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Abstract

In this paper, we provide an alternative proof for the classical Sz. Nagy
inequality in one dimension by a variational method and generalize it to
higher dimensions d > 1

(fulnlax)" [ 19nP ax

1 =z M0»

(fRd ||+ dx) ?:H

where m >0 for d =1, 2, 0<m<%for d=3, anda:%. The

Euler—Lagrange equation for critical points of 7 (/) in the non-negative radial
decreasing function space is given by a free boundary problem for a generalized
Lane—Emden equation, which has a unique solution (denoted by #.) and the
solution determines the best constant for the above generalized Sz. Nagy
2\571'
3
for the thin-film equation and the best constant of the Sz. Nagy inequality in
one dimension was first noted by Witelski et al (2004 Eur. J. Appl. Math. 15

223-56). For the following critical thin film equation in multi-dimension d > 2

Jh) =

inequality. The connection between the critical mass M, = fR hedx =

h+ V- (hVAR) +V - (h V™) =0, xeR9
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where m = 1 + 2/d, the critical mass is also given by M, := - h. dx. A finite

time blow-up occurs for solutions with the initial mass larger than M.. On
the other hand, if the initial mass is less than M, and a global non-negative
entropy weak solution exists, then the second moment goes to infinity as
t = oo or h(-, ) — 0 in L'(R?) for some subsequence # — oco. This shows that
a part of the mass spreads to infinity.

Keywords: long-wave instability, free-surface evolution, critical mass,
free boundary problem
Mathematics Subject Classification numbers: 35K65, 35K25, 39B62

1. Introduction

In many models of physical and biological systems, coherent system states are formed and
maintained by a balance of competing influences. There are processes that disperse, defocus,
fragment, or spread things out in some ways, while aggregation, focusing, or concentration
effects are generated by nonlinear mechanisms. For physical systems that can be described
by a gradient flow driven by a free energy, these competing effects are usually represented by
terms with different signs in the free energy. Some functional inequalities have been exten-
sively investigated to determine the domination among these competing effects in the free
energy (see [5, 10, 12, 13, 15, 16, 18, 33, 34]).

There are rich phenomena when competition is dynamically balanced in some invariant
scalings such as the mass invariant scaling which leads to a critical exponent. We refer a physi-
cal system with such critical exponents to as a critical system. Sometimes, equilibrium solu-
tions in a critical system are also solutions to the Euler—Lagrange equation for an associated
functional inequality. In other words, equilibrium solutions achieve the equality in the func-
tional inequality and determine the best constant of the functional inequality. Consequently,
the best constant provides sharp conditions on initial data to distinguish between global exist-
ence and finite time blow-up.

This paper focuses on the following critical-case long-wave unstable thin film equa-

mnmmm:1+§
h AV - (VAR £V - (V™) =0, xR, £>0, (1.1)

which has been derived from a lubrication approximation to model the surface tension
dominated motion of viscous liquid films and spreading droplets over a solid substrate. The
unknown function A(x, f) represents the height of the evolving free-surface. The parameter n is
usually referred to as a mobility exponent. The case n = 3 corresponds to films with constant
interfacial shear stress and constant surface tension [29], and the case n = 1 corresponds to
the lubrication approximation of the Hele-Shaw flow [21]. The details can be found in a
review [29].
We rewrite (1.1) in a variational form

OF
hy—V-("Vu) =0, =—, (1.2)
oh
where p is a chemical potential. It is given by the variation of a free energy functional:
ﬂm:lf|wmm——L— P+ d, (1.3)
2 Jrd m+ 1 Jr? '
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In the thin film equation (1.2), the negative chemical potential is referred to as the dynamic
pressure, p = —p = Ah -+ A™. From the variational form in (1.2), we have the following
entropy-dissipation relation for > 0:

L Fheaty =~ [ 11w+ Ay P ar<o, (14)
dr R?

Notice that the second term in (1.1) involves the fourth order derivative and is a stabilizing
term, while the third term is a destabilizing second order derivative term. For short-wave solu-
tions, the stabilizing term dominates the destabilizing one so that the linearized equation of
(1.1) is well-possed. However, for long-wave solutions, the destabilizing term sometimes
dominates the stabilizing term such that the long-wave instability may occur. The competition
between the stabilizing term and the destabilizing term is represented by different signs for the
corresponding terms in the free energy (1.3).

If h(x, 1) is a solution to (1.1), then the mass invariant re-scaled profile a’hlax, a?T4r)
is also a solution to (1.1). This scaling invariant property indicates a balance between the
stabilizing and destabilizing terms in the mass invariant scaling, and hence m = 1 + 2/d is
a critical exponent. This is the reason why we call the equation (1.1) a critical case model.
Notice that m = 1 4 2/d coincides with the Fujita exponent for the associated Allen—Cahn

equation i, = —% = Au+u"
For some critical models, there is a critical mass M, that can be used to distinguish between
global existence and finite time blow-up, and the critical mass is usually given by the mass

of equilibrium solutions. For an equilibrium solution /., the dissipation term is zero, and the
equilibrium chemical potential is given by

{/’Leq(x) = C’ X € Suppheqa

_ 1.5
ueq(x) >C, otherwise (1.5)

for some constant C. In other words, the equilibrium solution is a Nash equilibrium [9].
Witelski et al in [34] found that the best constant of the Sz. Nagy inequality [27] is closely
connected to the critical mass M, in the one-dimensional thin film equation. In this paper, we
provide an alternative proof for the classic Sz. Nagy inequality (1941) based on a variational
method and extend this inequality to any dimension d > 1.
Define a space

X:={hell®RY, Vhel*RY))},
and a functional

a—1
o |h]dx (| VAP dx
Th) = (f ) L — (1.6)

(fRd | dx)"T']

where m >0 ford=1,2,0<m< % ford>3, a= %’;’“). A generalized Sz. Nagy

inequality can be formulated as the following minimizing problem

Bo= 22{( J(h). (1.7)

Thanks to the rearrangement technique, the infimum [, can be achieved in the following non-
negative radial symmetric decreasing function space
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X = (20| h(x) = h(|x]). H(r) <0, he L'®RY), Vhe 2R} (1.8)

In section 3, we will show that the Euler-Lagrange equation for critical points of J(h) in X}q
is given by the following free boundary problem for a generalized Lane-Emden equation up
to a re-scaling

d—1

W+ ——~Hn+n=1 forO<r<R, (1.9)
r

H(0)=0, (R)=HW(R)=0, (1.10)

and a := h(0) > 1. We will show that this free boundary problem (1.9) and (1.10) has a unique
solution A, which gives the best constant

) 1,2, 2
Bo=2(a— Dm"D a+ 1y mIPmd, (1.11)
where M, = fR . he dx. In one dimension, we have an explicit value

3 3 3 3\
Bo =43 mm=n + 3)!in B(—, —) '
2 2m
Theorem 1.1.  Suppose fc L(R?), Vfe LX(R?). Then f€ L™ (R?) and satisfies the follow-
ing generalized Sz. Nagy inequality

a+1

a—1
1 " mEl _dv2 -2
(a+1 o ] “dx) <2Ma—-1" ma M A fRdlfldx ng,IVfI2 dv,  (1.12)

wherem > 0ford=1,2,0<m< %ford} 3 a= d++'2+1), and M. szdthx, h. is the
unique solution to the free boundary problem (1.9) and (1.10) in X},q and satisfies that

(i) the equality holds in (1.12) if f= A h.(\|x — xo|) for any real numbers A >0, A >0,
X0 € R
(ii) h(0) > 1, ho(r) > 0, hl.(r) <O for 0 < r < R, and ho(r)=0forr > R.

In particular, for d = 1 there is a unique closed form solution to (1.9) and (1.10)

1
he(r) = ((’" + 1>B‘1(x/5m(m F 1) R — )L, L))
2 2m
satisfying

1
he(0) = ac = (m+ D", R= M15’(1 ! )

22, \2 2m

1 3
el = 2om~2(m + 1)2m(m + 3)8(2’ i),
2 2m

where B(a, b) is the Beta function and B~ is the inverse function of the incomplete Beta func-
tion B(x; a, b).
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Remark 1.1. The derivation of 4.(R) = 0 in the free boundary problem (1.9) and (1.10)
comes from (i) a Pohozaev type identity between the free energy and the contact angle
F(he) = CH(R)?in lemma 3.1; (i) F(h.) = 0 in proposition 3.1.

The idea of using a functional inequality to determine a sharp condition on initial data to
distinguish global existence from finite time blow-up goes back to the work of Weinstein [33],
where a sharp condition for a critical focusing nonlinear Schrédinger equation is established
by using the best constant of a Gagliardo—Nirenberg inequality. Although the system stud-
ied there is a Hamiltonian system instead of a gradient flow system, the mathematical tools
involved are very similar.

More recently it has been shown that the best constant in the logarithmic Hardy—Littlewood—
Sobolev inequality [1] determines the critical mass 87 for the two-dimensional (2D) para-
bolic—elliptic Keller—Segel model [10, 12]. While using the Onofri inequality, Calvez and
Corrias [15] showed that 87 is also the critical mass for the 2D parabolic—parabolic Keller—
Segel model.

The Hardy-Littlewood—Sobolev inequality was used to study the degenerate Keller—

Segel model in higher dimensions d > 3 under the critical exponent m, = %, see [16]. The
equilibrium equation is given by the Lane-Emden equation —Au = u” (see [9]) with the
critical exponent p = %, and its solution achieves the equality for the Hardy—Littlewood—
Sobolev inequality. Notice that the critical exponent for the mass invariant scaling is given
by m, =2 — 3, see [11]. For the diffusion exponent between these two critical exponents,
me < m < m,, there is a constant s* depending only on the initial mass and the best constant
of the Hardy—Littlewood—Sobolev inequality [17], such that for p, € L'(RY) N L*°(RY) there is
a unique global weak solution if ||p0||L 2 is less than s*, and a finite time blow-up occurs if
[ p0||L 2 is larger than s*. We refer to Dolbeault et al [ 18] for recent developments on functional

inequalities and applications to global existence for nonlinear partial differential equations.

For the one-dimensional thin film equation, from the pioneering work of Bernis and
Friedman [4], global existence of weak solutions, non-negativity, Holder regularities, finite
speed of propagation of the solution support have been elaborated by Bernis [3], Beretta
et al [2], Bertozzi and Pugh [5-8], Witelski ef al [34], Giacomelli et al [19-21] etc. In 2014,
Taranets and King [32] proved local existence of nonnegative weak and strong solutions to the
following equation in a bounded domain 2 with smooth boundary in R?

h+V-(WVAR+V-(W"Vh) =0, x€Q,t>0
subjecting to the boundary conditions

Vh-i=VAh-ii =0, on0Q x (0,T), (1.13)
where 7 is the unit outward normal vector, and the initial condition

h(x,0) = ho(x) >0, hy € H(Q).

Moreover, they also obtained global existence of solutions to the above problem under a

more restrictive threshold mq < My. For d = 1, their threshold is M, = 1/V/12 <M, = 2‘/35”.

Uniqueness of solutions to the thin film equation with the unstable term has not been exten-
sively studied in multi-dimension. The only result known to our knowledge is that Taranets
and King [32, theorem 3] proved uniqueness of initially constant solutions in a special sub-
critical case.
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The organization of the paper is given as follows. In section 2, existence of a minimizer for
J(h) is proved by using the Strauss inequality. In section 3, we show that any critical points
of J(h) in X},4 satisfy the free boundary problem (1.9) and (1.10) up to a re-scaling. And we
prove existence and uniqueness of solutions to (1.9) and (1.10). In section 4, we prove the
main theorem. In section 5, we show an important application of the generalized Sz. Nagy
inequality (1.12) to the critical thin film equation (1.1), d > 2: (i) a finite time blow-up occurs
for solutions with the initial mass larger than the critical mass M,; (ii) if the initial mass is less
than the critical mass M, and a global non-negative entropy weak solution exists, then the sec-
ond moment goes to infinity as t — oo or A(-, ) — 0 in L'(R?) for some subsequence # — oo.

2. Existence of a minimizer for j(h)

In this section we prove a slight more general result on existence of a minimizer for a general-
ized functional (see (2.2) below). The case of ¢ = 0 and p = 2 is what we need for the gen-
eralized Sz. Nagy inequality (1.12). First, we consider the following generalized minimizing
problem

= inf J(h),
B inf (h) 2.1)
a—pl2
(foulntest ax) T [Vl ax

a+pl2 >

(fRd|h|m+l dx) mt1

X:={heLi*'\(RY, VheLl’(RY)}.

J(h) =

(2.2)

Here d > 1 and the parameters p, g, m, a are given by the following ranges:

—1d .
2d u 1fp<d’
p > max l’ﬁ , o= d—p 2.3)
+ 0 if p>d,
0<g<min{p—1,0—-1}, g<m<o, 2.4)

g pm+ 1)(g+ 1)+ (p2—1)dm+q) —dgm+ (p — 1)d
d(m — q) '

2.5)

Remark 2.1. When g = 0, p = 2, the minimizing problem (2.1) and (2.2) becomes the min-
imizing problem (1.6) and (1.7), and 3 = (.

Existence of the positive lower bound of J(/) can be directly obtained from the Gagliardo—
Nirenberg—Sobolev inequality [26, p 176, formula (2.3.50)]. In other words, the minimizing
problem (2.1) is well-defined, i.e. there exists 3 > 0 such that (2.1) holds.

Denote X},4 as a function space of non-negative radial symmetric decreasing functions

Xipa:={h> 0‘ h(x) = h(|x|), W'(r)<0, he LI (RY), Vhe LP(RY)}. (2.6)
Lemma 2.1. The minimizing problem (2.1) is equivalent to the following minimizing problem
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8= hg)l(gdj(h)’ 2.7)

where X}, is given by (2.6).

Proof. First from the book [22, lemma 7.6], we know that if Vi € LP(R?), then V || is also
in LP(R9) and

VAP dx = | |V|&|[P dx, for any p > 1. (2.8)
R? R?

Hence J(|h]) = J(h). As a result we can find a minimizer in X* = XN {A|h(x,t) = 0}.

Next, we use the classical rearrangement technique to further reduce the range for finding
a minimizer to X 4.

Leth* : R? > [0, +00) be the radial decreasing rearrangement of 1 € X (see [23, chapter 3]).
Then the rearrangement function satisfies

fR P dr= j;{ heyPdr, 0<p < oo, (2.9)

Moreover, from the classical P6lya—Szeg6 inequality [14], we know

fRd|Vh*|de< fRd|Vh|P dx, 1<p<oo. (2.10)

Using (2.9) and (2.10), it holds that

ar2 a-pi2
J(h") (fRd () dx) qfl fRd Vi) dx < (fRd hetl dx) o fRd |Vh[P dx J(h)
- a+pl2 = atpl2 - .
( Syt dx)ﬁ (ot dx)Til
Hence (2.7) holds. =

Next we will use the compactness argument and the Strauss inequality for the radial func-
tion in W"P(R%) space [24, lemma II.1] to prove existence of a minimizer of J(h) in X},4. The
proof is indeed rather standard and we provide a proof below for completeness.

Lemma 2.2 (Strauss’ inequality). Assume thatd>2,1<p < oo and u is a radial func-
tion in WP(R?) space. Then for a.e. x € R\ {0}, the following inequality holds

1-d
lutx)| < C(d,p)|x| P “u”wl-ﬂ(Rd)- (2.11)

Proposition 2.1.  There exists a minimizer hy of J(h) in X},q such that

J(ho)zﬁ:hief)l(f? J(h),  Mhollpa+1 = llhollpne =1, ||Vh0||ip =0. (2.12)

ad

Proof. First, we know that J() has the following scaling invariance:

(b)) = J(h),  hyx = ph(Xx), ¥ p, A>0. (2.13)
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In fact, it is a direct consequence of the following equalities with a given by (2.5)

d(a—pl2)
—pl2 _ /2
WAl R = e PN g+ IIhII”qf? s VAT = P X4 VR,

Lq{l

(a
/2 - /2
A Al F0 = P20 IIhII““’

ml .
By (2.7) and (2.13), there exists a minimizing sequence {h}¢€ X, satisfying
m+1
Jouhtdx = [, 1 dx = 1such that

lim J() = lim |Vhe|P dx = = inf J(h). (2.14)
k— o0 k—o0 JR? heXr,

rad

For d > 2, there exist a subsequence (still denoted by #;) and ho € WHP(RY) N L+ 1(RY)
such that as k — oo

hy = ho, in LITY(RY) N L HI(RY), (2.15)

Vh = Vhy, in LP(RY). (2.16)
Hence by the Fatou lemma, we have

IV Aollor < lim inf[[V Al = B, (2.17)

Aol e+t < ligigfllhkllw =1L (2.18)

On the other hand, the formula (2.11) indicates that for any radial function &, € W'P(RY), it
holds that

1—d
| < Clx| 7" ellyrores» for x| >0, d>2, (2.19)

where the constant C is only dependent of d and p. By (2.19), we know that for s > d’%d,
it holds that

(d 1) +00 s(d 1) s(d—1)
f hdx< C X[ 7 dr = cf P A g = CRET
|x[>R [x|>R R

-l o 0, for any € > 0, there is R such that

f K dx<e.
x|>R.

Ifg+1<s< %, using the interpolation inequality, it holds that

Since d —

1-6 0 pd
sl ge0,ry) < ||hk||2(q+1(3)c(0’R)) Wellzoeo.ry) > for v> -1
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So, there exists a Rg such that

1 ey <
Taking R = 2 max{R., R?}, one has

Akl seo.ry) < €- (2.20)
The Sobolev embedding theorem gives

WLP(B(O,R + 1)) < LS(B(O,R + 1)),

provided that 1 < s < p* = % if p < d, and s > 1 for p > d. Together with (2.20) implies that

there is a strong convergence subsequence of /4 (still denoted by /)

hi = hy, in L'(RY), ask— oo. (2.21)

Sincel<m—|—1<%forp<d,andl<m+1<ooforp)d,weknowfrom(2.21)that

fRd|hk—h0|m+‘ dx— 0, as k- oo, (2.22)
2ol mer = girlolollhklle+l =1 (2.23)

From (2.17), (2.18) and (2.23), we deduce

a—pl2

(fRd thrl dx)ﬁ fRd |Vh0‘p dx <

<X

J(hO) = a+pl2

( R? h6n+1 dx)TH

Noticing that J(hg) > 3 by the definition of 3, one knows that
J(ho) =B, llhollge+r = kol =1, IVhollf» = 3. (2.24)

For d = 1, Sz. Nagy [27] proved existence of a minimizer of J(h) that can be represented
in terms of an incomplete Beta function and obtained the celebrated Sz. Nagy inequalities.
Hence for d > 1, there exists an optimal radial decreasing function % such that

8= inf J(h) = J(ho).
heXiy 0

3. Euler-Lagrange equation, contact angle, and free boundary problem

First, using a variational method, we show that any critical points of [7(k) in the non-negative
radial decreasing function space X},4 defined by (1.8) satisfy the free boundary problem (1.9)
and (1.10) up to a re-scaling. Next, we use a well known result on uniqueness given by Pucci
and Serrin [31] to prove uniqueness of solutions to the free boundary problem (1.9) and (1.10).
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Proposition 3.1. Let h € X}, be a critical point of J(h). Then there exist i, A > 0 such that
- 1,(1 .
h(x)= ;h(xx) satisfies that

(i) & is a solution to the initial value problem, for some o > 1

ﬁ”+ﬂﬁ'+ﬁm:1, in supp 2N {r >0}, (3.1
r
h0)=a, ' (0)=0. (G2
(i) h satisfies that
1 - 1 P
2 jn;d VAl a+1Jrd G
where a = % Denote

_ 1 _ 1 -

Fh) ;= — Vh|* dx — herldx- 34
() 2 j];gd VAl a+1 jn;d .

Hence F(h) = 0.
(iii) there is a finite point R € (0, 00) such that h(R) = 0.

Proof.
Step 1. Re-scaling, admissible variation and the proof of (i).

Let Aj, pt; > 0 be two re-scaling parameters, to be determined in (3.5). Since 4 is a critical

point, hy(y) := %h(%y), Jhy) = J(h) due to (2.13), hence h, is also a critical point
Ly 1

(6‘7(;11)
oh

= 0). Choose ; and ) such that the following two equalities hold
1Allr = lIAllpm+r =1, and denote a; := ||Vh1||i2. (3.5)

Since y € H lad, it is observed that 4;(r) is continuous in (0, c0). Denote the support of /;
as Q := {x € RY| by > 0}. Since h(r) is a radial decreasing function, one knows that 0 €
and € is an open ball B(0, R) for some 0 < R < co. For any ¢ € C°(€2), we can show that
¢ is an admissible variation at Ay, i.e. there is an gy > 0 such that for any 0 < |¢| < gy one
has iy 4+ £¢ > 0. Then from a direct computation and using (3.5), we have

di T +20) = [, (~280 + (@ = Day — (@ + Daf)s dv =0, ¥ 6 € CFE.

€ le=0

This implies that £ satisfies the following generalized Lane—Emden equation

a1, + “T“al ™—0, inD(B(O,R)). (3.6)

Ahy —

Again re-scale function h; as h(y) = ihl(%), where A, i > 0 are given by (3.8) below.
Similar to /;, we know that / is also a critical point of J(h) in X},4. Moreover, (3.6)

implies that / satisfies the following equation

a—1 a+1 -

PN AR — a + aip™h™ =0, in D'(B(0, AR)). 3.7
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Taking
Um drn
u:(a_l) e el I (38)
a+1 2u
one has
-1 a+1
N=4" 4= ayp™. )
u ;@ 5 (3.9)

Then above equation (3.7) becomes

Al —14+R"=0, inD/(B®O,\R)). (3.10)

— m+1
Using the elliptic regularity iteratively and 1 — A" € LT+(B(O, Rp)) with 0 < Ry < AR, it
holds that

h € W5 9(B(0, Ry)) for some g > 1, (k— 1)g >d.

Hence £ is C'- function in B(0,R;). Thus we denote the peak value as o = A(0), and we
have #'(0) = 0.

Now we prove that /(0) > 1 by using a contradiction method. We assume that 72(0) < 1.
Decreasing property of 4(r) in r implies that for any fixed R > 0, x € B(0,R), h(x) < L.
Thus we have

Ah=1-Hh">0, inB(O,R). @3.11)

From the maximum principle, we know that the maximum of / is reached at |x| =
Since # is a radial decreasing continuous function, it holds that 4(x) = a(R) in B(0,R) for
any R > 0. Plugging this constant solution into (3.11), one knows that 4(x) = 1in B(0,R)
for any R > 0. Hence i(x) = 1in RY. It is contradictory to the integrability of /. Hence /
satisfies (3.1) and (3.2). This completes the proof of (i).

Step 2. The proof of (ii): F(h) =
From (3.5) and the definition of /1, we know that

1=f hldxzﬂ i dx,
Rd

1_f K dx fRdﬁdex,
alff |V dx = ’“ jﬂ;d|vmzdx

Hence (3.9) gives

d d d
Fae=22 [ prttge= 41N [ 1VAp ac= -2 A
R? 0 R? a—1pu R? a—1p
Together with (3.8), a simple computation gives
_ d d_1,d Ld, 4
fdhdxzz—z(a — DGt 4 a2, (3.12)
R

45



Nonlinearity 30 (2017) 35 J-G Liu and J Wang

_ d d 1.d 1.d d
fdh11z+l dx=2"2(a — 1)§*lfm(§+1)(a + 1)1+W(§+1)a12, (3.13)
R

_ d d 1.d 1.d 4
»/n;dIVhP dx=2""2(a— 127" G @+ HmG a2, (3.14)

Thus (3.13) and (3.14) imply (3.3). This completes the proof of (ii).

Step 3. The proof of (iii): there exists a finite R such that 4(R) = 0.
For a radial decreasing non-negative H'-function, there only exist two cases: (a) there
exists a finite R such that 2(R) = 0; (b) 4(r) > 0 for all » > 0, and hence i(r) — 0, 2'(r) = 0
as r — oo.
Now we show that the second case can not happen. In fact, if (b) holds, then for any r > 1,
integrating (3.1) from O to r and using #'(0) = 0, we get

_ rd—1- 1 _ ro_
h'(r)+ j; %h’(s)dwr j; R(s)™ ds + j; A(s)"ds = r.

Noticing that 2’(s) < 0 for s € (0, c0), we have

lim h(sy™"ds = oo.
r—o00 J1

Therefore

fooﬁ(s)’”sd’l ds > foo h(s)™ds = oo,
1 1

which is contradictory to boundedness of the L™-norm of / due to & € L'(RY) N L™+ 1(RY).
Hence there exists a finite R such that 2(R) = 0. This completes the proof of (iii) and
hence proposition 3.1 is proved. O

Lemma 3.1. Let h be a solution to the initial value problem (3.1) and (3.2) with a contact
point R (h(R) = 0). Then the following Pohozaev type identity between the free energy and the
contact angle holds

d|B(0,R)|

Fhy = 2d +2)

I (R)*. (3.15)

Proof. We can view (3.1) as an equation for a nonlinear oscillator with damping in (0, R),
and introduce the energy function

._l / 2 1 m+1 _
H(r) = 2(h (r) +—m+ lh (r) = h(r). (3.16)

Then by multiplying 4’ to (3.1), we have the following energy-dissipation relation

dH(r) + d— l(h,)2 —0 (3.17)
dr r
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Multiplying 7 to (3.17) and integrating from 0 to R, one has

| ‘ rd(—dH(r) 21 (h’(r))z) dr =0,
0 dr r

ie.
R R
RUH®) —d [ Heydr @ = 1) [ 0oyt dr =0,
0 0
Notice that H(R) = %h’ (R)? from (3.16). Then with some simple computations, it holds that
1 R R
SR RS = d [y dr =@ =1 [ eyt
0 0

R R R
= (1—dp) j; PN )P dr + —9— j; PA=Ipm+ 1 dr — d j; rd=1p dr

m+1)
:(1—d/2)if VAP dx 4+ —2 if W dy — d— hdx,
Sy JBO.R) (m+ 1) S; JB0O.R) Sq JBO.R)

where S, is the surface area of the unit ball in R
On the other hand, multiplying 4 to (3.1) and integrating in B(0, R), we obtain

f hdx = —f |Vh[? dx + R dx. (3.18)
BOR) B(O.R) BO,R)

d+2m+1)

e have

Hence, using a =

1 dm -

—S;RAN R = +dR2 Vh|*— W = (d 4+ 2)F(h).
SSaRY[HR)P= )fB(O’R)| | (m+1>f3<o,m (d+ 2DFh)

This gives (3.15). O

Corollary 3.1. Let h € X}, be a critical point of J(h). Then there exist re-scaling param-
eters \, ju > 0 such that h = /ilh(%x) satisfies the free boundary problem (1.9) and (1.10).
Proof. As a direct consequence of (3.15) and F (%) = 0, one knows that 2'(R) = 0. In other

words, the contact angle is zero. This case is the so-called complete wetting regime in Young’s
law [20]. l

Remark 3.1. A simple computation gives that / satisfies

F"RHY=1, h"(R)= —%. (3.19)

Uniqueness of solutions to the free boundary problem (1.9) and (1.10) can be proved by

a direct verification for conditions in a uniqueness theorem of Pucci-Serrin [31]. We recall it
below.
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Lemma 3.2 ([31, theorem 3]). The free boundary problem

h' + uh'+f(h):o, in0<r<R,
r
WO0)=0, hR)=HIR)=0

has a unique radial solution if f(h) satisfies the following conditions

(1) fis locally integrable on [0, 00). In particular, the integral F(h) = fo " f(r)dr exists, and
F(h)—>0ash—-0;
(i1) f'is continuously differentiable on (0, c0);
(iii) there exists a > 0 such that fla) = 0 and

fh)y<0 forO<h<a,
f) >0 fora<h<oo;

(iv) F(h) and f(h) satisfy the following relation

d[Fw], d=2
dh[f(h)]z I (3.20)

Proposition 3.2. Assumem > 0ford=12,0<m< %ford > 3. Then there is a unique

solution h(r) to the free boundary problem (1.9) and (1.10) in X},4 and it satisfies o« = h(0) > 1,
W(r)<0for0<r<R.

Proof. By proposition 2.1, we know that there is a minimizer 4 of the functional 7 () in
X0 and hence £ is a critical point of the functional J(h). From corollary 3.1, we know that
the minimizer /4 of the functional J(h) in X}, is a solution to the free boundary problem (1.9)
and (1.10). Hence existence was proved.
To prove uniqueness, we only need to verify that f(h): = I’ — 1 satisfies the conditions
(1)—(@v) in lemma 3.2. The conditions (i)—(iii) are obvious for f (k) with m > 0.
d+2

Now we verify the condition (iv) for f{ih) withm >0 ford=1,2,0<m < T for d > 3.
Notice that

1 !
i[F(h)]_d—Z_l mh (mH*h) d—2

dh | f(h) 2d (" — 1)2 a 2d
Obviously,ifd = 1, 2, thendd—h [;E—Z;] — % >0forh>0andm > 0.Forthecase 0 <m < %

with d > 3, a simple computation gives

2d 2m 2d(m — 2) m 2d
d [Fm _d—z_d—2(<mT1><T_z>_1)h + (2 e+ (5 1)
dn | f(n) 2d 2d (h" — 1) '

Cam e 2d _ L 2dm—2)
Denote v: =h", £:= ST , C:= 5

(3.20), it is equivalent to prove

+2, and v:= % — 1. To verify
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2+ +v20.
Since 0 < m < % we have £ > 0. Thus if (>0, i.e. m > % then (iv) holds. If m < "di we
only need to prove (> — 4£y< 0. So, we compute

2dm ((3m_m2)d+2

2 _ - =
R A ) d—2

—m(m+ 1)). (3.21)

Due tom < %, we deduce (2 — 4£v<0, i.e. (iv) of lemma 3.2 holds.

From Step 1 in the proof of proposition 3.1, we have o > 1.

Finally, we use a contradiction method to prove #/(r) <0 for 0 < r < R. If it is not true,
then there exists (choice to be the first one) ry € (0, R) such that A'(ry) = 0.

Since h € X},q and h(R) = 0 for a finite R > 0, we can show that extremum points are never
reached in the set {r|h(r) = 1}. Therefore all extremum points must be either local minimum
points (A”(r) > 0) or local maximum points (2”(r) < 0). From the equation (1.9), at extremum
points it holds that

W(r) =1 — h"™(r),

which implies that 4(r) > 1 for maximum points, A(r) < 1 for minimum points.
Solving (1.9) and (1.10), we have

G —— f " s4=1(h(s)" — 1)ds, for any r € (0, R). (3.22)
r 0

Thus for any r satisfying a(r) > 1, (3.22) implies 4'(r) < 0. The first extremum point ry must
be a local minimum point, and it satisfies a(rg) < 1.

Since extremum points must be either local minimum points or local maximum points, the
next extremum point after 7y must be a local maximum point, denoted by r;, which satisfies
h(r;) > 1. Inductively, we order all extremum points as a sequence rg, 7y, 7, ---, and at these
points A(r) satisfies

h(ryg-1) <1, fork=1,2,---, (3.23)
h(ry_1)>1, fork=1,2,---. (3.24)
Now we claim that the sequence {h(ry4-1))}r—; of local minimum is increasing and the

sequence {h(ry_1) };—; of local maximum is decreasing.
From (3.17), we deduce

H(ryg—1y) > H(rx),

i.e.

1
———h(rag— )" = h(rag—1)) > h(ra)™ 1 — h(ry).
m+1

m—+1
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Notice that f(s) = m;Hsm+1 — s is decreasing for s € (0, 1), and is increasing for s € (1, 00).

Hence (3.23) indicates that h(ryg—1)) < h(ry). In a similar way, we have h(rog1) < h(ru—1)
by (3.24). In other words, the solution is oscillatory around the value 7 = 1 and has decreasing
amplitude, and hence it will never touchdown. This is a contradiction to #(R) = O for a finite
R > 0. Hence h > 0, K/'(r) < 0 before touching down at r = R. O

As an additional result, all critical points of J(h) in non-radial case also satisfy a free
boundary problem.

Proposition 3.3. Let a non-negative function h € C(R?) be a critical point of J(h) with
support set ) := supp h. Assume ) is a bounded open star domain with the vantage point O
and T := 0 Q is its smooth boundary. Then h satisfies the following free boundary problem up
to a re-scaling

Ah+h"=1, in Q, (3.25)

h=07;h=0, onT. (3.26)
Proof. Similar to Step 1 and Step 2 in the proof of proposition 3.1, there exist A, i > 0 such
that i(x) = ih(%), Qo = supp h, and K satisfies

Ah+h"=1, in Q, (3.27)

Fh)=0. (3.28)

We also know that {2 is a bounded open star domain with the vantage point 0. Let 7 be out
normal of 9 so that x - 7i >0 on 0 Q.
Noticing that - = 0 on 0 Qg, h > 0 in {2, one has

Vh = —|Vh|i. (3.29)

Below we show a Pohozaev type identity connecting the free energy to the contact angle

1

- - _ . - 7 2
Fh) = 72(d+ 2 oo, (x-A)|Vh|* ds. (3.30)

Indeed, multiplying V - (xh) to (3.27), one has

fQOV-(xh)Ahdx:fQoV-(xh)(l — i™ydx. 3.41)
Notice that
f V- Oh)(1 — ™y dx = — f WV(I — A"y dy = — 9" A" dx, (3.32)
Qo Qo m + 1 Qo

Using (3.29), we have

f v-(xE)Ah‘dxzf V(V~(xh_))~Vh_dx+f Y - () ds
Qo Qo 080

d+2 _ 1 _
= —— Vi dx+ = )| Vh? ds. 3.33
L AR 2 [ e mI VAR as (3.33)
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Hence from (3.31)—(3.33), we have

=L [ Gk
@+ DF () = - fdQ @i - x)| VAP ds,

i.e. (3.30) holds true.
Since F (i) = 0 and 7i - x > 0, we know that

Ozh =Vh-ii=0ae.ond. (3.34)

Summarizing above process, i satisfies the free boundary problem

Ah+h"=1in Qq, (3.35)
h=0h=00n0%Q. (3.36)
Hence we complete the proof of proposition 3.3. O

Proposition 3.4. Let h be a solution to the free boundary problem (3.25) and (3.26). De-
note Q) := {x|h(x) > 0}. Assume that Q is a bounded open domain with C* boundary (not be
assumed simply connected) and h € C*(Q2). Then Q) is a ball and h is radial symmetric.

Proof. The proof of proposition 3.4 is a direct application of [30, theorem 8.3.2] with
A(z, ) =1, flz, s) = 7" — 1 (here we use the same notations as these used in [30]), because
A(z, ) and f(z, s) satisfy all the conditions in theorem 8.3.2. O

4. Proof of theorem 1.1

Existence of a minimizer A, for the functional J(h) was given in proposition 2.1 with ¢ =0
andp =2, 1i.e.

Jhe) = inf J(h) = Bo.
heX

The minimizer A, is also a critical point of J(h), hence corollary 3.1, proposition 3.2 tell us
that /. is a unique solution to the free boundary problem (1.9) and (1.10) and satisfies h.(r) < 0
for r € (0, R). Similar to Step 1 and Step 2 in the proof of proposition 3.1, we can deduce that
h. satisfies

d d 1, 1.d d
fdhcdx:TE(a — 12 m G V(@ + HmGIE2, 4.1
R
d d 1.d 1.d d
fRdh;"“dxzzﬁ(a ~ 1w 4 ) m G g2, 42)
d d 1.d d d
fd|th|2 dv=2"%(a — D2~ "m0 + HmG VB2, 4.3)
R

Define M, = f]Rd h. dx. From (4.1), one has

2
Bo = 2a — D+ D= a4 1y w0+ Dyd. (4.4)
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Hence for any & € X the following inequality holds

a—1

(a+1)
m+ 1 mit 1 2
(Lol ™ <ot [oinas| [ 19Ras 45)

Moreover from (2.13), the invariance of J(h) under a re-scaling A, \(x) = ph(Ax) implies
that the above equality holds if & = Ak (\(x — x¢)) for any A >0, A >0, xo € R%

Finally, we derive the closed-form solution /. for (1.9) and (1.10) for d = 1. We recall (1.9)
and (1.10) ford =1 as

W'+ h"=1, insupp hN {r>0}, (4.6)

H(0)=0, hR)=HhR)=0. “4.7)

By the energy functional (3.16) and the energy-dissipation relation (3.17), we know that the
following equality holds

(h/)Z hm+l
_l’_
2 m+1
Since h(R) = K'(R) = 0, we have C = 0. Hence the conditions 4£(0) = « and #’'(0) = 0 imply

amt!

—h=C. 4.8)

—a=0ie.a=m+1m>1 Solving (4.8), one has

m+1
, pntl
H@r)y=—[2|h— . 4.9
(r) 1 4.9)
Integrating (4.9) with respect to r in (0, R), a series of computations give
1
R=2"2m m+ 1)sz(1, i)
2 2m

Moreover, integrating (4.9) with respect to r from r to R for any r € (0, R), we deduce

1
hc(r)_((m+l)B (x/_m(erl)Zrn(R P L, L ))m
2’ 2m

where B~ is the inverse of the incomplete Beta function B(x; a ,b), which is defined as

B(x:a.b) == f 19101 — )b=1 dx.
0

Now we compute the minimum [, of the functional J(h). By (4.3) and a = %,
we know that
3
3 o L
2*%(’"_”) 2’”(3(’" + 1)) "5z — f B dx = f K- K. dx (4.10)
m m
On the other hand, we compute the right hand side of the above equality
hm+1
fh’ H.dx = fh’dh_f 2~ ) dh
= 2om Y(m + 1)2m8(— —) 4.11)
2m
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Then (4.10) and (4.11) imply

2
Bo 43 BmYm 1 3)1+;1(3(§ i)) | (4.12)

2" 2m
Furthermore, from (4.4) we obtain

1, 3 3 3
M. =|lh.|lp= 22m™“(m + Dam(m + 3)B| =, — |
2 2m
Therefore we have finished all the proofs of theorem 1.1.

Remark 4.1. The results in theorem 1.1 agree with the following classical results for some
special cases:

e In 1941, Sz. Nagy [27] obtained the best constant 3y = %2 for m = 3 in (4.12) (this case
is known as the Sz. Nagy inequality).

e In 1958, Nash deduced the best constant 5y = % for m = 11in (4.12) (this case is known
as the Nash inequality [28]).

5. Finite time blow-up and spreading phenomenon for thin film equation

In this section, we show that M, is the critical mass to the following higher dimensional thin
film equation

hi+V-(hVAR)+V-(hVh") =0, xcR¢
with d > 2 and the critical exponentm = 1 + 3. We impose the following initial condition
h(x,0) = ho(x), x € R, 5.1
Here we consider the following initial data:
ho >0, supp ho € B(0, a) for some a > 0, ho(x) € L'(RY). 5.2)
Notice that non-negative solutions A(x, f) to (1.1) satisfy conservation of mass, i.e. formula
jﬂ;dh(x, Hdr= jﬂ;d ho(x) dx = m.
Following Bernis and Friedman [4], we define an entropy weak solution.
Definition 5.1. We say that a non-negative function

h e L>O,T; H(RY), Ahe L*0,T; LA(R?),
O € L0, T; H'(R?)), h'>VAh € L*(Py),
Pr:=Qx O, T\ {(x,)|h(x,1) =0}

is an entropy weak solution to (1.1) and (5.1) in [0, T) provided that
e The weak form holds for any function ¢ € C3%(R¢ x [0, T]),

”/‘OT‘/];{d¢hzdxdt:f‘/;TV¢- hVAhdxdt—l—j(‘)Tj];dv(b AV dxdt.
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e F(h(-, 1)) is a non-increasing function in ¢ and satisfies the following entropy-dissipation
inequality

Fh(-, 1) + f fP hV(Ah + ) P dede < Flho), forany 0<r<T. (5.3)

Definition 5.2. We say that a non-negative solution A(x, ) to the model (1.1) blows up at
Thax in L'(RY), r > 1, if it satisfies

G, Ol < oo, forall 0 < 1< Tha,  lim sup|lhC-, )]lr= oo

t— Thhax
Thax 1s called the blow-up time of ||A(-, £)]].

Theorem 5.1. For any mo> M, there exists hy satisfying f]R" ho(x)dx = mgy and
fR[, x> ho(x) dx < oo such that any weak solution to (1.1) with the initial datum hy has a finite

time blow-up in L™ (RY).

Proof. Recall that the critical mass M, := ||h||,;; for d > 2. We construct an initial datum

o) = (1 b, e = 0, (5.4)

It satisfies fRdho(x)dx = my>M,, and fRd|x|2ho(x)dx< oo because i, has a compact

support. Moreover, a simple computation gives

_ (1+e)? ) (14 ¢)ym+! el
]-"(ho)—TfRd\th(xﬂ dx—m—fRdhc (x) dx

1
~ (1+e)? 2 4y (1+5)2 - )
= [IVhP = S e [ VhoP dx
m+1 l 2 _ m+1 )
T(1+e) (fRd2|th(x)| dx —m+1j;<dh" () dx . (5.5)
d+2(m+1)

Sincem =1+ = 1mphes thata =

—f |th(x)|2dx——f A (x) dx.

YR

= m, from the property (3.3) we easily obtain

Hence we have that

2
Flhy) = %

(1 —(1+em fR IV h ()2 dx < 0. (5.6)

Now we need to prove that the L”*'-norm of solutions blows up in finite time 774!, If not,
then for any 7 > 0, an entropy solution exists in L™+ (R%). So, we compute the second moment
(see [34] given by Witelski ef al for the one-dimensional case)
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d m
() = Zj];dhx-V(Ah—i—h )dx

:—ZJ];{ddh(Ah+h )dx—szdx-Vh(Athh ) dx

- 2dj;§d |Vh|2dx2dfﬂ§dh’”+‘dx+2ﬁ§dV(§§1xihM) ~Vhdx72fRd%fml+ldx
—@+2) [V ar- 20 [ e
Noticing thatm = 1 + % and (5.6), we have
%mz(l‘) = 2(d + 2)F(h(-, 1)) < 2(d + 2)F(hg) < 0. (5.7)

Since the initial second moment is finite, then there exists a finite time ¢* such that m,(¢*) = 0.
On the other hand, a simple computation shows that

f hdx = hdx + hdx
R? |x|<R [x]|>R

_m_ 1
< Wl Rt + — [ xPna

[x|>R

M dm 1
< Al oI Rm+1 + sz(t). (5.8)

Taking
m+1
)dm+2(m+ D

s

m
R— a;dm+2(m+1) my(t)
[[7]] e

_m_ am
we have || ]| 1o T IR m+1 = émz(t). Hence we obtain from (5.8)

m dm 2m 2(m+1) dm
f dx < 2| Allpmaaf T Rm T = 20420 | s Y+ 20m+ 1) (g (1) ydm+2(m+ 1),
B

which implies

dm—+2(m+1)

m - __dm
|Ih(',t)|ILm+1>(%) 20D ay " my(t)) 20+ D). (5.9)

Hence from (5.9) and the fact my(¢*) = 0, we know that there is 72755 < #* such that

lim supl||A(-, t)||;n+1= o0,

1
1T

which is a contradiction to global existence of entropy weak solutions in L”*!(R?). Hence
solutions blow up in finite time in L (RY). O
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Remark 5.1. Using the interpolation inequality ||h||z]:} < ||all |AllT>, we know that there

is Tax < T4 such that

lim sup||A(-, t)||p== oco.
t— Thax

Furthermore, if the initial mass is less than M, an entropy weak solution exists globally
[25] for the one-dimensional case. For a multi-dimensional thin film equation with an unstable
diffusion term, Taranets and King [32] showed short-time existence of solutions for the prob-
lem (1.1) and (5.1) with d = 2, 3 in a bounded domain with the boundary condition (1.13).
Moreover, they proved global existence of weak solutions to (1.1) and (5.1) for all initial con-
ditions with sufficiently small mass, refer to [32, theorem 4]. For the whole space, existence
of weak solutions in multi-dimension is still an open problem. However, if an entropy weak
solution to (1.1) and (5.1) exists globally, then the second moment goes to infinity as # — oo or
h(-, ) — 01in L'(R?) for some subsequence # — oo if mg < M, as stated in theorem 5.2 below.
This shows that a part of the mass spreads to infinity as # — oo.

Lemma 5.1. Assume h e LL(Rd) N H'(RY). Denoting mg := fR" h dx, we have

2/d
1
f"’”&(l‘(%) ]L;'de G0
1 M, i
c d_ m+1
“mt1 (mo) : th . ©-10)

Proof. From the generalized Sz. Nagy inequality (1.12) withm = 1 + %, one easily gets

2
d
%fd|hm“dx<2l(%) fI|V/’l|2 dx, (5.12)
m R A R

which implies

2/d
1 1 1 m
Fh) = — VhPde— —— [ mmtldes =1 |22 Vh? dx. 5.13
= [ VP dr-—— [ /2[ (MC L, v (5.13)
Hence (5.10) holds. So, (5.12) and (5.10) imply (5.11). O

Theorem 5.2. Assume that initial data hy satisfy (5.2), mo < M, and F(hg) < oo. Let h(x, t)
be a global non-negative entropy weak solution of (1.1) with the initial condition (5.1) given
by definition 5.1. Then

sup {I1AC, Ollwr+ 1AC, Dl } < Clllhollyy, Fho)), 5.14)

0<t<o0

and at least one of the following results holds
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(a)lim,—, .o my(t) = 00, (5.15)
) h(-, ) = 0in L'(RY) for some subsequence t;, — co. (5.16)

Proof. Since my < M,, the inequality (5.10) and F(h(-, t)) < F(ho) indicate that

2F(ho)

mo 2/d

M.

F(h(-, 1) =0, fi |Vh(-, 1) dx < =:Cy, foranyt>0. (5.17)
R

Here we used the fact that the free energy is decreasing in time ¢. So, (5.17) implies that (5.14)
holds. And from F(h(-, 1)) > 0, we know that there is a F,, such that

lim F(h(-, 1)) = Fa > 0.

t—>0o0

On the other hand, a simple computation gives

%mz(t) = 2(d + 2)F(h(-,1)) 2 2(d + 2) . 2 0, (5.18)

which says that the second moment is increasing in .
Now we prove that (a) or (b) holds. Suppose that

my(t) -4 +00, as t — oo. (5.19)

By (5.18), we have that there exists a constant C > 0 such that m,(t) < C for any # € (0, 00).
In this case, we claim that there is a sequence #; and %, such that as # — oo, it holds that

h(ty) = hoo, strongly in LT 1(IRY). (5.20)
In fact, from (5.12) and (5.17), we have h € L°(R, L'(RY) N H'(R?)). Noticing that the second
moment is finite, we deduce that

(1) V e > 0, there exists a R. > 0 such that

I\ ety A s [ hdxwf VA dx
[x[>R- d [x[>R. R4

<CCodry [ nPhar
RC YJlx|>R.

my(t)
R?

< C(Co,d)

Hence taking

~\1/2 172
2C(Co,d)C) 2(2C(Co,d)m2(f)) , (5.21)

R.>
13 g

we obtain
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»/\;\>R¢ h"+ldx < e, forany > 0. (5.22)

Then there is a subsequence #; (without relabel) and /;  such that

h(-ot) — hioy  asfr— oo in L™FI(|x| > R.)
and

j\;b& A dx < lim inf h(x, )" ldx < e. (5.23)

k—oo  Jx|>R.

(2) For a fixed R. satisfying (5.21), we know that A(x, ) € L°(R,; H'(B(0, R.))) by (5.12)
and (5.17). Thus by the Sobolev embedding theorem, one obtains that there is a strong
convergent subsequence, still denoted by A(x, #), and A,  such that

h(-, &) = h 00, strongly in L I(B(0, R,)). (5.24)

Let hy be the combination of A , and h; o, defined in R4, Hence, from (5.22)—(5.24), there is
a K such that if k > K, then

[ neen) = oot dx = [ A — bl de I, 1) — oo™ dx
R |x|>R. [x[<Re
<C [ P e [ A — bt de
Jx|>R. x| <R.
< Cg,

which proves our claim (5.20). Thus we have

lim | A" n)de= [ A™Mdx (5.25)
R? R

k—o00

On the other hand, by Fatou’s lemma with (5.17), we know that

Vh(x, ) — Vhe, in L2(RY)
implies

2 < 1 1 2
jﬂ; | Vool dx < lim inf jﬂ; Vh(x, 1) dx. (5.26)

The formulas (5.25) and (5.26) give

Fy =2 [ [Vhaf dr——— [ it
2 Jr4 m+ 1 Jr?
< liminf L f VhCe, )P dx — Tim —— [ A +10e, 1) d
k—»oo 2 JR? k—oco m+ 1 Jr?
= lim inf (. 1)) = Fi. (5.27)
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Finally, noticing that ||, #)|| = mo, |[A(-, #%)]|;»+1 < C and the second moment is finite,
we have by the Dunford—Pettis theorem that as k — oo

h(-, 1) — hso, in LY(RY). (5.28)
Hence Fatou’s lemma implies

f e de<liminf [ hCe ) dx = mo < M.. (5.29)
R R

k— o0

We have two cases: (i) hoo = 0, (ii) h, = 0. In the case (i), by (5.28) there exists a subsequence
t; such that A(-, ) — O as # = oc. Thus (5.16) holds. In the case (ii), by the inequality (5.12),
we know F(hy) > 0. Hence (5.27) gives F, > 0. Notice that

my(t) = my(0) + 2(d + 2)Fot = +00, ast — oo,

which contradicts with (5.19). That implies (5.15). This finishes the proof of theorem 5.2. []
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