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GLOBAL CONVERGENCE OF A STICKY PARTICLE METHOD
FOR THE MODIFIED CAMASSA-HOLM EQUATION*
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Abstract. In this paper, we prove convergence of a sticky particle method for the modified
Camassa-Holm equation (mCH) with cubic nonlinearity in one dimension. As a byproduct, we
prove global existence of weak solutions u with regularity: w and ug are space-time BV functions.
The total variation of m(-,t) = u(+,t) — uzz(+, t) is bounded by the total variation of the initial data
mo. We also obtain W1:!(R)-stability of weak solutions when solutions are in L>°(0, co; W21 (R)).
(Notice that peakon weak solutions are not in W21 (R).) Finally, we provide some examples of
nonuniqueness of peakon weak solutions to the mCH equation.
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1. Introduction. This paper is concerned with the following nonlinear partial
differential equation in R:

x

(1) mt—&—[(uz—u2)m]£:07 Mm=u—1Ugy, TER, t>0,
subject to the initial condition
(2) m(z,0) =mo(x), xR

This equation is referred to as the modified Camassa—Holm (mCH) equation with
cubic nonlinearity. It was introduced by several different authors [12, 14, 24, 25].
Originally, the mCH equation was proposed by Fokas [12], Fuchssteiner [14], and Olver
and Rosenau [24] in the context of integrable systems. In a physical context, Qiao
[25] gave a derivation of the mCH equation from a two-dimensional Euler equation,
where the functions u and m represent, respectively, the velocity of the fluid and its
potential density. From the fundamental solution G(x) = %e““" for the Helmholtz
operator 1 — 0,,, the velocity function u can be written as a convolution of m with
the kernel G

u(z,t) =Gxm = /RG(x —y)m(y,t)dy.

If we set m = u — a®uy, (by scaling uy(z,t) = u(ax, at)), the fundamental solution
for 1 — a2d,, is given by G4 (1) = ie*m/o‘ while the corresponding equation is

(3) my + [(u® — o®ul) m]x = 0.
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Taking o — 0 in (3), we formally obtain the following scalar conservation law:
Us + (U3)I =0.

For smooth solutions to the mCH equation (1), there are two conserved quantities
(called Hamiltonian functionals of the mCH equation):

1 1
(4) Ho = / mudx, Hy = */ (u4 + 2uPu? — ui) dx.
R 4 Jr 3

Equation (1) can be written in the bi-Hamiltonian form [17, 24],

0H 0H
My z—((u2—u2)m)x :J(S—mo :K(S—ml,

where

J = —8xm6;1m8w, K = 85’ — Op

are compatible Hamiltonian operators. (If the Hamiltonian operators J and K are
compatible, then any constant coefficients linear combination aJ+ 8K is also a Hamil-
tonian operator.) The Hamiltonian pair J,K is nondegenerate in the sense that one of
the associated Poisson structure is symplectic. According to the fundamental theorem
of Magri [22], any bi-Hamiltonian system associated with a nondegenerate Hamilto-
nian pair induces a hierarchy of commuting Hamiltonians and flows and, provided
enough of these Hamiltonians are functionally independent, is therefore completely
integrable. The mCH equation (1) is a complete integrable system, and it possesses
a Lax pair [25, 26].
Equation (1) has N-peakon weak solutions (see Definition 2.1) of the form,

N N
uN (z,t) = ZpiG(x —z;(t)) and m” (x,t) = Zpié(x —z;(t)),

where p; is the amplitude (momentum) of peakons and when z;(t) < z2(t) < --- <
2N (t) the traveling speed is given by (see [17])

(5) P 6]9? T3 Zpipje Tty Zpipje B Z PmPne” ™ "

i<i j>i 1<m<i<n<N

Set N =1 in (5), and we can see that the mCH equation has solitary wave solitons
(one peakon solutions) of the form

(6) u(z,t) = pG(x — x(t)), m(z,t) =pd(x —x(t)), and z(t) = éth.

Moreover, pG(z — z(t)) is a solitary wave soliton if and only if the traveling speed of
the soliton is %pQ (see Proposition 4.3), which can be viewed as a “jump condition”
(or “Rankine-Hugoniot condition”). From the characteristics equation for the mCH
(1), the speed of the solitary wave solution is given by

d 1

(7) () = W2(z(t),t) + ud(z(t), 1) = sz (G20 = %pQ_
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This is an unusual property because (G2)(0—) = (G2)(0+) = 1 and (7) implies that
to obtain the solitary wave solutions the correct definition of G2 at 0 is

1 1 1

2 _r_+t_ 4+

(8) GO =5-5=1

Notice that Hamiltonians Hy and H; defined by (4) are not conserved for N-

peakon solutions when N > 2, which is different with the Camassa—Holm (CH) equa-

tion [6, 15],

me+ (um)y +mu, =0, m=u—1uUg,, TR, t>0.

The CH equation also has N-peakon solutions of the form

N
u™ (z,t) = Zpi(t)e_‘x_mi(t)‘.
i=1

The momentum p;(t) evolves with time which is different with the mCH equation,
where p; is a constant. p;(t) and x;(t) satisfy the following Hamiltonian system of
ODE:s:

N
d
2 (4) = . —lzi@®)—z; (O] 5 —
dtxl(t)—;pj(t)e i =E I =1,..., N,
(9) p N
2pi(t) =D pi(t)p; (sen (wi(t) —a;(1))e 17 m Ol i =1, N,
j=1

and the Hamiltonian function is given by

N
1 . —x;
Ho(t) = 5 3" pit)p;(t)eln == O

1,j=1

In comparison, system (5) is not a Hamiltonian system. It is a Hamiltonian system
with an intrinsic speed as in the following description. Set

(10)
Ht):= > ppe™®750 and A= (ay)vxny and aj =140, i=j;
1<i<j<N %’ i> .

Hence, A is an antisymmetry metric. (Notice that H is the same as Hy up to a
constant when x7 < 2o < --- < xn: H =Ho — %Zf\il p2.) Denote

T
X(t) = (21(8), ..., an (D)7, Pi= (1p%,...,1p%) ,

6 6
and
(o oM
§X © \Oz1' 7 0zn )
Then, (5) can be rewritten as
dX OH
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This system resembles the structure of Kuramoto model as described below. Con-
sider a population of N coupled nonlinear oscillators where the phase 6;(¢) of the ith
oscillator evolves in time according to

12) Ly 0 KN (o, - ), =1 N
dtz_ () N S J i)y t=1,..., ’

j=1

where €; is the natural frequency of ith oscillator and K > 0 is the coupling strength.
Each oscillator has its own frequency €2; while it interacts with other oscillators
through a gradient system for alignment. In comparison, each peakon (or parti-
cle) x;(t) in system (11) has its own intrinsic speed §p? while it interacts with other
peakons through a Hamiltonian system.

Although (5) has a unique global solution, only the solution before collision can
be used to construct peakon weak solutions. In general, collisions between peakons
can happen. For example, consider the case N = 2 in (5) and assume z1(0) < z2(0).
Becasue 4 (21(t) — z2(t)) = %(p} — p3), we know that z(t) and x5(t) will collide
in finite time if p? > p3. In comparison, for the CH equation with positive p; (i =
1,...,N), the trajectories of N-peakon solutions obtained by (9) never collide [7, 9].
The peakons in the CH equation elastically bounce back after becoming close to each
other, and they exchange momentum. Hence, the total energy p? + p3 is conserved
[10]. However, two peakons for the mCH equation can collide in finite time and
for the sticky collision, the energy becomes (p; + p2)? = p? + p3 + 2p1p2, which is
not conserved. In Proposition 4.5, we also construct a peakon weak solution passing
through each other after collision and it conserves energy. This example also shows
nonuniqueness of peakon weak solutions.

In this work, we provide a sticky particle model by assuming the particles stick
together whenever they collide in system (5). The solutions of this sticky model gives
sticky peakon weak solutions to the mCH equation (1). The collisions between the
particles are inelastic, and the mean field limit of this model gives a global weak
solution to the mCH equation.

The sticky or adhesion model appears in many subjects in science. In the early
1970s Zeldovich [28] described a simple PDE model designed to explain the pancake-
like clumping structure of matter in the universe, which has gathered considerable
interest from cosmologists over time [18, 27]. Comparing with dynamics governed by
(5) in one dimension, this adhesion model describes the behavior of a finite collec-
tion of particles, freely moving in the absence of force and sticking, combining their
mass and momentum upon collision. They can be mathematically represented by a
time-dependent discrete measure p¥ := vazl m;6(x — z;(t)) concentrated in a finite
set of N particles P;(t) := (my, x;(t),v:(t)), i = 1,..., N with positive mass m;, or-
dered positions z1(t) < zo(t) < -+ < xn(t), and velocities v;(t). This particle model
addresses the nature of singular solutions of the pressureless Euler system, consisting
of conservation laws for mass and momentum. Global existence of singular solutions
was first studied by E, Rykov, and Sinai [11] and Brenier and Grenier [3]. Recent
work by Natile and Savaré [23] and Brenier et al. [2] brings recent progress in optimal
transportation theory to bear on the problem.

In this paper, we use the system (5) to construct global sticky trajectories
{x;(t)}, subject to initial data {z;(0) = ¢}, with ¢; < ca < -++ < ¢y and
for a fixed set of momentum {p;}X ;. Our strategy is as follows. Assume the peakons
stick and combine their momentum (p;) whenever they collide. Then, view the colli-
sion time as a new starting point and use system (5) again to extend the trajectories.
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Repeat this process whenever collision happens. Because the trajectories can collide
at most N — 1 times, we can construct global sticky trajectories {z;(¢)}X; subject to
initial data {z;(0) = ¢;}¥ ;.

Then, we use the global sticky trajectories {a:i(t)}fvzl to construct a global sticky
peakon weak solution as

N N
(13)  uN(x,t) = ZpiG(:E —z;(t)) and m"(z,t) = Zpié(sc — z5(t)).

(u, m) is a global weak solution to the mCH equation subject to m{Y = Zfil pid(z—
¢;) (see Proposition 2.3).

For general initial data mg € M(R) (Radon measure space), a sticky particle
method is used to show global existence of weak solutions to the mCH equation. We
construct an initial sequence {mév }%_; which approximates mg in measure sense.
Each m} is a summation of N delta measures with weights {p;}¥ ;, and we obtain a
sticky peakon weak solution defined by (13) for initial data m{’. Then, some uniform
(in N) space and time BV estimates for u”Y and u2 (see Proposition 3.3) are obtained.
These estimates shows that there is a subsequence of u converging to a function u
in L}, (R x [0,00)) as N — +oco. And the limiting function u is a weak solution to
the mCH equation with regularity that v and u, are space-time BV functions (see
Theorem 3.4). Moreover, there is a Radon measure m such that m™ = m in M(R x
[0,T)) (as N — 4o00) for any T > 0. We also prove the total variation stability of
m(-,t) in Theorem 3.5. That is |m(-,¢)|(R) < |mo|(R) for a.e. ¢ > 0.

In Theorem 4.1, we obtain W11 (R)-stability of weak solutions when u € L>(0, oo;
W?21(R)) and this implies uniqueness of weak solutions in the solution class W21 (R).
Notice that peakon solutions are not in the solution class W21(R). We provide two
examples to show the nonuniqueness of peakon weak solutions. When the initial data
has a single atom mgy = pd(x — ¢), one peakon weak solution is obtained (Proposition
4.3). However, if we split the initial data into two atoms p1d(x — ¢) + p20(z — )
(p1 + p2 = p and p1 # p2), we can also obtain a 2-peakon weak solution (Proposition
4.4). Both the one peakon and 2-peakon solutions are weak solutions to the mCH
equation with the same initial data mo = pd(z — ¢). Hence, this example implies that
peakon weak solutions are not unique. On the other hand, when the initial data has
two atoms mg = p1d(x — ¢1) + p2d(x — ¢2) with 0 < pa < p1, ¢1 < co, we show the
two peakons collide in finite time. After the collision, two peakons can stick together
or cross with each other (see Proposition 4.5). This provides another example for
nonuniqueness of peakon weak solutions to the mCH equation.

For more results about local well-posedness and blow-up behaviors of strong so-
lutions to the mCH euqation, one can refer to [8, 13, 17, 19, 21].

When initial data ug is in W2(R), which implies mg = ug — zpuo € L'(R),
Zhang [29] used the dissipative regularization to prove global existence of entropy
weak solutions u to (1) in space H!(R) with its derivative in BV space. Assuming the
entropy weak solution u(-,t) € W21(R) (¢ > 0), Zhang also proved uniqueness of the
solutions by doubling of variables. The main differences between the results in [29]
and this work are listed as follows. (i) Comparing with the method of dissipative regu-
larization in [29], we provide a sticky particle model. The solutions for this model give
the sticky peakon weak solutions to the mCH equation (1), and the mean field limit
for this model provides a global weak solution to the mCH equation. (ii) Comparing
with the existence result in [29], we obtain global existence of weak solutions when
the initial data mg € M(R). Moreover, we also obtain some explicit solutions, which
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we call sticky peakon weak solutions. (iii) Comparing with the uniqueness result in
[29], we use a more direct method (comparing with doubling of variables) to show
that the uniqueness result can be obtained for any weak solutions in the solution class
W2L(R) (there is no need for the entropy). Besides, peakon weak solutions are not in
this solution class, and we give some examples for the nonuniqueness of peakon weak
solutions.

Because the sticky particle method is a dispersive approximation to the mCH
equation (comparing with dissipative approximation in [29]), we do not expect the
weak solutions obtained in this paper are entropy weak solutions.

The rest of this paper is organized as follows. In section 2, we use the system (5)
to construct global sticky trajectories {z;(t)}}Y.; and prove (u’¥,mV) defined by (13)
is a global sticky peakon weak solution to the mCH equation. In section 3, we use
the sticky particle method to study weak solutions to the mCH equation for general
Radon measure initial data. Space-time BV estimates are established. Then by using
a compactness argument, we obtain global existence of a weak solution with regularity
that v and u, are space-time BV functions. Moreover, we prove the total variation
of m(+,t)(= (1 — Ozz)u(+,t)) is bounded by the total variation of the initial data mg.
In section 4, we show that weak solutions are unique if v are in the solution class
W2L(R). And then, we construct some peakon weak solutions to show that weak
solutions to the mCH equation are not unique.

2. Sticky peakon weak solutions. In this section, we use (5) to construct
global sticky peakon weak solutions to the mCH equation. Notice that in some cases,
solutions (peakons) to (5) can collide in finite time. We assume that peakons stick
together when they collide. First, let’s give a definition of weak solutions.

Rewrite (1) as an equation of w,

(1 — Oy )us + [(u2 - ui) (u— um)]x
= (1 = Opa)ue + (v’ + uui)x - % (ug)mm + % (“i)m =0.

We introduce the definition of weak solutions in terms of u. To this end, for test
function ¢ € C°(R x [0,T)) (T > 0) we denote the functional

L(u,}) ::/0 /R“(x’t)[@(%t)—¢tm(x7t)]dxdt
L LT
_ 3/0 /Ruz(x,t)d)xx(x,t)dxdt 3/0 /Ru (2, 1)z (x, t)ddt

T
(14) + / / (v +uu2) ¢y (z, t)dadt.
o Jr
DEFINITION 2.1. For mg € M(R), a function

ueC(0,T);H(R)) NL>® (0,T; WH*(R))

is said to be a weak solution of the mCH equation (1)—(2) if
£lu,6) =~ [ 6z 0)dmg
R

holds for all ¢ € C°(R x [0,T)). If T = 400, we call u a global weak solution of the
mCH equation.
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Given an initial datum
N N
(15) md (z) = Zpié(x —¢;) with Z |pil < My < o0 and ¢ < ¢g < -+ < ¢ep,
i=1 i=1

we have the following lemma.

LEMMA 2.2. Let m{Y(z) given by (15). Then, the following statements hold:
(i) There is a unique global solution {z;(t)}N| to (5) subject to {z;(0) = ¢;} ;.

(ii) Assume that the first collision time of the solutions is t; € Ry U{+o00}, which
means

ty :=sup{to : z1(t) < z2(t) <--- <an(t) for t€[0,to)}.

Then, we have
(16) i-(t)<1M2 te0,ty), i=1 N
dtxz =9 0> 501 )y 1= 1,..., V.

(iii) There is a weak solution to the mCH equation subject to initial data mY in

[0,t1), which is given by

N
(17) uN(z,t) == piGz —xi(t), te0,t).
i=1

Proof. The statement (i) is obvious, and we only prove (ii) and (iii).

Step 1. We prove (16).

By the definition of ¢1, we know z1(t) < z2(t) < --- < xn(t) when ¢ € [0,¢;).
Hence, by (5) we obtain

d 1 1 1
| Ze®)| < glpil+ 5 Y Ipillesl + 5 Y il + Y palpal

7<i 7> 1<m<i<n<N
1 2 1,
Si(Z‘pJ) §§M0-

Step 2. We prove that u” defined by (17) is a weak solution.
Obviously, we have

u™ € C([0,t1); H'(R)) N L™ (0,¢1; WHe(R)) .

In the following proof we denote u := u”. For any test function ¢(x,t) € C°(R x
[0, tl)), let

t1
L(u,¢) = /0 /Ru(@ — Ptae)dadt

t1
— / / B (uiqﬁm + uggbxm) — (u3 + uui) ¢ | dxdt
o Jr
(18) = Il + 12.
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Denote z¢ := —o00, xn41 = 400 and pg = py4+1 = 0. By integration by parts for
space variable z, we calculate I; as

L= /O ! [ 61 = duze)dade = i /O ! / w(r — Grue)dadt

_Z/ /1+1 Zp] I ij o — Otae)dadt

]<z j>’L

(19) = / lzp@t(xi(t) )dt

Similarly, by (5), we have

t
_ tv N 1 2 1 z;—z 1 -
= [J ;Pz%(%(t)) 6102- + 5 Zpipje + 3 Zpipje

j<i J>i

+ Y papae™ T | dt

1<m<i<n<N

tv N d
(200 = / > a0 g

Combining (18), (19), and (20) gives
i x; (1), t)dt
Zp / £:(1).1)
(21) - sz¢ tl tl ZP@ Cl; —A¢($,O)dmg

By Definition 2.1 we know u®¥ defined by (17) is a weak solution. 0

In Lemma 2.2, u” defined by (17) is a global weak solution when t; = +oo.
However, collisions of x;(t) might happen and ¢; < +oco. Whenever trajectories
collide, we assume they stick together.

Next, we use the following four steps to extend the solution z; and u" when
t; < 4+o0o. Denote I :={1,...,N}.

1. Sticky momentum g, and index ¢, after collision:
For 1 <14 < N, denote the collection of the indices of x; coinciding with x;
at time

We pick up the collection of minimal indices from J;

(23) I:={minJ;:i=1,...,N}={iy; <---<in,} C L
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Define

(24) @ =Y pj, 1<k<N.
J€Jq,,

Each set J;, corresponds to a single peakon gpd(z — x;, (t1)). {Ji,}ot, is a
partition of I, and we have

Ny N Ny N
(25) doar=> pi and > gl < |pil < M.
k=1 =1 k=1 =1

2. Initial data m and yY:
Set
yg = xik(tl) for 1 S k S N1

and
N
my(z) = qué (z—yp)-
k=1
By the definition of ¢, we know

Ny N
(26) mi(z) =Y akb (x—y)) =Y pid(x —wi(tr)).
k=1 i=1

3. Ny peakon solution between two collision time ¢; and ts:
Consider the system (5) with Ny particles (1 < k < Nj) (view ¢; as initial

time)
(27)
1 _1 2 1 . pYi— Yk 1 oYk =Y Ym—Yn
PTALEr Z(quje t3 Z%%e + Z qmqne ;
Jj<k i>k m<k<n
yr(t1) = yp.

There exists a unique solution {yx (t)}kN;1 to (27). Because x4, (t1) < x4, (t1) <
oo <y, (t1), we know Yo <ys <o <R, Set

to :=sup{to : y1(t) < ya(t) < - - <yn,(t) for t € [t1,t0)}

and t > t1. Then, by (25), similarly to (16) we can obtain that

d 1
(28) —y(t)| < SMg, telt,t), i=1,...,N,
dt 2
and
Ny
(29) vV (@) =) Gz —yi(t), tE [t ta),
k=1

is a weak solution to the mCH equation subject to initial data

N
(1 = Oy )v™ (2, 1) = my(2) = Zpié(x —z;(t1)).
i=1
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4. Extend in time for z; and u”:
Extend x; in time by

(30) x;(t) = yp(t) for i€ J;, and t€ [t1,t2).

Because {Jik}kj\[:l1 is a partition of I, all the trajectories x; (1 <4 < N) have
been extended and z;(t) stick together as one trajectory yi(t) when i € J;, .
Extend 4" in time by

N
(31) uN (x,t) = ZpiG(x —x;(t)) for t € [t1,t2).
i=1

Combining (25), (29), (30), and (31), we know
uN (x,t) = o™ (2,t) for t € [ty,ta).

Hence, u¥(z,t) is a weak solution to the mCH equation when t € [t, ;).
Next, we prove that u~ defined by (17) and (31) is a weak solution in [0, t5). For
any test function ¢ € C°(R x [0,12)), by using (21) and (26) we have

N t1 d N1 to d
LN, ¢)=> pi i SOt )dt+Y g [ —o(ue(t), )dt
i=1 k=1

t1

N N Ny
> pid(wi(t) ) = Y pid(ci,0) = Y ard(wi, (tr), 1)
i=1 i=1

k=1

N
- ) i70 - - 7Od Na
;pw ) /Rw )dm}

which means u” (x,t) is a weak solution to the mCH equation subject to initial data
m{’ (given by (15)) when ¢t € [0,t5). Moreover, by (16) and (28) we know
'jtxi(t)’ < %Mg, te0,ty), i=1,...,N,

If t2 = +o00, then we obtain a global weak solution to the mCH equation. If
ty < 400, then we can repeat the above process to extend trajectories z; and weak
solution uV in time. By the sticky assumption, collisions between z; can only happen
N — 1 times (at most), and we can extend z; and u¥ globally. Moreover, at each
time interval x; is unique. Hence, the sticky weak solution constructed by the above
method is unique.

We have the following proposition.

PROPOSITION 2.3. Let m given by (15). Then, there are unique global sticky
trajectories {x;(t)}X., (defined similarly by (27) and (30) at each collision time in-
terval) with initial data {x;(0) = ¢;}¥., and the following estimate holds:

d 1
‘dta:,»(t)‘ <-ME, t>0, i=1,...

(32) <3 N.

)

Moreover, there is a global sticky peakon weak solution to the mCH equation with
initial data mlY and it is given by

N N
(33) uN (z,t) := ZpiG(x —z;(t)) and m"(z,t) = Zpié(x —z;(t)).
i=1 i=1
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3. A sticky particle method and convergence theorem. Assume that the
initial data mg satisfies

(34) mo € M(R), supp{mo} C (—L,L), My:= / d|mg| < +o0.
R

In this section, we use a sticky particle method to obtain a global weak solution to
the mCH equation for initial data my.
Let us choose the initial data {z;(0)}, and {p;}Y, to approximate mq(z).

Divide the interval [—L, L] into N nonoverlapplng Sublntervals I; by using a uniform

grid with size h = % We choose x;(0) and p; as

1
(35) ci::—L—|—<i—)h; pi::/ dmg, 1=1,2,...,N.
2 fei— 8ot )

Hence, we have

N
(36) Ipi] < / dlmo| = M.
; [-L,L]

— 4y

Using (35), one can easily prove that mg is approximated by

N
(37) mév(x) = Zpié(x —¢)

in the sense of measures. Actually, for any test function ¢ € Cy(R), we know ¢ is
uniformly continuous on [—L, L]. Hence, for any 7 > 0, there exists a § > 0 such that
when z,y € [-L, L] and |z — y| < 6, we have |¢(z) — ¢(y)| < n. Hence, choose & < §

(or N > %) and we have
_ _ N
’/(é )dmy /(Z) Ydm ‘/ . x)dmy /[L,L] o(x)dmy
p(x) — ¢(Ci))dmo

lcimB,cith )

(38) < nZ/ d|mo| < Mon.

C'L+ )

Let N — +00, and we obtain narrow convergence of m{’ to m.

3.1. Space and time BV estimates. By Proposition 2.3, we know there exist
trajectories {x;(t)}¥, SubJect to {z;(0) = ¢;}Y, (c; defined by (35)) and a sticky
peakon weak solution uV (defined by (33)) to the mCH equation with initial data
m}\ defined by (37). Moreover, (32) holds for x;(t), i = 1 N

Next, we show some space-time BV estimates for vV and ulY. To this end, let us
recall the definition of BV functions.

DEFINITION 3.1. (i) For dimension d > 1 and an open set Q C R?, a function
f € LY(R) belongs to BV (Q) if

Tot.Var{f} :=sup {/ f(x)V - ¢(z)dx : ¢ € C} (Q;Rd) Nélloe < 1} < 00
Q
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(ii) (Equivalent definition for one dimension case) A function f belongs to BV (R)
if for any {x;} C R, x; < x;41, the following statement holds:

Tot.Var{f}:= ?up; {Z |f(z;) — f(xb_1)|} < o0.

Remark 3.2. Let Q C R for d > 1 and f € BV(Q). Df := (Dy, f,..., Dy, f) is
the distributional gradient of f. Then, Df is a vector Radon measure and the total
variation of f is equal to the total variation of |[Df|: Tot.Var.{f} = |Df|(2). Here,
|Df] is the total variation measure of the vector measure D f [20, Definition (13.2)].

If a function f : R — R satisfies Definition 3.1 (ii), then f satisfies Definition (i).
On the contrary, if f satisfies Definition 3.1 (i), then there exists a right continuous
representative which satisfies Definition (ii). See [20, Theorem 7.2] for the proof.

We have the following estimates for vV and .

PROPOSITION 3.3. Assume the initial value mg satisfies (34). {p;}¥, and {c;}}¥,
are given by (35). u!V is the sticky peakon weak solution defined by (33) in Proposi-
tion 2.3 with initial data m{} given by (37). Then, the following statements hold.

(i) For anyt € [0,00), we have

(39)
Tot.Var{uM (1)} < My, Tot.Var{ul) (-,t)} <2My uniformly in N.

(i)
(40) ]| o < 5Mo [l < 5Mo uniformiy in N.

(ili) Fort,s € [0,00), we have

J 10 ) = o) < G0l o,

(41)
/ |ull (z,t) — ul (z,5)| do < M|t — s.
R

iv) For any T > 0, there exist subsequences of u¥, vl (also denoted as u', ulY
x T

and two functions u, u, € BV(R x [0,T)) such that
(42) uN = u, ud = u, in L}, (R x [0,+00)) as N — 400

and u, uy also satisfy all the above properties in (i), (ii), and (iii).

Proof. By (35), it is clear that Y27 | |p;| < M.
Step 1. We first prove (39) and (40) ((i) and (ii)).
G(z) = %e“w‘ satisfies

1 1
Gl < 5, lIGall= < 55 NGl =1, Gall =15
and Tot.Var{G} <1, Tot.Var{G;} <2.
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For any ¢t > 0, z € R, using the above inequalities we have

N
Tot.Var. {u™(-t)} < Z |pi|Tot.Var{G} < Moy;
i=1

N
Tot.Var. {ull (-,t)} < Z |pi|Tot.Var{G,} < 2Mj.

i=1
HuN(yt)HL1 < Z\foHC:”L1 = M07 Huiv(vt)||L1 < ]\40”(;(1”[/1 = M07

N
1
[ (@, 8)] < 1G]~ Y Ipil < 5 Mo

=1
al 1
g (2.8)] < |Gl Y Ipil < 5 Mo.
=1

Therefore, the assertions (39) and (40) hold.
Step 2. We now prove (41) (Proposition 3.3 (iii)).
Because x; satisfies (32), by [4, Lemma 2.3] we have

N
N —UN.’E S X : Xr — X; — Xx — ;S X
/R‘“ (2.) —u" (2, 5)| d </R;|pj|a< S(0) - Gl — 2;(s))ld

N
1. .
< Tot.VardGEY Iojlla () — w;(s)] < 5 Mt~

j=1

and

N
M@, t) —ull (z,5)| dx i|Ge(x —24(t)) — Go(r — 24(8))|dw
/R|Ux( ) =g (z,9)] d S/R;IpJIIG ( (t)) = Gl (s))ld

N
< Tot.Var{G,} Z Ip;||z; (1) — ()| < M|t — s|.
j=1
Hence, (41) holds.
Step 3. Combining (i), (ii), and (iii), the statement (iv) can be obtained by [4,

Theorem 2.4, 2.6].
This ends the proof. a0

3.2. Global weak solutions and convergence theorem. Now we state and
prove our main theorem:.

THEOREM 3.4. Assume that the initial data mo satisfies (34). p;,c; are given by
(35). (uN(x,t),mN (x,t)) is the sticky peakon weak solution given by (33) with initial
data m’ defined by (37). Then, the following statements hold.

(i) The limiting function u obtained in Proposition 3.3 (iv) satisfies

(43) u € C([0,4+00); HY(R)) N L>(0, +o00; WH>(R)),

and it is a global weak solution of the mCH equation (1)—(2).
(ii) For any T > 0, we have

m = (1= 0ga)u€ MR x[0,T))
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and there exists a subsequence of m¥~ (also labeled as m” ) such that

(44) m S moin M(R x [0,T)) (as N — +00).
(iii) For a.e. t > 0 we have (in subsequence sense)
(45) m™ (-, t) > m(-,t) in M(R) as N — +oo
and
Lo Lo
(46) supp{m(-,t)} C | —L — §M0 t, L+ §M0t .
Proof.

Step 1. Proof of (i).

We first prove u obtained in Proposition 3.3 satisfies (43).

As shown in Proposition 3.3, there exists u, u, such that (42) holds. Moreover,
for any T > 0, the limiting functions u, u, satisfy the following properties:

u€ BV(Rx[0,T)), wu, <€ BV(Rx[0,T)),

My

DO | =

1
ulle < §M0> | te| Lo <
and
1
(47) / lu(z, t) — u(z, s)|dx < §Mg|t — 9, / [ug (,t) — up(x, s)|dx < M|t — s
R R
for t, s € [0,4+00). Using the above properties we obtain

lu(t) = ul- s)ll72 = /R u(z, t) — u(z, s)[*dx
1
<My [ futa,t) = (e, s)ldz < S M~ o
R

and
||uI('7t) - um('7 S)H%Z < M(;llt - 8"
Hence,
lulst) =l )1 Fn < 2 ([uCt) = ul,8)l[ 72 + llue (1) — sl 5)[172)
< 3MG|t — s|.

Therefore, (43) holds.

Next, we prove u is a global weak solution.

For each ¢ € C(R x [0,400)), there exists T = T'(¢) such that ¢ € C(R x
[0,T)). Because u'¥ is a sticky peakon weak solution with initial data m{’, we have

(48) LN, ¢)=— /]R o(z,0)dmp .

We now consider convergence for each term of £(u", ¢), where

u™, ) / / (¢t — Prow)dadt — - / / ? bradrdt
(49) -3 /O /]R (™)’ pppadrdt + A /R (uN) +u™ (uiv)2> ¢ dudt.
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For the first term on the right-hand side of (49), using (42) and the fact that supp{¢}
is compact we obtain

T
0 R

The second term of (49) is estimated as follows

¢Mdacdt

2
_ um uN) + ui + uivuz} Qrrdrdt

T

< MO||¢MEHL°°// |u —ux|dxdt—>0 (N = +00).
4 supp{¢}

Similarly, we have the following estimates for the rest terms on the right-hand side of
(49):

/ / qsmdxdt =0 (N — +00),

/ / qudxdt -0 (N = +00),

and

—uu } P dxdt

(1]
:A / [ — ) ()" 4 ()~ 2)] Godna

// ) ()t u (u +uz)(iv_ux):|¢zd$dt
-0

(N — +00).

Letting N — +00 in (48) and combining (38) gives

- —/quﬁ(m,())dmo.

This proves that u is a global weak solution to the mCH equation.
Step 2. Proof of (ii).
Due to u,u, € BV(R x [0,T)) for any T > 0, we know

m = (1 — dyx)u € M(R x [0,T)).

Now we prove (44), which means that for any test function ¢ € C.(R x [0,T")) the
following holds:

(50) i /0 ! /R b, ym® (da, dt) = /0 ! /R 6(z, ym(dadt).
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First, we prove that (50) holds for any test function ¢ € CL(R x [0,7)). Using
the relationship m” = (1 — 0, )u’Y and integrating by parts give that

g T
x mN X = x — Opa uN z, 2
/0 /Rqﬁ( s t)m™ (dz, dt) /0 /Rqs( (1 = Ope)ul (2, t)dadt
T
:/0 /R¢(36,t)uN($,t)+¢$(x,t)uiv($’t)dxdt_

Taking N — 400 and combining (42), the right-hand side of the above equality
converges to

/OT/RGf?(x,t)u(z,t)+¢x($,t)uw(m,t)dxdt:/OT/RQZ)(J:,t)m(dxdt).

Hence, (50) holds for any test function ¢ € CX(R x [0,T)).

Next, we prove that (50) holds for any test function ¢ € C.(R x [0,7T)). In this
case, there exists a sequence {¢,, },>1 C CL(R x [0,7)) and two constants R > 0,0 <
T, < T such that

supp{¢n} C [=R, R] x [0,T1] and supp{¢} C [-R, R] x [0, T3]
and
(51) on — ¢ (as n — oo0) uniformly in R x [0,7).

This implies
on — ¢ in C.(Rx1[0,T)).

Because m is a Radon measure (which defines a bounded linear functional of C(R x
[0,T7)) by integration with respect to m), for any n > 0, there exists ng > 0 such that

(52)

N3

/ (6ny — dYm(ddt)| <
R

Due to (51), we choose ng big enough such that the following holds:

n
sup Ono (1) — P, )| < .
(2,6)ERX[0,T) (900 (1) = ¢(, 1) 2MoT

At this time, we have

T
(53) /O /R (e (2,1) — B(, £))m (da, dt)

T n
< i|ldt < —.
_2M0T/0 ;'m =9

Because ¢, € CL(R x [0,7T)), we also obtain

/OT/R%UWN(da:dt) /()T/Rqsnom(dzdt)

=0.
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Combining (52), (53), and (54), we have (n > ng)

T
li t (dz, dt) t)m(dzdt
N;IEOO/O/RM%) z, //aﬁm (dzdt)
SNLITOO/ /qﬁ by )™ (dzdt)| + LHEOO/ /(bno— m(dzdt)
<0y n
Nl_lgloc/ /(bno (dxdt) / /(bno (dxdt) 2 5 = -

Because 1 > 0 is arbitrary, we know (50) holds.
Step 3. Proof of (iii).
We first prove that for N > 0 we have

1 1
(55) supp{m” (-,t)} C (—L — M2t L+ 2M02t> .

2

Because ¢; defined by (35) satisfies —L < ¢1 < ¢g < -+ < ey < L, due to (32) we
obtain

1 1
-L- 5Mgt < |wi(t)| < L+ ngt, i=1,...,N,

where x;(t) is obtained by Proposition 2.3 subject to x;(0) = ¢;. Therefore, m™

defined by (33) satisfies (55).

Next, we prove (45).

Let u™(x,t) be defined by (33). Assume that u” and ul’ are the convergence
sequences in (42). We first prove that there exists a subsequence of u’¥ (still denote
as u'V) such that for a.e. t > 0,

(56) uN(,t) 2 u(t) in L (R) (N — ).
Let K be a positive integer. Due to (42), we have
uY = u in L'(-K,K) x (0,K)) (N = 00).

Hence, by [5, Theorem 4.9] we know there exists a subsequence {uy }I, of {u"}
such that for a.e. t € [0, K]

uy, (-, t) = u(-t) in L'(—K,K) (i — o).

By using a diagonalization argument with respect to K = 1,2,..., we obtain a sub-
sequence such that (56) holds.
Similarly, for a.e. t > 0 we also obtain (in subsequence sense)

uiv(~,t) — uz (-, 1) in L}OC(R) (N = o).

Hence, for any test function ¢ € CL(R) and a.e. t > 0, we have

[ otam* s, /R[¢ ~ bale)u (2.0 da

- [as ~ u(@)us(a, 1)) da

R

o(x)m(dz,t), (N — 00).

=
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Similarly to the proof of (44), for any test function ¢(z) € C.(R) and a.e. t > 0 we
obtain

/¢ wtdm—)/(b m(dz,t) as N — co.
Hence, (45) holds.

Finally, we prove (46).
From (45) and (55), for any test function ¢(x) € C.(R) that satisfies

1 1
supp{¢} C R\ (—L - §M§t, L+ 2M§t> )

/ o(x)m(dz,t) =0,
which implies (46).
This is the end of the proof. ]

we obtain

3.3. Total variation stability of m(-,t). For initial data mg € M(R) sat-
isfying (34), assume u is a weak solution obtained in Theorem 3.4 and m(z,t)
u(z,t) — Uggp(z,t). Our main target in this subsection is to prove that the total
variation of m(-,t) satisfies

(57) [m (-, t)|(R) < |mo|(R) for a.e. t>0.

Next, let’s give some preparations.
From Jordan measure decomposition Theorem, there exist two positive measures
mg and my such that

(58) mo =mg —mg and |mg| =mg +mg .

Let (¢i,p;) be defined by (35). Set

p?‘::/ dmg and p; :z/ dmgy, 1=1,2,...,N.
[eim5cit3) [eim5hcit3)

Because mar and mg are pOSitiV@ measures, we know
>0, p; >0 and p;=p; —p;, i=1,2 N
p pz - an pl p1 pz ) 1 PRt I .

Moreover, by (58) we obtain

(59) mo(R) = /[

L,L]
and
(60) Mo—/ dlmo / domg +my) =Y+ p;
[_L7 ] [_LvL]
Set

N
61)  ull(z,t) ijG (x — (1)) and u™(z,t):= Zp;G(x—xi(t)),
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where z;(t) is given by Proposition 2.3 with initial data ¢; defined by (35). Then, we
have

(62) ul (2, t) >0, uN(z,t) >0 and o™ (2,t) = ul (z,t) — u(z,1),

where u"V is defined by (33).
Set

N N
63)  mi(x,t) = szré(x —zi(t)) and m"(x,t) := Zp{é(x —z;(1)).
i=1 i=1

We have
(64) mi (z,t) >0, mY(z,t) >0 and m"(z,t) = mY (z,t) — m (z,1),

where m® is defined by (33).
Now, we state and prove our main theorem in this subsection.

THEOREM 3.5. Let u be a weak solution obtained in Theorem 3.4 and m(x,t) =
(1 — Ogz)u(z,t). Then, we have

(65) m(-,t)(R) = mo(R) for a.e. t>0,

and the total variation of m(-,t) satisfies (57).

Proof. Use the process as in Proposition 3.3 for u¥ and u” (defined by (61)).
There exist two functions

(66) ut,u” € BV(R x [0,T)) and u),u, € BV(R x [0,7T))

x xr
such that (N — oo in subsequence sense)

ul —ut, chf —ul in L}, (R x [0,00))

and
uY w9 = uy in L. (R x[0,00)).

Due to (62), we have
ut(z,t) >0, u (z,t) >0.

Combining (42) and (62), we know
(67) u(z,t) = ut(z,t) —u (z,t).

Set
mt(z,t) = (1 — Opz)u™ (z,t), m (2,t) := (1 — Opp)u™ (2,1).

Due to (66) and (67), we have

mt, m™ e ML(Rx[0,T))

(68) m(z,t) = (1 — Oz )u(x,t) = m¥(z,t) —m™ (z,t).
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Similarly to part (iii) in Theorem 3.4, for a.e. t > 0 we have (N — oo in subsequence

sense)
(69)  mY () St in ML(R), m¥ () S mo () in My (R)

and

1 1
supp{m™ (-, 1)} C (—L — §M§T, L+ 2M3T> ,

1 1
supp{m™ (-, 1)} C (—L ~ §M§T,L + 2M02T> ,

where m¥ and m” are defined by (63).
Take test function ¢ € C.(R) satisfying

1 1
¢(x) =1 for z € (—L - gMgt,L—f— 2M§t> .

[ om0 = [ m¥(ar.) -

Hence, for a.e. t > 0, using (69) we have

Then, we have

N
(70) /m (dz,t) /d) t(dx,t) = hm o(z)mY (z,t)dx :ij.
R i=1
Similarly, we have
N
(71) / m”(dx,t) = Zp; for a.e. t>0.
R i=1

Therefore, using (59), (60), (68), (70), and (71) we obtain

m(dx,t) /m dzx,t) /m dz,t)

for a.e. t>0

m|(dz,t) < /m (dz,t) + /m (dz,t)

., =My forae t>0.

m(’t)(R) =

HMZ

(6
S

and

/\

||M2

This completes the proof of (57) and (65).

|

4. Uniqueness and nonuniqueness of weak soutions. In this section, we
prove that weak solutions u are unique when u € L% (0, 00; W%1(R)). Notice that
peakon weak solutions are not in W2!(R). We provide some examples of the non-

uniqueness of peakon weak solutions to the mCH equation.
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4.1. Stability and uniqueness in the class W21 (R). In [29], Zhang used the
dissipative regularization and proved the global existence of entropy weak solutions
to the mCH equation. Entropy weak solutions are unique when u(-,t) € W2’1(R) for
t>0.

When the initial data ug € W21(R), the dissipative regularization solution u¢
satisfies |[ul,(-,t)||r < C(T,up) for any T > 0 and t € [0,7). Since L' is not
reflexive, the limit function of u¢, belongs to M(R). In general, weak solutions
are not unique when m € M(R) as shown in subsection 4.2. However, assuming
ue Wl (R), Zhang proved entropy weak solutions to the mCH equation are unique.

In this subsection, under the same assumption, we show W11(IR)-stability for gen-
eral weak solutions, and this implies the uniqueness of weak solutions in the solution
class W21(R).

We remark that u(-,t) € W2(R) is equivalent to u € L>(0,00; W?*(R)) for
weak solutions . Indeed, due to (57), we obtain (a.e. t > 0)

[u( Dl = (G *m) (-, )l = [m(-, D)|(R) < Mo.

Moreover, for any ¢t > 0 we have
luzllpr = Tot.Var{u(-,t)} < My and ||ugz|pr = Tot.Var{us(-,t)} < 2M,.

Therefore, we have u € L>(0,00; W>'(R)) when u € W2 (R).
The mCH equation can be rewritten as a first-order equation of u

1 1 2
(72) e+ ug — gui + EG * (ud) + Gy x <3u3 + uui) =0.

This implies that weak solutions defined by Definition 2.1 satisfy (72) in the sense of
distributions.
We have the following theorem.

THEOREM 4.1. Assume (1 — Opz)ug = mg € L*(—L, L) and My := ||mo||p1. Let
u € L°°(0,00; W2L(R)) be a weak solution to the mCH equation (1)—(2). Then, we
have

(73) [u(, )l = luollmr-

Moreover, if v € L>(0,00; W2(R)) is another weak solution to the mCH equation
subject to initial data vo(x), then we have

2
(74) [u(t) = v O)llwr < €M lug — vollwa,

where C' is a constant. This implies the uniqueness of weak solutions in solution class
W2L(R).

Proof.
Step 1. We prove (73).
Multiplying (72) by u and taking integration, we have

1d 1 1
—— uzdx+/u3uxd;v - f/uuf’cd:ch f/uG* (u3)dx

2
(75) + / uGy * <3u3 + uui)dw =0.
R
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/ wugdr =0,
R

Because

(75) turns into

(76)
1d

1 1 9
2dt Ruzdx - g/ﬂ{“uidfc + 3 /RUG x (ud)da + /RuGz * (3u3 + uui)dm =0.

Due to u € W(R), taking derivative of (72) gives
2 2.3 9 2 1 3 2 3 2
(7T7) g +uus — 3U + U Uy — UG Uy + gGaj * (us) + G * 3U +uu; | =0.

Multiplying (77) by u, and taking integration yields

1d 2
f—/uidx—l—/uugdx—f/ugumdx—l—/uzumuwdac—/uiumdx
2dt Jg R 3 Jr R R

1 . 2
(78) + 3 /Ruchx * (ud)dx + /RuxG * (3u3 + uui) dx = 0.

Because

/u3u$daj:1/ (u4) dx =0, /uiumdle/ (ui) dr =0
R 4 Jr * R 4 Jr v

1
/uuidm+/u2uxuwzdx: f/ (uQUi)xdaB:O,
R R 2 Jr

using (78) we obtain

1d 1 2
0:§$/Ruidx+§/ﬂgu$(;x*(ui)dm+/ﬂguzG* <3u3+uui>dm

1 1 2
=57 Ruidm - g/RuG * (ud)dx + 3 /Ruuidw - /RuGI * (3u3 + uui) dx.

Combining (76) and (79) gives

and

%/R(uz—kui)dxzo.

Hence, (73) holds.

Step 2. We prove (74).

First, we estimate 4 [0 |u — v|dx.

Because |ul, |uz| < %Mo7 from (72) we see that u(x,-) € W1(0,7T) for any T > 0
and z € R. Hence, [16, Lemma 7.6] shows that

|lu — | = (ug — ve)sgn(u — v).
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Taking the difference of the PDEs for v and v yields

|u —v|s = (ur — ve)sgn(u — v)

= [7u2(uz —vg) — (u+v)(u — v)vgsgn(u — v)

1
+ (3 (ui + Uy Uy + vg) (uy — vy)
1 2 2
— §G * [ (u? + ugvy +v2) (ug — vz)} sgn(u — v)
2 9 2
— | Gy * g(u +uv+v )(u—v)
+ Gy * [u(um + v ) (uy — v@})sgn(u —v)
- (Gw * {(u - v)vﬂ)sgn(u — ).
Taking integration and by Young’s inequality, we obtain
d 2
(80) — [ |u—vldze < CLMS||u —v||wa,
dt Jp

where (' is a positive constant.

Next, we estimate 4 [ u, — v, |da.

Due to u € L>*(0,00; W%L(R)) and Tot.Var{u,(-,t)} < 2My for any t > 0,
we know ||uz.(+,t)||1 < 2My. Hence, from (77) we have u,; € L>(0,T; L' (R)) C
LY(Rx (0,T)) for any T > 0. By Fubini Theorem [5, Theorem 4.5], we have u,(x,-) €
LY(0,T) for a.e. z € R. Hence, u,(z,-) € W'(0,T) for a.e. z € R. Similarly,
ve(x,) € WL(0,T) for a.e. z € R. From [16, Lemma 7.6], we obtain

[t — V|t = (Ugt — Vpr)sgO(Uz — Vy).
Taking the difference of the equations for u, (77) and v, gives

[ug — Uz |t = (gt — Vat)sgn(ug — vz)

= [+ 0) 0 = 0 a2

- % (v +uwv + v°) (u— v)] sgn(u, — vy)
+ (uQum — 1}21119;) sgn(u, — vg) — (uium — vivm) sgn(ugy — vy)

+ (%Gz * [(uﬁ +UugVs +03) (Uz — Ux)})sgn(ur ~ Va)
+ <G>k [?)) (u? +uv + v?) (uv)]
+ G * [u(ul + v ) (ug — U:c)})%“(“x — )

+ (G * [(u — v)vﬂ )sgn(uz — VUg).
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Take integration and with some calculations we obtain
d 2 2 2
p /R |y — vz|de < CoMi|lu — vljwia + /R (WP tgy — V72 sgn(ug — vg)dz
— /R (uiumj - vivm) sgn(u, — vy )dx
(81) = Oy ME||u — v|lwra + I — Iy,
where C5 is a constant and

I = / (u2um - vzvm) sgn(u, — vg)dx, Iy:= / (uium — vgvm) sgn(u, — v, )dz.
R R

Because Tot.Var{u,} < 2My, we know |[uz.|z1 < 2My. Due to |u, |ug|, |v],|vz] <
%M(L by using the Sobolev inequality we know there is a constant C3 such that

L= /(u + ) (u — V)Uggpsgn(u, — v )dx + / V2 [ty — Vg|pda
R R
< 2ME||lu — v pe — 2/ VU Uy — vp|dr < C3ME||u — vl
R

3
T

=g [ = o2),sen (= o2)do = 3 [ fud =] de =0,
3 R x 3 R *

Put the above estimates for I; and I into (81) and combining (80), we have

Due to sgn(u2 — v3) = sgn(u, — v,), we have the following estimate for Io:

d
Zplle = vllwra < CM§|lu—vlwa
for some constant C. Therefore, Gronwall’s inequality implies

2
lu(-,t) = o, ) [lwra < e“Motlug — vo |- 0

Remark 4.2. We remark that the uniqueness results in [1] cannot be used to study
the modified Camassa—Holm equation (1). Consider the transport equation with BV
vector field U

subject to initial data n(z,0) = mg(xz) € M(R). In [1], Ambrosio studied the trans-
port equation with BV vector fields which is similar to (82). When the space deriva-
tive of U is absolutely continuous with respect to the Lebesgue measure, he obtained
uniqueness and comparison results for bounded and compactly supported (in space)
solutions of the transport equation. Although for the weak solution w obtained in
Theorem 3.4, we know U(-,t) = (u® — u2)(+,t) is a BV function for ¢ > 0. However,
the distribution derivative of U(+,t) is a Radon measure which may not be absolutely
continuous with respect to the Lebesgue measure. Moreover, m may not be bounded
even if u € L>(0, 00; W%(R)). Hence, we cannot apply the results in [1] to the mCH
equation.
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4.2. Examples of nonuniqueness of peakon weak solutions. In this sub-
section, we construct peakon weak solutions (for N = 1,2) to (1)—(2) and show that
peakon weak solutions are not unique.

First, let’s see one peakon situation. Assume u(z,t) = pG(z — x(¢)) is a one
peakon weak solution to (1)—(2). Then, from (5), we know that x(t) satisfies

d 1

(83) ﬁx(t) = gpz.

We have the following result which can be viewed as the “jump condition” (or “Rankine—
Hugoniot condition”) for solitary wave solutions.

PROPOSITION 4.3. For some constant p # 0, assume u(x,t) = pG(x — z(t)) and
m(z,t) = u — ugy, = pd(x — x(t)). Then, (u, m) is a solitary wave solution (or one
peakon weak solution) to the mCH equation (1) if and only if the traveling speed of
the soliton satisfies

(84) & at) = 2

Proof. For any test function ¢ € C°(R x [0,00)), L(u, ¢) is defined by (14). By
Step 2 in the proof of Lemma 2.2, we obtain

+oo
L) =p [ aalt).) + G000

p/om [jt¢(x(t),t)dt + (épQ - ix(t)) qbw(x(t),t)]dt

+oo
00045 [ (- 500 6000, ).

,/Rqs(x,O)m(dx,O) +p/0+°° <épz _ ;lt:v(t)) o (x(t), t)dt.

Because ¢ is arbitrary, combining Definition 2.1 we know that u is a weak solution to
(1) if and only if (84) holds. d

From Proposition 4.3, we can see that pG(x — épg — ¢) is a weak solution to the
mCH equation subject to initial data mo = pd(x — ¢). This solution is also the sticky
peakon weak solution given by Proposition 2.3.

Next, we show that one peakon can split into two peakons by presenting a two
peakon weak solution for initial data mg(z) = pd(z — ¢). We have the following
proposition.

PROPOSITION 4.4. Assume initial data mo(x) = pd(x—c) = p1d(x—c)+p26(x—c),
where p1 + pa = p and p1 # pa. Then,

(85) u(@,t) = p1Gz —21(t) + p2 Gz — wa(t))

is a global weak solution to (1)—(2), where

1 3p1p2 Loy 3p1p2
86 z1(t) = =p°t + exp| = (p]—p3)t ) +c—
(56) (1) = Goit+ " e (G (v~ 93) e
and

1 3p1p2 1.5 5 3p1p2
87 xo(t) = =p2t + exp( p;—ps)t| +c— .
&) (1) = gt + % exp (07— 13) e
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x1(t) and x2(t) are obtained by (5) when N = 2 subject to initial value x1(0) =
x2(0) = c.

Proof. Without lose of generality, we assume p? < p3. When N = 2, (5) can be
rewritten as

d
dt
d
dt

1 1
£1(t) = 9+ gpipaeti @70,
® o
.’EQ(t) = 629% + §p1p2€$1(t)*w2(t).

Taking the difference of the above two equations, we have

d

S@r) = aa(0) = ¢ (57 = 93) <.

S| =

Combining z1(0) = z2(0) = ¢, we have

(89) z1(t) —22(t) = = (p] —p3)t for t>0.

| =

Hence, the two peakons will never collide when ¢ > 0. Put (89) into (88), and with
some calculations we obtain (86) and (87).

Follow Step 2 in the proof of Lemma 2.2, and we see that (85) is a global weak
solution to the mCH equation subject to initial data mo = pd(z — ¢). O

Combining Propositions 4.3 and 4.4 gives an example that peakon weak solutions
are not unique.

Next, we give a proposition to show that after collision the peakons can either
stick together or cross with each other.

PROPOSITION 4.5. Assume initial data m(x,0) = mo(z) = p10(z — ¢1) + p2d(z —

c2). p1 >p2 >0 and ¢ < ¢y, Set t* = 6;%%;21). Then, there exist a sticky peakon

1 2
weak solution to the mCH equation (1)—(2) which is given by

_ 1G(z — 21(t)) + PGz — 22()), t<t%
(90) ula,t) = { (r 4 )Gl 23(0)), £ 50"

where

1 3p1p2 1 3p1paett—2
ni(t) = Lo s P2 o, Spapact 2

(p%—p%)t—kcl—cz) +c —

6 pi—p3 6 P —p3
1 3p1p2 1 3p1paet —
i A A ) R =

and

1
z3(t) = 6(]91 +p2)?(t—t) +ct, ¢ =m(tT) = a(t), t>t
And the mCH equation (1)—(2) has another weak solution u(x,t)

(91) u(z,t) = p1G(z — T1(t)) + p2G(x — Z2()),
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where
ai(t), t<t
=) g e (0 e
+ 1 + %(2 —eT) > 1Y
and
wa(t), t <t
Tolt) = %p%t + % exp (é (p3 —p3)t+co— cl)
byt PP (o ey g g
b1 —P3

Proof. Similarly as proof of Proposition 4.4, taking the difference of (88) yields

d

@) —m() = = (p — 1) -

| =

Hence,

1
x1(t) — xo(t) = G (p% —p%) t+ci — ca.
Because p; > pa > 0 and ¢; < ¢g, we have x1(t) < z2(t) for t < t* = % and
1 2
x1(t*) = zo(t*) = ¢*. At time t*, the two peakons solution py G(z — z1 (%)) + po2G(z —
x2(t*)) becomes one peakon (p; + p2)G(x — ¢*). From Proposition 2.3, we see that
w(x,t) defined by (90) is a sticky peakon weak solution to the mCH equation (1)—(2).
Take t* as a new starting point. The initial data is m(z, t*) = (p1 + p2)d(z — c*).
By Proposition 4.4 we know there is another weak solution after t* with momentum
p1 and po, which is exactly our u(z,t). d

Remark 4.6. For the sticky solution (z,t) given by (90), the energy p? + p3 is
not conserved. However, it is conserved for the crossing solution @ given by (91).
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