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Abstract. We consider a sequence of identical independently distributed random
samples from an absolutely continuous probability measure in one dimension with un-
bounded density. We establish a new rate of convergence of the co-Wasserstein distance
between the empirical measure of the samples and the true distribution, which extends
the previous convergence result by Trillos and Slepéev to the case that the true distribu-
tion has an unbounded density.

1. Introduction. Consider a sequence of identical independently distributed (i.i.d.)
random variables {X;},i = 1,--- ,n, sampled from a given probability measure v €
P(RY) with probability density function p. Here P(R?) denotes the space of all prob-
ability measures on R%. We define the empirical measure v,, associated to the samples

{Xi} by
Uy 1= lié
o i=1 o

The well-known Glivenko—Cantelli theorem [20] states that v, converges weakly to v
as n — oo. In recent years, there has been growing interest in quantifying the rate
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812 A. LIU, J.-G. LIU, axp Y. LU

of convergence of v, to v with respect to Wasserstein distances. Recall that the p-
Wasserstein distance between two probability measures u, v € P(R?) is defined as

1/p
W, = inf — y|PTI(dx, d 1<
seyi= (Lnt [ o= apien) . 1< <

and

Weo(p,v) := inf esssup, |z — yl,
mell(p,v)

where II(p, v) is the set of all probability measures on R% x R? with two marginals x4 and
v.

The purpose of this paper is to prove the rate of convergence of v, to v w.r.t. co-
Wasserstein distance W, when the density function p of v is unbounded. For simplicity,
we will focus on the one dimensional case, but the arguments of the proof are expected
to be generalized to high dimensions.

1.1. Motivation and related work. Estimating the distance between the empirical mea-
sure of a sequence of i.i.d. random variables and its true distribution is a highly important
problem in probability and statistics. For example, in statistics, it is usually impossible
to access to the true distribution, e.g., the posterior distribution in a Bayesian proce-
dure. So in order to extract useful information from the true distribution, a common
approach is to generate i.i.d. samples from the true distribution via various sampling
algorithms (Markov chain Monte Carlo for instance), from which one can approximately
compute many statistical quantities of interest, such as the mean or variance by their
empirical counterparts. Hence understanding the statistical error in estimating the sta-
tistics requires a quantification of the distance between the empirical measure and the
true distribution.

The Wasserstein distance is a natural choice for measuring the closeness of two prob-
ability measures in the problem of consideration since it allows the probability measures
to be singular to each other, which typically allows including Dirac masses or the empir-
ical measures. This is prohibited if total variation distance or Hellinger distance [14] are
used. We are particularly interested in the oco-Wasserstein distance for several reasons.
First, the oo-Wasserstein distance W, (i, V) reduces to the so-called min-max match-
ing distance [1,2,15] when both p and v are discrete measures with the same number of
Diracs. Such min-max matching distance plays an important role in the analysis of shape
matching problems in computer vision; see [9] and the references therein. Moreover, the
oo-Wasserstein distance is also useful in understanding the asymptotic performance of
spectral clustering [18,19]. In fact, in [18], the authors studied the consistency of spectral
clustering algorithms in the large graph limit. By formulating the clustering procedure
in a variational framework, they characterized the convergence of eigenvalues, eigenvec-
tors of a weighted graph Laplacian, and that of spectral clustering to their underlying
continuum limits using I'-convergence. One crucial ingredient needed in their proof is
exactly a convergence rate estimate on the oo-Wasserstein distance between the empirical
measures and the true distribution which was established in [19]. However, they made a
strong assumption that the density function of the true distribution is strictly bounded
from above and below. We aim to extend the result in [19] to the case where the true
distribution has an unbounded density in one dimensional space.
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CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 813

Let us briefly review some important previous works on the rate of convergence of
Wy (vn,v) with p > 1. For p = 1, it was shown by Dudley in [11] that when d > 2,

Cy - n-a <EWi(v,v,)) < Cy nTa.

Based on Sanov’s theorem, Bolley, Guillin, and Villani [6] proved a concentration estimate
on Wy (v, v) for 1 <p <2 in any dimension

P(Wp(yn,y) > t) <C- e Knt*,

Boissard [4] extended this result to more general spaces rather than R? when p = 1
and applied it to the occupation measure of a Markov chain. In [5], Boissard and Le
Gouic gave the rate of convergence for E(W,(v,,v)?) when 1 < p < co. Fournier and
Guillin [13] presented a better result than [4,6] for non-asymptotic moment estimates
and concentration estimates. They showed that if v has finite gth moment and p < %,
then

als

EWP(v,vy,)) < Cyp-n~

p
and
P(Wy(vn,v) >t) <C- exp(—Knt%).

(We only list the case p < g here. For other cases, one can refer to Theorems 1 and 2
in [13].) Weed and Bach gave a new definition of the upper Wasserstein dimension d*(v)
for measure v. They proved that for 1 < p < co and s < d*(v),

E(W,(v,vy)) < C-n"%.

As for W (v, vy,), its rate of convergence is less studied than that of W, (v, v,,) with
p < 0o. As far as we know, most results on W (v, v,,) are obtained when v and v, are
both discrete measures. As mentioned above, the co-Wasserstein distance between two
discrete measures is closely linked to the min-max matching problem. Many results have
been obtained for the latter when v is a uniform distribution. Let S = [0,1]%. Define a
regularly spaced array of n grid points on S (with n = k? for some k¥ € N ) by Y; and
the i.i.d. random samples with uniform distribution on S by X;. Leighton and Shor [15],
and Shor and Yukich [16] showed that as n — oo, it holds with high probability that

| 3
o( M) aes
nz2
min max | X, — Y;| ~

O((logn) )7 i3,
n

where 7 is a permutation of {1,2,--- ,n}. When v has a Lebesgue density which is
bounded from above and away from zero, Trillos and Slepcev [19] proved that the above
estimate still holds for W (v, v,). Davis and Sethuraman [10] showed that in 1-D, the
following estimate holds:

log (log(n)) > g

<C.
Weo(v,vn) < C < -
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provided that the density function is bounded above and below by positive constants and
satisfies additional Lipschitz conditions. We will prove a similar result in Theorem 1.1
without the upper bound assumption on the density.

1.2. Main results. The purpose of this paper is to improve the results of [19] in 1-D
by removing the boundedness constraint on p(z). Our first result is a rate of convergence
result in the case where the density function p(z) is bounded from below, but not from
above.

THEOREM 1.1. Let D = (0,1) C R and v be a probability measure in D with a density
function p : D — (0,00). Assume that there exists a constant A € (0,1) such that for
any z € D,

plx) > A

Let Xq,---,X,,--- beii.d. random variables sampled from v and let v,, be the corre-
sponding empirical measure. Then for any ¢ > 0,

P (WOO(V7 Vp) > %) < 2exp(—2nt?).

In particular, except on a set with probability 2n =2,

(1)

3
—~
x
S
SN—
AN
| —
7 N\
5}
[oF]
3
N~~~
N

REMARK 1.1. Note that the right hand side of (1) will blow up if A — 0. That’s why
we assume that p(x) has a uniform positive lower bound in Theorem 1.1. Moreover, the
exponent one half is sharp owing to the central limit theorem.

We proceed to discussing the case when the density function is not strictly bounded
away from zero. We first comment that if the density function of v is zero in a connected
region, then by definition the co-Wasserstein distance between v,, and v can not go to
zero as n goes to infinity. In fact, consider the probability measure vy with the density

function
3 1 2
= 0,-)uUl(=,1
0,z € L2
,TE |z, = .
3’3
Let vy,,0 be the empirical measure of 1. Since v, ¢ depends on a sequence of random
variables, there is no guarantee that vy,0((0, 3)) = 10((0, 3)). Assume that 1,,0((0, 3)) =
vo((0, %)) + 9, where 1 > 6,, > 0 is a small parameter. Since Weo(vp,0,v5) is also the

maximal distance that an optimal transportation map from v, ¢ to vy moves the mass
by (which will be mentioned later in Lemma 2.2), it follows that

. 1 2 1
Woo (Un,0,v0) > diam <<§’ §>) =3 > 0.

po(z) =
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CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 815

Therefore, for the validity of Theorem 1.2, we assume that p(x) satisfies the following
conditions:

(A-1) There are only N points z1,- -+ ,zx in D satisfying p(z;) = 0.

(A-2) For each zero point z;,

M < p(x) ¥V x € By, (2)

mgla; —x

where B; = (x; — A, z; + A;) is a small neighborhood of x; and A;, k;, m; are
positive numbers.

THEOREM 1.2. Let D = (0,1) C R and let v be a probability measure in D with a
density function p : D — (0,00). Assume that p satisfies assumptions (A-1) and (A-2).
Assume further that there exists a constant A > 0 such that for all x € D,

p(x) < A.
Then there exists a positive constant C' = C'(k;, m;, A) such that except on a set with

probability O ( 1 ) ,

logn

1
W (v, 1) < C - max (logn) R
% n

We would like to sketch the proof of the theorems above. To prove Theorem 1.1, we
use the fact that in one dimension, W, distance between two measures can be written
as the L norm of the difference of their quantile functions. Moreover, thanks to the
%—Lipschitz continuity of the quantile function of v, which follows by the assumption that
p > A, the L norm of the difference of the quantile functions can be bounded from above
by the difference between the cumulative distribution function of the true distribution v
and that of the empirical distribution v,. Finally, the latter can be bounded by using
the Dvoretzky-Kiefer-Wolfowitz inequality [12].

For the proof of Theorem 1.2, we first divide the domain D into a family of sub-
domains according to the value of p(z). Then, we use the following scaling equality in
each sub-domain

Woo (V1) = Woo (Ov, 0u,),

with an appropriate scaling parameter # such that after rescaling, the Lebesgue density
of the rescaled measure v is bounded from above and below. With the density being
bounded, we can estimate the co-Wasserstein distance by using the same method in [19].
However, the mass of v and v, may not be equal in each sub-domain. To resolve this
issue, we introduce a new measure v such that v has the same mass as v, in each sub-
domain. Since the distance between v and v, can be bounded by an argument similar
to Theorem 1.1 in [19], it suffices to estimate the distance between v and .

The following corollary is a direct consequence of Theorems 1.1 and 1.2.

COROLLARY 1.1. Let D = (0,1) C R and let v be a probability measure in D with density
p: D — (0,00). Assume that p(z) satisfies (A-1), (A-2). Let Xy,---,X,, -+ be iid.
random variables sampled from v. Then there exists a positive constant C' = C(k;, m;)
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such that except on a set with probability O ( 1 ) ,

logn

3)

1.3. Discussion. As we mentioned earlier, quantifying the rate of convergence of v,

Woo(l/, l/n) <C. max ( ogn) 2(k;+1) ]
? n

to v with respect to co-Wasserstein distance is very useful for understanding the consis-
tency of spectral clustering [18]. Our new convergence rate estimates will reshape the
convergence of spectral clustering in the case where the density of true distribution is
unbounded, as we discuss in what follows.

Let V. = {x1,---,7,} be a set of data points in R? sampled from a probability
measure v. For each pair of points x; and x;, we construct a weight Wf;” between them
to characterize their similarities. In general, the weight has the form of

W’LE; = Tkn ( I])’

where 7, (z) = o Ln(Z =) and 7 is an appropriate kernel function(for example, Gaussian
kernel). The weight matrlx Wen e R™™ is then defined by W, Let D € R™*"
be a diagonal matrix with Dj = 37, W;. Then the discrete Dlrlchlet energy and the
relevant continuum Dirichlet energy are defined by

Cren ") :ez,@zZW“‘ u” () =" (), w0t € L(v),

and
/ |Vu|?p*(x)dz, u e L*(v),

where p(z) is the density function of the underlying measure v. The unnormalized graph
Laplacian L, ., is defined by

Ly, = D™ —Wer,

The aim of spectral clustering is to partition the data points x1,--- ,x, into &k mean-
ingful groups. To do this, the spectrum of unnormalized graph Laplacian L, ., is used to
embed the data points into a low dimensional space. Then we can apply some clustering
algorithms like k-means to these points. For more details about spectral clustering, one
can see [22].

n [18], the authors proved that when the density function p(z) of v is bounded from
above and below, the spectrum of unnormalized graph Laplacian L,, ., converges to the
spectrum of the corresponding continuum operator L, which implies the consistency of
spectral clustering. They also gave a lower bound of the convergence rate at which the
connectivity radius €, — 0 as n — oo. With our theorems, the results in [18] can be
generalized to the case when p(x) is unbounded. In particular, the kernel width €, should
be chosen to be slightly larger than the right side of (3), which is different from [18].

The proof will not be included in this paper since it is similar to the proof in [18]. We
sketch the outline of the proof as follows.

First, we prove the I'-convergence of Dirichlet energy G, ., to G. Note that G,, ¢, (u™)
and G(u) are defined in different function spaces. In order to show the I'-convergence,
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CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 817

we need to construct an approximate function to u™ € L2?(v,,) in L?(v) by
U =upoTy,

where T, is the transportation map between v and v,,. Our theorems are used in this
step to establish the probabilistic estimates and the constraint on €,. By Corollary 1.1
and Lemma 2.2 below, we can give an upper bound on ||T;, — I

1

] L [

lim sup min T
n—oo ¢ (log n) 2(k;+1)

1
logn | 2(ki+1)

Then by requiring that €, > max; ( =

we can give upper and lower bounds on

G, (u™) in terms of G(@). Hence the I'-convergence of Dirichlet energy Gy, ., to G can
be proved.

Next, by min-max theorem, we know that the eigenvalues of L,, ¢ (or L) can be written
as the minimizers of G, ¢, (or G). Therefore, the convergence of spectrum is equivalent
to the convergence of the minimizers of G,, ¢, which can be proved by the I'-convergence
and compactness properties of Gy, ., . Finally, with the convergence of spectrum, we can
prove the consistency of spectral clustering.

The paper is organized as follows. In section 2, we introduce some preliminaries and
notation. In sections 3.1 and 3.2, we prove Theorems 1.1 and 1.2, respectively. Finally,
the proof of Corollary 1.1 is presented in section 3.3.

2. Preliminaries and notations.

2.1. Notations. Let D = (0,1) C R and let P(D) be the set of all probability measures
on D. Given a probability measure p € P(D) and a Borel-measurable map T', we define
the pushforward v of measure p under the map 7' by setting

v(4) = Tyu(A) = u(T(4))

for any measurable set A C D. We call T the transportation map between p and v.
The oo-Wasserstein distance W (u, v) is defined by

Weol(p,v) = inf  esssup, |z — yl,
m€M(p,v)

where II(u, v) is the set of all couplings between p and v, i.e.,
(s, v) = {7 € PO, )?)|r(A x (0,1)) = pu(A),
m((0,1) x B) = v(B) for all Borel sets A, B C (0, 1)}

REMARK 2.1. Note that the definition of W (u,v) can be generalized to the case
where p and v have the same mass on D. Therefore, in the sequential, we still write
Woo(p,v) when pu(D) = v(D) even though p and v are not necessarily probability mea-
sures.
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818 A. LIU, J.-G. LIU, axp Y. LU

It was proved in [7] that if p is absolutely continuous with respect to the Lebesgue
measure, then for any optimal transport plan 7 of W, (u, v), there exists a transportation
map T : D — D such that Ty = v and m = (I x T)yu. In particular, the optimal
transportation plan of W, (v, v,,) with v, being the empirical measure of the absolutely
continuous probability measure v is unique.

2.2. Useful lemmas. The following lemma collects some properties on W, to be used
in subsequent sections. The proof is trivial and thus is omitted.

LEMMA 2.1. Given measures fi1, ji2, i3 defined on D with py (D) = pe(D) = ps(D), the
following hold:

(1) Triangle inequality: Woo (1, tt3) < Woo (1, 2) + Woo (p2, 13)-

(2) Scaling equality: W (p1, p2) = Weo (i, i) Yoo > 0.

(3) Wo(r, i2) < diam(D).

(4) If D =, D;, then

Weo (p1, pi2) < max Weo(p1lp;, p2|D;)-

The following two lemmas give two different characterizations of W (i, v).

LEMMA 2.2 ([7]). Let u,v be two Borel measures with p absolutely continuous with
respect to the Lebesgue measure and p(D) = v(D). Then there exists an optimal
transportation map 1': D — D such that Ty = v and

Woo(ua V) = ||I - THL°°(D)-
Furthermore, if v = Zle a;dy, with y; € D and positive numbers a;,¢ = 1,--- , k, then
there exists a unique transportation map 7" : D — D such that

Woo(pt,v) = [T = T*|| L= (D)-

LEMMA 2.3 ([21, Remark 2.19]). Let u, v be two probability measures on R. Denote the
cumulative distribution functions of p and v by F(z) and G(x), respectively. Then we
have the following equality:

T L

LEMMA 2.4 ([19, Lemma 2.2]). Let 14 and v, be two probability measures defined on D
with density functions p;(z) and p2(x), respectively. Assume that there exists a positive
constant A > 0 such that

pi() >A>0,i=1,2.
Then there exists C' > 0 such that

¢

Woo(v1, 1) < - diam(D)||p1(2) = p2()l L= (p).

The following three probability inequalities on binomial random variables and the
Dvoretzky-Kiefer-Wolfowitz inequality will be used in the proofs of the main results.

Licensed to Duke Univ. Prepared on Wed Oct 16 14:19:30 EDT 2019 for download from IP 152.3.43.45.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 819

LEMMA 2.5. Let S, ~ Bin(n,p) be the independent binomial random variables. For
t > 0, Chebychev’s inequality [17] states that

P M >t < i
np(1—p) tQ
Chernoff’s inequality [8] states that

P ( S —p‘ > t) < 2exp(—2nt?).

n

Bernstein’s inequality [3] states that
%n2t2 )

Sn
Pl|l—-—p —
n np(l —p) + 3nt
LEMMA 2.6 (Dvoretzky-Kiefer-Wolfowitz inequality [12]). Let {X;}?_; be the i.i.d. ran-
dom variables sampled from a probability measure v. Let F(z) be the cumulative distri-

bution function of v and let F,(z) be the cumulative distribution function of v,,. Then
vt > 0,

>t> SQexp(—

P (sgp | (z) — F(x)| > t) < 2exp(—2nt?).

3. Convergence of empirical measure.

3.1. Proof of Theorem 1.1.

Proof. Denote the cumulative distribution function of v, by F,(z) and that of v by
F(z). Thanks to the Dvoretzky-Kiefer-Wolfowitz inequality [12],

P (sup |F(z) — F(x)| > t) < 2exp(—2nt?).
x

From this, we claim that

P (sgp 7 () - F\ ()| > %) <P (
which implies that

P (sup ) - £ = §
To prove (4), it suffices to show that sup, |F,(z) — F(x)| < ¢ implies
sup [F () — F~H(y)| <

To this end, fix y € [0,1]. Let o1 = F, *(y) and x5 = F~1(y). Then from the fact that
the density function p(z) has a lower bound A we know that

|F'(21) = F(22)|

> .
|z1 — 22

It follows that
Azy — 22| < [F(21) — F(22)| = [F(21) — Fo(71)| < 8,

Licensed to Duke Univ. Prepared on Wed Oct 16 14:19:30 EDT 2019 for download from IP 152.3.43.45.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



820 A. LIU, J.-G. LIU, axp Y. LU

where the last inequality is obtained from sup,, |F},(z) — F(z)| < t. Therefore, for any y,

-1 -1 t
B ) - P )| < 5

which completes the proof of (4). It follows from (4) and Lemma 2.3 that

P (WOO(V7 Vp) > ;) < 2exp(—2nt?).

=

By taking t = (10%) we get that except on a set with probability 2n =2,

1
1 /1 2
W&Wwﬂéx<%n>.

n

3.2. Proof of Theorem 1.2.
LEMMA 3.1. If a > b > 0, then a* — bF > (a — b)¥.

Proof. By induction, we only need to prove that a* —b* > (a—b)* implies a*+*—pF+1 >
(a —b)**1. From a > b > 0 we know 2b**! < ab* + ba®. Therefore,

(a—b)** = (a—b)(a—b)* < (a—b)(a®—b*) = a* T 4-bF L —ab® —ba® < o* T —pFHL (5)

O

In Theorem 1.2, we give the rate of convergence of Wy, (v, V) when the density func-
tion p(z) is not strictly bounded away from zero. The proof is a refinement of the proof
of [19, Theorem 1.1], which deals with the case where p(z) is bounded. We sketch the
rough idea of our proof in the following before we give the details.

To prove the theorem, we would like to use Lemma 2.1(4) to reduce the estimate of
Weo (v, 1) to that of W, (v|B,, vn|B,), where B; is a small neighborhood of the zero point
x;. For doing so, we need to modify the measure v locally (denote the new measure to
be » after modification) so that 7 has the same mass as v,, on B;. Then, we divide B;
into a family of sub-domains {A4,},en according to the value of p(z) so that p is bounded
from above and below on A;. Thus we can adapt similar arguments from [19] to obtain
bounds on Weo (V] a;,Vnla,). However, v, may not have the same mass as 7 on each A;.

So, in order to remove this mass discrepancy, we introduce another new measure v such
that 7(A;) = v,(A;). At last, thanks to Lemma 2.1, we can establish an upper bound
on W (7|B,, Vn|B,;) with the estimates of Woo(7]a;,vn|4,)-

Proof. Let Byy+1 = (0,1)\ Uiv B;. Then {B;}N1! is a partition of D. Let ¢ =
valBl) 1 for = 1,---, N+ 1 and let v be a probability measure defined on D

v(B;)
N+1
dv = (Z(Hei)p(x)n&) dz. (6)

i=1

Then it’s clear that
Combining this with Lemma 2.1, we obtain that

Woo (Vs vn) < Woo (1, V) + Weo (T, 1) < Weo(v, V) + DA% W (v

=1,

Bi»Vn B1)
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CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 821

Choose § > 2. To estimate W (V|p;, Vnl|B;)(i = 1,--- ,N), we divide B; into a family
of sub-domains {4;},;en and use scaling property to bound W, distance on each sub-
domain A;.

Define {A;};en by

Ag={z:1<p(x) <A} N By,

1 1
- - < .
A; {:z: GE1)7 <p(a:)_jﬁ}ﬁBz

(If A; is empty, just neglect it.) Then,
B; =| |4;.
J
Let 6; = V;((:_j)) — 1 and define a measure 7 on B; by

dv = Z La,(146;)p(x)da.

J

Then it’s easy to see that
V(Aj) = (1+6;)v(4;) = vn(4;).

Again, with this and Lemma 2.1, we can bound W (V| g, , vn|p,)(i = 1,- -+ , N) as follows:
WOO(g|BN Vn‘Bi) S WOO(fVV‘Bw?|Bi) + WOO(E|B¢7 Vn‘Bi)
S Woo (/ﬁ B;» v

B;) + Sup WOO(E‘AJ"V"MJ')'
J

Therefore, to estimate W (v,v,,), it suffices to estimate Wy, (v,7), W (¥|B,,7|B,),
Weo (|, vnla,), and Wae (V] By, s VnlBuys ), Tespectively.
STEP 1. We first estimate W (V|By.1: Vn|Bysy)- It's easy to deduce, via Lemma 2.1,
that
1 1

W s tle) =W (G557 el

1 1
=We | =—5——VIByi =—5— ox,
v(Byny1) VT 30 0x,(BNa) XieszNﬂ ’

Bni1

To ease the notation, we write
1

UN+1 =
* v(Bnt1

)V|BN+1

and

Bng1+

1
Nt = e 5x,
A > 0x,(Bny1) Z =

X;€EBN41
Clearly, vyy1 is the restriction of v to Byy1 and vy, 41 is the empirical measure of
vn+1. Furthermore, we note that p(z) is bounded from below in By41 due to the fact
that B;(: = 1,---, N) is a small neighborhood of zero point x; and Bx4y1 = D\ Uf[ B;.
Therefore, we can use Theorem 1.1 to give an estimate on We (V]y .y, VnlBy,i ). (We
remark that Theorem 1.1 holds true for any domain (a,b) C R by replacing D = (0, 1)
with D = (a,b) in the proof.)
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822 A. LIU, J.-G. LIU, axp Y. LU

. A
Let Any1 := mingepy,, p(2). Then we have 0 < U(BN;;) < U(le\,+1)p(x)|BN+l. It
follows from Theorem 1.1 that there exists a constant C' = % such that except on

a set with probability 2n=2,

n

~ logn e
WOO (V|BN+1>V’I’L|BN+1) S C (—) .

STEP 2. We then estimate W, (F|Aj , Vn\Aj). To achieve this, set

ki
2 (k; 1)
Jo = ( u ) —1
logn

and consider the following two cases: 1) j < Jy and 2) j > Jy.

1

We claim that, when j > Jp, diam(4;) < C - (@) *5D To show the claim, we

n

first recall the definition that A; = {x : W < plx) < %ﬂ} N B; and the assumption
that m;|x; — x| < p(x) in B;. To simplify the notation, we denote m;|x — z;|* by

p1(z). Let 2 be a positive constant satisfying p1(zgr) = j%.

From p1(z) < p(z) we know that diam(A;) < 2zg. Moreover, when n is large enough,

7k_i

kg
1 _B -£ n O\ 28k FD)
TR = 1 j k’SCJOk7:C ( ) —1

logn
kg
26(k;+1)
<o |t (-
- 2 \logn

1
logn \ 2(k:+1)
n

where C = C(k;, m;, 8) .
1
Therefore, when j > Jy, diam(A;) < C - (logn) “5Y By Lemma 2.1, when j > Jo,

B
T

7

IN

n

1
log n) 2(k;+1)
)

Woe(Pla, vala,) < diam(ity) < - (2

where C = C(k;, m;, ).
We then turn to the case that j < Jy. We first consider the case that j # 0 and use
the scaling equality Wao (7]4,, Vnla,) = Wao(5°7|4,, 7%vn|a,). For simple notation, let
Vnj = jBVn‘Ajv ﬁj = jﬁv|A_7"
Then the density function of 7; is defined by
pj(@) = j (14 6;)p(x).

For every k € N, we partition A; into 2% sub-domains. Each of them has a ¥;-mass of
z%ﬁj (A;). Let Fi ; be the set of these sub-domains. Fy; = A; and Fi41,; is obtained
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CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 823

by bisecting each box in Fy ;, according to 7;. Thus, for any Q € Fy 5,

B(Q) = e7i(4)), Q) = v(4))

We define a series of new measures { ;} by setting dus j(z) = pr,j(x)dz with

(@) (@)
pkv]( ) vj(Q) pj( ) Z/(Q) J

We claim that for any @ € F} ; and any k < k,, = log, (

plx),V o e e Fy,.

nv(A;) .
T0logn ) there exists a constant

C such that the following inequality holds true with probability at least 1 — 2n~!

v(A;) logn)%

Weo (i jlas tii1,4lQ) < C- (G +1)7 - ( 2kn ©

Assume that the claim holds. Note that diam(Q) = fQ dr < fQ(j + 1)8p(x)dr =
(j +1)Pv(Q). Then for j =1,---,Jo — 1, we have

WOO(VW|Aj)v|Aj) = WOO(Vn7j’V_j)
kn
< Z Weo (k1,5 bke,5) + Woo (Hkp j5 Vn,j)
k=1

S (c. (G +1)° (M)) * g deml@)

= Pt 2kn QEFy
(B ()Y k)
<c<< é+Clog”> (Jo+1)°

no o ki A
)2/3<ki+1)
logn

3D
<C <log n) .

n

A similar estimate holds when j = 0 with the constant C' depends on A. Therefore, for
all j € N,

1
logn\ 2:+D
Woo(yn|Ajav|Aj)§C< i ) 9
where C' depends on 3, k;, m;, A
Now we return to the proof of the claim (7). Actually, from the definition of py, ; and

Pr,; it follows that for all x € Q € Fy 5,

VH(Q) . ]ﬂ (1 Vn
Q) Grp =P S0

and

ki (@) = b1, (Q) = v 3(Q).

Licensed to Duke Univ. Prepared on Wed Oct 16 14:19:30 EDT 2019 for download from IP 152.3.43.45.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



824 A. LIU, J-G. LIU, axDp Y. LU
Therefore, by Lemma 2.1 we know that
Woo (pkt1,55 bk g) < max Woo(purra,5lqQs ir.ilQ)-
QEFk,j

Let Q1 be a sub-domain bisected from Q. Then @1 € Fjy41 ;. According to Lemma 2.4,

Woa (k41,51 e jlQ) = Weo (%MHHQ, %Mﬂ@)
c 1(Qur(Q) ,
RN R
C . 2u,(Q1)
= Denin dlam(Q) . Vn(Q; 1’ . Hjﬂp(-T)HLW(Q)
C . 2Vn(Q1)
= . O
where
o j'@ . vn(Q1)r(Q) _ jB . 2vn(Q1)
o= G e @) ~ G @
To bound Weo(ttk+1,5l0: tk,j]@Q), it suffices to estimate pi;n and % — 1‘, respec-

1

min

Note that for all Q € Fy ;, "”17;3(@ ~ Bin(n,v(Q)). Thus, we can use Bernstein’s
inequality and deduce that for all k& < k,, = log, (W(Aj ) ),

tively. We first give a probabilistic estimate on

10logn

p(1242 1@z (@) < 2o (—

< 2-exp (—1—10 nu(Q))
A

That is, with probability at least 1 — 2n1!,

1 v, 1
Ao
From the definition of v}, ; we know
3 _ Un 1 3 _ v, 1
R EEEEE e ®)
Therefore,
2vp(Q1) > v(Q1) _ l v(Q) S 1
(@) — vn(Q) 2 (@) — 3
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and —— can be bounded with probability at least 1 — 2n ="
1 1 3(j+1)°
— = e < D <350 49)
N mm{lv 7@ } !
. 2v, (Q1) _
We then estimate o) 1‘.

Notice that if we set m =n - jlg - Vp,;(Q), then

LA LY Ql de (Q1) ~ Bin <m, VU((%I))) = Bin (m, %) .

Vn,i (@

Using Chernoff’s inequality we get that

g

< 2exp(—logn)

=9n!

)

Uni(@Qh) 1 2% logn : m2F logn
(@ 5‘ - <nu<Aj>> )SQQXP (> n(4,) )

825

where the last inequality is obtained from (8). Therefore, with probability at least

1—2n71,

Vn,j(Ql)i ‘ <2klogn>é
2@ =y

2% 1

Finally, using the fact that diam(Q) = fQ dz < (j +1)Pv(Q), we know that with proba-

bility at least 1 — 2n~1!,

2% logn 3
W (bl s | )SO-V(Q)< ) G+ 1)P
k,jlQsHk+1,51Q m/(Aj)

) Aj)logn H
<c. 5. (V(Ai)logn
<C-(j+1) ( Sy ) ,

which completes the proof of claim (7).

STEP 3. We then estimate Woo (7|5,, V|p,). We first recall that B; = (z; — A, z; + A;)
and
v, = (1+&)p(x)dz, dvlp, = La, (14 5;)p(z)dz,
J
where ¢; = ”;((]f)) —1and §; = U;((xf )) — 1. Let T be the transportation map between

7|p, and v|p,. Thus for any x € B; and y = T'z,

/‘:A. p(s)ds = /:A p(s)ds.

7 i i i

Without loss of generality, we assume y > x. Then

i i Ti—

[ #as= [ @ -ponas < [T s~ plo)lds < 3l - vt
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826 A. LIU, J.-G. LIU, axp Y. LU

Let S, := nvp(A4;). Then S, = 37" | 6x,(A4;) ~ Bin(n,v(4;)). According to Cheby-
chev’s inequality we know that

S0 —n-v(4)) .
P logn logn)™ ",
<¢nu<Aj><1—u<Aj>> 2 vioe ><( en)

1

which means that with probability at least 1 — (logn) ™!,

|”Vn(Aj)—n'V(Aj)| fioan,
Vnv(4;) (1 —v(4))) = s

Then by the definition of §; we know that with probability at least 1 — (logn)~!,
logn - v(A;)(1 —v(4)))\ 2
o4, < ( ! 227

n
With a similar method we derive that with probability at least 1 — (logn)™1,

1 v(By)(1 —v(By))\ %
leiv(Bs)| < ( ogn - v{ 17)1( a z)))z-
Note that in A;, p(s) < ],i, which implies v(A fA fA % < ]%
Therefore,
1 1 1
1 logn\ 2 1 [logn\?2 logn 2
Sk = et (57) S?ﬁ(n) SC'(—n -

From the fact that B; = | |; A; we know

Z|€i|V(Aj) = |e;lv(B;) < (IOgn'V(Bi)(l - V(Bi)))% <c. <10ﬂ)% .

n

Therefore from (9) we derive that with probability at least 1 — (logn)~!,

logn\
/ d3<2\q—5|1/ <Z|el|+‘5| A)) < <°i”>

Since in By, p(s) > (1+ €)mila; — s|*, it follows that [” p(s)ds can be bounded from
below in the following two cases, respectively:
/y 3(s)ds > {(1 +e)my (2 — o) 4+ (y — 2t r; € (7,y),
p(s)ds > .
x (1+e)m; [(y — )], r; & (z,9).
The results are obtained by direct calculations so the proof is omitted here. In both
cases, we can derive by Lemma 3.1 that

D=

1

ly — | < C{ (%) ’”“}.

WoaPls Pl < 1T = Tl < maely — ) < ©

Therefore,

1
logn \ 2+
n )

where C' depends on m; and k;.
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CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 827

STEP 4. Finally, for W, (v, V), we use the same method as in Step 3 and deduce that

Woo(v,7) < C - <1°g”) ,

n

where C' depends on k; and m;.
To sum up, with Steps 1-4, we know that

Woo (V1) < Woo (v, D)

+max{ max  [Wao (v
j N

i=1,m,

1
logn \ 2(k:i+D
< C - max ( & ) ,
K3

Bi) + sup WOO(v|Aj7Vn|Aj )} ; WOO(DBN+17I/”|BN+1)}
J

n

where C' depends on k;, m; and A. This completes the proof of Theorem 1.2. O
3.3. Proof of Corollary 1.1.
Proof. Let A = {z : p(x) < 1}, B = {z : p(xz) > 1} and assume that they both are
connected sets (otherwise we can divide them into connected sets).
Define a probability measure on D by dv = ((1+e€a)lap(z) + (1 +€ep)lpp(x))de,

where
vn(4) Vn(B)
= -1 = — 1.
T T )
Thus, it’s easy to see that
v(A) =v,(A) and v(B) =wv,(B). (10)
In order to estimate Woo (v, vy,), it suffices to estimate W (v,7) and Weo (7, vy, ), re-

spectively.
STEP 1. We first estimate W (v, V). Using Lemma 2.1 and (10) we know that
Woo(”;a Vn) é max {Woo (D|A; Vn|A) ,Woo (I/|B, Vn‘B)}

Note that
1 71 1 |
—— Vs = v
A A
and
1 1 n n
S = iy 2 e = o D dxla = s > dxila
v(A) nv(A) = np(A) = i 6 X =
Therefore, ~( ) Vn|a is the empirical measure of ~ A 1/| 4. By Theorem 1.1 we know that

1

Woo (T4, vnla) < C- (1%)

1
Similarly, we can deduce that W (V|p, vn|p) < C - max; (10%) ki Therefore,

1
N log 1\ TEFD
WOO(I/,Z/,L)SC'maX< & ) .
i n
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STEP 2. We then estimate Woo (7, v).
Let T be the transportation map between v and v. Then for all z € D and y = Tz,

[ #sias = [ ptspas.

Without loss of generality, we assume y > x. Then it follows that

/ " p(s)ds = / ") — pls)ds < / " 1B(s) — p(s)lds < [ealv(A) + leplv(B).

By Chebychev’s inequality we know that with probability at least 1 — (logn)~!,

n

1
1 3
/ p(s)ds +/ p(s)ds < C - ( Og”> ,
(z,y)NA (z,y)NB n

By the same method as in the proof of Theorem 1.2, we can give a lower bound on
f(z DA p(s)ds and f(z V)NB p(s)ds, respectively, and conclude that with probability at

eal(4) + |elv(B) < (k’g”)% .

Thus,

least 1 — (logn)~t,

n

1

Woo(v,vp) < €' - max <logn) e
This completes the proof of Corollary 1.1. O

REMARK 3.1. We showed the rate of convergence of v,, to v when the density function
p(x) is unbounded in one dimension. We expect that similar results also hold true in
high dimensions. However, the idea of the proof needs to be adapted. In particular, the
estimate of W, (¥, V) becomes quite technical in high dimensions, where 7 is an auxiliary
measure introduced in (6) for the purpose of removing the mass discrepancy between v
and v, in local regions. In fact, in one dimension we estimate W, (v, V) by using that

- 1 [Y
< — o < — < —
Wao,7) < |IT = 1 < max]y — 2] < / p(s)ds,

where T is the transportation map between v and v and y = Tz. In high dimensions,
it is not clear to us how to bound W, (v,7) in terms of certain integral of the density.
This is to be investigated in our future work.

Acknowledgments. The authors would like to thank Johannes Wiesel for suggest-
ing the use of the Dvoretzky-Kiefer-Wolfowitz inequality to prove Theorem 1.1, which
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REFERENCES

[1] M. Ajtai, J. Komlés, and G. Tusnddy, On optimal matchings, Combinatorica 4 (1984), no. 4, 259—
264, DOI 10.1007/BF02579135. MR779885

[2] F. Barthe and C. Bordenave, Combinatorial optimization over two random point sets, Séminaire
de Probabilités XLV, Lecture Notes in Math., vol. 2078, Springer, Cham, 2013, pp. 483-535, DOI
10.1007/978-3-319-00321-4.19. MR3185927

[3] S. N. Bernstein, The theory of probabilities, Gastehizdat Publishing House,Moscow, 1946.

Licensed to Duke Univ. Prepared on Wed Oct 16 14:19:30 EDT 2019 for download from IP 152.3.43.45.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



CONVERGENCE OF EMPIRICAL MEASURE IN co-WASSERSTEIN DISTANCE 829

[4] E. Boissard, Simple bounds for convergence of empirical and occupation measures in 1- Wasserstein
distance, Electron. J. Probab. 16 (2011), no. 83, 2296-2333, DOI 10.1214/EJP.v16-958. MR2861675

[5] E. Boissard and T. Le Gouic, On the mean speed of convergence of empirical and occupation
measures in Wasserstein distance (English, with English and French summaries), Ann. Inst. Henri
Poincaré Probab. Stat. 50 (2014), no. 2, 539-563, DOI 10.1214/12-ATHP517. MR3189084

[6] F. Bolley, A. Guillin, and C. Villani, Quantitative concentration inequalities for empirical mea-
sures on non-compact spaces, Probab. Theory Related Fields 137 (2007), no. 3-4, 541-593, DOI
10.1007/s00440-006-0004-7. MR2280433

[7] T. Champion, L. De Pascale, and P. Juutinen, The oo-Wasserstein distance: local solutions
and ezistence of optimal transport maps, STAM J. Math. Anal. 40 (2008), no. 1, 1-20, DOI
10.1137/07069938X. MR2403310

[8] H. Chernoff, A measure of asymptotic efficiency for tests of a hypothesis based on the sum of ob-
servations, Ann. Math. Statistics 23 (1952), 493-507, DOI 10.1214/aoms/1177729330. MR0057518

[9] M. d’Amico, P. Frosini, and C. Landi, Using matching distance in size theory: A survey, Interna-
tional Journal of Imaging Systems and Technology 16 (2006), no. 5, 154-161.

[10] E. Davis and S. Sethuraman, Consistency of modularity clustering on random geometric graphs,
Ann. Appl. Probab. 28 (2018), no. 4, 2003-2062, DOI 10.1214/17-AAP1313. MR3843822

[11] R. M. Dudley, The speed of mean Glivenko-Cantelli convergence, Ann. Math. Statist 40 (1968),
40-50, DOI 10.1214/aoms/1177697802. MR0236977

[12] A. Dvoretzky, J. Kiefer, and J. Wolfowitz, Asymptotic minimaxz character of the sample distribution
function and of the classical multinomial estimator, Ann. Math. Statist. 27 (1956), 642—-669, DOI
10.1214/aoms/1177728174. MR0083864

[13] N. Fournier and A. Guillin, On the rate of convergence in Wasserstein distance of the empirical
measure, Probab. Theory Related Fields 162 (2015), no. 3-4, 707-738, DOI 10.1007/s00440-014-
0583-7. MR3383341

[14] A. L. Gibbs and F. E. Su, On choosing and bounding probability metrics, International statistical
review 70 (2002), no. 3, 419-435.

[15] T. Leighton and P. Shor, Tight bounds for minimaz grid matching with applications to the average
case analysis of algorithms, Combinatorica 9 (1989), no. 2, 161-187, DOI 10.1007/BF02124678.
MR1030371

[16] P. W. Shor and J. E. Yukich, Minimaz grid matching and empirical measures, Ann. Probab. 19
(1991), no. 3, 1338-1348. MR1112419

[17] P. Tchebichef, Des valeurs moyennes, Journal de mathématiques pures et appliquées 12 (1867),
no. 2, 177-184.

[18] N. Garcia Trillos and D. Slepcev, A variational approach to the consistency of spectral clustering,
Applied and Computational Harmonic Analysis (2016).

[19] N. Garcia Trillos and D. Sleptev, On the rate of convergence of empirical measures in oco-
transportation distance, Canad. J. Math. 67 (2015), no. 6, 1358-1383, DOI 10.4153/CJM-2014-
044-6. MR3415656

[20] A. W. van der Vaart and J. A. Wellner, Weak convergence and empirical processes, Springer Series
in Statistics, Springer-Verlag, New York, 1996. With applications to statistics. MR1385671

[21] C. Villani, Topics in optimal transportation, Graduate Studies in Mathematics, vol. 58, American
Mathematical Society, Providence, RI, 2003. MR1964483

[22] U. von Luxburg, A tutorial on spectral clustering, Stat. Comput. 17 (2007), no. 4, 395-416, DOI
10.1007/s11222-007-9033-z. MR2409803

Licensed to Duke Univ. Prepared on Wed Oct 16 14:19:30 EDT 2019 for download from IP 152.3.43.45.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



