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A RANDOM PARTICLE BLOB METHOD
FOR THE KELLER-SEGEL EQUATION
AND CONVERGENCE ANALYSIS

JIAN-GUO LIU AND RONG YANG

ABSTRACT. In this paper, we introduce a random particle blob method for
the Keller-Segel equation (with dimension d > 2) and establish a rigorous
convergence analysis.

1. INTRODUCTION

The vortex method, pioneered by Chorin in 1973 [3], is one of the most successful
computational methods for fluid dynamics and other related fields. When the effect
of viscosity is important, the random vortex method is used to replace the vortex
method. The success of the random vortex method was exemplified when it was
shown to accurately compute flow past a cylinder at the Reynolds numbers up to
9500 in the 1990s [I3]. The convergence analysis for the random vortex method
for the Navier-Stokes equation was given by [8|[I6L[18] in the 1980s. We refer to
the book [4] for theoretical and practical use of the vortex methods, refer to [5]
for recent progress on a blob method for the aggregation equation, and also refer
to [OLI9] for many exciting recent developments in the theory of propagation of
chaos.

In this paper, analog to the random vortex blob method, we introduce a random
particle blob method (we will abbreviate it to a random blob method) for the
Keller-Segel (KS) equation, which reads

Op=vAp—V-(pVec), xR >0,
(1.1) —Ac = p(t,x),
p(0,z) = po(z),

where v is a positive constant, and supp po(z) C D, where D is a bounded domain.
[ po(z)dz =1 and py € L>=(R?)NL(R?). In the context of biological aggregation,
p(t, x) represents the bacteria density and c(t, x) represents the chemical substance
concentration. In this paper, we also provide a rigorous convergence proof of this
random blob method for the KS equation. We point out that the convergence
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rate given in this paper is far from sharp. Sharp convergence rates have been
found for the random vortex method when applied to the Navier-Stokes equation
by Goodman [8] and Long [16]. We will investigate the question on the sharp rate
of the random blob method in the future.

In Section 2, we introduce a random blob method for the KS equation (),
which is given by the following stochastic particle system of N particle paths
(M XY
(1.2)

N t
) ) 1 . ) .
X;’E:Xé—i—mZMj/o V(J€*¢>(X;’E—Xg’e))ds—i—\/Z/Bf, i=1,---,N,
J#

where {B{}¥ , are N independent Brownian motions and ® is the Newtonian po-
tential which we consider to be attractive. J. is a blob function with size ¢ (see
Lemma [2.8). For the initial data pg, we can choose a probability measure gy on
R, x R? such that pg(z)dr = fR+ mgo(dm,dzx). Let {(M;, X{)}X, be N inde-
pendent and identically go-distributed random variables. M; is the mass of the
particle X;*°, which is sampled from the initial distribution and remains constant
throughout the time evolution. The purpose of introducing this variable mass M;
is to coarse grain many small particles. In other words, a particle with large mass,
M;, can be viewed as a cluster of many particles with small mass, and thus we are
effectively taking a coarse grain approximation of the small particles, which leads
to a gain in the efficiency and stability of the computational method. Because the
KS equation favors aggregation, this coarse-grained approximation does not lead
to a significant loss in accuracy.

In Section 3, we prove the convergence of the random blob method. To do
this, we show that there exist regularized parameters € going to zero as N goes
to infinity, and the stochastic particle system ([2Z) converges to the mean-field
nonlinear stochastic differential equation

t
(1.3) X =Xo+ / F(Xs —y)p(s,y)dyds + vV2v By,
0 Jrd

where p(t, x)dx= f]R<+ mgi(dm, dz), gi(m,x)=L(M, X;), (M, Xp) is a go-distributed
random variable that is independent of B;, £(M, X;) denotes the law of (M, X;)
and F(z) = V®(z). The global existence and uniqueness of a strong solution (see
Definition 28) to ([3) is almost the same as a previous result of [I5, Theorem
1.1] for the case of p(t,x)dx = gi(dx) and M = 1. Thanks to the It6 formula
[20, Theorem 4.1.2], we derive that p is a weak solution to (LI with the initial
density po.

In Subsection 3.2, a coupling method is used to estimate the difference between
the stochastic path (M;, X;°) for the particle method (I.2) and the stochastic path
(M;, X}) of ([I3), where both paths begin with the same initial data {(M;, X§)}¥,
and {B{}Y | as ([[2). We show that there exist regularized parameters e(IN) ~
(InN)~7 — 0 as N — oo such that for any 1 <i < N,

(1.4) lim E[ sup M;|X;*™ — X/|] =o.
N—oo  “¢ef0,1)
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In Subsection 3.3, we show that the empirical measures

N
1
(1.5) plV o= N ZMi(SXi,E — f in law,

i=1
where f;(dz) = pi(z)dx and p is the unique weak solution to ([IIl) with the initial

N
density po. u are positive Radon measures with total variation % > M;. By the
i=1

N
strong law of large numbers [ see p. 55 (7.1)], & > M; — 1 almost surely (a.s.) as
i=1
N — oo, which implies f is a probability measure on RY. To obtain (I5)), we first
prove in Proposition B9 that (L)) is equivalent to showing that E[|(u™ — f, »)|] — 0
for any ¢ € Cy(R?). Then, following Sznitman [2I] and by the exchangeability of
{(M;, X %)Y, we have

BN — £,0)%) = E[MPo(XF] + T TR (M p(X)) My (X))
= 2(f, O)E[Mip(X, )] + (f,0)*.

Therefore, demonstrating the convergence of pV is reduced to show the following
two points: () E[Mlgo(th’E)} converges to (f, ), and (i7) two-particle’s pairwise
correlation converges to 0; i.e. ]E[Mlgp(th’E)Mggp(Xf’s)] converges to (f,¢)?. Both
(i) and (47) can be proved by (I4).

Besides the above-mentioned main techniques, we also mention that some stan-
dard techniques are also used to achieve our goal. By using the uniform estimates
and the Lions-Aubin lemma [I7, Lemma 10.4.], we give a sufficient condition (As-
sumption 222]) of the initial data pg for the existence of the global weak solution to
(I in Section 2.

Finally, in Section 4, we provide some practical algorithms and their convergence
results.

(1.6)

2. THE RANDOM BLOB METHOD AND THE MAIN RESULTS

We begin by introducing the topology of the 1-Wasserstein space which will
be used for the well-posedness of the KS equation. Let (E,d) be a Polish space.
Consider the space of probability measures,

P1(E) = {f| f is a probability measure on E and / d(0, z)df (z) < +o0}.
E
We define the Kantorovich-Rubinstein distance in P (E) as follows:

m. o= it { [ dayar)}.
mEA(Sf, 9) ExXE

where A(f, g) is the set of joint probability measures on F x E with marginals f

and g. When f, g have densities p!, p? respectively, we also denote the distance as

Wi(pt, p?). In [22] Theorem 6.18], it has been proven that P;(E) endowed with

this distance is a complete metric space, and the following proposition holds by

[22, Theorem 6.9].
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Proposition 2.1 (Wasserstein distances metrize weak convergence). If (E,d) is a
Polish space, then for a given sequence {fk}zil and fin P1(E), the convergence of
{fk}zozl to f in the 1-Wasserstein distance can deduce the narrow convergence of

{fk}zi17 26
Wilfi f) 22250 = / wdfie(x) 225 [ pdf(z) for any o € Cy(E),

where Cy(E) is the space of continuous and bounded functions.

Now recalling a recent result of the authors [15], we give some sufficient conditions
of the initial data for the existence and uniqueness of the global weak solution in

L>(0,T; L>=(RY) N LY (R, (1 + |z|)dz)) to (L.
Assumption 2.2. The initial data satisfies
(1) po(z) € L= (RY) N LYRY, (1 + |z])dz), [pa polz)dz =1;
(2)
8t ifd=2,
(2.1) lpoll ¢ gy < 8vSa
d

ifd>3,
where Sg = @22/“%1“”1“ (%)_2/{ which is the best constant in the
Sobolev inequality [14, p. 202).

We use the following definition of the weak solution to (LI]).

Definition 2.3 (Weak solution). Given the initial data po(z) € L*¥(4+2)(R9) N
LY (R4, (1 + |z|)dx) and T > 0, we shall say that p(t, z),

p(t,z) € L>=(0,T; L*Y/@H2(RY) 0 LY (R?, (1 + |z|)dz)) N L*(0, T; HY(R?)),
Op € L*(0,T; HH(RY)),
is a weak solution to (II) with the initial data po(z) if it satisfies:
(1) For all p € CX(R?), 0 <t < T, the following holds:

/Rd p(t, x)p(x)dr — /Rd po(x)e(x)dx + V/O y V(z) - Vp(s, z)dzds

t
(2.2) — [ [ ptso( [ F = g)ols.ndy) - Ttodsds,
0 JRra Ré
where the interacting force F(z) = V®(x) = —%, vV x € R\N\{0}, d>2,
2 d/2
where C* = [S1|71 S| = F(Z/2) and ®(z) is the Newtonian poten-
tial, which can be represented as
C
—2 if d > 3,
(2.3) B(x) = WH
- %lnm ifd=2,
here Cg = ————— _ he volume of th
where Cy d(d—2)ad’ad F(d/2+1)’le aq is the volume of the

d-dimensional unit ball.
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(2) cis the chemical substance concentration associated with p and given by
(2.4) c(t,x) = D * p(t, x).

Assumption [2.2]is sufficient for the existence of a global weak solution to (LIJ); see
[TL2]. Recently, the existence, uniqueness and Dobrushin’s type stability of the weak
solution in the space L>(0,T; L>°(R%) N L*(R?, (1 + |z|)dx)) were established in
[15, Theorem 1.1 and Theorem 1.2], which is summarized in the following theorem.

Theorem 2.4. Considering the KS equation (LI, we have

(i) Assume that po(x) satisfies Assumption 221 Then for any T > 0, there
exists a unique weak solution p(t,x) to () with the initial data py and p
is in L>=((0,T) x R?).
(ii) Assume that pi(z), pi(z) both satisfy Assumption 22 For any T > 0,
let pt, p? be two weak solutions to (L) with the initial conditions p}(x)
and p3(z) respectively. Then there exist two constants C (depending only
on ||p1||L°°(O,T;L°°ﬂL1(Rd)) and HPQHLOC(O,T;Loole(Rd))) and Cr (depending
only on T') such that
sup Wilp, ) < Crmax {Wi(ph, 3). IW1 (o), s2))7CD).
te[0,T]
Now we introduce the mean-field nonlinear stochastic process for the particle
model ([2)) (see Proposition BA), and its density satisfies the KS equation (see
Proposition 3.4)).

Definition 2.5. Let py € L' N L>®(R%) and B; be a Brownian motion. Choose
a probability measure gy on R, x R? such that po(z)dz = fR+ mgo(dm,dz). Let
(M, Xo) be a go-distributed random variable that is independent of B;. We say that
a pair (X¢, p(t, ©)), where X is a stochastic process and p € L™ (0, T, L‘X’ﬂLl(Rd)),
is a strong solution to the nonlinear stochastic differential equation (L3)) if for all
t>0,

t
X =Xo+ / / F(X, —y)p(s,y)dyds + V2v By,
0 Jre
where p(t,xz)dx = fR+ mgy(dm, dx), gr(m, z) = L(M, Xy).
Theorem 2.6. Suppose we are given a probability measure go with support con-
tained in (0, M] x R?, with go satisfying the consistency condition po(x)dx =
fOM mgo(dm,dz) and po satisfying Assumption 221 Then there exists a unique
(

strong solution (X, p(t,z)) to (L3) associated to the go-distributed initial random
variable (M, Xo).

Below we give an example of constructing the go-distributed initial random vari-
able (M, X).

Remark 2.7. Suppose po(z) € L'NL>(D), where D C R? is a bounded domain and
is the support of po. Suppose [0D| = 0. Let Xy : 2 — D be a random variable with
density ﬁ7 M = |D|p0_(XO) and go(mz7 x) = L(M, Xy). Then fOM mgo(dm, dz) =
po(z)dx and 0 < M < M a.s., where M = |D|||po|| -

Proof. For any ¢ € Cy(R?), take ¥(m,z) = mp € Cy([0, M] x R?). Then one has

@5 EWOLX)] = [ IDi(@)ea) e = [ poa)eta)da.
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On the other hand, by go(m,z) = L(M, Xo),

(2.6) E[(M, X,)] = /R d / mep(a)go(dm, dz).

Combining (2.3) and ([2.6) and using the Fubini theorem, we get

(2.7) | m@etaia = [ o | " rgo(dm da).

Since ¢ is arbitrary, we obtain fOM mgo(dm, dz) = po(z)dz.
Finally, from the fact that |0D| = 0, one has 0 < M < M a.s. O

Before giving the main Theorem of this paper, we describe how to regularize
the Newtonian potential with a blob function.

)

Lemma 2.8 ([I5, Lemma 2.1]). Suppose J(z) € C%(R?), supp J(z) € B(0,1)
) for

S
J(x) = J(|z]) and J(z) > 0. Let Jo(x) = Z£J(%). Let ®(z) = J.  ®(x
v €RY F.(x) = V®.(x). Then F.(z) € CY(RY), V- F.(z) = —J.(x) and

)
(i) F-(0) = 0 and Fe(z) = F(x)g(Z) foranyz # 0, where g(r) =
%for J(s)s4ds, C* = 2( d//Q), d>2;
(i) [Fe(2)| < min{ LE, |F ()]} and |VE.(2) < &.

In this article we take a blob function J(x) > 0, J(x) € C3(R?),

C(1+cosmlz)? if x| <1,
J(z) = :
0 if |z| > 1,

where C is a constant such that C|S?~!| fol(l + cosr)2rd—ldr = 1.

Theorem 2.9. Let p(t,z) be the unique weak solution to (L)) with the initial
density po satisfying Assumption and {X}°, - ,XtN’E} be the unique strong
solution to ([[L2)) associated to the independent and identically distributed (i.i.d.)
initial random variables {(M;, X§)}N 1 The initial data have common distribu-
tion go(m,x) satisfying po(z)dz = fo mgo(dm,dx) and 0 < M; < M a.s., where
M is a constant. Denote fi(dx) := p(t,x)dx. Then there exist a subsequence of
{x}e, o XN} (which we have taken without relabeling N) and regularized pa-
rameters e(N) ~ (InN)~4 — 0 as N — oo such that for any t > 0,

N
1
(2.8) N ZMZ-(SXZ,E(N) = fi(x)  a.s. as N — 0.

N N

Remark 2.10. + > Miéxti,a(m are M (R% 4 3" M;)-valued random variables,
i=1 i=1

where M (R%; a) denotes the space of positive Radon measures on R? where the

total variation equals a. Since {M;}Y | are i.i.d. and

(2.9) E[M;] = /(o i1 mgo(dm, dx) = /]Rd po(x)dx =1,
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by the strong law of large numbers, we have

N
1
(2.10) ~ ;Mz —1, as. as N — ooc.

3. CONVERGENCE PROOF

3.1. Preliminaries. Before giving the convergence proof of Theorem 2.9, we recall
two lemmas stated in [I5] and prove a result on the regularity of the regularized

drift term [, F.(Xs — y)p(s,y)dy of ([L3).
Lemma 3.1 ([I5, Lemma 2.2]). For any function p(z) € LN LY(R?), there exists
a constant C' such that for all 0 < &’ < e,

(1) Jpalp(y)Fe(x —y)|dy < C|lpllpeenrr-
(i) [ga loWIIF:(z —y) = Fo(2' —y)|dy < Cw(|z — ') |pll Lnrr, where

1 ifr>1,
(3.1) wr) = {7‘(1 —Inr) f0<r<l.

(iil) Jga [pW)[[Fe(z —y) = For(z — y)ldy < C'|lp]l L~ €.
The following lemma is a Gronwall-type inequality with a logarithmic singularity.

Lemma 3.2 ([I5l Lemma 2.4]). Assume that there exists a family of nonnegative
continuous functions {ac(t)}eso satisfying

ag(t) < C/Ot a:(s)[1 —lnag(s)lds +CeT  fort e [0,T],

where C' is a constant. Then there exist two constants Cr and o(T") > 0 such that
ifE < €o (T)7

(3.2) sup ag(t) < Cpe®P0T) <1,

t€[0,T]
Lemma 3.3. Let (M,X") (i = 1,2) be two random variables with distributions
gi(m,z), 0 < M < M a.s., where M 148 a constant. Suppose that there exists
pt € LN LY (RY) such that p'(x)dz = fOM mg'(dm,dz). For any 0 < ¢’ < ¢, define
Ii= | MF(X"—y)p'(y)dy - /d MF.(X* = y)p*(y)dy.
R R

Then there exists a constant C (depending only on M, ||p*||zenrr and ||p?||L~nrt )
such that

(3.3) E[|I]] < C(e +w(E[M[X" — X?[])).
Proof. A direct computation shows that
= RdMlFa(Xl—y)—Fe(Xz—y)lpl(y)dy

+ M|F.(X? —y) — Fo (X? —y)|p"(y)dy

. MI|F.(X? = y)p'(y) — For(X? — y)p*(y)|dy
(3.4) = L+ L+1s.
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By (ii) and (iii) in Lemma [B.I] one has
(3:5) L < Clp" W)l wnmr @ Mw(| X = X7)),

(3.6) I < Clp"(Y)l L @y
Suppose (M, X') and (N,Y1) are ii.d., and (M, X?) and (N,Y?) are i.i.d. We

have

Ells] = E[ . M|F.(X? = y)p'(y) — Fo (X? — y)p*(y)|dy]

= E,E,[MN|F.,(X?-Y") - F.(X*-Y?)]
= Ey[/Rd N|(Fo(z —Y") = For(z — Y?))p?(z)|dz]
(3.7) CE[Nw([Y' - Y?|)] = CE[Mw(|X" — X?|)].

By taking the expectation of ([B.4) and combining [B.5), [B.6) and [B.1), we obtain
that

(3.8) E[|I]] < Ce + CE[Mw(| X' — X?|)].

IN

Using the facts that xw(r) < w(ar) for any 0 < x < 1, that M < M, and that w(r)
is concave, we then obtain that

M M
E[I]] € Ce+ C]E[ﬁw(\Xl -X?|)] <Ce+ OE[w(ﬁ|X1 - X?|)]
1
(3.9) < Cs+Cw(ﬁ]E[M|X1 - X?]).
Notice that for any given constant Cy, there exists a constant Cy (depending only
on () such that w(Cyz) < Cow(z), which allows us to simplify (3.9) to read
(3.10) E[|T]] < Ce + Cw(E[M] X" — X?|)),
which finishes the proof. ([

3.2. Convergence of the paths. First, we prove the well-posedness of the non-
linear stochastic differential equation corresponding to the KS equation.

Proof of Theorem 28 Let (M, Xg) be go-distributed and independent of the Brow-
nian motion B;. For any fixed € > 0 and initial distribution g§(m,x) = L(M, Xo),
the regularized equation

t
(3.11) Xi=Xo+ [ [ FXE - o)ildyds + VEVB,
0 R4

is well-posed [I5, see Theorem 2.1], where gf(m,z) = L(M,X]), p°(t,z)dr =
fOM mg; (dm, dz). We denote the unique solution as (X¢,p°(¢,x)). From the Itd
formula, we know that p°(¢,z) is the unique classical solution to the following
regularized KS equation:

Oip® =vAp* —V - [p°VcE], xR >0,
(3.12) —Ac® = J. % p°(t, x),

P (t, T)1=0 = po(z).
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In [I5, Theorem 2.2], we obtained that there exists a constant C' (depending only
on T, ||pol| oo Ay L1 (R4, (14 |z|)dz) and data in (ZT])) such that

(3.13)  [Ip°lzo(o,mszr ray) = 1, [1p°[|L (0,10 mey) < C, /Rd |zp®(t, x)dx < C,

and

T T
(3.14) / IV |2 eyt < C, / 100613+ gyt < C.

We divide the rest of the proof into four steps to show that (i) {MXf}eso is
a Cauchy sequence, (ii) there exists a subsequence of p° such that the limit of
this subsequence is the unique weak solution to the KS equation (LI]) and satisfies
the consistent equality (B.18), (iii) there exists a subsequence of (X}, p®) such that
the limit of this subsequence is a strong solution to the corresponding nonlinear
stochastic equation ([3]), and (iv) the strong solution to (L3 is unique.

Step 1. Forany 0 < & < ¢, let (X£, p°) and (X£', p°') be the unique strong solutions
to (BII) with the same initial data (M, Xy). We first prove that

(3.15 limE[ sup M|X{— X{|] =0.
) =0 [tE[O,T] X k ]
By the fact that
! t t ’ ’
Mg =x7) = [ MR- iavas— [ NP =t )i

Lemma B3] the fact that w is nondecreasing, and the uniform estimates of p:(y),
we assert that there exists a constant C independent of € and ¢’ such that

IE[ sup M|X; —Xf,H
t€[0,T]

T
| EDn [ R -ty = [ R0r - Gl as

Rd

IN

IA

T
CeT + C/ w(E[M|X: - XZ'|])ds
0
T ’
< C’aT—i—C/ w(E[ sup M|X: — X7 |])ds.
0 7€[0,s]
By Lemma [3.2] we achieve (BI5) immediately.

Step 2. From (BIH]), there exists a subsequence of M X (without relabeling) and
a limiting point M X; such that

(3.16) E[ sup M|X; — X;|] 2 0ase— 0.
te[0,7]

On the other hand, based on the uniform estimates (813) and ([BI4]), and using the
Lions-Aubin lemma [I7, Lemma 10.4.], there exists a subsequence of p® (without
relabeling) such that for any ball Bg,

(3.17) p° — pin L?(0,T; L*(Bg)) as € — 0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



734 JIAN-GUO LIU AND RONG YANG

Since p°© is a weak solution to (B12), taking the limit ¢ — 0 concludes that p(t, x)
is a weak solution to (II)) with the following regularities:

(i) p€ L>(0,T; L=(RY) N LY (R, (1 + |z|)dz));
(i) p € L*(0,T; H'(R%)), 8,p € L*(0,T; H*(RY)).
By Theorem 24, p(t, ) is the unique weak solution to (II). We claim that
M
(3.18) p(t,x)dx:/ mgi(dm,dz), where gi(m,z) = L(M, Xy).
0

Indeed for any t > 0 and ¢ € BL(RY) (here we denote BL(RY) as the space of
bounded Lipschitz continuous functions), one has

(3.19) Mlp(X7) = p(Xi)| < CM|X] — X,
Thus E[M|p(X{) — ¢(Xy)|] < CE[ sup M|X{ — X;|], and then
t€[0,T

EMe(])] = [ mpleg(dm,do)
(0, ] xRd
(3.20) 29 E[Me(X,)] = /  mp(@)gi(dm, dz).
(0,M] x R4

By the portemanteau theorem [12] p. 254, Theorem 13.16], fOM mgs (dm, -) narrowly

M
converges to [;" mg:(dm, -).
On the other hand, for any ¢ > 0, by BI1) we have

ga) [ / Y (gt (dm da) - | el = [ o

Rd
Combining (320) and B21l), we obtain [BIF]).

Step 3. Now we show that
t
(3.22) X =Xo+ / / F(Xs —y)ps(y)dyds + V2vB, as.
0 JRd
Using Lemma B3] and taking ¢’ = 0, we obtain that for any s € [0, 7],
(3.23) E[/RdMlFe(XE—y)pi(y)—F(Xs—y)ps(y)\dy} < Ce+Cw(E[M|XS—-X,[]).
Combining [323) and ([BI0]), one has

t t
B [ [ MEXE - ypitdvds - [ [ MK - y)p.)dyas]
0 R4 0 Rd

< CTe+CTw(E[ sup M|X; - X,|]]) =0 ase—0.

s€|0,

Thus there exists a subsequence (without relabeling) such that

t t
(3.24) / [ ME(XT —y)pi(y)dyds — / [ ME(Xs —y)ps(y)dyds as.
0 JR 0 JR

Taking the limit ¢ — 0 in (3I1]), one has

t
(3.25) MX, = MXy+ M/ F(Xs —y)ps(y)dyds + MV2vB; as.
0 JRd
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Since (M, X;) is go-distributed and go has support (0, M] x R, then 0 < M < M
a.s. Hence the above equation implies that (X, p) is a strong solution to (L3]).

Step 4. Suppose (X}, p) and (X2, p?) are two strong solutions to ([L3]) with the
same initial random variable (M, X). Then p' and p? both are weak solutions to
the KS equation with the same initial data pg. This will be proved by Proposition
B4 (i). Since the weak solution to the KS equation is unique, one has p! = p2.
Using Lemma [3.3] and taking ¢’ = & = 0, one has

E[M|X; — X7 < w(E[M]X; — X7[]).

Combining the initial data X§ = X2 = X, and the fact that 0 < M < M a.s., we
obtain X} = X? a.s.; i.e. the strong solution to (L3)) is unique. O

Proposition 3.4. Let pg satisfy Assumption and let By be a Brownian motion.
Choose a probability measure gy on (0,M] x R such that po(z)dz =
f(o Vs mgo(dm,dz). Let (M,Xo) be a go-distributed random variable independent

of By. The relationship between the strong solution to [L3) and the weak solution
to ([LI) holds as follows:

(i) If (X¢, p(t, x)) is a strong solution to (L3) associated to the initial random
variable (M, Xo), then p(t,x) is a weak solution to (Ll) with the initial
data po(x).

(ii) If p is a weak solution to (LI with the initial data po(x), then there exists
a unique stochastic process X; such that (X, p(t,x)) is the unique strong
solution to (3] associated to the initial random variable (M, Xy).

Proof. Let (X¢,p(t,x)) be a strong solution to (L3). Then X, is an Itd process
[20, Definition 4.1.1]. For any op(z) € CZ(R?), the It6 formula states that

X)) = o)+ [ [ Ve )PX — pon(wdys
(3.26) +V2v /0 V(X )dB,s + v /0 Ap(X,)ds

Multiplying (B:26) by M and taking the expectation, one has

/ﬂthd me(x)gi(dm, dz) = /mgo(x)go(dm,dx) +V/Ot/Ag0(x)mgs(dm,dx)ds

+ [ [mVe@ P = p.(o)dyg, (dm. doyas

Since p(t,z)dx = fR+ mgi(dm, dz), one knows that p is a weak solution to (LTI
with the initial data po(z).
To prove (ii), we first consider the following linear Fokker-Planck equation:

(3.27) { op=vQp—V - [V,(t,x)p], x € RY t >0,
p(t, I)t:o = po(x),
where Vy(t,z) = [pa F )g(t,y)dy and g(t,z) € L>(0,T;L> N L'(R%)) is a
given functlon Recalhng the proof of [15, Proposition 2.3], (327) has a unique
weak solution.

Now let V,(t,z) = [pu F(x — y)p(t,y)dy, where p is a weak solution to (L.I)).
Hence p is also a weak solution to (BIZI) associated with V,, and the initial data pq.
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Since V, is log-Lipschitz continuous, repeating the proof of the well-posedness for
the nonlinear stochastic equation ([[3]), one can show that the stochastic equation

t
(3.28) X, =Xo+ / V, (s, Xs)ds + vV2vB,
0

has a unique strong solution X;. Denoting g:(m,z) = L(M, X}), one also can
obtain that there exists a density p such that fR+ mgi(dm,dxz) = p(z)dz. By the
It6 formula, p is a weak solution to ([B.27)) associated with V), and the initial data
po- By the uniqueness of (B.21) we obtain g = p; i.e. (X, p) is a strong solution to
([@I3) associated to (M, Xj).

Hence combining the uniqueness of ([3), we have proven that if p(¢,z) is a
weak solution to (LI with the initial data pg, then there exists a unique stochastic
process X; such that (X, p(t,x)) is the unique strong solution to (3] associated
to the initial random variable (M, Xj). O

Now let us write the main estimate of the difference between the stochastic
process (M;, X;%) for the particle method (L2) and (M;, X}) for the mean-field
nonlinear stochastic equation (3.

Proposition 3.5. Let {X/*, - NV e the unique strong solution to (L2) as-
sociated to the i.i.d. initial mndom varzables {(M;, XYY, 0< M; < M a.s., and
independent Brownian motions {Bi}N. . Let {(M;, X))}, be the unique strong
solutions to (L3) with the same initial data {(M“Xd)}fv1 and {B}N.| as [[L2).
Then {(M;, X} )N, are exchangeable, {(M;, X))}N.| are i.i.d. and there exist
reqularized parameters e(N) ~ (In N)_é — 0 as N — oo such that

(3.29) lim E[ sup M;|X;"™) —

XZH =0 forany 1 <i<N.
N—=oo  “iefo,1]

Proof. For the i.i.d initial data {(M;, X{)}¥ ; and Brownian motions {B{} ,, con-
sider the equation
(3.30)

15 XO // Xzs_y)gs(dm,dy)ds—k\/ZVBz, i=1,---,N,
OM]de

where g,(m,z) = £L(M;, X}"°), fR mgi(dm, dz) = p(x)dx. In the proof of Theorem

2.6, we know that (B30) has a unique solution {(M;, X/*)}N | and that they are
i.i.d. This equation serves as a link between (L2) and (3], and it will be verified
by the following three steps.

Step 1. We prove that

ie | wie Cr Cr
3.31 E M| X505 — X0 < ——=L — exp(—2),
( ) [tes[%%] | t t |] mgdil exp( gd )

which gives a relationship between [330) and (L2).
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Since |VF.(z)| < 6% by Lemma 2.8 one has

(3.32)
M| X5 — X7e| </ —Z\MMF(X“‘ X7°) — M;M;F. (X} — XJ¥)
JjAi
+ M M;F. (X7 — X79)
— M; mF. (X5 — y)gs(dm, dy)’ds
(0, M] xR
CM;, M; . _
1‘X;E X7,6|+C ‘XJE Xg,€|_|_|A’L|:|dS
N — 1 ed J
J;ﬁl
where
(3.33) Al :=MM;F.(X)* - X]*) - M; mF. (X5 — y)gs(dm, dy).

(0,M]xRd

Since {(M;, X{°)}N | are exchangeable random variables and {(M;, X}*)}N | are
i.i.d. random variables, we have the following exchangeability property:

BIM;|X ¢ — X0°|] = B[M;|X2° — X]°

]foranylgi,jgN.

After taking the expectation of ([B32)), by the exchangeability property, one has

T
E[ sup M;| X5 — X5¢[] < / Al
[te[og“] | X t |] ;
c T . _
+5_d/ ]E[Mi\X;’E—X;’EHdS.
0

Applying Gronwall’s lemma, one deduces that

; =i CcT
IE[ sup M;|X}*© —XZ’EH gexp(g—d)/ ZA’
te(0,T]
(3.34) ”’”
<exp / {E] |—ZAZ st.
J#i

Because {(M;, X;°)}Y, are i.i.d. random variables, when j # k,
E[A41] -
Hence

’L K2 7, E (A ]
(3.35) y—ZA ZAA <o

J#i J,k#i
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Since {(M;, X;°)}¥ | are i.i.d., we have

(3.36)
E[(A3)?] = E[|M1MyF.(X2° — X2°) — Ml/ mF. (X2 — y)dgs(dm, dy)|]
(0,M] xRd
<2E[MPMZFZ(X) — X2°) + (M / mF.(X1¢ — y)dg,(dm, dy))ﬂ
(0,M]x R4
<B[MPMFFA(RL — X3+ 02 [ wRE2CE — y)dg.dm, dy)]
(0,M]xRd

—AE[MPMEFE(XL - X2¢)].

For all £ > 0, using |F.(z)| < min{ C!fl, m{;’,l} from Lemma 2.8 we obtain that

|z —y|?

E[MIMFF2(X05 = X39)] < C At (@)df2 (y)
lz—y|l<e €
1
+C s & (@)dfP (y)
o—yl>e [T —y[24D
C
(3.37) < S
where fi¢(-) = fOM mgs(dm,-), i = 1,2. Plugging (3.37) into (B:30)), one has
C
(3.38) E[(42)°] < Zz-

Combining (3:34)), (3:33) and ([B38) yields [B3.31)).

Step 2. We deduce the relationship between [B.30) and (L3)); i.e. there exist Cp
and eo(7) > 0 such that if ¢ < o(T), then

(3.39) E[ sup M| X)¢ — Xl < Cre™P D) for any 1 <i < N.
te[0,T]

From (330) and (L3) directly, one has

t
M| Xp® = X3 < / /d |MiFe (X237 = y)ps(y) — MiF (X5 — y)ps(y)|dyds.
0 JR
Taking the expectation and using Lemma [3.3] we have

IE[ sup Mi|)_(ti’E —Xm
te[0,T]

T
(3.40) < [VEL[ P = )p) = MFCE =)o)l ds

T
SC’&T—I—C/ E[ sup Mw(|X2® — X1|)]ds.
0 T€(0,s]

By Lemma [32] we achieve (3.39).

Step 3. Combining (3.31)) and ([3.39), one has
E[ sup M;|X;° - X{|] < E[ sup M;|X}° — X}°[] +E[ sup M;| X" — X]

t€[0,T) t€[0,T) t€[0,T)
C C _
(341) ﬁ exp(g—g) + CTEexp( CT)'
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We choose ¢ = e(N) = A(InN)~4 — 0 as N — oo in (341, where X is a large
enough positive constant, and conclude that

Cr d—1
; . CrN> (InN) @
E[ sup Mi\XZ’E(N) - X/] < rN (I N) = + Cre®P(=CT) 5 0 as N — oo,
te[0,7] A—1{/N —1
which completes the proof of Proposition O
Denote G§(my,x1,- -+ ,mn,xn) as the joint distribution of {(Mi,XZ’E) N .. Be-

low we will use the result of Proposition to show the convergence of the j-th
order marginal distribution of G§ in W; distance.

Corollary 3.6 (Propagation of chaos). Let {(M;, X}, and {(M;, X))}N| be
defined as in Proposition B8 Define

ft(j)78 = /(0 M]N R(N—s)d my,--- 7m]G§(dm17 7dmN7'7d.’I;j+1,"' 7de)7 j 2 1.
> X -7

Let g, be the common time marginal of { (M;, Xg)}jil and fi(dx) ::J"OI\;Img,g(dm7 dz).
Then there exist reqularized parameters e(N) ~ (InN)~@ — 0 as N — oo such that

(3.42) sup Wi (ft(j)’s(N), =0 as N — oo.
te[0,T]
Proof. Denote Fy(my, - ,my, 1, &N, &1, - ,&;) as the joint distribution of
(M, - - My, XS xNE X ,X{). Then one has the following facts:
t®j :/ my,--- 7ijt(dm17"' 7dmN7dx17"' 7de7');
(0,M]N xRN
ft(j)7€:/ my, - - 7mjﬁ‘t(dm17 T 7dmN7 ',d$j+1, T 7de7d§717 e 7d§7j)a
(0,M]N xRNd
/ V] my,- - ’mjﬁt(dml,"' admNa'adijrl"" ade")eA(ft(j),Ea ;X)j)
(0,MN xRN =35)d

By (29]), we also have
/_ dfe = / df® = E[M, --- M;] = (E[My])” = 1.
Rid Rid

Applying (329), we obtain

).e(N )
sup Wi (fi7N) 189)
t€[0,T)

< sup / (|x1—561|—|--~-+|xj—50j|)
te[0,T] JR24d

X/ ~ ml,---,ijt(dm1,~-~,d£j)
(0,M]N xR(N—i)d

< GMI7Y sup / ) mylzy — 21
te[0,7] J (0, M]N xRN +3)d

x Fy(dmy,--- ,dmy,dey, - dey,diy, - dij)
L N
< GMI T By ey oy oo, iy | SUD M1|Xt1’€( )—Xt1|] —0 as N — oo
t€[0,7)

O
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3.3. Convergence of the random blob method.

Lemma 3.7. Let (E,d) be a Polish space and let Wy be the Wasserstein distance
on P(E) associated with the metric d. If x € E, y is a random variable on E, and
we denote f = L(y), then Wy(f,0.) = E[d(y, z)].

Proof.
Step 1. For any f,g € P(E), we show that if 7 € A(f, g), then supp m C supp f x
supp ¢.

For any Borel set A C E,

m(suppf x A) = 7(E x A) —n((supp f) x A) = g(A) — 7((supp f)° x A).

On the other hand, 7((supp f)¢ x A) < w((supp f)° x E) = f((supp f)°) = 0.
Hence 7(supp f x A) = g(A). Taking A = supp g, one has w(supp f X supp g) =

g(supp g) =1, i.e. supp ™ C supp f X supp g.
Step 2. If g = d,, by Step 1,

/ d(y1, y2)m(dyy, dy2) = / d(yr, y2)m(dyy, dys)
EXE Ex{x}

_ / A1, y2)(f © 62) (dyy, dys) = / d(yr, ) (dyy).
Ex{z} E
Hence

61 = inf d 5 d ,d
Wa(f,0z) frezir(lfﬁx)/ng (Y1, y2)m(dy1, dyz)

= [ dn.a)s(am) = Bid(y.)
|
Remark 3.8. Let E be a topological space, {(M;, X")}¥; be N random variables
on (0,M] x E and pV = + iMiaxi € M (E). Introduce GN = L(uN) €

P(M4(E)) and GN = L(My, X', -+ My, XN) € P(((0,M] x E)N). ThenV @ €
Cb(M+(E))7

(3.43) (GN,®) = / d(u™MGN (dmy, dxy, - -+ dmy, dzy).
((0,M]x E)N
In fact, we can construct a measurable map
N
T : (0, M] x E)YN - M, (E) (m1, 1, ,myn xN)HiZmi(si.
b ) ) Y ) Y N xT

i=1

’1:herefore T transports GY onto GY. We shall write G = TGN and say that
G is the push-forward of GV by T, or equivalently ¥ ® € Cy(M(E)),

/ (® o T)GN (dmy, dxs, -+ dmy,dzy) = / B(Y)GN(dY);
((0,M)x E)N

M (E)
ie. (B43) is satisfied.
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Proposition 3.9. Let (E,d) be a locally compact Polish space, {(M;, X*)}]X, be
N random variables on (0, M] x E and f be a positive Radon measure on E. Then
the following two conditions are equivalent:

N
(i) The positive Radon measure u” = % > M;dxi converges in law to the
i=1
constant random variable f as N — oo.

(i) V ¢ € Co(E), E[[(n™ — f,o)l] = 0 as N — oo.

Proof. First, we show that (ii)= (i): Since E is a locally compact Polish space,
there is a dense sequence (¢n)nen in Co(E). One can define the weak-* distance

22 p. 98]

1
V g1,92 € M (E), di(g1,92) = Z 2—n(1 A g1 — g2, ¢n));
neN

then (M (E),d;) is a Polish space [10], Section 15.7]. For any «, 5 € P(ML(E)),
define a Wasserstein distance on P(M4(E)) as

Wy, (a0, 8) :== inf / d ,g2)m(dgy, d .
0, (v, B) ﬂeA(aﬁ){ M () M (5) 1(91, g2)7(dgr 92)}

Then by Lemma [3.7] and Remark 3.8 one has

Wi(@5) = [ dilen G )
My (E)
= / ) di(pN, £)GN(dmy,dxs, - dmy, dzy)
((0,51]x E)N

= 3 SEOAGY ~ Fea)].
neN

For any € > 0, there exists K, such that

(3.44) >, 2inlE[(l AN = Fen))] <

n>K.

N

By (ii), there exists N’ such that when N > N’|

(3.45) > EIAIY ~ fen)] <

1<n<K.

NN e

Combining [3:44) and [B45]), we have
Wa, (GN,55) = 0 as N — oo.

Using Proposition 2] GN narrowly converges to 5 as N — oo, which implies that
(i) holds.
Now we prove (i) = (ii): For any p € M1 (E) and ¢ € C,(E), define a functional

(3.46) DM(E) = R, p D) = [ = [0 + [{f,9)],
and notice that T' € C,(M(E)). By (i), we obtain

(347)  E[L(uM)] =E[{n" - f,o)ll + [(f,0)| = E[L(f)] = [(f,¢)] as N — co.
Thus E[|(u™ — f,)|] = 0 as N — cc. O
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Proof of Theorem 23, Let {(M;, X;°)}N¥., and {(M;, X[)}L, be defined as in

Proposition BB, £(M;, X)) = go and po( Ydz = fo mgo(dm,dz). Let g; be the
common time marginal of {(M;, X; 1N, From Proposition B4 we know that
fi(dz) == p(t,z)dz = fo mgi(dm, dzx), where p is the unique weak solution to

(CI) with the initial data po. By the exchangeability of {(M;, X;*)}N |, for any
p e Cb(Rd)7

N
Ell( 3 Midse — 1, |—ZM (X9~ (. 9P
i=1

(348) 1 c N — € €
= VE[MEp(X}#)?) + TE[MW(XE’ ) Mo (X))

—2(f, Q) E[M1p(X; )] + (f, )%

Recall that G§(my,z1, -+ ,my,xn) is the joint distribution of (Ml,th’E,u- ,
MN,XtN’E) in Corollary Taking j = 2 in ([3.42) and by Proposition 2] there
exist regularized parameters e(N) ~ (InN)~2 — 0 as N — oo such that

E[Myp(X; ) My (X777
(3.49) = /((0 - myimap(x1)p(x2)Gi(dmy,dzy, -+ ,dmy,dzy)
- / plan)p(aa) )y, dary) T2 ( / @) fu(da)’.
Similarly, taking j = 1 in ([3.42), one has
(3.50) E[Mip(X*™)] - / o(z)fi(dz)  as N — co.

Rd
Taking the limit N — oo in ([B:4])), thanks to ([B:49) and [B50), we have

N
(3.51) IE[|(% S Midyieom — L)) 50 as N = oo,
=1

From (B.51)), one also has

N N
1 1 1
[ <N2Mi6X:vE(N) _fv ()0>H < {EKNZMz(SXZE(N) _f7 @>2}}2
i=1 =1
(3.52) = 0 as N — co.

From Proposition [3.9] we have

N
1
N ZMi(SXi,E(N) — f  inlaw as N — oco.

=1

Since f is a constant random variable, then % > M;d i,cv) converges to f in
i=1 t

probability [IT, Lemma 3.7]. Thus there exists a subsequence that converges a.s.

[11, Lemma 3.2], and we complete the proof. O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



RANDOM PARTICLE BLOB METHOD 743

4. PRACTICAL ALGORITHMS AND CONVERGENCE RESULTS

First we approximate the initial density po. Take h as a grid size and decompose

the domain D into the union of nonoverlapping cells C, = X, + [-2 5 2] with
center X, = ha, i.e. D C |J C,, where I = {a} C Z% is the index set for cells.
acl
The total number of cells is given by M = > = h%
acl

Define M,, Mfc po(z)dx; then M, < CA =: M, where A = ||po(z )HLoo(]Rd)
Take a function ¢ satisfying supp ¢(x) C B(0,1), p(z) > 0 and fB(O 1 (z)dx = 1.
Approximate ¢ as @5 (x) = 779(¥). Then approximate pg as

1
(4.1) PO,n = MZM(X(Ph(x_Xa)'
acl

We can derive that there exists a constant C such that

Iooslz =l lonalli < Clll~, [ lelonsds <C [ folpuda,
and
Wi (po,n, po) < Ch.
To sample the density po, in (@I), we construct the random variables

{(M]!, XF™MIN | as follows:

(i) Pick i = a € I with equal probability

(ii) Construct N i.i.d. random variables {fh ¥, with common density g ().
Let

(4.2) M = M, Xé’h =X, —|—§Zh

K3

From the above construction, it is easy to verify that (Mih,Xé’h) are i.i.d. with
common distribution g?(m, z), where

g (dm, dz) Z Sar, @ on(x — Xo)da.
ael

Remark 4.1. M} are ii.d. with the common marginal distribution Ro(dm) =
2 O X" are iid. with the common marginal density Ho(z) =

acl B
L3 (e — Xo); E(MP) = [ mRo(dm) = & > M, =1 and
acl acl
N
(4.3) / mgh(dm,-) = po.n(2)dz.
0

Remark 4.2. In practical computation, we take N = M and order all the cells
a € I, and denote the order as i. The convergence analysis for this method should
be similar to Theorem

From Theorem [24] (ii), we have the following corollary.

Corollary 4.3. Let pp,(t, x) and p(t, z) be the unique weak solutions to the KS equa-
tion (LI) with the initial data pon and po respectively. Then there exist three con-

stants Co(T), C (depending on ||p*|| Lo (0. 1;0nz1 ®a)) and [|p?|| Lo (0,101 (R)))
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and Cr such that if Wh(po.n, po) < Ch < Co(T), then

(4.4) sup Wi (pen, pt) < CrWi(pop, po)SP T < Cphexp(=CT),
t€[0,T]

Theorem 4.4. Let p(t, z) be the um’que weak solution to the KS equation (1) with
the initial data py and {X} =", XN} be the unique strong solution to (LJ)
with the initial data {(M}, Xé h) vy gwen by [@2). Then there exist a subsequence
of {X;=" oo XNEMY (without relabeling N) and regularized parameters e(N) ~

(InN)~ =0 as N — oo such that

(4.5) lim lim — Z Mp(X] <), h) = / o(x)prdx for any ¢ € Cy(R?).
Rd

h—0 N—oco N

Proof. Fix h > 0. Let pp(t,x) be the unique weak solutions to the KS equation
(II)) with the initial data pg . From ([B.52), we obtain that for any ¢ € BL(R)
there exist regularized parameters e(N) ~ (InN)~4 — 0 as N — oo such that

ZM X h) <l [ elnn)]

N
1 i
(4.6) < CE[| >~ Mip(X;< M) — /Rd p(z)phde|] =0 as N — oo.

i=1

By the portemanteau theorem, (&8) means that the law of - Z M;o(X, (N)7h)

i=
narrowly converges to the law of [o. ¢(z)p)dz as N — oo. Thus there exists a

subsequence of {X Leh oo XNeh (without relabeling N) such that
—ZM ze(N)h —>/ z)phdr  as. as N — oo,

From Corollary IIEI and Proposition 2] one has

/ ptdx—>/ x)pdx  as h — 0.
Rd

Combining the above two results, we finish the proof. O
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