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Abstract

As V. 1. Arnold observed in the 1960s, the Euler equations of incompressible fluid flow
correspond formally to geodesic equations in a group of volume-preserving diffeomor-
phisms. Working in an Eulerian framework, we study incompressible flows of shapes
as critical paths for action (kinetic energy) along transport paths constrained to have
characteristic-function densities. The formal geodesic equations for this problem are Euler
equations for incompressible, inviscid potential flow of fluid with zero pressure and sur-
face tension on the free boundary. The problem of minimizing this action exhibits an
instability associated with microdroplet formation, with the following outcomes: any two
shapes of equal volume can be approximately connected by an Euler spray—a count-
able superposition of ellipsoidal geodesics. The infimum of the action is the Wasserstein
distance squared, and is almost never attained except in dimension 1. Every Wasser-
stein geodesic between bounded densities of compact support provides a solution of the
(compressible) pressureless Euler system that is a weak limit of (incompressible) Euler
sprays.
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1 Introduction
1.1 Overview

The geometric interpretation of solutions of the Euler equations of incompressible inviscid
fluid flow as geodesic paths in the group of volume-preserving diffeomorphisms was famously
pioneered by V. I. Arnold [3]. If we consider an Eulerian description for an incompressible
body of constant-density fluid moving freely in space, such geodesic paths correspond to

critical paths for the action
1
A=// plv|* dx dt, (1.1)
0 JRA

where p = (p;):¢[0,1] is a path of characteristic-function densities transported by a velocity
field v € L?(p dx dt) according to the continuity equation

90+ V- (pv)=0. (1.2)
Such characteristic-function densities p; represent a fluid having shape 2, at time #:
pr=1g, te[0,1]. (1.3)

Naturally, the velocity field must be divergence free in the interior of the fluid domain €,
satisfying V - v = 0 there. Equation (1.2) holds in the sense of distributions in RY x [0, 1],
interpreting pv as O wherever p = 0.

In this Eulerian framework, it is natural to study the actionin (1.1) subject to given endpoint
conditions of the form

po=1lg,, p1=1gq,. (1.4)

These endpoint conditions differ from Arnold-style conditions that fix the flow-induced
volume-preserving diffeomorphism between 2p and €21, and correspond instead to fixing
only the image of this diffeomorphism. Imposing endpoint conditions in an Eulerian transport
framework as in (1.4) is exactly analogous to the fundamental study of Benamou and Brenier
[6] that relates the minimization of the action (1.1) without incompressibility constraints to
Wasserstein (Monge—Kantorovich) distance with quadratic cost.

As we show in Sect. 3 below, it turns out that the geodesic equations that result are precisely
the Euler equations for potential flow of an incompressible, inviscid fluid occupying domain
Q;, with zero pressure and zero surface tension on the free boundary 9€2;. In short, the
geodesic equations are classic water wave equations with zero gravity and surface tension.
The initial-value problem for these equations has recently been studied in detail—the works
[14,15,37] extend the breakthrough works of Wu [57,58] to deal with nonzero vorticity and
zero gravity, and establish short-time existence and uniqueness for sufficiently smooth initial
data in certain bounded domains.

The problem of minimizing the action in (1.1) subject to the constraints above turns out
to be ill-posed if the dimension d > 1, as we will show in this paper. By this we mean that
action-minimizing paths that satisfy all the constraints (1.2), (1.3) and (1.4) do not exist in
general, even locally. Nevertheless, the infimum of the action defines a distance between
equal-volume sets which we may call shape distance, determined by

ds (R0, 21)* = inf A, (1.5)
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where the infimum is taken subject to the constraints (1.2), (1.3), (1.4) above. By the well-
known result of Benamou and Brenier [6], it is clear that

dg (R0, Q1) = dw(1g,, 1a,), (1.6)

where dw (1g,, 1g,) denotes the usual Wasserstein distance (Monge—Kantorovich distance
with quadratic cost) between the measures with densities 1q, and 1g,. This is so because the
result of [6] characterizes the squared Wasserstein distance dw (1q,, 1o, )2 as the infimum in
(1.5) subject to the same transport and endpoint constraints as in (1.2) and (1.4), but without
the constraint (1.3) that makes p a characteristic function.

Our objective in this paper is to develop several results that precisely relate the infi-
mum in (1.5) and corresponding geodesics (critical paths for action) on the one hand, to
Wasserstein distance and corresponding length-minimizing Wasserstein geodesics—also
known as displacement interpolants—on the other hand. Wasserstein geodesic paths typ-
ically do not have characteristic-function densities, and thus do not correspond to geodesics
for the shape distance d;. A common theme in our results is the observation that the
least-action problem in (1.5) is subject to an instability associated with microdroplet
formation.

1.2 Main results

Broadly speaking, our aimis to investigate the geometry of the space of shapes (corresponding
to characteristic-function densities), focusing on the geodesics for shape distance and the
corresponding distance induced by (1.5). Studies of this type have been carried out by many
other authors, as will be discussed in Sect. 1.3.

One issue about which we have little to say is that of geodesic completeness, in the sense
this term is used in differential geometry. Here this concept corresponds to global existence
in time for weak solutions of the free-boundary Euler equations. But in addition to other
well-known difficulties for Euler equations, in the present situation there arise further thorny
problems, such as collisions of fluid droplets, for example.

Geodesics between shapes. Our principal results instead address the question of determin-
ing which targets and sources are connected by geodesics for shape distance, and how these
relate to the infimization in (1.5). The general question of determining all exact connecting
critical paths is an interesting one that seems difficult to answer. In regard to a related question
in a space of smooth enough volume-preserving diffeomorphisms of a fixed manifold, Ebin
and Marsden in [22, 15.2(vii)] established a covering theorem showing that the geodesic flow
starting from the identity diffeomorphism covers a full neighborhood. By contrast, what our
first result will show is that for an arbitrary bounded open source domain 2, targets for
shape-distance geodesics are globally dense in the ‘manifold’ of bounded open sets of the
same volume. The idea is to construct geodesics comprised of tiny disjoint droplets (which we
call Euler sprays) that approximately reach an arbitrarily specified €2 as closely as desired
in terms of an optimal-transport distance.

Below, it is convenient to denote the distance between two bounded measurable sets
Qo, 1 that is induced by Wasserstein distance by the overloaded notation

dw (S0, 21) = dw (1, 1), (1.7)

and similarly with L?”-Wasserstein distance d,, for any value of p € [1, oo].
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(a) Source disk ¢ decom- (b) Displacement interpolants at (c) Expanded target (1+¢) T'(Q0)

posed into microdroplets B; at  path midpoint ¢ = % at ¢t = 1, indicating expanded

t=0. microdroplet images (1 + ¢)T'(B;)
(dark) and ellipsoidal approxima-
tion of T'(B;) (light). e = 0.25.

Fig.1 Illustration of Wasserstein geodesic flow from Q¢ to 21 = T'(2¢), where 7 is the Brenier map. Source
Qq is decomposed into countably many small balls, few shown. Matching shades indicate corresponding
droplets transported by displacement interpolation. Euler spray droplets are nested inside Wasserstein ellipsoids
and remain disjoint

Theorem 1.1 Let Q, Q| be any pair of bounded open sets in R? with equal volume. Then
for any € > 0, there is an Euler spray which transports the source Qo (up to a null set) to a
target Q satisfying doo (21, Qf) < &. The action A® of the spray satisfies

ds(Q0, 5)% < A° < dw(Q0, ) +¢.

The precise definition of an Euler spray and the proof of this result will be provided
in Sect. 4. A particular, simple geodesic for shape distance will play a special role in our
analysis. Namely, we observe in Proposition 3.4 that a path r — 2, of ellipsoids determines
a critical path for the action (1.1) constrained by (1.2)—(1.4) if and only if the d-dimensional
vector a(t) = (ai(t),...,aq(t)), formed by the principal axis lengths, follows a geodesic
curve on the hyperboloid-like surface in RY determined by the constraint that corresponds to
constant volume,

ayap -+ -ag = const, (1.8)

The fluid motions corresponding to such ellipsoids turn out to be ones known to Dirichlet
[19].

To prove Theorem 1.1, we decompose the source domain €2¢, up to a set of measure zero,
as a countable union of tiny disjoint open balls using a Vitali covering lemma. These ‘micro-
droplets’ are transported by ellipsoidal geodesics that approximate a local linearization of
the Wasserstein geodesic (displacement interpolant) which produces straight-line transport
of points from the source 2 to the target €2;. Crucially, the droplets remain disjoint (essen-
tially due to the convexity of the density along the straight Wasserstein transport paths). The
total action or cost along the resulting path of ‘spray’ densities is then shown to be close to
that attained by the Wasserstein geodesic.

The ideas behind the construction of the Euler sprays are illustrated in Fig. 1. The shaded
background in panel (c) indicates the target Q2 = T (2p), expanded by a factor (1 + ¢),
where T: Q¢ — 1 is a computed approximation to the Brenier (optimal transport) map.
The expanded images (1 + )7 (B;) of balls B; in the source are shown in dark shades, and
(nested inside) ellipsoidal approximations to 7' (B;) in corresponding light shades. We show
that along Wasserstein geodesics (displacement interpolants), nested images remain nested,
and that the ellipsoidal Euler geodesics (not shown) remain nested inside the Wasserstein-
transported ellipses indicated in light shades.
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The result of Theorem 1.1 directly implies that a natural relaxation of the shape distance
ds—the lower semicontinuous envelope with respect to Wasserstein distance—agrees with
the induced Wasserstein distance dy . (See [7, section 1.7.2] regarding the general notion of
relaxation of variational problems.) In fact, by a rather straightforward completion argument
we can identify the shape distance in (1.5) as follows.

Theorem 1.2 For every pair of bounded measurable sets in R? of equal volume,
ds (S0, 1) = dw (R0, 21).

As is well known, Wasserstein distance between measures of a given mass that are sup-
ported inside a fixed compact set induces the topology of weak-x convergence. In this
topology, the closure of the set of such measures with characteristic-function densities is
the set of measurable functions p: R¢ — [0, 1] with compact support. Theorem 1.2 above is
a corollary of the following more general result that indicates how Euler-spray geodesic paths
approximately connect arbitrary endpoints in this set. Both theorems are proved in Sect. 5.

Theorem 1.3 Let pg, p1: RY — [0, 1] be measurable functions of compact support that

satisfy
/ Lo :/ P1-
R4 R4

(a) For any e > 0 there are open sets 2y, 21 which satisfy

Then

doo(pOa HQO) + doo(pl ’ ILQ]) < 83
and are connected by an Euler spray whose total action A® satisfies
A® < dw(po, p1)* + e

(b) For any ¢ > 0 there is a path p® = (pf)ic,1) on (0, 1) consisting of a countable
concatenation of Euler sprays, such that

e X + e X -
oi—po ast— 0", p/—p; ast— 17,

and the total action A°® of the path satisfies

1
A° 2/ /,, pf V¥ dx dt < dw(po, p1)* +e.
0 JR

The results of Theorems 1.1 and 1.3 concern geodesics for shape distance that only approx-
imately connect arbitrary sources 2o and targets €21. A uniqueness property of Wasserstein
geodesics allows us to establish the following sharp criterion for existence and non-existence
of length-minimizing shape geodesics that exactly connect source to target.

Theorem 1.4 Let Qq, 21 be bounded open sets in RY with equal volume, and let p =
(pr)re[0,1] be the density along the Wasserstein geodesic path that connects 1o, and 1o, . Then
the infimum for shape distance in (1.5) is achieved by some path satisfying the constraints
(1.2), (1.3), (1.4) if and only if p is a characteristic function.
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For dimension d = 1 the Wasserstein density is always a characteristic function. For
dimension d > 1 however, this property of being a characteristic function, together with
convexity of the density along transport lines, requires that the Wasserstein geodesic is given
piecewise by rigid translation. See Corollary 5.8 and Remark 5.9 in Sect. 5.1.

Limits of Euler sprays. For the Euler sprays constructed in the proof of Theorem 1.1,
the fluid domains €2; do not typically have smooth boundary, due to the presence of cluster
points of the countable set of microdroplets. The geodesic equations that they satisty, then,
are not quite classical free-boundary water-wave equations. Rather, our Euler sprays provide
a family of weak solutions (p?, v¥, p®) to the following system of Euler equations:

op+V-(pv)=0, (1.9)
0;(pv) + V- (pv®v)+Vp =0, (1.10)

with the “incompressibility” constraint that p° is a characteristic function as in (1.3). Both of
these equations hold in the sense of distributions on RY x [0, 1], which means the following:
For any smooth test functions g € CSO(Rd x [0,1],R) and v € Cfo(Rd x [0, 1], RY),

1
//p(atq—i-v-Vq)dxdt:/ pq dx
0 JRrd R4

1
//pv-(@,ﬁ+v-Vﬁ)+pV-ﬁdxdt:/ pv-Vdx
0 JR4 R4

t=1

, (1.11)
=0
t=1

(1.12)

t=0

Now, limits as ¢ — 0 of these Euler-spray geodesics can be considered. We find it is
possible to approximate a general family of Wasserstein geodesic paths that connect any two
equal-mass measures having bounded densities and compact support. Scaling so the densities
are bounded by 1, we can approximate in the weak-x sense by a sequence of characteristic-
function initial and final data ,0’5 = IIQS, ,of = ﬂQﬁ" and obtain the following.

Theorem 1.5 Let po, p1: R? — [0, 1] be measurable functions of compact support that

satisfy
o[
R4 R

Let (p, v) be the density and transport velocity determined by the unique Wasserstein geodesic
that connects the measures with densities pg and p; as described in Sect. 2.

Then there is a sequence of weak solutions (pk Sk, pk) to (1.11)—(1.12), associated to
Euler sprays as provided by Theorem 1.1, that converge to (p, v, 0), and (p, v) is a weak
solution of the pressureless Euler system

dp+V-(pv) =0, (1.13)
0;(pv) + V- (pv®v) =0. (1.14)

The convergence holds in the the following sense: p* — 0 uniformly, and

pkip, P, pf e v v, (1.15)

weak-x in L on R? x [0, 1].

This result, proved in Sect. 6, shows that one can approximate a large family of solutions
of pressureless Euler equations, ones coming from Wasserstein geodesics having bounded
densities of compact support, by solutions of incompressible Euler equations with vacuum.
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The weak- convergence results stated in (1.15) indicate (correctly) the presence of oscil-
lations in the approximating sequence. This convergence can be strengthened, however, in
terms of the TL” metric that was introduced in [28] to compare two functions that are abso-
lutely continuous with respect to different probability measures—see Sect. 6.2. This provides
an appropriate framework to compare the velocity fields of Wasserstein geodesics to those
of the approximating Euler sprays.

Theorem 1.6 Under the same hypotheses as Theorem 1.5, we have the following. There is
a sequence of weak solutions (p*, v*, p*) to (1.11)~(1.12), associated to Euler sprays as
provided by Theorem 1.1, which in addition to conclusions of Theorem 1.5 satisfies

S[L(‘)P”dTLZ((Pk(t)a ve (1)), (p(), v(t))) — 0 ask — oo, (1.16)
t€[0,

S[l(l)p”dTLl((Pk(l), v (1) @ v (1)), (p(t), (1) ® V(1)) = 0 ask — oo. (1.17)
tel0,

The result of Theorem 1.6 essentially shows that while oscillations exist in space and
time for the densities p* and velocities v¥ in Theorem 1.5, there are no oscillations following
appropriately matched flow lines. (For a further manifestation of this see Corollary 6.7, which
establishes TL? convergence of the Lagrangian flow maps for the Euler sprays.)

Our analysis of convergence in the TL” topology is based upon an improved stability
result regarding the stability of transport maps. We describe and establish this stability result
in Theorem B.1 in “Appendix 1”. We believe this result is of independent interest, as the TL?
metric allows one to quantify the stability of displacement interpolation in a stronger way
than weak convergence.

Shape distance without volume constraint. Our investigations in this paper were moti-
vated in part by an expanded notion of shape distance that was introduced and examined
by Schmitzer and Schnorr in [48]. These authors considered a shape distance determined
by restricting the Wasserstein metric to smooth paths of ‘shape measures’ consisting of
uniform distributions on bounded open sets in R? with connected smooth boundary. This
allows one to naturally compare shapes of different volume. In our present investigation,
the only smoothness properties of shapes and paths that we require are those intrinsically
associated with Wasserstein distance. Thus, we investigate the geometry of a ‘submanifold’
of the Wasserstein space consisting of uniform distributions on shapes regarded as arbitrary
bounded measurable sets in RY. As we will see in Sect. 7 below, geodesics for this extended
shape distance correspond to a modified water-wave system with spatially uniform compress-
ibility and zero average pressure. In Theorem 7.1 below we extend the result of Theorem 1.2,
for volume-constrained paths of shapes, to deal with paths of uniform measures connecting
two arbitrary bounded measurable sets. We show that the extended shape distance again
agrees with the Wasserstein distance between the endpoints. The proof follows directly from
the construction of concatenated Euler sprays used to prove Theorem 1.3(b).

1.3 Related work on geometry of image and shape spaces

The shape distance that we defined in (1.5) is related to a large body of work in imaging
science and signal processing.

The general problem of finding good ways to compare two signals (such as time series,
images, or shapes) is important in a number of application areas, including computer vision,
machine learning, and computational anatomy. The idea to use deformations as a means of
comparing images goes back to pioneering work of D’ Arcy Thompson [50].
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Distances derived from optimal transport theory (Monge—Kantorovich, Wasserstein, or
earth-mover’s distance) have been found useful in analyzing images by a number of workers
[27,31,45,49,54,55]. The transport distance with quadratic cost (Wasserstein distance) is
special as it provides a (formal) Riemannian structure on spaces of measures with fixed total
mass [2,44,52].

Methods which endow the space of signals with the metric structure of a Riemannian
manifold are of particular interest, as they facilitate a variety of image processing tasks.
This geometric viewpoint, pioneered by Dupuis et al. [21,30], Trouvé [51], Younes [59] and
collaborators, has motivated the study of a variety of metrics on spaces of images over a
number of years—see [21,29,33,48,60] for a small selection.

The main thrust of these works is to study Riemannian metrics and the resulting distances in
the space of image deformations (diffeomorphisms). Connections with the Arnold viewpoint
of fluid mechanics were noted from the outset [59], and have been further explored by Holm,
Trouvé, Younes and others [29,33,60]. This work has led to the Euler-Poincaré theory of
metamorphosis [33], which sets up a formalism for analyzing least-action principles based
on Lie-group symmetries generated by diffeomorphism groups.

A different way to consider shapes is to study them only via their boundary, and consider
Riemannian metrics defined in terms of normal velocity of the boundary. Such a point of view
has been taken by Michor, Mumford and collaborators [11,41,42,61]. As they show in [41],
a metric given by only the L? norm of normal velocity does not lead to a viable geometry, as
any two states can be connected by an arbitrarily short curve. On the other hand it is shown
in [11] that if two or more derivatives of the normal velocity are penalized, then the resulting
metric on the shape space is geodesically complete.

In this context, we note that what our work shows is that if the metric is determined by
the L2 norm of the transport velocity in the bulk, then the global metric distance is not zero,
but that it is still degenerate in the sense that a length-minimizing geodesic typically may not
exist in the shape space. While our results do not directly involve smooth deformations of
smooth shapes, it is arguably interesting to consider shape spaces which permit ‘pixelated’
approximations, and our results apply in that context.

We speculate that to create a shape distance that (even locally) admits length-minimizing
paths in the space of shapes, one needs to prevent the creation a large perimeter at negligible
cost. This is somewhat analogous to the motivation for the metrics on the space of curves
considered by Michor and Mumford [41]. Possibilities include introducing a term in the
metric which penalizes deforming the boundary, or a term which enforces greater regularity
for the vector fields considered.

A number of existing works obtain regularity of geodesic paths and resulting diffeo-
morphisms by considering Riemannian metrics given in terms of (second-order or higher)
derivatives of velocities, as in the Large Deformation Diffeomorphic Metric Mapping
(LDDMM) approach of [5], see [12]. Metrics based on conservative transport which penalize
only one derivative of the velocity field are connected with viscous dissipation in fluids and
have been considered by Fuchs et al. [26], Rumpf, Wirth and collaborators [46,56], as well
as by Brenier, Otto, and Seis [9], who established a connection to optimal transport.

1.4 Outline
The plan of this paper is as follows. In Sect. 2 we collect some basic facts and estimates

that concern geodesics for Monge—Kantorovich/Wasserstein distance. In Sect. 3 we derive
formally the geodesic equations for paths of shape densities and describe the special class
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of ellipsoidal solutions. The construction of Euler sprays and the proof of Theorem 1.1 is
carried out in Sect. 4. Theorems 1.2 and 1.3 are proved in Sect. 5. In Sect. 6 we study weak
convergence of Euler sprays and provide the proofs of Theorem 1.5 and Theorem 1.6. The
main part of the paper concludes in Sect. 7 with a treatment of the extended notion of shape
distance related to that examined by Schmitzer and Schnorr in [48]. Two appendices provide
(a) proofs of a few basic facts about subgradients, and (b) a treatment of the TL? topology
used in Sect. 6.2.

2 Preliminaries: Wasserstein geodesics between open shapes

In this section we recall some basic properties of the standard minimizing geodesic paths
(displacement interpolants) for the Wasserstein or Monge—Kantorovich distance between
shape densities on open sets, and establish some basic estimates. Two properties that are key
in the sequel are that the density p is (i) smooth on an open subset of full measure, and (ii)
it is convex along the corresponding particle paths, see Lemma 2.1.

Let Q20 and 27 be two bounded open sets in RY with equal volume. Let pp and w1 be
measures with respective densities

oo = 1g, o1 = 1g,.

As is well known [8,35], there exists a convex function ¥ such that the a.e.-defined map
T = V4 (called the Brenier map in [52]) is the optimal transportation map between 2o and
1, pushing po forward to w1, corresponding to the quadratic cost. Moreover, this map is
unique a.e. in Qq; see [8] or [52, Thm. 2.32].

McCann [40] later introduced a natural curve ¢t + pu, that interpolates between o and
w1, called the displacement interpolant, which can be described as the push-forward of the
measure (o by the interpolation map 7; given by

Ti(z)=0—-0z+1tVY(z), 0=<r=<1 2.1

Because v is convex, Vi is monotone, satisfying (Vi (z) — Vi (%), z — 2) > O for all z, Z.
Hence the interpolating maps 7; are injective for ¢ € [0, 1), satisfying

1T (2) = T, (D) = (1 = )|z — ZI. (2.2
Note that particle paths z > T;(z) follow straight lines with constant velocity:
v(T1(z), 1) = Vi (2) — z. (2.3)
Furthermore [6], 1, has density p; that satisfies the continuity equation
orp + div(pv) =0, 2.4

and in terms of these quantities, the Wasserstein distance satisfies
1
duuo. i’ = [ (V@ ~Pdz= [ [ plldxar @5)
Qo 0o Je

The displacement interpolant has the property that

dw (s, ) = (t — s)dw (o, 1), 0<s<r=<1L (2.6)

The property (2.6) implies that the displacement interpolant is a constant-speed geodesic
(length-minimizing path) with respect to Wasserstein distance. The displacement interpolant
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t > 4 is the unique constant-speed geodesic connecting 1o and 1, due to the uniqueness
of the Brenier map and Proposition 5.32 of [47] (or see [1, Thm. 3.10]). For brevity the path
t >y is called the Wasserstein geodesic from i to 1.

At this point it is convenient to mention that the result of Theorem 1.4, providing a sharp
criterion for the existence of a minimizer for the shape distance in (1.5), will be derived by
combining the uniqueness property of Wasserstein geodesics with the result of Theorem 1.2—
see the end of Sect. 5 below.

We note here that the L* transport distance may be defined as a minimum over maps S
that push forward the measure (1o to 1 [47, Thm. 3.24] and satisfies the estimate

doo (1o, 1) = min{[|S — id |l oo (ug) = Szpo = p1}
> Q0|2 min{|S — id]l 2y : Szio = 11} @7
= Q01 "2dw (R0, Q1)

3 Geodesics and incompressible fluid flow
3.1 Incompressible Euler equations for smooth critical paths

In this subsection, for completeness we derive the Euler fluid equations that formally describe

smooth geodesics (paths with stationary action) for the shape distance in (1.5). To cope with

the problem of moving domains we work in a Lagrangian framework, computing variations

with respect to flow maps that preserve density and the endpoint shapes ¢ and 2.
Toward this end, suppose that

0= J @ x{} cR!x[0,1] 3.1)

te[0,1]

is a space—time domain generated by deformation of Qg due to a velocity field v: 0 — R?
that is smooth up to the boundary. That is, the ¢-cross section of Q is given by

] Q = X(Q0, 1), \ (3.2)

where X is the Lagrangian flow map associated to v, satisfying
X0 =vX@z 0,0, X0 =z (3.3)

for all (z,t) € Q¢ x [0, 1].
For any (smooth) extension of v to R x [0, 1], the solution of the mass-transport equation
in (1.2) with given initial density pp supported in 2 is

ED'¢ -1
p(x,t) = po(z) det <3—Z(z, t)) , x=X(z,t) € 2,

with p = 0 outside Q.
Considering a family ¢ — X of flow maps smoothly depending on a variational parameter
e, the variation X = (0X./d¢)|.=0 induces a variation in density ép = (9p:/0€)|e=0

satisfying
8p X 38X (aX\ !
— — =dlogdet{ —(z,t) | =tr | — | — 3.4
P 0z dz \ 0z
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Introducing v(x, t) = §X(z,1), x = X(z, 1), it follows

op aﬁj 5
_ — L =v.p. 3.5
T T (335

For variations that leave the density invariant, necessarily V - v = 0 inside Q.

‘We now turn to consider the variation of the action or transport cost as expressed in terms
of the flow map:

1 1
A:/ / p(x,t)lv(x,t)ldedt:/ f |X (z, 1)|*dz dt. (3.6)
0 JRd 0 JQo

For flows preserving p = 1 in Q, of course V - v = 0. Computing the first variation of A
about such a flow, after an integration by parts in ¢ and changing to Eulerian variables, we

find
) 1 . .
—A=//X-8Xdzdt
2 0 Jeoo

1
:/ X -6Xdz —// X -6Xdzdt
Q0 t=1 0 Q0
1
=/ v-vdx —/ (0;v+v-Vv)-vdxdt. (3.7
Q t=1 0 J&
Recall that any L? vector field u on €2; has a unique (standard) Helmholtz decomposition,

as the sum of a gradient and a field L2-orthogonal to all gradients, which is divergence-free
with zero normal component at the boundary:

u=Vp+uw, V-w=0in2;, w-n=0 onad. 3.8)

We make use of a variant of this decomposition [16, p. 215], which states that # has a
unique L>-orthogonal decomposition as the sum of a divergence-free field and a gradient of
a function that vanishes on the boundary:

u=w-++Vp, V-w=0inQ;,, p=0 onad;. 3.9)

Requiring §. A = 0 for arbitrary virtual displacements having V-v =0 (and v =0att = 1

at first), we find that necessarily u = —(9;v + v - Vv) has a representation as in (3.9) with
w = 0. Thus the incompressible Euler equations hold in Q:

sv+v-Vv+Vp=0, V-v=0 inQ, (3.10)

where p : O — R is smooth and satisfies

p=0 onaﬂt.‘ (3.11)

Finally, we may consider variations v that do not vanish at t+ = 1. However, we require
v -n = 0 on 9L in this case because the target domain 2| should be fixed. That is, the
allowed variations in the flow map X must fix the image at t = 1:

Q1 = X(Qo, 1). (3.12)

The vanishing of the integral term at = 1 in (3.7) then leads to the requirement that v is a
gradient at = 1. For t = 1 we must have

v=V¢ inQ. (3.13)
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We claim this gradient representation actually must hold forallz € [0, 1]. Letv = Vo +w
be the Helmholtz decomposition of v, and for small ¢ consider the family of flow maps
generated by

Xe(z, ) = W+ ew)(Xe(z, 1), 1),  Xo(z,0) = z. (3.14)

Corresponding to this family, the action from (3.6) takes the form

1 1
A = / / |Xe(z,1)|*dzdt = / / Vo> + (1 + &)w|* dx dt (3.15)
0 JQo 0 J
Because w - n = 0 on 9€2;, the domains £2; do not depend on ¢, and the same is true of V¢
and w, so this expression is a simple quadratic polynomial in €. Thus

1 dA,
2 de

1
:/ lw|? dx dt (3.16)
e=0 0 J
and consequently it is necessary that w = 0 if §.4 = 0. This proves the claim.
The Euler equation in (3.10) is now a spatial gradient, and one can add to ¢ a function of
t alone (possibly different on each component of Q) to ensure that

1
3t¢+§|v¢|2+p=0, Ap =0 in Q. (3.17)

The equations boxed above, including (3.17) together with the zero-pressure boundary con-
dition (3.11) and the kinematic condition that the boundary of £2; moves with normal velocity
v - n (coming from (3.2)—(3.3)), comprise what we shall call the Euler droplet equations, for
incompressible, inviscid, potential flow of fluid with zero surface tension and zero pressure
at the boundary.

Definition 3.1 A smooth solution of the Euler droplet equations is a triple (Q, ¢, p) such
that ¢, p: Q — R are smooth and the Egs. (3.1), (3.2), (3.3), (3.13), (3.17), (3.11) all hold.

Proposition 3.2 For smooth flows X that deform Qo as above, that respect the density con-
straint p = 1 and fix 21 = X (R0, 1), the action A in (3.6) is critical with respect to smooth
variations if and only if X corresponds to a smooth solution of the Euler droplet equations.

3.2 Weak solutions and Galilean boost

Here we record a couple of simple basic properties of solutions of the Euler droplet equations.

Proposition 3.3 Let (Q, ¢, p) be a smooth solution of the Euler droplet equations. Let p =
1g andv = ILQV¢, and extend p as zero outside Q.

(a) The Euler equations (1.9)—(1.10) hold in the sense of distributions on R4 x [0, 1].
(b) The mean velocity

v(x,t)dx (3.18)

l_):i
121 Jg,

is constant in time, and the action decomposes as
1
A:/ / lv — o2 dx dt + |Q]9)°. (3.19)
0 Q
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(c) Given any constant vector b € R?, another smooth solution (@, qAb, p) of the Euler droplet
equations is given by a Galilean boost, via

0= J @ +b)x{1). (3.20)
t€[0,1]
dlx +bt,1) =p(x,t)+b-x+ %|b|21, plx +bt, 1) = p(x,1). (3.21)

Proof To prove (a), what we must show is the following: For any smooth test functions
g € CR? x [0, 1],R) and & € CX (R x [0, 1], RY),

t=1

/ (0,q +v-Vg)dxdt = / qdx (3.22)
o Q t=0
=1
/v~(3,ﬁ+v~Vf))+pV~ﬁdxdt=/ v-vdx (3.23)
0 Q t=0

Changing to Lagrangian variables via x = X(z, t), writing ¢(z,t) := q(X(z,1),t), and
using incompressibility, equation (3.22) is equivalent to

1 d R R
/ / —q(z,t)dzdt = / q(z,t)dz
0 Ja, dt Q

Evidently this holds. In (3.23), we integrate the pressure term by parts, and treat the rest as
in (3.7) to find that (3.23) is equivalent to

t=1

(3.24)

t=0

/(8,v+v-Vv+Vp)~ﬁdxdt:0. (3.25)
0

Then (a) follows. The proof of parts (b) and (c) is straightforward. ]

3.3 Ellipsoidal Euler droplets

The initial-value problem for the Euler droplet equations is a difficult fluid free boundary
problem, one that may be treated by the methods developed by Wu [57,58]. For flows with
vorticity and smooth enough initial data, smooth solutions for short time have been shown
to exist in [14,15,37].

In this section, we describe simple, particular Euler droplet solutions for which the fluid
domain 2; remains ellipsoidal for all 7. As mentioned by Longuet-Higgins [39], equations
governing such solutions were known to Dirichlet [19] and are discussed in Lamb’s treatise
[36]. Our result below associates Dirichlet’s ellipsoids with an interesting geodesic interpre-
tation.

Proposition 3.4 Given a constantr > 0, leta(t) = (a|(t), ..., aq(t)) be any constant-speed
geodesic on the surface in Ri determined by the relation

ar--ag =r? (3.26)

Then this determines an Euler droplet solution (Q, ¢, p) with Q; equal to the ellipsoid E )
given by

Eo={xeR: Y /e <1}, (3.27)

J
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and potential and pressure given by

1 457 x]
¢(x, 1) = Eza—j—ﬂ(t), pern=pg|1-3 5| (3.28)
J J ]
with
. 132, a3/a7
B@) = Y 1/ 2 . (3.29)
2 1/aj
Proof The flow X associated with a velocity potential of the form in (3.28) must satisfy
. aj
Xj=nj®Xj, nj =" j=1....d (3.30)
J
Then for all j, (X;/a;)"= 0 and hence
Xj(z,t) = & (3.3
,(0)

so the flow is purely dilational along each axis and consequently ellipsoids are deformed to
ellipsoids as claimed. Note that incompressibility corresponds to the relation

a; d
Ap=) nj=) L=-—logaas=0.
j i

From (3.28) we next compute

\I\)

1 2
b+ 5IVOPP = —p+ 5 Z(n, + )X} = Z
J
This must equal zero on the boundary where x; = a;s; with s € Sy arbitrary. We infer
that for all j,
ajij =2p. (3.32)

The expression for p in (3.28) in terms of B then follows from (3.17), and p = 0 on 9.
We recover § by differentiating the constraint twice in time. We find

Z(Zal d——+a e ) +Z

whence (3.29) holds.
To get the first integral that corresponds to kinetic energy, multiply (3.32) by 2a;/a; and

sum to find
_ . e .2_
O_Zajaj, whence Zaj_
J J

and we see that ¢ = |a ()] is the constant speed of motion.
It remains to see that (3.32) are the geodesic equations on the constraint surface. This
follows because (3.32) says that d is parallel to the gradient of F(a) = ) j logaj, and the

ajij — 2,B—a

d

constraint (3.26) corresponds to staying on the level set F(a) = logr¢. This finishes the
demonstration of Proposition 3.4. O
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Remark 3.5 For later reference, we note that d; > 0 for all 7, due to (3.32) and (3.29).

Remark 3.6 Given any two points on the surface described by the constraint (3.26), there
exists a constant-speed geodesic connecting them. This fact is a straightforward consequence
of the Hopf-Rinow theorem on geodesic completeness [34, Theorem 1.7.1], because all closed
and bounded subsets on the surface are compact.

Remark 3.7 The Euclidean metric on the hyperboloid-like surface arises, in fact, as the metric
induced by the Wasserstein distance [53, Chap. 15], because, given any incompressible path

t — X (-, t) of dilations, satisfying (3.30) for some smooth n(¢) and with a; - - -ag = re,

|v| dx—/ an dx—Za / z-dzr ;‘ZZZ s

where wg = |B(0, 1)| is the volume of the unit ball in R?. For a geodesic, this expression is
constant for ¢ € [0, 1] and equals the action A, in (3.6) for the ellipsoidal Euler droplet.

3.4 Ellipsoidal Wasserstein droplets

Let (Q, ¢, p) be an ellipsoidal Euler droplet solution as given by Proposition 3.4, so that
Qo = Eq ) and Q| = E(1) are co-axial ellipsoids. We will call the optimal transport map
T between these co-axial ellipsoids an ellipsoidal Wasserstein droplet. This is described and
related to the Euler droplet as follows.

Given A € R, let D4 = diag(Ay, ..., Ag) denote the diagonal matrix with diagonal
A. Then, given Qo = E4©), 21 = E4) as above, the particle paths for the Wasserstein
geodesic between the corresponding shape densities are given by linear interpolation via

T,2) = DayDrgyz. AW = (1—10a(0)+ra(l). (3.33)

Note that a point z € E if and only if D'z lies in the unit ball B(0, 1) in R?. Thus the
Wasserstein geodesic flow takes ellipsoids to ellipsoids:

T: () = Eap), t€]0,1].

Leta(t),t € [0, 1], be the geodesic on the hyperboloid-like surface that corresponds to
the Euler droplet that we started with. Recall that Q; = E,(;) from Proposition 3.4. Because
each component ¢ — a;(t) is convex by Remark 3.5, it follows that foreach j =1, ..., d,

aj(t) <A@, tel0,1]. (3.34)

Because E4 = D4 B(0, 1), we deduce from this the following important nesting property,
which is illustrated in Fig. 2 (where for visibility the ellipses at times ¢ = % andt = 1 are

offset horizontally by g and b respectively).

Proposition 3.8 Given any corresponding ellipsoidal Euler droplet and Wasserstein droplet
that deform one ellipsoid Qo = Eq ) to another Q1 = Eq(1), the Euler domains remain
nested inside their Wasserstein counterparts, with

X (Ro,1t) =2 C T; (), tel0,1]. (3.35)
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Fig.2 Euler droplet (light blue)
deforming a circle to an ellipse,
nested inside a Wasserstein
droplet (dark orange). Tracks of
the center and endpoints of
vertical major axis are indicated
for both droplets (color figure
online)

Remark 3.9 The dilational flow X from (3.31) associated with the Euler droplet is given
by X(z,t) = Da(,)Da_((l))z in terms of the notation used in (3.33). Due to (3.34), this flow

satisfies, foreach j = 1,...,dand z € RY,
aj(t)
a;(0)

Aj(0)
A;(0)

Xz, 1) = lzj| < lzjl = T (2);].

For the nesting property X (2, 1) C T;(2) to hold, convexity of €2 is not sufficient in general.
However, a sufficient condition is that whenever n; € [0, 1]for j =1,...,d,

x:(xl,...,xd)ef) implies an:(mxl,...,nnx”)eﬁ.

3.5 Action estimate for ellipsoidal Euler droplets

For later use below, we describe how to bound the action for a boosted ellipsoidal Euler
droplet in terms of action for the corresponding boosted ellipsoidal Wasserstein droplet, in
the case when the source and target domains are respectively a ball and translated ellipse:

Lemma3.10 Givenr > 0,a € Ri withay ---aq = r?, and b € R9, let
Qo =B0,r), Q=E;+b.

Leta(t),t € [0, 1], be a minimizing geodesic on the surface (3.26) with

a)y=r=(@,...,r), a(l)=a=(y,...,aq).

Let (Q, ¢, p) be the ellipsoidal Euler droplet solution corresponding to the geodesic a, and
let A, denote the corresponding action. Then

—4

A
dw (g, 19,)* < Ay < dw(lg,, 1g,)> + 3z war®*?, (3.36)
where
A = min ﬂ, A = max ﬂ. (3.37)
r r
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Proof First, consider the transport cost for mapping ¢ to €1. The (constant) velocity of
particle paths starting at x € B(0, r) is

u(x) = (r~'Ds — Dx + b,

and the squared transport cost or action is (substituting x = rz)
2 _
dw(lg,, 1g,)" = /

2
lu(x)2dx = / (— - ) 2+ bldz
B(0,r) Z B(0,r) J J

A2
— wgr (|b|2+ 4] ) (338)

d+2

where A(t) = (1 — t)7 + ta is the straight-line path from 7 to a.
The mass density inside the transported ellipsoid 7;(€2p) is constant in space, given by

A~ —1
r a;

1) =det DT, ' = = l—r4+t—) .
PO =de bl =1 1570 H( +r>

Due to Remark 3.7, the corresponding action for the Euler droplet is bounded by that of the
constant-volume path found by dilating the ellipsoidal Wasserstein droplet: Let

yi®) = p®YA; (). (3.39)

Then the flow S;(z) = r~! D, 1)z is dilational and volume-preserving (with ]_[j yi(t) = rd)
and has zero mean velocity. The flow z — S;(z) + b takes Q¢ to 21, as on Fig. 2, with

action
I (e
B(0,r)

d 2 512
= bI> + —— dr|. 3.40
wd”(||+d+2/0|)/| ) (3.40)

Note that Y~ (y;/vj)? < 3 ;(A;/Aj)?, because

A b A 1A
ﬁziuri:if_,z;.
)/j A‘/' dp A(,‘ d ; A,’

Because p is convex we have p < 1, hence yj2 < max Aiz. Thus

. max A2\ . rnax&2 A
71> < (max A?) Z A2 < (mmA;) |A]> < ( 2) la — 7|2 (3.41)
i

min d

Plugging this back into (3.40) and using (3.38), we deduce that

A, <dw(lo.1a)? + wgr! ((maxa; i — 7|2 (3.42)
, a—r|°. .

y = 4Wii8o T d+2 min&i2

With the notation in (3.37), A and A respectively are the maximum and minimum eigenvalues

of DT, and because |1 — a;/r| < max(1,a;/r) < Aforall i = 1,...,d, this estimate

implies
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—4

d *
Ad < A, <dw(lg,, 1)) + eI wgrd*?, (3.43)

This yields (3.36) and completes the proof. O

3.6 Velocity and pressure estimates

Lastly in this section we provide bounds on the velocity v = V¢ and pressure p for the
ellipsoidal Euler droplet solutions.
Due to the action-minimizing property of the geodesic a(z), and because 1 /a% <

> a /aiz), the pressure in (3.28) is bounded in terms of the dilated path y from (3..39),
by

0<p=<p Za< /Iyldt

Using (3.41) and the notation in (3.37), it follows
—4
Ao
Ofpfpr d. (3.44)

For the velocity, it suffices to note that in (3.30), |X;/a;| < 1 hence |X 12 < Z a . Thus
the same bounds as above apply and we find
—4
Ao
IVo|* < vl d. (3.45)

Finally, for a boosted ellipsoidal Euler droplet, with velocity boosted as in (3.21) by a
constant vector b € RY, the same pressure bound as above in (3.44) applies, and the same
bound on velocity becomes

—4
Ao
IV —bI* < e (3.46)

We remark that in the constructions that we make in the next section, for a given distortion

ratio A" /22, the bounds in (3.44)—(3.46) can be made arbitrarily small by requiring r>
small.

4 Euler sprays

Heuristically, an Euler spray is a countable disjoint superposition of solutions of the Euler
droplet equations. Recall that the notation LI, Q,, means the union of disjoint sets Q,,.

Definition 4.1 An Euler spray is a triple (Q, ¢, p), with Q a bounded open subset of R? x
[0, 1]and ¢, p : O — R, such thatthereisasequence {(Q,, ¢n, Pn)}nen of smooth solutions
of the Euler droplet equations, such that Q = Li7° | Q,, is a disjoint union of the sets Q,,, and
foreachn e N, ¢, = ¢lg, and p, = plg,-

With each Euler spray that satisfies appropriate bounds we may associate a weak solution
(p, v, p) of the Euler system (1.9)—(1.10). The following result is a simple consequence of
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the weak formulation in (1.11)—(1.12) together with Proposition 3.3(a) and the dominated
convergence theorem.

Proposition 4.2 Suppose (Q, ¢, p) is an Euler spray such that |N|* and p are integrable
on Q. Then with p = 1 and v = 19V ¢ and with p extended as zero outside Q, the triple
(p, v, p) satisfies the Euler system (1.9)—(1.10) in the sense of distributions on R4 x [0, 1].

Our main goal in this section is to prove Theorem 1.1. The strategy of the proof is simple
to outline: We will approximate the optimal transport map 7: Qo — 2 for the Monge—
Kantorovich distance, up to anull set, by an ‘ellipsoidal transport spray’ built from a countable
collection of ellipsoidal Wasserstein droplets. The spray maps €2 to a target 2] whose shape
distance from €21 is as small as desired. Then from the corresponding ellipsoidal Euler
droplets nested inside the Wasserstein ones, we construct the desired Euler spray (Q, ¢, p)
that connects 29 to Q] by a critical path for the action in (1.1).

Remark 4.3 In general, for the Euler sprays that we construct, the domain Q = L%, O, hasan
irregular boundary 9 Q strictly larger than the infinite union LS ;8 Q, of smooth boundaries
of individual ellipsoidal Euler droplets, since d O contains limit points of sequences belonging
to infinitely many Q,,.

4.1 Approximating optimal transport by an ellipsoidal transport spray

Heuristically, an ellipsoidal transport spray is a countable disjoint superposition of transport
maps on ellipsoids, whose particle trajectories do not intersect.

Definition 4.4 An ellipsoidal transport spray on Qg is a map S: Q¢ — R?, such that

Q=] |f

neN

is a disjoint union of ellipsoids, the restriction of S to € is an ellipsoidal Wasserstein droplet,
and the linear interpolants S; defined by

Si(2)=0-1z+15@), z€ o,

remain injections for each ¢ € [0, 1].

Proposition 4.5 Let Qq, 1 be a pair of bounded open sets in RY of equal volume, and
let T: Qo — 21 be the optimal transport map for the Monge—Kantorovich distance with
quadratic cost. For any & > 0, there is an ellipsoidal transport spray S°: Qf — R? such
that

(i) 2 is a countable union of balls with | \ 24| = 0,
(ii) sup |T(z) — S°(z)| < e diam 1, and
7€
(iii) the L™ transportation distance between the uniform distributions on Q5 and 2\ satisfies
deo (2], Q1) < £ diam Q1.

The proof of this result will comprise the remainder of this subsection. The strategy is as
follows. Due to Alexandrov’s theorem on the twice differentiability of convex functions, the
Brenier map T = Vv is differentiable a.e. The set £ will be chosen to be the union of a
suitable Vitali covering of Qq a.e. by balls B;, whose centers are points of differentiability
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of T'. On each ball B; we approximate 7' by an affine map S° which takes the ball center x;
to (1 + )T (x;), taking the form

SEx) =0 +e)T(x;)+DT(x)(x —x;), x€B;. “4.1)

The corresponding displacement interpolation map S; has three key properties: (i) it is locally
affine so maps balls to ellipsoids, (ii) it is volume-preserving, and (iii) it spreads out the
ball centers by the dilation factor 1 + &, which ensures that the ball images remain non-
overlapping, because they are nested inside corresponding images under a dilated version of
the displacement interpolation map 7;.

4.1.1 Nesting by subgradient approximation

It turns out to be quite convenient to construct this dilated version based on the subgradient
dyr of the Brenier potential v, to deal with the problem that the Brenier map 7" may be
discontinuous, perhaps on a complicated set.

We recall that the subgradient of ¥ is a set-valued function defined by

W) ={zeRY: y(x +h) > ¥(x)+ (z, h) Yh e RY). 4.2)

where (-, -} denotes the standard inner product on R?. For each x € RY, the set 9y (x) is
closed, convex, and nonempty. For the convenience of readers, in “Appendix 1” we provide
proofs of the few basic facts about subgradients that we will use.

According to Alexandrov’s theorem (see [43, Thm. 1.3] or [23]), for almost every xg € R4
the subgradient 91 admits a local first-order expansion

oY (x) C T(xg) + H(x —x0) + B0, w(xg,r)) Vx € B(xg,r), 4.3)

where H is a positive semidefinite matrix and w(xg, ) = o(r) as r — 0. Note we may
assume w(xg, r)/r is increasing in r. The quantity T (xg) = Vi (xg) provides the Brenier
transport map at xg, and we let Hess 1 (xo) denote the matrix H, which is the Hessian of ¢
at xo in case the gradient Vi is differentiable at xq.

Let us say xg is an Alexandrov point if (4.3) holds. Because T = Vi pushes forward the
Lebesgue measure on 29 to that on 21, it follows that det Hess ¥/ (x) = 1 for a.e. Alexandrov
point x in Q¢ (see [40, Thm. 4.4] or [52, Thm. 4.8]). Denoting by €24 the set of these points,
we have |29 \ Q4| = 0, and with X1 (x), ..., Az(x) denoting the eigenvalues of Hess 1 (x),

AM(x)---Ag(x)=1 forallx € Q4. 4.4)

Note it follows A (x) > Oforall x € Qq4, j =1,...,d.
Our construction involves an expanded, subgradient extension of the displacement inter-
polating map 7;. Namely, given ¢ > O and ¢ € (0, 1), we define

1
Yl (x) = 5(1 — x>+ 1(1 + &)Y (x). 4.5)
The subgradient of this function is (see Prop. A.1.ii),
Y (x) =1 —0x +1(1+e)dy(x). (4.6)

In case ¢ = 0, this map extends T; in the sense that Bl/fp(x) = {T;(x)} for all x € Q4.
Further, the range of this subgradient is all of R¢ (by Prop. A.L.iii). Just as in (2.2), due to
the monotonicity of the subgradient (Prop. A.1.i) one has

lz—2z| > (1 —1)|x — x| whenever z € dy; (x), Z € 3y, (X). 4.7)
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By consequence, the inverse L¢ := (3y°)~! is a single-value Lipschitz map with Lipschitz
constant bounded by (1 — 1)~L. Note that for all z € RY,

z € 3y (x) ifandonlyif Lf(z)=x. (4.8)
Lemma4.6 Let e > 0 and let xo € Q4. Choose ro > 0 such that
(1 + )0, r0) < 3eRxoND, 49)
where A(xg) € (0, 1) is the smallest eigenvalue of H = Hess ¥ (xg). Then, with
xF=Vyl(xo) =1 —0xo+t(1+e)T(x0), H =0-0I+1H,
the ellipsoid
E;(xo,r) :=x; + H;B(0,r) C 3y/ (xo + B(0, r)), (4.10)
whenever 0 <r <rgpand0 <t < 1.

We note that the fact that the term 7 H in H; does not contain a factor 1 + ¢ is needed to
guarantee the inclusion in (4.10).

Proof Note that L{ (x{) = xo, soby (4.8), the inclusion in (4.10) is equivalent to the statement
|LY (x; + Hyx) — L{ (x/)| <r whenever |x| <r. (4.11)

The proof that this holds whenever 0 < r < rg and t € (0, 1) shall be based upon the local
expansion of 3 in (4.3). We begin with the following conditional estimate of the quantity

S () == LY (x; + Hpx) — Ly (x7).

Sublemma 4.7 For each t € (0, 1) there exists 0, < 1 such that if |x| < ro and we further
assume | ff (x)| < ro, then | f£(x)| < 6;|x|.

Proof Under the stated assumption, we have x; + H;x € 9y (xo + y) where y = f(x).
Due to (4.6) and (4.3), there exists w € B(0, w(xg, |y|)) such that

xp + Hix = (1= 1)(xo +y) +1(1 +&)(T(x0) + Hy +w)
=x+ (H +etH)y +t(1 + &)w,
whence
y = (H, +etH) " (Hix —t(1 + &)w).
By diagonalizing H and noting A; = 1 — t 4 A is the smallest eigenvalue of H;, one finds

(xo, |y])
A 4 stA

At
H +etH) "Hx| < ——-—
|(H, ) x| < o+

Ixl,  [(H; +etH) 'w| <
etr

Since we assume |y| < ro and this entails (1 + &)w (xo, |y]) < %8&|y|, the result |y| < 6;|x|
follows by taking

[m}
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Now we finish the proof of Lemma 4.6, establishing (4.11) by continuation. Fix ¢t € (0, 1)
and let

7y = sup {r € [0,70] : |fF(x)] < 6|x| whenever |x|<r} 4.12)

(without the extra assumption made in the sublemma). The set in (4.12) is closed and r; > 0,
because f;° is continuous and f;7(0) = 0. Note that |x| < r; implies | £ (x)| < 6;r; < r;.
Now it follows r; = rg, because if r; < rop, then it follows from continuity that for some
r € (r, rol, |x| < r implies | ff(x)| < r; < ro, whence | f£ (x)| < 6;|x| by the sublemma,
contradicting the definition of ;. O

4.1.2 Proof of Proposition 4.5

We suppose 0 < ¢ < 1. The first step in the proof is to produce a suitable Vitali covering of
0, up to a null set, by a countable disjoint union of balls. By translating the target €21 so
that it contains the origin, we may assume

esssup |7 (x)| = sup |y| < diam Q. (4.13)
xeQo ye

We may choose 7(x, ) > 0 for each x € Q4 and ¢ > 0 such that whenever 0 < r <
7(x, &) we have (see (4.9))

A(x)
Ax)

1
(I+8)wkx,r) < Es&(x)r, r < ediam Qq, (4.14)

where A (x) is the largest eigenvalue of Hess(x) and A (x) is the smallest. (The second condition
on r will be used in the next subsection.) Then [ \ 24| = 0, and the family of balls
{B(x,r):x € Q4, 0<r <7(x,e)}

forms a Vitali cover of Q4. Therefore, by Vitali’s covering theorem [20, Theorem II1.12.3],
there is a countable family of mutually disjoint balls B (x;, r;), withx; € Q4 and 0 < r; <
7(x;, €), such that

124\ Uien B(xi, ri)| = 0.
We let

QS:I—IBi’ B,‘ :B(x,-,r,-). (415)
ieN
Define the map S¢ by (4.1). To show S¢ is an ellipsoidal transport spray on 2§, we first
prove that the linear interpolants defined by

S =0-0z+15%(@), z¢€9

remain injections for each ¢ € [0, 1). Clearly the restriction to each B; is an injection. But
by invoking Lemma 4.6 with H = Hess v/ (x;), we conclude that the image of B; under S?
satisfies

S; (Bi) = Ej (xi, i) C 0y (By). (4.16)
Recalling that the inverse (3y°)~! is a single-value Lipschitz map by (4.7), this implies that

the images S; (B;) are pairwise disjoint.
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Now, for t = 1 we necessarily have S is injective, for if not then for some i # j, the
open set S; (B;) N S7 (B;) is nonempty for r = 1 and hence for ¢ near 1, contradiction. This
proves that S° is an ellipsoidal transport spray on the set 2§ in (4.15), so that property (i)
holds.

Next we prove property (ii). Using (4.14), for each x € B; we have, since T (x) € dyr(x),

IT(x) — S¥(x)| < |T(x) = T(x;) — DT (x;)(x — xp)| + &[T (x;)]
<o, r)+elT ()

1 3
< isﬁ(xi)ri + ediam Q) < Es diam ;. “4.17)

This shows (ii) after replacing & by &/2. For part (iii), we note that the set Q2 = (56! (227)
has full measure in 29, and the map 7 pushes forward Lebesgue measure on €2 to Lebesgue
measure on 1. It follows that the map T o R RE Qf — ) pushes forward uniform
measure to uniform measure and satisfies

sup |7 o (85) 7' (x) — x| < ediam .

xeQf

The result claimed in part (iii) follows, due to (2.7). This finishes the proof of Proposition 4.5.

4.2 Action estimate for Euler spray

Each of the ellipsoidal Wasserstein droplets that make up the ellipsoidal transport spray S° is
associated with a boosted ellipsoidal Euler droplet nested inside, due to the nesting property
in Proposition 3.8. The disjoint superposition of these Euler droplets make up an Euler spray
that deforms 2§ to the same set 7.

In order to complete the proof of Theorem 1.1, it remains to bound the action of this Euler
spray in terms of the Wasserstein distance between the uniform measures on ¢ and .
Toward this goal, we first note that because the maps 7" and S¢ are volume-preserving, due
to the estimate in part (ii) of Proposition 4.5 and (2.7) we have

dw(T(B), S(B))* < (¢K1)*|Bil, K1 =diamQ.
Now by the triangle inequality,
dw(B;. St(B:))2 , 4 11/2)?
w(Bi, S5(B))? < (dw(Bi, T(B)) + ¢K1|B;|'/?)
< dw(Bi, T(B))*(1+¢)+ (¢ + &) K}|Bi| (4.18)

Recall that by inequality (3.36) of Lemma 3.10, the action of the i-th ellipsoidal Euler
droplet, denoted by A4;, satisfies

EDN
(x;) rl'2|Bi|
A(xi)?

<dw(Bi, T(B))*(1 +¢) + 3¢K?|B;], (4.19)

A; < dw(B;, S¢(B)* +

where we make use of the second constraint in (4.14).
By summing over all i, we obtain the required bound,

AT =" A <dw(lg,. 1g,)* + Ke

1
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where
K =dw(lg,, 1g,)? + 4|Q0|(diam ).

This concludes the proof of Theorem 1.1.

5 Shape distance equals Wasserstein distance

Our main goal in this section is to prove Theorem 1.3, which establishes the existence of paths
of shape densities (as countable concatenations of Euler sprays) that exactly connect any two
compactly supported measures having densities with values in [0, 1] and have action as close
as desired to the Wasserstein distance squared between the measures. Theorem 1.2 follows
as an immediate corollary, showing that shape distance between arbitrary bounded measur-
able sets with positive, equal volume is the Wasserstein distance between the corresponding
characteristic functions.

Theorem 1.3 will be deduced from Theorem 1.1 by essentially ‘soft’ arguments. Theo-
rem 1.1 shows that the relaxation of shape distance, in the sense of lower-semicontinuous
envelope with respect to the topology of weak-x convergence of characteristic functions, is
Wasserstein distance. Essentially, here we use this result to compute the completion of the
shape distance in the space of bounded measurable sets.

Lemma 5.1 Let p: RY — [0, 1] be a measurable function of compact support. Then for any
& > 0 there is an open set Q such that its volume is the total mass of p and the L* transport
distance from p to its characteristic function is less than &:

|§2|:/ pdx and dx(p,lg) < e.
R4

Proof We recall that weak-x convergence of probability measures supported in a fixed com-
pact set is equivalent to convergence in (either L2 or L) Wasserstein distance. Given k € N,
cover the support of p a.e. by a grid of disjoint open rectangles of diameter less than g, = 1/k.
For each rectangle R in the grid, shrink the rectangle homothetically from any point inside
to obtain a sub-rectangle R C R such that |I§| = f g P dx. Let € be the disjoint union of
the non-empty rectangles R so obtained. Then the sequence of characteristic functions L,
evidently converges weak-x to p in the space of fixed-mass measures on a fixed compact set:
for any continuous test function f on RY, as k — oo we have

fx)dx —>/ Fx)p(x)dx.
Qe R4

Choosing 2 = € for some sufficiently large k yields the desired result. O

Proof of Theorem 1.3 part (a) Let po, p1 have the properties stated, and suppose D :=
dw (po, p1) > 0. (The other case is trivial.) Let ¢ > 0. By Lemma 5.1 we may choose
open sets 2o and €21 whose volume is f]Rd po and such that

& A &
doo(p0, Ty) + doo(p1, 1) < 5, dw(szo,s21>25dw(po,m)2+5. (5.1)

Then we can apply Theorem 1.1 to find an Euler spray that connects 29 to a set fli =: Q
close to € with the properties

A &€ N &
doo (821, 821) < 3, AT < dw (Q0,Q21)° + 3 (5.2
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where A°® is the action of this Euler spray. By combining the inequalities in (5.1) and (5.2)
we find that the sets ¢, €21 have the properties required. O

Before we establish part (b), we separately discuss the concatenation of transport paths.
Let pk = (,otk),e[g,l] be a path of shape densities for each k = 1,2, ..., K, with associated
transport velocity field v* € L?(of dx dt) and action

1
Ak:/ / ok )W (x, 1) dx dt.
0 ]Rd

We say this set of paths forms a chain if ,0/1‘ = p§+l fork =1,..., K — 1. Given such a

chain, and numbers 7; > 0 such that Zle 7 = 1, we define the concatenation of the chain
of paths ¥ compressed by Ty to be the path p = (pr)ref0,1] given by

pi=pf for t=ms+Y m. sel01]. (5.3)
j<k

The transport velocity associated with the concatenation is

v(-, 1) = rk_lvk(~,s) for t = s + Zrk, s €10, 1], 54
Jj<k

and the action is
1 K 1 K
A= / / v dxdr =3 7! f / PEOGe )P dxds =7 A,
0 JR? k=1 0 JR? k=1
(5.5)
Remark 5.2 'We mention here how the triangle inequality for the shape distance defined in
(1.5) follows directly from this concatenation procedure. Given the chain p¥ as above with

actions Ay, let 8y = /Ay and set

k=1,...,K.

T =

Zj 8; ’

Let A be the action of the concatenation of paths p¥ compressed by 7, and let § = +/A.
Then

2
A=8"=) "7 '60 = (Zak> :
k k

From this the triangle inequality follows.

Proof of Theorem 1.3 part (b) Next we establish part (b). The idea is to construct a path of
shape densities p = (p;);¢[0,1] connecting pg to p1 by concatenating the Euler spray from
part (a) together with two paths of small action that themselves are concatenated chains of
Euler sprays that respectively connect 29 to sets that approximate pg, and connect £2; to sets
that approximate p.

Let ¢ > 0, and let p® be a shape density determined by an Euler spray as from part (a)
that connects bounded open sets 9 and Q1 of volume [, po, but with the (perhaps tighter)
conditions
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1
dw (g, po) + dw (Lo, p1) < €2 L A <dw(po, 1) + e,

where A? is the action of this spray.
Next we construct a chain of Euler sprays with shape densities p*, k = 1,2, ..., with

. . . *
action Ay that connect 1 with a chain of sets & such that 1, —p1 as k — oo and

1 & —ky2
dw (Lo, p1) < 182 s A < (82797 (5.6)
We proceed by recursion by applying Theorem 1.1 like in the proof of part (a). Given k > 1,
suppose £2; is defined and p/ are defined for j < k. Using Lemma 5.1 we can find a bounded
open set 21 such that

~ |
(41| = /1‘@ po and dw(lg . p1) < §82 .

Then by invoking Theorem 1.1 and the triangle inequality for dy, we obtain an Euler spray
with action Ay that connects €2 to a bounded open set k1, such that

B 1k NN T Py k2
dw (41, Qpy1) < 882 and A < dw (2%, Q1)+ 2(82 )T < (e277)".

We let pk = (pf),qm 1 be the path of shape densities for this spray, so that p’o‘ = lg, and
pi‘ = lq,,,. This completes the construction of the chain of paths o~ satisfying (5.6).

It is straightforward to see that dy (,olk, p1) = 0as k — oo uniformly for ¢ € [0, 1]. Now
welet p™ = (,0,+ )ze[0,1] be the countable concatenation of this chain of paths pk compressed
by & = 2k according to the formulas (5.3)—(5.5) above taken with K — oo, and with
pfr = p1. The action A7 of this concatenation then satisfies

o0
AT =30k <6 (5.7)
k=1

In exactly analogous fashion we can construct a countable concatenation 4~ of a chain of
paths coming from Euler sprays, that connects g, = Lg, with p; = po and having action
A~ < &2. Then define p~ be the reversal of p~, given by

P =Py

This path p~ has the same action A™~.
Finally, define the path p by concatenating p—, p¢, p* compressed by &, 1 — 2¢ and ¢
respectively. This path satisfies the desired endpoint conditions and has action A that satisfies

A=e1A"+ 1 =207 "A + 71 AT < dw(po. p1)* + Ke,

for some constant K independent of & small. The result of part (b) follows. O

Remark 5.3 Our construction here of a sequence of action-infimizing paths involves con-
necting geodesics given by Euler sprays only for simplicity. A more general approach to
constructing non-geodesic near-optimal incompressible paths can be taken that exploits the
convexity of density along Wasserstein transport paths. Such an approach was implemented
in an earlier preprint version of this article [38].
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5.1 Rigidity of minimizing incompressible paths

The result of Theorem 1.4, providing a sharp criterion for the existence of a minimizer for
the shape distance in (1.5), follows by combining the uniqueness property of Wasserstein
geodesics with the result of Theorem 1.2.

Proof of Theorem 1.4 Let p = (p;)¢[0,17 be the density along the Wasserstein geodesic path
that connects 1g, and 1g,, where ¢, €21 are bounded open sets in R? with equal volume.
Clearly, if p is a characteristic function, then the Wasserstein geodesic provides a minimizing
path for (1.5). On the other hand, if a minimizer for (1.5) exists, it must have constant speed
by a standard reparametrization argument. Then by Theorem 1.2 it provides a constant-
speed minimizing path for Wasserstein distance as well, hence corresponds to the unique
Wasserstein geodesic. Thus the Wasserstein geodesic density p is a characteristic function.

O

A consequence of Theorem 1.2 is that existence of a minimizer among incompressible
transport paths in (1.5) imposes a rigid structure on the optimal transport map 7. We describe
this below in Corollary 5.8. We begin by examining the density along the Wasserstein geodesic
path that connects 1, and 1gq,. This density is the pushforward of pyp = 1q, under the
transport map 7; from (2.1). Invoking a result of McCann [40, Proposition 4.2], we know

d
aT;
o(Ty(2), 1)~ = det — o =det((1 —t)I +tHess ¥ () = 1_[(1 —t+11j(2), (5.8)
j=1
for each z in the set 24 of full measure in €2, which appears in (4.4) and consists of the
Alexandrov points z of i at which det Hess ¥ (z) = 1.

Lemma 5.4 Along the particle paths t — T;(z) of displacement interpolation between the
measures with respective densities 1q, and lq, as above, the density is log-convex, that is
t +— log p(T;(2), t) is convex, for each z € Q24. Moreover, this function is constant if and
only if Hess Y (z) = I.

Proof We compute

d? d -1 Lroa—1 \?

— 1 =—— — = =) 59

ar? %P = T Zl—wrmj ;(1—z+m,~> = ©9)
and this vanishes if and only if A; = 1 for all j. O

Remark 5.5 A related fact stated in [40, Lemma 2.1] implies the (stronger) property that
p~ /4 is concave along particle paths and is connected to a well-known proof of the Brunn-
Minkowski inequality by Hadwiger and Ohmann. The proof of Lemma 5.4 can be easily
modified to show p~7 is concave along particle paths for any ¢ € (0, 1/d]. Indeed, due to

the Cauchy—Schwartz (or Jensen’s) inequality, for g(¢) = p(T;(z), t)~ /¢, one has
2
" 1 a1 1L =1 \?
& _ fZ T _72(7/ ) <0. (5.10)
¢ \d&i-rvn; ] “daz=\T-rtn,

Remark 5.6 We note that Lemma 5.4 implies that p; < 1 a.e., forall 7 € [0, 1], with a simple

proof relying only on basic tools of optimal transport.
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If a minimizer for the shape distance in (1.5) exists, the result of Lemma 5.4 shows that
Hess ¥ (z) = 1 for every z € Q4 and hence

VTi(z) =1 foreveryz € Q4 andt € [0, 1]. (5.11)

To discuss further the consequences of these tight restrictions, it is convenient to invoke the
regularity theory of Caffarelli [13], Figalli [24] and Figalli and Kim [25]. These authors have
shown (see Theorem 3.4 in [17] and also [18]) that, due to the fact that the characteristic
functions are smooth inside 29 and €21, the optimal transportation potential ¥ is smooth
away from a set of measure zero. More precisely, there exist relatively closed sets of measure
zero, ¥; C ; fori = 0,1 such that T : Qp\Xo — 21\ X is a smooth diffeomorphism
between two open sets.

Remark 5.7 In a previous draft of this paper, this regularity theory was used to prove The-
orem 1.1 through a Vitali covering argument. The present approach to the proof in Sect. 4
exploits the simpler property that the subgradient maps 0, have single-valued inverses.

As a consequence of this regularity theory, the rigidity of gradients in (5.11) implies the
following rigiditiy for transport maps.

Corollary 5.8 The Wasserstein geodesic density p is a characteristic function if and only if
the displacement interpolant is piecewise a rigid translation:

Ti(z) = 2+ 1b(z),
where b(-) is constant on each component of the open set Q¢ \ Xo.

In case the result of this Corollary applies, the target 21 = T (£2¢) represents some
kind of decomposition of the source 2 by fracturing into pieces that can separate without
overlapping.

Remark 5.9 In the case of one dimension (d = 1) it is always the case that the Wasserstein
geodesic density p(7;(z), t) = 1 for all z in the non-singular set. This is so because the dif-
feomorphism 7" : Qp\Xp — 21\ X must always be a rigid translation on each component,
as it pushes forward Lebesgue measure to Lebesgue measure.

As a nontrivial example, let C C [0, 1] be the standard Cantor set, and let 2o = (0, 1).
Define the Brenier map 7' (z) = z 4 c(z) with ¢ given by the Cantor function, increasing and
continuous on [0, 1] with ¢(0) = 0, ¢(1) = 1 and ¢’ = 0 on (0, 1) \ C. Then T'(2g) = (0, 2),
but the pushforward of uniform measure on €2 is the uniform measure on the set Q; =
T (20 \ C), which has countably many components, and total length || = 1.

6 Displacement interpolants as weak limits

This section focuses on the proofs of Theorems 1.5 and 1.6 on the convergence of Euler
sprays towards Wasserstein geodesics. These results establish convergence of mass densities,
momenta, and momentum flux tensors, first in the standard weak-x sense in L°°, then in the
more precise TL? sense. While both theorems deal with general densities, in each case we
first treat the case that pg is a characteristic function (Propositions 6.1 and 6.5). To extend to
the general case we use results on stability of Wesserstein geodesics (Propositions 6.3 and
6.6).

We conclude this section in Sect. 6.3 with a result on convergence of Lagrangian flow
maps, in the TL? sense.
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6.1 Proof of Theorem 1.5

We will proceed in two steps, first dealing with the case that the endpoint densities pg, p1
are characteristic functions of bounded open sets. To extend this result to the general case of
bounded densities, we will make use of fundamental results on stability of optimal transport
plans from [2] and [53].

Proposition 6.1 Letr 2y, 21 be bounded open sets of equal volume. Let (p, v) be the den-
sity and transport velocity determined by the unique Wasserstein geodesic (displacement
interpolant) that connects the uniform measures on 2y and 21 as described in Sect. 2.

Then, as ¢ — 0, the weak solutions (p®, v, p®) associated to the Euler sprays of The-
orem 1.1 by Proposition 4.2 converge to (p, v,0), and (p,v) is a weak solution to the
pressureless Euler system (1.13)—(1.14). The convergence holds in the following sense:
pf — 0 uniformly, and

*

Pip, P Rpu, P @V pu @, 6.1)

weak-x in L® on R? x [0, 1].

Toward proving this result, we describe the bounds on pressure and velocity that come
from the construction of the Euler sprays constructed above, for any given ¢ € (0, 1).

Lemma 6.2 Let (Qf, ¢%, p®),0 < & < 1, denote the Euler sprays constructed in the proof of
Theorem 1.1, and let X : Q x [0, 1] — R? denote the associated flow maps, which satisfy

Xo(z,1) = Vo* (X°(z, 1), 1), (z,1) € Q5 x [0, 1],
with X¢(z, 0) = z. Then for some K > 0 independent of &, we have
0<p°(x,t) < Ke (6.2)
forall (x,t) € Qf, and
X0 = @)+ XG0~ Ti(2)| < Ke (6.3)

forall (z,t) € QG x[0, 1], where (z, t) — T,(2) is the flow map from (2.1) for the Wasserstein
geodesic.

Proof By the pressure bound for individual droplets in (3.44) together with the second con-
dition in (4.14), we have the pointwise bound

0<p®<Koe, Ko=Kid K =diamQ. (6.4)

Next consider the velocity. The boosted ellipsoidal Euler droplet that transports B; to S®(B;)
is translated by x;, and boosted by the vector

bi = (1+)T(xi) —x; = T,(i) +eT (). 6.5)

In this “i-th droplet,” the velocity satisfies, by the estimate (3.46),
IV$® —bi| = [v° — bi| < Koe. (6.6)
Now the particle velocity for the Euler spray compares to that of the Wasserstein geodesic

according to
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IXf(z, 1) — T;(2)| < |X® —bi| + |bi — T;(2)]
< Koe +&|T(x)| + 1T () —z — (T (x;) — x;)|
< Koe + &[T (xj)| + ri max [A; — 1| + w(x;, i)

J

< Kope +3Ks. (6.7)

SHere A; are the eigenvalues of Hess ¥ (x;), and we use (4.3) with the fact that [A; — 1|r; <
A(xj)ri < Kie and w(x;, r;) < er; by (4.14).) Integrating we get both bounds in (6.3). O

Proof of Proposition 6.1 Now, let (p, v) be the density and velocity of the particle paths for the
Wasserstein geodesic, from (5.8) and (2.4). Recall that the density p® = 1o and velocity

v® = 19 V¢® associated with the Euler sprays are uniformly bounded. To prove ,08—*\,0
weak- in L°°, it suffices to show that as ¢ — 0,

1
/O /R ) (0° — p)gdx dt — 0, (6.8)

for every smooth test function ¢ € CZ° (R4 x [0, 1], R). Changing to Lagrangian variables
using X° for the term with p® = 1 ¢ and 7; for the term with p, the left-hand side becomes

1
//(L](XE(Z,I)J)—Q(Tt(Z)J))dzdf- (6.9)
0 Qo

Evidently this does approach zero as ¢ — 0, due to (6.3).

*
Next, we claim p®v® — pv weak-x in L°°. Because these quantities are uniformly bounded,
it suffices to show that as ¢ — O,

1
/ / (p°v® — pv) - Vdxdt — 0 (6.10)
0 JR4

for each v € C*° (RY x [0, 1], RY). Changing variables in the same way, the left-hand side
becomes

1
f/(X%z,t)-ﬁ(x%z,z),r)—'E(z)-ﬁ(n(z),t)) dzdt. (6.11)
0 JQ

But because v is smooth and due to the bounds in (6.3), this also tends to zero as ¢ — 0.

*
It remains to prove pv® ® v®—pv ® v weak-x in L°°. Considering the terms compo-
nentwise, the proof is extremely similar to the previous steps. This finishes the proof of
Theorem 1.5. O

To generalize Proposition 6.1 to handle general densities pg, o1 : R — [0, 1], we will use
a double approximation argument, comparing Euler sprays to optimal Wasserstein geodesics
for open sets whose characteristic functions approximate pg, o1 in the sense of Lemma 5.1,
then comparing these to the Wasserstein geodesic that connects pg to p;. We prove weak-star
convergence for the second comparison by extending the results from [2] and [53] on weak-x
stability of transport plans to establish weak-« stability of Wasserstein geodesic flows (in the
Eulerian framework).

Proposition 6.3 Let (p, v) be the density and transport velocity determined by the Wasser-
stein geodesic that connects the measures with given densities pg, p1: RY — [0,1],
measurable with compact support such that
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/PO:/ P1-
Rd Rd

Let 5216, Qll‘, k=1,2,..., be bounded open sets such that |Qé| = |Q]1‘| = fRd po and

doo(po, 1195) + doo(p1, ]IQIIC) — 0 ask — oo,

and let (5%, %) be the density and transport velocity determined by the Wasserstein geodesic
that connects the measures with densities /3]6 = ]lQ/(c) and ﬁ]f = ]lglf' Then

pop, P, Pifed e, (6.12)
weak-x in L on RY x [0, 1]. Consequently 0 < p < 1l a.e. in R9 x [0, 1].
Proof Let 7 (resp. %) be the optimal transport plan connecting pg to p; (resp. ]lgg to IQ{;)'

These plans take the form 7 = (id xT')z 09 (resp. 7% = (id x Tk)nﬂgzé) where T (resp. T

is the Brenier map. Then by [53, Theorem 5.20] or [2, Proposition 7.1.3], we know that k
converges weak-+ to 77 in the space of Radon measures on RY x RY.

The densities 5* are uniformly bounded above a.e. by 1, due to Remark 5.6. Then the
momenta p*o¥ are uniformly bounded, since the velocities % are bounded (cf. (2.3)). We

will prove that ok TN pv; it will be clear that the remaining results in (6.12) are similar. Let
¢: R? x [0, 1] = R? be smooth with compact support. We claim that

1 1
//ﬁkﬁkgo(x,t)dxdte/ / pve(x, ) dx dr. (6.13)
0 JRd 0 JRA

Recall from (2.3) that the geodesic velocities ok (x, 1) satisfy
(1 =0z 41Tz, 1) = TFz) — 2.

Hence the left-hand side of (6.13) can be written in the form

1
// <y—z><p<(1—t>z+ty,r>dn’<(z,y>dr=f oy drt G y),
0 JRIxRd R4 x R4

where
1
V) =f0 (v = Dol = D)z + 1y, 1) dr.

* .
Due to the fact that 77 and all these measures are supported in a fixed compact set, as
k — oo we obtain the limit

1
/ Y(z,y)dn(z, y)=/ / =291 =0z +ty,t)dnr(z,y)dt
R‘IXR‘I 0 ]RdXR‘I (6 14)
. )
=/ / (T(z) — (T (2), 1) po(z) dz dt,
0 R4

where T;(z) = (1 — t)z + tT (z). To conclude the proof, we need to recall how p and v are
determined by displacement interpolation, in a precise technical sense for the present case
when pg and p; lack smoothness. Indeed, from the results in Lemma 5.29 and Proposition 5.30
of [47] (also see Proposition 8.1.8 of [2]), we find that with the notation

x(z,y) = =0z +1y,
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the measure p, with density p; is given by the pushforward
we = (x)gm = (x)g(id XT)zpeo = (T1)z(po dz), (6.15)
and the transport velocity is given by
v(x, 1) = (T —id) o (T}) "' (x). (6.16)

Thus we may use 7; to push forward the measure po(z) dz = duo(z) in (6.14) to write, for
eacht € [0, 1],

[ r@-oem@.nmed= [ vwnewnpmdn 61
R: R:
It then follows that (6.13) holds, as desired. O

Remark 6.4 The validity of the continuity equation (1.13) for (p, v) is well known and estab-
lished in several sources, e.g., see [52, Theorem 5.51] or [47, Chapter 5]. The step above
going from (6.14) to (6.17) provides an answer to the related exercise 5.52 in [52]. We are not
aware, however, of any source where the momentum equation (1.14) for (p, v) is explicitly
and rigorously justified.

Proof of Theorem 1.5. Letus now finish the proof of Theorem 1.5. Any ball in L>(R¢ x [0, 1])
is metrizable, by [20, Theorem V.5.1], hence we may fix a metric d in a large enough ball,
and select g; > 0 for each k € N such that for the quantities (p*, v¥, p*) 1= (p%, v, p%)
coming from the Euler sprays of Proposition 6.1, the components of p¥, pkvk and pFvk @ v*
approximate the corresponding quantities 5%, 5% and p¥9% @ ¥ that appear in Proposi-
tion 6.3, within distance 1/k. That is,

max ((d(ot. 7). ook, 5. d(otuboh, Bt ) < 1

Then the convergences asserted in (1.15) evidently hold. O

6.2 Convergence in the stronger TL? sense

Here we prove Theorem 1.6. It establishes that the convergences described in Propositions 6.1
and 6.3 and Theorem 1.5 actually hold in a stronger sense related to the 7L? metric that was
introduced in [28] to measure differences between functions defined with respect to different
measures. For the convenience of readers, in “Appendix 1” we recall the definition and
characterization of the TL? metric from [28], and establish a needed TL? stability property
for transport maps and Wasserstein geodesics.

Our first result here strengthens the conclusions drawn in Proposition 6.1.

Proposition 6.5 Under the same hypotheses as Proposition 6.1 and Lemma 6.2, the map that
associates T; (x) with X7 (x) = X®(x, 1), defined by Y = X7 o T; pushesforward P to
pf and we have the estimate

¢ = YF ()] + v (x) — vf (¥ (x)] < Ke (6.18)

forallt € [0, 1] and ps-a.e. x. By consequence, for all t € [0, 1] we have
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drroo((or, vr), (0f, v6)) < Ke.

This result follows immediately from estimate (6.3) of Lemma 6.2. Expressed in terms of
couplings, using the transport plan that associates X¢(z, ) with 7;(z) given by the pushfor-
ward

w8 = (X*(-, 1) x Tr)zpo0,
the estimate (6.3) implies that for 7%-a.e. (x, y), for all # € [0, 1] we have
Ix — v+ [ve (x, 1) — v(y, )| < Ke.

Next we improve the conclusions of Proposition 6.3, on stability of Wasserstein geodesics,
by invoking the results of Corollary B.5 in the “Appendix 1”.

Proposition 6.6 Under the assumptions of Proposition 6.3, there exist transport maps S* that
push forward pg to ,5]6 = ]152{‘,’ such that

[lid =8|l L (ppdx) — O as k — oo, (6.19)
and for any such sequence of transport maps, the maps given by
S'tk:TtkoS'koTt_l

push forward p; to ,5{‘ and satisfy, as k — oo,

sup / Ix — SF@)1? pr(x) dx — 0, (6.20)
te[0,1]

sup / v (x) — OX(SK@))I? pr(x) dx — 0. (6.21)
tel0,1]

Proof The existence of the maps Sk follow from the fact that deg (00, ,6]6 ) —> 0ask — oo,
and existence of optimal transport maps for these distances, see Theorem 3.24 of [47]. The
remaining statements follow from Corollary B.5 in the “Appendix”. O

By combining the last two results, we can prove Theorem 1.6.

Proof (Proof of Theorem 1.6) Let s = Ly be as in Proposition 6.6, and let (%, vk, p*) be
corresponding solutions of the Euler system (1.13)—(1.14) coming from the Euler sprays of
Theorem 1.1, chosen as in the proof of Theorem 1.5. With S* as in Proposition 6.6, let

Stk = Xfos‘koTt_l,
Then (S,k)ﬁ(p, dx) = ,otk dx. To prove (1.16), by Proposition B.4 it suffices to show that
k 2
sup / lx = S; ()| pr(x)dx — 0,
1€[0,1]

sup / 0 6) — VA (SE P pr () dx — O,
tel0,1]

as k — oo. Using Proposition 6.5, we can deduce that when kK — oo then

sup / 1S5 (x) — 8% (x)[? p;(x) dx — 0, (6.22)
t€[0,1]
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sup / [uk(SK(x)) — 55 (SK(x))* oy (x) dx — 0. (6.23)
1€[0,1]

Combining these with the results of Proposition 6.6 finishes the proof of (1.16). Then (1.17)
follows from the definition of the 7 L' metric using the Cauchy—Schwartz inequality and the
boundedness of the velocities and the domain. O

6.3 Convergence of Lagrangian flow maps

From weak-* convergence of momenta (or velocities), one usually cannot conclude much
about the motion of particle trajectories. Here, though, we can establish the following con-
vergence result for Lagrangian flow maps.

Corollary 6.7 Under the assumptions of Proposition 6.3, the flow maps Xf for the Euler
sprays of Theorem 1.1 that connect /3]6 = ]lSZ{j and ﬁ]f = 1191f satisfy

sup dpz2((po. Th), (Ph. X5) > 0 ask — oo.
tel0,1]

Proof Note S* from Proposition 6.6 is a transport map from pg to ,510‘. Then forall z € [0, 1],

d7,>((po. T, (B5. X)) < [ 155(2) — 2 po(2) dz + / 1XF(5(2) = Ti () * po(2) dz.

The first term converges to zero as k — 0o by (6.19), while the second term can be estimated
using the change of variables z = Tfl (x) as

/ XF(5*@) — T@)Ppo2) dz
< / (X @) = TFE @R + 1T 4 @) = T@R) po(2) dz
= [ (18h0 = St #1385 — xP) prcor a

These terms converge to zero as k — 00, by (6.22) and (6.20), respectively. O

7 A Schmitzer-Schnorr-type shape distance without volume constraint

Theorem 1.2 establishes that restricting the Wasserstein metric to paths of shapes of fixed
volume does not provide a new notion of distance on the space of such shapes. Namely it
shows that for paths in the space of shapes of fixed volume, the infimum of the length of
paths between two given shapes is the Wasserstein distance.

Volume change. It is of interest to consider a more general space of shapes in order to
compare shapes of different volumes. In particular, Schmitzer and Schnorr [48] considered a
space that corresponds to the set of bounded, simply connected domains in R? with smooth
boundary and arbitrary positive area. To each such shape €2 one associates as its corresponding
shape measure the probability measure having uniform density on €2, denoted by

1

Ug = —
|€2]

1g. (7.1)
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We consider here this same association between sets and shape measures, but allow for
more general shapes. Namely for fixed dimension d, let us consider shapes as bounded
measurable subsets of RY with positive volume. Let C be the set of all shape measures
corresponding to such shapes. Thus C is the set of all uniform probability distributions of
bounded support.

One can formally consider C as a submanifold of the space of probability measures of
finite second moment, endowed with Wasserstein distance. Then we define a distance between
shapes as we did in (1.5), requiring

1
de(Q0, Q1) = inf A, A=// plv|* dx dr, (7.2)
0 JR4
where p = (p;) is now required to be a path of shape measures in C, with endpoints

po =Ugy,  p1 =Ug, (7.3)

and transported according to the continuity equation (1.2) with a velocity field v €
L*(pdx dr).

Because the characteristic-function restriction (1.3) is replaced by the weaker require-
ment that p; has a uniform density, for any two shapes of equal volume scaled to unity for
convenience, it is clear that

ds (R0, 21) = de (R0, 21) = dw (R0, 21). (7.4)
Then as a direct consequence of Theorem 1.2, we have
de(S20, Q1) = dw (Q0, 1). (71.5)
By a minor modification of the arguments of Sect. 5, in general we have the following.
Theorem 7.1 Let Qo and 21 be any two shapes of positive volume. Then
dc (R, 21) = dw Ug,, Ug,).

Proof By a simple scaling argument, we may assume min{|g|, |[©21]} > 1 without loss
of generality, so that both pg, pi < 1. Then the concatenated Euler sprays provided by
Theorem 1.3(b) supply a path of shape measures in C (actually shape densities), with action
converging to dw (Ug,, Ug, )2, ]

Smoothness. For dimension d = 2, Theorem 7.1 does not apply to describe distance in
the space of shapes considered by Schmitzer and Schnérr in [48], however, for as we have
mentioned, they consider shapes to be bounded simply connected domains with smooth
boundary.

One point of view on this issue is that it is nowadays reasonable for many purposes to
consider ‘pixelated’ images and shapes, made up of fine-grained discrete elements, to be
valid approximations to smooth ones. Thus the microdroplet constructions considered in
this paper, which fit with the mathematically natural regularity conditions inherent in the
definition of Wasserstein distance, need not be thought unnatural from the point of view of
applications.

Nevertheless one may ask whether the infimum of path length in the space of smooth
simply connected shapes is still the Wasserstein distance, as in Theorem 7.1. Our proof of
Theorem 1.2 in Sect. 5 does not provide paths in this space because the union of droplets is
disconnected. However, the main mechanism by which we efficiently transport mass, namely
by “dividing” the domain into small pieces (droplets) which almost follow the Wasserstein
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geodesics, is still available. In particular, by creating many deep creases in the domain it
might be effectively ‘divided’ into such pieces while still remaining connected and smooth.
Thus we conjecture that even in the class of smooth sets considered in [48], the geodesic
distance is the Wasserstein distance between uniform distributions as in Theorem 7.1.

Geodesic equations. 1t is also interesting to compare our Euler droplet equations from
Sect. 3.1 with the formal geodesic equations for smooth critical paths of the action A in the
space C of uniform distributions. These equations correspond to equation (4.12) of Schmitzer
and Schnorr in [48].

These geodesic equations may be derived in a manner almost identical to the treatment in
Sect. 3.1 above. The principal difference is that due to (3.4), the divergence of the Eulerian
velocity may be a nonzero function of time, constant in space:

V-v=c(),
and the same is true of virtual displacements v. The variation of action now satisfies
SA ~
— = / v-vpdx
2 Q

Now, the space of vector fields orthogonal to all constant-divergence fields on €2; is the space
of gradients V p such that p vanishes on the boundary and has average zero in €2;, satisfying

1
—/ (,v+v-Vv)-vpdxdt. (7.6)
t=1 0 Q

p=0 ond%y, /pdx:O. @.7
Q

Because p is spatially constant and v can be (locally in time) arbitrary with spatially constant
divergence, necessarily u = —(9;v+v-Vv) is such a gradient. The remaining considerations
in Sect. 3.1 apply almost without change, and we conclude that v = V¢ where

1
at¢+5|V¢|2+p=0, A = c(1), (7.8)

where c(¢) is spatially constant in €2;.

These fluid equations differ from those in Sect. 3.1 in that ¢ gains one degree of freedom
(a multiple of the solution of A¢ = 1 in €, with Dirichlet boundary condition) while the
pressure p loses one degree of freedom (as its integral is constrained).

They have ellipsoidal droplet solutions given by displacement interpolation of ellipsoidal
Wasserstein droplets as in Sect. 3.4, because pressure vanishes and density is indeed spatially
constant for these interpolants. Because they are Wasserstein geodesics, these particular
solutions are also length-minimizing geodesics in the shape space C.

We remark that unlike in the case of Euler sprays, disjoint superposition will not yield a
geodesic in general. This is because the requirement of spatially uniform density leads to a
global coupling between all shape components. It seems likely that length-minimizing paths
in C will not generally exist even locally, but we have no proof at present.
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Appendix A: Some basic facts about subgradients

For the convenience of readers, we include here proofs of a few facts about subgradients that
we use in Sect. 4 for the proof of Theorem 1.1. The proofs are standard and simple but seem
not to be easy to extract from monographs on the subject, e.g., see [4,10,32].

Proposition A.1 Let H be a Hilbert space, and let ¢: H — (—00, 00] be convex, lower
semi-continuous, and proper (i.e., somewhere finite). Let S(x) = %||x||2 + ¢ (x). Then:

i. The subgradient d¢ is a monotone operator.
ii. 3S(x) =x+4 dp(x)forallx € H.
iii. The range of S is all of H. Le., for all y € H there exists x € H and z € d¢(x) such
thaty = x + z.

Proof i. Given any x, X € H,z € d¢(x), Z € dp(X), by the definition of d¢(x) and d¢(X)
respectively we have ¢(X) — ¢(x) > (z,x — x) and ¢(x) — ¢(X) > (Z,x — X), whence
0 < (z — Z, x — ). This proves d¢ is monotone.

ii. 1. Let z € dp(x). We claim x 4+ z € dS(x). Indeed, forall h € H,

%Hx +h|* + o +h) > %nxn2 + () + (z+x, h).
2. Suppose z ¢ dp(x). We claim z + x ¢ dS(x). We know there exists &7 € H such that
17N @(x +th) — p(x)) — (2, h) <0
fort = 1, hence for all ¢ € (0, 1] by convexity. Then for sufficiently small # > 0 we can add
%t 17]|% to the left-hand side and conclude that for small ¢ > 0,
SUhIP + o +1h) < 90 + (2, 1h),
whence z + x ¢ 9S(x), since

1 1
o1 +th)? 4+ @(x +th) < Enxn2 +@(x) + (z + x, th).

iii. Let y € H and define S(x) =Skx) —(y,x) = %||x||2 + ¢(x) — (y, x). Due to our
hypotheses, S has a minimum at some x € H. This implies that forall h € H,

1 1
5l +hI* 4+ @& +h) > Enxu2 +9(x) — (v, h),
which means that y € 95(x) = x + dp(x). O

Appendix B: TLP stability of Wasserstein geodesics

Here we recall the notion of TL?” convergence as introduced in [28], which provides a more
precise way to compare Wasserstein geodesics than the notion of weak convergence does
alone. We establish the TL” stability of optimal transport maps in Theorem B.1 and TL?
stability of the Wasserstein geodesics in Corollary B.2. In Proposition B.4 we recall a basic
property of TL? convergence and use it to show that the stability in Corollary B.2 holds even
if the maps used to couple the relevant measures are not optimal. This technical result is
needed in the proofs in Sect. 6.2.
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The TL? metric provides a natural setting for comparing optimal transport maps between
different probability measures. Let P, (R?) be the space of probability measures on R with
finite p-th moments. On the space TL?(R?), consisting of all ordered pairs (u, g) where
n e Pp(]Rd) and g € L?(u), the metric is given as follows: For 1 < p < oo,

1/p
drre ((po, go)» (n1, 81)) = _inf </ lx —y1” + [go(x) — g1(MI? dﬂ(x,y)> :
well(po,m1)

drre ((1o0, 0), (11, g1)) = _inf  esssup(lx — y| + [go(x) — go(M)D),
mell(no.pn1)  x

where IT(uo, (t1) is the set of transportation plans (couplings) between (o and (1.
The following result establishes a (new) TL? stability property for optimal transport maps,
as a consequence of a known general stability property for optimal plans.

Theorem B.1 (TL? stability of transport maps) Let i, jix € P, (RY) be probability measures
absolutely continuous with respect to Lebesgue measure, and let v, v € P, RY), for each
k € N. Assume that

dy(pg, w) — 0 and dp(vg,v) — 0 ask — oo.

Let Ty and T be the optimal transportation maps between iy, and vy, and p and v, respectively.
Then

P
(e T) 255 (0. T) as k — .

Proof The measures 7y = (id xT;)sux and 7 = (id xT')3u are the optimal transportation
plans between p; and vg, and p and v, respectively. By stability of optimal transport plans
(Proposition 7.1.3 of [2] or Theorem 5.20 in [53]) the sequence 7y is precompact with respect
to weak convergence and each of its subsequential limits is an optimal transport plan between
w and v. Since 7 is the unique optimal transportation plan between p and v the sequence 7
converges to 7. Furthermore, by Theorem 5.11 of [47] or Remark 7.1.11 of [2],

lim /|x|P+|y|P dr(x. y) = lim /|x|f’duk+/|y|l’dvk
k—o00 k—o00

= / lepdu+/ Iy1” dv =/|x|1’+|y|” dm(x,y).
By Lemma 5.1.7 of [2], it follows the ;. have uniformly integrable p-th moments, therefore
dp(me,m) > 0 ask — oo,

by Proposition 7.1.5 in [2]. Hence there exists (optimal) y, € I1(xr, ) such that

[l sy =5 dpe 5 > 0 ask s oo, ®.1)
Since -almost everywhere y = T (x) and mg-almost everywhere y = Ty (X) and the support
supp yx of yx is contained in suppw X supp 7k, we conclude that y;-almost everywhere
(x,v,%,9) = (x, T(x), X, Ty (x)). Therefore

[l =517 = TP a2 5) > 0 ask > oo

Finally let 6; be the projection of y4 to (x, X) variables. Since 6; € T1(u, ur), by above

/|x—i|p+|T(x)—Tk()E)|p doc(x, %) = 0 ask — oo. (B.2)
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TLP
Thus (i, Te) > (u, T). D

‘We now consider the convergence of Wasserstein geodesics between measures 1 and vy
as in the Lemma B.1, treating only the case p = 2. We recall that particle paths along these
geodesics are given by

T (x) = (1 = )x + 1Tic(x).

The displacement interpolation between px and vg, and particle velocities (in Eulerian vari-
ables) along the geodesics, are given by (cf. (6.15)—(6.16))

tis = Teroitk, Vi = (T —id) o ka,l, tel0,1).

If vg is absolutely continuous with respect to Lebesgue measure, then ¢ = 1 is allowed. We
also recall that

/ 0k () P p s (2) = / 00 (O P i () = 3 (o ve).

Furthermore it is straightforward to check that # — (uk;, vk,r) is Lipschitz continuous into
TL*(RY), satisfying for 0 < s < ¢ < 1

(t — 8)dz (i, vi) = do (ke pieys) < dpp2 ((kyrs Vir)s (Mkss Vkys)) < (8 — $)da (g, vi).
(B.3)

Corollary B.2 (TL? stability for displacement interpolants) Under the assumptions of Theo-
rem B.1 for the case p = 2, as k — 0o we have

sup da(fr,e, e) = 0 and  sup dppo2 (e, Vo), (e, V) — 0. (B.4)
te[0,1] t€[0,1)

If the measures vy and v are absolutely continuous with respect to Lebesgue measure then
the convergence in (B.4) also holds for t € [0, 1].

Proof Let m € T1(w, v), mx € IT(uk, vi), and yx € T1(m, x) be as in the proof of Theo-
rem B.1. Similarly to 6y, we define 6k ; = (z; X z;)zyx Where

z(x, ) = =t)x +ty and (z; X z¢)(x, ¥, %, ¥) = (2 (x, y), 2: (X, ).
We note that 6; ; € IT(u;, pk,¢) and hence, for all ¢ € [0, 1],

do (s, piet)? < / |z — 21261 (2, 2)
_ f (=D = 5) + 1 — ) Pdye(x. y. &, 5)

<2 [ b5 4y - SR 5,
which by (B.1) converges to 0 as k — oo.
We use the same coupling 6k ; to compare the velocities. Using that y,-almost everywhere
(x,v,%,9) = (x, T(x), x, Tx(x)), for any ¢ € [0, 1) we obtain
/ 00(2) = Vi DI by (2, 2)

= / 0 (1= D)x +1y) — v (1 = OF + 1) dwe(x, y, £, )
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= / [ (T (%)) — vt (T )1 dO(x, §)
= / [vo(x) — ve,0(F)? db (x, %)
szf|x—i|2+|T<x)—Tk(i>|2d0k(x,x),

which converges to 0 as k — o0, as in (B.2). O

Remark B.3 If the target measure vy is not absolutely continuous with respect to Lebesgue
measure, then 7; may fail to be invertible on the support of vy and (uk,, vk,) may fail
to converge as t — 1 to some point in TL%(RY) due to oscillations in velocity. However,
if v and v are absolutely continuous with respect to Lebesgue measure, then the curves
t = (Wi, Vk.t), t — (us, vy) extend as continuous maps into TL? forallt € [0, 1], and the
uniform convergences in (B.4) holds on [0, 1].

A number of properties of the TL” metric are established in Section 3 of [28] for measures
supported in a fixed bounded set. One useful characterization of TL?-convergence in this
case is stated in Proposition 3.12 of [28], which implies the following.

Proposition B.4 (A characterization of TL? convergence on bounded domains) Let D C R4
be open and bounded, and let i and pux (k € N) be probability measures on D, and suppose
W is absolutely continuous with respect to Lebesgue measure. Call a sequence of transport
maps (Sy) that push forward [ to i (satisfying Syt = (k) stagnating if

lim / Ix — Sp(o)| dp(x) = 0. (B.5)
D

n—oo

Then the following are equivalent, for 1 < p < oo.

. TLP
(i) (ks fr) —> (u, f)ask — oo.
(ii) uy converges weakly to p and there exists a stagnating sequence (Sy) such that

[ 160 = A1 dux) - 0 ask - . B.6)
D
(iii) i converges weakly to |1 and for every stagnating sequence (Si) the equality (B.6)
holds.
This result together with Proposition B.2 yields the following.

Corollary B.5 (A characterization of TL? convergence for displacement interpolants) Make
the same assumptions as in Corollary B.2, and assume all measures [y, i1, Vi, v are abso-
lutely continuous with respect to Lebesgue measure and have support in a bounded open set
D. Then for any stagnating sequence of transport maps (Sx) that push forward p to g, with
the notation

Sk.t = Tkt 0 Sk o Tr_l

the sequence (S ;) pushes forward [; to [y ; and is stagnating, and as k — oo,

sup / I = Ses (O dpua (x) — 0, B.7)
t€(0,1]
sup / v () — Ve (ke ) d s (x) = 0, (B.8)
t€[0,1]
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Proof First we note that indeed

ir = (T, D)apk = (Trp 0 S)epe = (Sk)e e -

Next, fix any ¢ € [0, 1]. Because da (ks /) — 0 by (B.4) and T ; is the optimal transport
map pushing forward p to i ;, by Theorem B.1 we have dp ((uk, Tk¢), (n, Tt)) — 0. Now
by Proposition B.4, because (7;):u = u; we have

/ Ix — S () Fdpg (x) = / T (2) — T (Sk(2)) 1> dpa(z) — 0. (B.9)

We infer that (Sk ;) is stagnating and the convergence in (B.7) holds pointwise in ¢. But now,
the middle quantity in (B.9) is a quadratic function of #, so the uniform convergence in (B.7)
holds.

Next, we note that the quantity in (B.8) is actually independent of . We have

/ v (x) — Vir (S GO d s (x) = / [v0(2) — Ve, 0(Sk(2)) > da(z) — 0,

due to Proposition B.4. O
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