 _ 2—0 0 _

oDy “u=C@28)u’, u© =lpol1,

which exists globally and is increasing on [0, oo) by the result in [17]. Clearly, || 0°[l1 < [looll1 <
u(t). Then, we prove by induction that for any positive integer m, || ™ (¢)||1 < u(¢). Indeed, using
(4.19), (4.24) and induction assumption, we have

n—a+1

t
_Big_
||/0"+1||1§||,00||1+C/(l—5) B )l 0" ()] o ds
0
t
_ _Big_
< llpolls + C(26)? "/(z—s> S+ (5) ]9 ds
0

t
< ool + C(28)~° / (1 — )51 (5)ds = u (o).
0

Again by estimating directly [| " (r+ Ar) — p" (1) |1, we find that p" ! € C([0, 00), L' (RM)).
Finally, we have

n

"t —p=H(p,p" - p)
and therefore

n+1

1 n
1" = pllpe = 510" = plip.

according to (4.20). This implies that p" — p in C ([0, c0), LP<(R")). By a diagonal argument,
we can take a subsequence p"* — p a.e. on [0, 00) x R". Applying Fatou’s Lemma to the ab-
solute value of p™ and p, we have p(r) € L' (R") and ||p|l1 < u(¢) for a.e. t € [0, 00). Using
lollt <u(t), we can then check directly that

o+ A1) —p@)]1 — 0, At — 0.

Again, we can prove
/ H(p,p)dx=0
R?

by approximating o with smooth functions. O
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4.3. Existence in the weighted space

In this subsection, we study the existence of the mild solutions to (1.1) in the weighted spaces
(see equation (2.25) for the definition of LJ°)

X7 =L>([0, T], L, (R™)). (4.26)

For mild solutions in weighted spaces of some PDEs, one may refer to [10,6]
It is easy to verify that

lullpe, <oo=u e LY(R™) N L®°R"). (4.27)
First, we establish the L°° estimate of linear operator B using the X 7-norm.
Lemmad4.2.Letl <y <n, 1l <a <2,n>2. Assume u € Xt. B(u) is defined as (1.3). Then
1B lloo = Cllulixy- (4.28)

Proof. According to (1.4), we have

_ _Sn,y(x -y
BuGnl=| [ S (. dy
Rn

1
SC”””XT/|x_y|n—y+1(1+|y|n+a) dy.
Rn

Denotte :{yER”|y|§%}, sz{yeR”|x_y|§li2‘} and93={y€R":|x—y|z
B |y) > Bly. Then, we have

1
12/ Ix — y[ (1 4 |yt dy=/+/+/=: I+ L+ 1. (4.29)
R?

Q2 Q3

If y € @1, we have %lxl <|lx—yl < %|x|. This inequality gives that
Ix1/2

h<Cc— / _ 1 gy / o

= r.

1= |x|nfy+l (1+|y|)n+a y 1|x|nfy+l (l—i—r)"*“
[yI=Ix1/2 0

When |x| < 1, this is controlled by

lx1/2

1
r"ldr = Colx |7 < Cs.

1 |x|n7y+1
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rnfl
(1)
If y € Qp, we have |y| > |x| — |x —y| > %|x|. Then,

When |x| > 1, we have trivially I) < C; fooo dr < oo.

1 1
h|<C d
ILl= (1+|)C|)"+0‘/IX—)’I’H’Jrl g
Q

2
lx[/2

I ! (4.30)
= Cl (1 + |x|)”+°‘ / pn—y+l1 dr
0

x| !

2 oy =
(1 + [x]rte

Cs.

If y € 3, one has 3! < |x — y| < 3|y|. Then,

1 1
I < —_—d dy.
Il = / T P ey
[x—y|<1 Q3N{lx—y|>1}

The first term is trivially bounded by a constant, and for the second term we have

1 1
dy<C ——d
|x—y|”_y+1(l+|y|”+o‘) y=ti |x—y|2”+°‘_7’+1 y
Q3N{lx—y|>1} Q3N{lx—y|>1}
® rn—l
=G / r2nto—y+1 dr
max(1,|x]/2)
<(Cj.

All the bounds are independent of x and the claim is therefore proved. O
Using Lemma 4.2, we establish the existence of mild solution to (1.1) in X7.

Theorem 4.5. Forn > 2. Let0 < < 1,1 <a <2and 1 <y <n.lIf po € L5 ,(R"). Then there
exists T > 0 such that (1.1) has a unique mild solution p € L ([0, T]; L35, (R")), satisfying

/pdx:/,oodx.
R" R"

Define the largest time of existence

Ty =sup{T > 0:(1.1) has a unique mild solution in Xt}.

If Ty < oo, we then have lim Sup, _, 7.~ lo(-,t)|lpe = +o00. Further, this solution is the same

n+a

solution as in Theorems 4.3 on [0, Tlf‘), and
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peC(0,Ty), LP(R")), Vp e[1, 00).

Proof. We can construct the existence of solution to (1.1) in X7 applying Proposition 3.5.
By equation (3.26) and (4.27), we find

IS pollx, < CA+THlpollrz, . 4.31)
Due to the definition of the bilinear form (4.3) and estimate (3.27), we have

t

I1H(p, p)llx, =ess Su]g (1+ [xp"*e /Tf(t —17)V(pB(p))(v)dT
xeR” 0

n+o

t
S/IIV-(Tf(t—f)(pB(ﬁ))(T))Ile dt (4.32)

n+a

0
t
<c / t — )P BE) O, + (6 — 5 (0B (D)hdT
0

By Lemma 4.2 and (4.27), we can deduce

loB(B) @)L, = 11 +1xD"p(@) B(A) (D)oo < Cllolx, 15]1x7, (4.33)

a+n

and

[GeB(E) @It = CllelillB(A) (D lloo = Cllolx 161x7- (4.34)

It follows from (4.32), (4.33) and (4.34) that

< _B < _ <
1H (o, P)llx; < CtP~<llpllx, 15 x, + CrP <l pllx, 151lx, - (4.35)

Combining (4.31) and (4.35), Lemma 4.1 yields the existence result in X7.

Since p € L®([0, T], L' (R™)) N L*°([0, T], L°(R")), we can deduce that p € C([0, T],
LP(R™)) for any p € [1,00) using (3.5). On the other hand, pg € L5, (R") implies that it
is in LP(R") for any p € [1,00]. Then, Theorem 4.3 tells us that there is a unique mild
solution g in C([0, T1], L'(R™)) N C([0, T1], L' (R™)) for some T; > 0 and p; € (1, 00).
The uniqueness part of Theorem 4.3 ensures that p = p on [0, min(T, T})]. Moreover, equa-
tion (4.27) and the blowup scenario of Theorem 4.3 imply that o exists on [0, 7). Theo-
rem 4.3 again then ensures the uniqueness of p and the integral preservation. Lastly, since
p € C(0,T], L"(R™) N L*®([0, T], L*(R")), we deduce that p € C([0, T], L?(R")) for all
pEll,00).

The statement regarding 7, follows in a similar approach as the argument in Theorem 4.1
and we omit the details. O
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Remark 4.4.

o Note that we usually do not have p € C([0, T'], L35, (R")). Consider that pg is compactly
supported but essentially discontinuous. It is well-known that the mollification of py does

not converge to pg in L°°(R"). Hence, Sff (H)po # poin LS, (R") ast — ot.
e The fact that p € X7 clearly implies that for v <

/|x|”|,o|dx < 00.

Indeed, according to the asymptotic form of the fundamental solution (equation (3.8)), if « €
(1, 2), we cannot expect the solution to have moment of order v > « (see also [6, Section 2]).

5. Nonnegativity preservation and conservation of mass

In this subsection, we intend to discuss the problem that if the fact that the initial value pg of
(1.1) is nonnegative can imply that p(x, #) remains nonnegative for every 0 <t < 7.
Given a function u, we recall u~ = —min(u, 0) > 0, ™ = max(u, 0) so that

u=ut—u".

We first have the following claim, which essentially follows from [9, Theorem 1.1].

Lemma 5.1. Let A = (—A) 2. Suppose p € L>(R™), then for any t > 0,

(e p, pT) <llptI3 = /pp+ dx. (5.1)
R+

Proof. The kernel P corresponding to ¢4 is non-negative and integrates to 1 for any s > 0,

which is the 8 — 1 limit of Lemma 3.1. Then, it follows that

—tA —tA

_ _ _tA
(e p, pTy=(e ™ot pT) — (e p 7, o) < (e p T p Ty =1lle” 2 pT I3 < o T I3

The first inequality follows because e~/4p~ is a non-negative function since P > 0, and the

second inequality follows from the fact that for any p > 1, ¢~ is a contraction in LP(R")
space (because ||P||; =1). O

Corollary 5.1. Let A = (—A)%. If p € H*2(R") for § € [0, 1] and Ap € H™52(R"), then we
have

(Ap,p*) =0, (Ap,p~)<0. (52)
Proof. By Lemma 5.1 and the fact L>(R") ¢ H%2(R"), we have

((e7"p—p), pT) <0. (5.3)
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Hence, using (5.3), we find

t—0

N . 1 _
(Ap,pT)=— <tlgr(1) (e "o —p), p+> > —limsup — (e “o—p.pty=0. (54
Inequality (5.4) implies that

—(ep.p7) = (e (=p). (=p)T) =0,
and the second claim follows. O

Theorem 5.1. In Theorem 4.1 (or Theorem 4.2, Theorem 4.3, Theorem 4.4, Theorem 4.5), if we
also have py > 0, then for all t in the interval of existence we have

p(x, 1) >0. (5.5)

Proof. We will just prove the case that the solutions satisfy the assumption in Theorem 4.1 here.
The proof for other cases are similar.

We introduce a mollifier J¢(x) = 1

o

J () and consider the operator B defined by
Be(u) := B(Je xu) = Je * B(u).

Recall that T}, is the largest time of existence. We fix T € (0, T}) and let p be the mild solution
on [0, T]. We define p(¢) = p(T) fort > T.

Now, we first pick approximating sequence Q(()n) € LP(R™) N L2(R") such that Q(()") >0 and
Q(()”) — po in LP(R"). For example, we can choose f, € C2°(R") such that f, — po in LP (R").

Denote f, V0 := max( f,, 0) and picking Q(()") = fu VO suffices because |09 — f VO| < |po — ful
due to the fact pg > 0.
For the purpose of the proof, we consider the following auxiliary problem

t

o™ (1) =S[(1)po - / Tf(t =)V (") B1(p))ds. (5.6)
0

‘We denote
an(x.1) = B1 (p),

and it is a smooth function with derivatives bounded in [0, co) x R" by the properties of mollifi-
cation.
For ¢ > 0, since Eg(—s) ~ Cis—! as s — 0o, we observe

~ _ 208
||S£u||§,a,2=/<1+|$|2“><Eﬂ(—rﬂ|5|“>>2|ug|2ds <Clluljt~«, o el0,al. (5.7
]Rn

To deal with the second term in (5.6), due to the definition of Tf , we note that
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t

t
/Tof’(t—s)v-uds g/a—s)ﬂ*lnEﬁ,ﬁ(—(z—s)ﬁA)v-v(s)nds
0

holds for any norm. Hence, aiming to compute H°"% norm, we have
I Ep.p (=t = )P AV - v(s)lI302
H

_ / (U +1E1) |6 Ep p(—(t — 5)P 61%)0e | d

(5.8)
< / L+ [EPP7P22)ES 4(—(t — 9)PIEI") 181 D¢ |> dE

BQo +2 25)

=C(I+(@—s)" Ml3s2-

Since Eg g(—s) ~ Cas™2 as s — oo, the last inequality is valid if 20 + 2 — 26 < 4«. This
computation implies that

t t
/Taﬂ(t—s)v-uds SC(T)(1+/(t—s)ﬂ*“ﬂz”ii*”)||v||,,m (5.9)

0 Ho:2

Picking 0 =8 =0 in (5.7)—~(5.9) (with u = p, v = a,p™), and applying the method in [34, Ap-
pendix], we find that

0™ € CP([0, 00), L2(R™)) N C*®((0, 00), L*(R™)). (5.10)

Using this time regularity, we have that in C ([0, 00), H~%2(R")), 0™ solves the following
initial value problem in strong sense:

cDP o™ 1+ (—1)5 0™ = -V - (0")*a,(x, 1))in (x,1) € R" x (0, 00),

(5.11)
o(x,0) = 0" (x) > 0.
With the time regularity and (2.6) in Lemma 2.1, we find that in H~%2(R")
(n) _ (n) N ()
B () _ 1 o / 0" (x,s)
oD; o ——————ds|. 5.12
A | s —op 12

It is clear that

pr>anp”

is bounded in L>(R") and H'2(R"). By interpolation, this mapping is bounded in H%2,0 < § <
1. We now denote
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v =" an.

We know p" € C([0, T]; L*(R")). Hence, we can pick §=0,20 +2—2§ <2a,0r0 <o —1
in (5.7)—(5.9) to find

20+ ap

t
oB 2-268
0" | o2 < Ct™ @ 4+ C(T)(1 + /(t — )PP W < e
0

This allows us to pick § € (0, — 1) and 0 < a + 6 — 1, which then improves the regularity
of p". Clearly, we can continue this process in finite steps so that § = 1 and ¢ < «. Hence, for
t>0,

0™ e H**(R"), o €0, ).

Consequently, for t > 0, o™ e H"“2(R") and (—A)%Q(”) € H=¢%(R") for any € > 0.

The right hand side of (5.12) also makes sense in C ([0, 00), L2(R™)). Since (0™)~ € L2(R"),
we can multiply (o)~ on both sides of (5.12) for ¢ > 0 and take integral with respect to x.
Together with the facts o € H“2(R") and (—A)%Q(") e H V2(R") for t > 0, we can pair
both sides of (5.11) with (o)~ with respect to x to get for any ¢ > 0:

/ $Df 0™ (0"™)"dx + (—2)50™, (™)) = — / V(@) T an(x, 1)) (0™)"dx. (5.13)
R)l R"

For the term fR,, ng 0™ (0"™)~dx (for notational convenience, we use o to represent a gen-
eral 0™), (2.6) in Lemma 2.1 gives that

= (12 _ _
/(SDfQ)Q‘dx= ! (/ lo” O = poe™(x.0) -
Rn

ra-a 1P
Rn
' !
o™ (x,5)0” (x,1)] (0= (x,1) — 0™ (x,8))0" (x,1)
_ﬂ// @ —s)Fr dsdx—,B// 7RYEs dsdx)

R™ 0 R™ 0

t
1 lle~(x. 0I5 (" (x,1) —o~(x,8))0” (x,1)dx
< ra—p |\~ 2 —,8/ )P ds (5.14)

0

Here we have used the nonnegativity of g and o~ . Note that

a? —p?

—la-ba=-—3

Applying the above inequality to (5.14), we have
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' 2 2
le™ Iz = lle™ ()II3)
2(t — 5)B+!

—-B ds |. (5.15)

0

/("Dﬂg)g’dx < -
0™t “I(1-p) 2tP
Rn

Note that ||, ||% = 0. Applying Equation (2.6) to [0~ ||% (due to the regularity results (5.10)),
(5.15) implies that for any n > 1:

1
/ DL o™)(0™) dx < —§<ng 1™~ 113). (5.16)
Rn

With Corollary 5.1, we have that for any ¢ > 0

(=M)Z0™, (0™)7) <0, (5.17)

since (—A)%Q(”) e H~12(R") while p" € H"2 fort > 0.
Further, since for any ¢ > 0, o™ € H'2(R"), we have (™)~ € HL2(R") and V(o™)~ =
—19<n>§0VQ(”). Then, we obtain that

—(V - (@) Tan(x,1)), (")7) =0. (5.18)

Combining (5.13), (5.16), (5.17) and (5.18), for ¢ > 0, it holds that

1 B
0< —z(gD?n(d”)) 13).

Since [[(0™)~ |3 is continuous in time, (™)~ = 0 follows from Lemma 2.2.
This means that 0 indeed satisfies the following equation

T

0" =5 ey - / Tf(t =)V - ((@")B1(p)) ds. (5.19)
0

and Q(") > 0.
Note that Q(()”) € LP(R™). Since Bi(p) is smooth and bounded, we find that o™ e
C([0, 00), LP(R™)). Then, fort € [0, T],
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o™ () — p()ll,

t
_mBl_1y BLipg 4
<llef” = poll, + [ =) GRG0 B o)~ Bl ds
0

t
_nmBel 1y B g
s||gg">—po||p+/(r—s> TP — pll ()| By (p(5) e ds
0

t

_mBl_1y Bpg g
+/(r—s> QTP Nl 1y % B(o) — B(p)l pa ds

0
t
—mBLl_Lly BLp )
=C [@—s) «a » = o™ = pllp(s)ds + 8, (T)
0

where

t
_nBl_1y Big 4
82(T) = llo§” = pollp + sup /(r—s> « G TP o) 111 % B(p) — B(p)I| e ds
0<t<T n P=q

0

goes to zero as n — 00.
By the comparison principle (Lemma 2.4), we have

o™ (1) — p(O)l ) < u(t),

where u(¢) solves the equation

np 1 1 B
T (G g tB
oD, “ ! up(t) = Cuy(t), un(0)=258,(T).

Clearly, as n — o0, u,(t) — 0 for t € [0, T'], and then we conclude that

0™ (1) — p(1), in C([0, T], LP(R™)).

Since Q(”)(t) > 0, we then have p(¢) >0 for ¢t € [0, T]. Since T € (0, Tp) is arbitrary, the claim
follows. 0O

Corollary 5.2. In Theorem 4.3 (or Theorem 4.4, Theorem 4.5), besides the conditions listed there,
if further we have py > 0, then p(x,t) > 0 and the total mass is conserved, that is

M:/,odx:/,oodx.
]Rﬂ

Rn
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6. Finite time blow up of solutions

In this section, we investigate the blowup behaviors for (1.1). For the usual parabolic—elliptic
Keller—Segel equations, a strategy of proof for blowup relies on the second moment method
(see, for example, the celebrated work of Nagai [38]). As mentioned in Remark 4.4 (see also
[6, Section 2]), if & € (1, 2), the solution usually does not have moment of order v > «. Hence,
the standard technique using second moment does not work for « € (1, 2). If we focus on the
fundamental solution P, a straightforward corollary of Lemma 3.3 is

Bv
/|x|"de§Ct7, 6.1)
Rﬂ
forv e (1,a) if @ € (1,2) or for v € (1,2] if @ = 2. Hence moment of order v € (1, &) might
work. (Of course for & = 2, one can consider second moment.)
Using the v-moment to prove the blowup with Caputo time fractional derivative follows from
the similar approach as the proof of [6, Theorem 2.3]. For the sake of completeness, we provide

a detailed proof here.
Consider the following function which will be used to construct the moment:

o)==+ x)? - 1. 6.2)

The following lemma has been proved in [6] to justify that ¢ is equivalent to |x|” and has some
good properties:

Lemma 6.1. [6]
(i) For e > 0, there exists C(g) > 0 such that
p(x) <|x|" <&+ C(e)p(x) (6.3)
(ii) Forl <v<a <2 o0orl <v=<a=2,
(—8)%p(x) € LXR"). (6:4)

(iii) For 1 <v <2, there exists K = K (v) > 0 such that the following inequality

e =y 1
<—(V -V “(x —y), Vx,y eR". 6.5
=TT 2 (Vo) = Vo) - (x = y), ¥x,y € (6.5)

In order to study the finite time blowup of solutions to equation (1.1), we need some auxiliary
results. We then have the following claim

Proposition 6.1. Let p be the mild solutions in Theorem 4.3 (or Theorem 4.4, or Theorem 4.5).
Letve(l,a) ifae(1,2) and v € (1, ] if « = 2. In addition, if py > 0 and py € L' (R", (1 +
|x|2)"/2dx), then in the interval of existence of the mild solutions,
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w(t) ::/(p(x),o(x,t)dx :/((1 +1x1)2 = Dp(x, ) dx < oo.

R" R

Further, w(t) is continuous and satisfies the equation
stwa):—/p(x,s)(—A)%wdx

s” // PSSP (G4 () — V(1)) - (x — y) dxdy.

o y|n Y+
HX n

(6.6)

Proof. Below, we provide a uniform proof for all the conditions in the theorems (although the
first part of the claims is trivial for Theorem 4.5).

Let T} be the largest time of existence. We fix T € (0, T) and let p be the mild solution on
[0, T']. Define p(¢) = p(T) for t > T. We consider the following regularized system

t

p" (1) = S§ 1) po — / TSt =)V - (0" B1(p))ds, (6.7)
0

where B1(p) = J1 * B(p) with J. = }nJ (’6—‘). Repeat all the arguments as in the proof of Theo-

p" >0, /p"(x,t)dx:/,oodxz:M

R7 R”

n n
rem 5.1, we have

More importantly, by taking the difference directly, we find for some p > p. (depending on
which theorems we are considering)

p"— p in C([0,T]; LP(R™)), as n — oo.

By equation (6.7), we find that in C([0, T']; H=%”(R")), the following equality holds in
strong sense:

6D/ p" = —(=A)%p" =V (p"B1(p)). (6.8)

Testing (6.8) using ¢ € C°(R"), we have
(C)Df@o"» V)= —/P"(—A)%llfdx +/,0"B%(P) -Virdx. (6.9)
Rll Rn

Now, we take n — oo in (6.9) which is valid since ¥ € C°(R") and p" — p in
C ([0, T], LP(R")), and have:
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5Dl (p.v) = —/p(—A>%wdx+/pB<p) VY dx. (6.10)

er Rn
Then, (6.10) gives that

t

1
(P, ) (1) = (p, ¥)(0) + W} (t — )P 11 (5) + Ta(5))ds, (6.11)

where

Jl(s>=—/p<x,s>(—A>%wdx,

Rn

J(s) = / pB(p) -V dx

N S"V // e S)ﬁ(yyfz) (Vi (x) =V (y) - (x — y)dxdy.

R xR"

Choose { € C°(R") and 0 < ¢ < 1, thatis, for [x| <1, ¢ =1, for |x| > 2, £ = 0. Now we take
Ym = @&m, wWhere &, = ¢ (%). The corresponding J; and J, will be denoted by Ji ,, and J3 ;.
Direct computation verifies that || V2@ ||« < 00, and consequently

1 1
supnvzx/fmnoo:sup(nvzwnwnanng sup |V¢|||v;noo+ﬁ||w2;||w>

m>1 m>1 m=<|x|<2m (612)
< OQ.
Note that for |x| € [m, 2m], Vo ~ (1 4 |x])"~! < Cm"~!. By Corollary 2.2,
px,s)p(y,s)
// PRI dxdy < Cllpl (5) < oo, (6.13)
|x — y|"=v nty

R xR”

where we have used the fact tha nz"
Using (6.12) and (6.13), we find

|J2m| < Cllpl* (s) < o0

n+y

and similarly

s, = // LIPS (G4 (6) — Tp(r) - (x — ¥) dxdy < ox.

yl” y+2
RIZXRH

Consequently, we find that as m — oo, uniformly on [0, T]:
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X, , S
|12_12,m| EC // 710( ),O(y )dxdy—>0.
lx —y|*=7
R?xR"\ B(0,m)x B(0,m)

It is also clear that uniformly for s € [0, T'],

e :=—/p<x,s)(—A)%sods.
Rn

Replacing  with ¥, J; with J; ,, (i =1,2) in (6.11) and taking m — oo, we obtain on
[0, T]:

lim (. ¥m) = (0) + Tﬁ)/(’ — )P (5) + L(s)) ds,

which is continuous and finite. However, for left hand side, we apply monotone convergence
theorem and find that the limit must be w(¢). This is implies that w(¢) is continuous on [0, T']
and the equation (6.6) is valid. Since T € (0, Tp) is arbitrary, the claim follows. O

Theorem 6.1. Assume n >2, 0 < B < 1,1 <a <2,1 <y <n. Assume py > 0 and also the
conditions in Theorem 4.3 (or Theorem 4.5) hold to ensure the existence of mild solutions. If one

of the following conditions are satisfied,

(i) Fora =2,y =n,v=2, if po € L'(R", (1 + |x|")dx) so that

looll1 >
ny

(ii) For some v € (1,a) when o <2 or v € (1,2] when o = 2, with #

L'(R", (1 + |x|")dx) and

> L if po €

ool > M, /|x|”po(x>dx <8,
R’l

for certain constants M*(v,n,«, y) and (v, n,a, y).
(iii) Suppose a +y <n+2 (or p. > 1) and for some v € (1, ®) when a« <2 orv € (1,2] when
a=2.1If po € L'(R", (1 + |x|")dx) satisfying
f | | ( )d n+2 a—y
o |x x)dx

e X PR / po(x)dx , (6.14)

e p0@)dx
where y = S(M*)_1+°‘+VU—2—" (M*, 8 are the constants in (ii)).

Then the mild solution of (1.1) will blow up in a finite time.
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Proof. Recall the function

w(t)=/<p(x),0(x,t)dX~
RV!

Proposition 6.1 implies that on the existence of interval [0, 7], we have w(¢) € [0, oo0) and

Dbt = - / ()% )ptx, D

Rn
_ Sy _ e Dp(y. D) (6.15)
) //(Vw(X) Vo(y)) - (x y)7|x — dxdy
R R”
=L+ b

In the existence of interval, M := fR" px)dx = fR" po(x)dx > 0. This implies that w(¢) > 0.
Hence, as long as the solution does not blow up, w(¢) € (0, 00).
(1). In the case that « =2, y =n, v =2, we find that

I + I =2nM — s, M.
Hence, if M > si—"y, w(t) will be zero in finite time. This means that the solution will blow up in

finite time.
(i1). Lemma 6.1 shows that there exists constant Cy such that

I <CoM.
Now, consider I, by Lemma 6.1 (Equation (6.5)), we have that

1 o b )t
Izs——sn,yK// p(x )p(g ) —dxdy
2 e =y =V (L [x[*=V + |y1=Y)
R R7 (6.16)

1
=: —EsnnyJ(t).

Choose p € (1,00), 6 € (0, 1) and s > 0 such that

1
p:g,s=(n—y)8,sp’+(2—v)5p’=v, (6.17)

where p’ = %. Indeed, (6.17) implies that

— 2 —
p:w>1is_u>

= 0. 6.18
v n—y-+2- ( )

By Holder’s inequality, we then have:
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MZ://p(x,t)p(y,t)dxdy

R}l RY!
lx — yI® (L4 x>V + |y Pv)?
= _x,[ ,[ dxd
[ [ oee (R A e a e L PR b6y
R R7
l 4 ! i
< I - / / P P Dl — ¥ (14 x4 [y P dxdy) 7 .
R Rn

By (6.17) and inequality (6.3) in Lemma 6.1, we find

I =y (14 x> 4 [y 2% < €1y max((1+ [x["), (1 + [y]"))

(6.20)
=Ci2(I+9x) +e(y).
(6.19) and (6.20) imply that
) L T 1
M §C1'7’3J(I)P(M +2Mw(t))?, (6.21)
and with (6.16) and (6.21), we obtain that
M?»
L=< (6.22)

= 2Meyr T

Hence, we have the following inequality for w () applying (6.15), the estimate of /; and (6.22)

M?»
(M2 +2Mow(1)P~V

cDPw(n) <coM -y (6.23)

where Co = [(—=4) 79|l oo
Clearly, there are M* > 0 and § > 0 such that whenever M > M* and @ (0) < fRn |x]¥podx <
8, we have

M?» 6
Cyi=CoM — C 0. 24
2=R0 VM 2Mw (0T 624

By the fundamental theorem for fractional calculus (Lemma 2.2), we find that on the interval of
existence of solution to (1.1), w(¢) < w(0). Consequently, with estimates (6.23) and (6.24), the
inequality (2.18) in Corollary 2.1 implies that

(1) <a)(0)+C2%ﬁ)t’3.

From the above inequality, one can deduce that there exists 0 < 7* < oo such that w(T*) =0,
which implies finite time blowup.

(iii). In this case, we have the extra assumption o 4+ y < n + 2 and the mass M can be any
positive number. For the purpose of proof, we fix My > M*, where M* is the number in (ii).
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Recall that if p is a solution to (1.1), then so is
o* =22 25 (ux, AF 7).
These two solutions clearly have the same blow up behavior. Choosing A% 727" = % , We can

then verify that the mass of p* is M.
Direct computation shows that

/|x|”p)‘(x,0)dx=/|x|”)»°‘+y*2p()»x,0)dx
R~ Rn

MO l_m+yu—2—n (625)
v
= (22 d
(M) /IXI po(x)dx
Ril
Hence, if
(M())loHerZn/l |u )d 5
_ <38,
[ x|¥ po(x)dx
Rn
or

/lxlwo(x)dx < X(/Po(x)dx)l_m’

Rn R»

— 1+ —r
where x =8M,, “*7=27" “the solution blows up in finite time. By taking My — M*, we verify

the expression of x in the claim. O

Remark 6.1. It is mentioned in [6, Remark 2.6] that the conditions in (iii) indeed implies that
looll . is big which is in accordance with the result in Theorem 4.2.
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Appendix A. L? estimates of VY

Proof of Proposition 3.2 Part (2). Denote Q| = {x € R” : [x|* > t#} and Q) = {x € R" :
x| <P}

||VY(x,t)||£=/|VY(x,z)|1’dx+/|VY(x,t)|1’dx=1+J. (A1)
Q1 Q)
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Letr = |x]|.
For 7, by Lemma 3.3 Part (1), when | <o <2,

1
< C4P@B-1)
I=Ct |x|(n+o{+l)pdx
x| >2h
o
ZC,paﬁ—l)/r—(n+a+1)p+n—1dr (A2)
B
ta
— =L p-1+pp-1-5)
For o =2, we have
o0
(n+1)B o _ B
[<Ct— =z tB-Dp /exp(—Cr a1 @B )" gy
A (A.3)
ta
— e p=DrpB-1-5)
C . _B
here we use the substitution s =r¢~ «
For J, in the case n < 2o — 2, we can compute directly that
B(n+2)
J<cC / [P 1= 1P |x|P dx
B
|x|<ta
B
ta (A4)
=< Ct(ﬁq*w)”/rpr"*1 dr
0
— - Lp-1+p-1-5)
In the case 2o — 2 < n, we have
J<C / L [Pa—n=1) =B+ g
x| <t
B
ra (AS)
— Ct—p(ﬂ—H)/rp(Za—n—l)rn—ldr
0

— O TP DHp(B-1-5).

If n < 2a — 1, this holds for any p € [1,00). If n > 20 — 1, we need p < n+1+2a or p < k4 for
this integral to make sense.
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In the case n =2« — 2 =2, that is n = o = 2, we have

J<C / t~PBED 1P (1 4 | log(|x |t~ P)|)P dx
B

[x|<te

B

‘ (A.6)
=Cr~PBTD /(1 + [log(rt=#)yPr" =" dr
0

— L p-v+p-1-5)

Putting the results (A.2)—(A.6) into (A.1), (3.19) in Proposition 3.2 is verified.
By the asymptotic behavior of VY in Lemma 3.3, for x € Q, whenn <20 — 1, | VY| <
B . . .
CtP~1-0+tDg Forx e 21, the bound is trivially obtained. Hence, when n < 2« — 1, the estimate
also holds for p = 0o = 4.
In the case 20 — 1 <n and p = n+1+2a, according to the calculation above, we find that

Ip <cr w0 ool

is always true and thus P yxcgq, is in L7 (IR") and satisfies the given bound. We now focus on the
part on £2;.

B
a

d() =|{x| <15 : VY = A} < [{x: |x| < (CrB=1a -y
n—2a+1

=i . <Cr P

This yields the desired result. O
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