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ABSTRACT. We prove the existence of solutions for a coupled system modeling
the flow of a suspension of fluid and negatively buoyant non-colloidal particles
in the thin film limit. The equations take the form of a fourth-order non-
linear degenerate parabolic equation for the film height h coupled to a second-
order degenerate parabolic equation for the particle density ¢. We prove the
existence of physically relevant solutions, which satisfy the uniform bounds
0<+¢¥/h<1landh>0.

1. INTRODUCTION

In lubrication theory, the free surface height of a thin liquid film is governed by
a degenerate fourth-order parabolic equation which in one dimension typically has
the form

where the coefficients fy, f1, fo depend on the relevant physics (e.g. fo = f1 = fo =
h3 for the flow of a fluid driven by gravity down an incline) [16]. Equations of this
type have been the subject of considerable theoretical study; the tools for analysis
can provide insight into important phenomena such as instabilities in spreading
films [7, 9, 17, 4], and can be utilized to design efficient numerical schemes [20].
Bernis and Friedman [5] first demonstrated existence and positivity of solutions to
the equation hy = —(h™hgy.). through the use of energy and entropy estimates.
In later work, Bertozzi and Pugh explicated the theory for the equation (1) with
fo = 0, using different choices of regularization and entropy functions to study
regularity, long-time behavior [3] and the growth of singularities [4].

There are a wide variety of problems in multiphase thin-film flows that lead
to more complicated systems. Lubrication models of such flows reduce to coupled
systems for the film height and a quantity tracking the second phase, whose complex
dynamics have been the subject of considerable interest in recent research [11]. Here
we consider one such model for gravity-driven suspension flow in one dimension that
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accounts for the non-uniform distribution of particles within the bulk of the fluid,
proposed in [15] and recently extended to include surface tension in [18]. The model
equations [18] for the film height h(x,t) and depth-integrated particle density v (z, t)
have the form

Y+ (hBQO((b))gE _ﬁ(h391(¢)hwxw)w + (h3(92(¢)hw +93(9)¥z))

where ¢ = 1 /h is the depth-averaged concentration of particles that cannot exceed
a maximum packing fraction ¢,,, normalized here so that ¢,, = 1. The fluxes vanish
at the maximum packing fraction (i.e. f;(1) = ¢;(1) = ¢;(0) = 0), where flow of
the suspension is completely inhibited by the particles. This adds an additional
degeneracy into the equations (along with the standard degeneracy for thin films
as h — 0), which has been studied in the related problem of non-linear diffusion
equations for sedimenting particles [2].

The flux functions in the model equations (2) have a particular behavior in the
dilute limit (¢ — 0) and the high-concentration limit (¢ — 1). In particular, for
negatively buoyant particles,

(2)

Fil@) ~ 30 0i(8) ~big*? as 60, i=0,1,2
B fy~asd, ga~bad® as 60,

fi(@) ~ci(1=9)%  gi(¢) ~di(1—¢)>as ¢ — 1, i=0,1,2,3

for constants a;, b;, ¢;, d; > 0[19]. These fluxes arise from depth-integrating the fluid
(f) and particle (g) volume fluxes, which depend on the distribution of particles in
the fluid depth. The exponents of ¢ in the dilute limit are a consequence of the
particle accumulation towards the substrate of the fluid [18]. The quadratic decay
in the high concentration limit is due to the singularity in the suspension viscosity
pu~ (1 —¢)~2 alaw that captures the inhibiting of the flow near the maximum
packing fraction [6].

The system (2) is closely related to the equations governing transport of insol-
uble surfactant on the fluid surface [11], for which the concentration I' satisfies an
equation with a non-degenerate diffusion term. Existence and positivity of weak
solutions was established in [13, 1] using a finite element approach and studied for
more general systems in later work by [8, 14, 10]. The techniques employed there
are almost applicable to (2), but must be modified to account for a few key differ-
ences in the structure of the equations. First, we do not include the non-degenerate
Brownian diffusion term for 1, leaving only the degenerate diffusion term for the v
equation which vanishes when ¢ = 0,¢ =1 or h = 0. Second, the fluxes depend on
the ratio ¢ /h of the conserved variables h and ¢ and vanish when ¢/h > 1, so it is
critical to establish this bound.

Here we are concerned with the existence of physically relevant solutions in the
sense that h > 0 and 0 < ¥/h < 1 when the initial data satisfies the same, with
periodic boundary conditions. Under assumptions on the behavior of the flux coef-
ficients f; and g; compatible with the properties (3) of the physical model, we prove
existence of such solutions and the bound ¢ < 1 when f; = g; =0 for ¢ > 1. In
Section 2, the governing system and assumptions used in the existence result are
introduced. In Section 3 the relevant notion of a weak solution is defined and the
main result is stated, which is proven in Section 4.
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2. SYSTEM AND ASSUMPTIONS

Next, we assume that fo = go = 0 for simplicity (due to the fourth order diffusion,
this second order term is not important to the existence result). Let us consider
the following system of equations:

(4) he + (AP [Bf1 () hawe + fo(3)])e = (D1 (hy )0

(5) o+ (PP B () hawe + 9o(3)])e = (Da(h, )¢
in Qr = (0,T) x Q with periodic boundary conditions

i i ok ok
(6) G (—a,t) = Fh(at), Gk (—a,t) = G (a,t) Vi >0,

1=20,3, £k =0,1, and initial conditions

(7) h(z,0) = ho(z), ¥(z,0) = (),

where Q := (—a,a) C R! is bounded domain,

(8) ho(z) € HY(), o(z) € L*(), 0 < vo(z) < ho(x),
and D;, f;, g; are continuous functions such that

(9) 0< fi(z) ao(1+12])™™, |fo(2)] < a1f?(z), where m >0,
(10) l91(2)] < bof (2|22, lg(2)] < bul2|® V2l <1,

(11) f2(2)] < aaf? (2)]2]7, balf® < ga(2) ¥]2| < 1,

(12) Di(a,b) :=|a*fo(2), Da(a,b) :=|a’ga(2),

where aso, by, bo satisfy the following restrictions:

a3 B2 B2 a2 B2 \/W
1, < mand e <1, or 5 >max{4—b§— AT+ T

While these restrictions are technical, the upper bounds on fy, f1, go, 91 and lower
bound on go are physically relevant, as is evident in comparing to the behavior of
the coefficients (3) in the physical model.

Integrating (4) on €2, due to periodic boundary conditions (6), we obtain the
mass conservation

(14) Q/hd:n—g/hodx.
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3. MAIN RESULT

Definition 3.1. [weak solution] A generalized weak solution of the problem (4)—(7)
with initial data (hg, o) satisfying (8) is a pair (h, ) has the following regularity
properties

h>20in Qr, 0<vY < ha.e. in Qr,
he CHH@r) N L= (0,75 HY(R) N H (0,73 (' (2))"),
W € L0, T5 L2 () N W3 (0,75 (W5 (2))"),
I:= BfU(@)h’hawe + fo(d)h* — Di(h,¢)ib, € L2({h > 0}),
B9 (@)1 hass — Da(h, ) € L2 ({1 > 0}), go(9)h” € L°({h > 0}),
where ¢ := % Furthermore, (h, ) satisfies (4)—(5) in the following sense:

/T<h £),£(1)) dt—//[{mdxdtzo,

(h>0}
/ (1), C(1))dt — / / G0(@)h*Codadt — / / (Bor(6)h* haws — Da(hy t)ths ) Codadt = 0
{h>0} {$>0}

for all € € 12(0,T; HY(92)) and ¢ € L3(0,T; W} (9)): €(—a,t) = £(a,1), C(—a,t) =

C(a,t) for all t € (0,T). Moreover, the initial conditions for h and 1 are attained

in the sense of traces in the spaces H'(0,T;(H(Q))*) and W3 (0,T; (W34 (Q2))*),
2

respectively.

Theorem 3.2. [existence] Let (9)—(13) hold. Assume that the initial data (ho,o)

satisfy (8) and (14). Then, for any time T > 0, there exists a weak solution (h,)
of the problem (4)—(7) in the sense of Definition 3.1.

4. PROOF OF THEOREM 3.2

4.1. Auxiliary problems. We regularize the degeneracy which is apparent for
h = 0,9 =0 and ¥ = h. For this purpose we approximate the system by a family
of non-degenerate equations:

(15) he + (BF5=(h) f1,6(2) haws + F5(h) fo(2))z = (D1,5(h, %)% ),
(16) Ve + (Fs(0)[B91.5 () hae + 90 (e = (Da,e () tha )y
in Qr = (0,T) x Q with periodic boundary conditions

(17) Dh(_q,t) = Lh(a,t), T¥(—a,t) = 2L (a,t) ¥t >0,

i =0,3, k=0,1, and initial conditions

(18) h(x,0) = hos(x) = ho + 6%, (x,0) = o (x) = by + "

for all 6 € (0 and p € (0,1), where e > 0, § > 0, and

. 527)
F5(2) = Fs(z )+E—W+e 528, fr5(2) = fi(z) + 0
l916(2)] < bof (2212 i 2l < 1, gus(z) = 6 if |2] > 1
Dy s5(h,¢) = F5(h) f2(%), Dac(h,v)) = Da(h,9) +e.
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Here hgs and 1. are smooth enough approximation functions. Integrating (15)
and (16) in Q7 by (17), we get the mass conservation

(19) /h(:c,t) dr = /hoyg(x) dz, /w(x,t) dx = /1/)0,5(1) dx
Q Q Q Q
Let us denote by ¢ := %, and
X¢ =1if[¢| <1, xp =01if [¢] > 1.
Note that
Dy 5(h, ) =0 V[¢| > 1,
Dac(h,v) > Dac(v) := by’ + ¢ ¥|¢] <1, and Dy (h,¢) = ¥[g| > 1.

4.2. Galerkin approximation. Now we use a Galerkin approximation which trans-
forms the system of partial differential equations into a system of ordinary differ-
ential equations. As basis functions for the finite dimensional space we select an
L?-orthonormal basis of eigenfunctions which are solutions of the periodic boundary
value problem:

—v; = A\v; in Q, vi(—a) = vi(a).

We make a Galerkin ansatz for hl%(z,t) and 9% (x,t) of the form

N
eé_zaz vz ég:sz(t)’U x
=0

According to (15) and (16) the functions a;(t) and b;(t) are subject to the following
Galerkin equations which have to hold for j = 0, IV:

a;(t) = *556/\'||v}||§aj(t)*

N N
6Zm /Fa(hi§>f1,5<%§)+ef1<f§
/ (h

Q

b](t) = 76)\jbj /D2 €8 dl‘*

)vivjda+

N
St [ Dralh,vbyuida,
=0 Q

)1} dx

6Zm /F5 ¥ai,

/Fa

a;j(0) = (hos,v;)r2(), 0;5(0) = (Yo,v5)L2(0)-
Due to (9)-(12), the right-hand side of this system is Lipschitz continuous on a;
and b;. Thus, by the Picard-Lindeléf theorem a unique local solution of the sys-
tem exists. Solvability for some T" > 0 can be proved by using a priori estimates
(uniformly in N, € and J).

with
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For brevity, we denote by h := hl%, ¢ := % and ¢ = % Multiplying (15) by
h — h,, and integrating on 2, we deduce that

(20) 3 ek1hl o) + B / Fu s (8) Ese (W2, e =
[t / !

/ D s(h, )b s de — / Dy s(hy )i hada <

/ Fus(@) Fse ()2, ) / F15(6) oo (B2 dw)%

/ Fro(@)Fac i) ([ Esn) 8 )+
</ st ? s

/ f1a(0) Fou ()2, Q
(2t

C(Blao + 8 (113 g + Ill () + arxollbll ) / F1.5(0) Foe (W12, )"+
Q

[SE

[N

l\)\»—t

(h,3)
f1 61£)F65 h)w dm)

1

2

Fs(h hzdx <

;
2
:L, /
Q
1
) (f #
Q

3 H D25 (h9)
Caraxlblly oy + [ a0 ol pdo) " ( [ 7EEE 002 2ar) +
Q Q

1
(h,¥) 2
cuhn%m)(/ Pesyzar)”,

Q

whence we find that
(21)
sailhl ) + (B —e - 52)/f1,6(¢)Faa(h)hzmd$

< E (B8 (a0 + ) (1ll3p 0y + 1013 0) + axa Il ey) + Carad xallhll:
X 2g, ao HY(Q) HY(Q)) T A1 Xo U 1 () a1ag Xo |l g1 ()

D3 5(h.¥) D} s5(h9) 2
+ / mdﬁdm + 53/ 30 Yide + fTathﬁ”h”AIL{l(Q)
Q Q

< Cymax{L, 1o} + a2xo (i + €3) / [*42de,

where C7 > 0 is independent of N, £ and § < dg.
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Next, multiplying (16) by ®.(¢), we deduce that

)z + /D2 c(h, )@ ()2 dw =

/ Fi(h) o o(6) 2 (4 hadl + / Fy(h)go(6) @ (0)addz <

1 1

®)PL (¢ 2 2

ﬂ(/ Fy(h) 720 (0 Dy o () B ()02 ) / F1.5(0) Fac(h)h2 )"+
Q

/D2 (h,)®"( ¢)¢ng) : (/ F§(h)g*(¢) Dq>((h )w d:”) %’

Q

where ®7(2) = |2|3Da(2) = baxg +€l2| 73 > 0, fe. @o(z) = Zxpz? + [z 7L
Note that

($)P7 (¥) 5ol .
Fy(h) 782\ BB R < 813aY(4) < 5 if [9] > 1,

g5 5($)PL () 3915(B)I 2 (b2l9P+e)  of 5(0)|o] 3 2.
Es(N @ S I S omerra = e St iflel <1

Then, due to (9)—(13), we obtain that

(22) 4 / B ()dx+ (1 — 4 — 5 / Dy (h, )" () 2dar <

Q
2
LiE10) / Fu5(0) Fre ()2, 4 Mo / hffde <

2
£g) / F1.6(6) Fie ()2, + CollBll3:
Q

where C5 > 0 is independent of N, € and § < dg.
Summing (21) and (22), we have

(23)

2072
%%”hH%{l(Q) + % /CI)€<’(/J)dLU + (6 —€&1— €& — %(Té))/flﬁ((b)}%ﬁ(h)hwwzdx—’—
Q Q

(1—ea— 5~ xs (e +29) / Do (b, )@ (p)2d <

Cs max{L, A3 o)}

where C3 = max{C1,C2} > 0. Choosing ¢; such that

2b2 Fy 2
,8—81—62—%0;) >0, 1—64—65—X¢%(é+83)>0,
namely,
2 2b2 Py
0 <ere3,65 <1, wm <€z<ﬂ*%°j),
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2
max{ﬁ bi+9) %(4ﬂ + B2 (b3 +0) — X¢Z—§f

\/(45+62(b?) 8) —xo )2 — 16838+ 6)} < eu <

min{1, & (464 B(03 +8) — vo'd + \/(46 0203 +0) — xp13)? — 165313 +9))

provided
48 + B*(b3 + 0) — X0 bsl > 4(b% +0)2 3%,

we get

(24)  LL(|n|% +%/LI> (1) dx+C/f15 (¢) Fse(h)h3, da+

c / Do (hy )@ ()2da < Cymax{L, 7]} o}

Applying Gronwall’s lemma to (24) with y(¢) = max{1, Hh||H1(Q Y4+ 2[| P ()1, we
obtain that

max{L, || hoc 51 ) }+211%e (¥50) Il
(25) 17117 ) < o -

(1—3Ca(max{L,[1h3L 12, ., }+2l®c (wd)I1) 2 6)3

H1(2)
for all t < Ty := [3C5(max{1, Hhé\gH%{l(Q)} + 2|12 () [11)2] 7. Because hd — ho
strongly in H*(Q) and ®.(yY) — ®o(¢)p) strongly in L}(Q) as N — +oc and e — 0
then we can select a time Tp := [6C5(max{1, ||h0H%{1(Q)} +2||®o (o)1) 2]t < Ty

which is independent of N, ¢ and §. As a result, we have the following a priori
estimate

(26) 12 + / B.($)dr + C / / f1.5(6) Foe ()2, dudt +
Q Qr

O// Dg 5 ‘I’N ¢)¢id$dt S 04

for all T' < Ty, where Cy is independent of NV, € and 4.
Hence, from (26) we obtain that the solution (a;(t),b;(¢)) can be extended up to
To. As a conclusion, we have shown that the Galerkin equations have solutions

hY, i € C1(0,T;C°(Q)) for all T < T,
4.3. Limit processes.

4.3.1. Limits of N — 400 and € — 0. Let ¢65 = hN . Next, we have to show that

in the following weak formulation we can pass to the limit for N — 4o0:

T

@27) | (B 0), N @))dt — B [ | fro(dD5) Fse(E5)RES upll dudt—
/ /]

//fo 56 F5 h Ndi['dt //D15 ) 56 djsézg:]vvdxdt
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T
/ 55.0(0), ¢ (8)dt — 5//915 (025) Fs(RL5)AES pe G2 davdt—
0

/ / 9o (oN) Fs (RN ¢N dadt = / Do (W35, 25055 ¢ dadt

for all ¢V € LQ(O,T;Hl(Q)) and ¢V € L3(O,T; W1(2)) such that &N — ¢ in
L2(0,T; HY(Q)) and ¢V — ¢ in L3(0,T; W4 (Q)) with £(—a,t) = &(a,t), ((—a,t) =
¢(a,t) for all t € (0,T).

To ensure convergence we have to establish appropriate convergence properties.
By (26) we have the following (uniformly in IV, € and J) boundedness for all T' < Tj

(29) {hs} in L(0, 75 H'(Q),

(30) {®(¥55)} in L(0,T5 L1(Q)),

(31) {(fl,&((ﬁé\g)Fﬁs(hé\g)) €9, xm:v} in L2(QT)
(32) {Dl 5(h567 ) ed, ac} m LQ(QT)
(33) {(Dae(hZ5, w3) 2L () 905} in 12(Qr),
(34) {(65) €d, zza:} in LQ(QT)

By (29) and the embedding theorem, we have

(35) {n} is uniformly bounded in L>=(Qr).
Note that from (30) it follows

(36) {xotds} in L°(0, T3 L*()),

and from (33), (36) we have

(37) {Xo|¥2512} in L2(0,T5 H' (),

y (37) and (36), due to the embedding theorem for parabolic function spaces
from [12, Prop051t10n 3.2, p. 8] applied to w = xu[tN |2 e L2(0,T; HY(Q)) N
L>°(0,T; L5 (£2)), we can derive the following estimate for i

(38) {xo¥ S5} in L(Qr).
The previous statements allow us to prove that
(39) IE§ _ﬂ(F5(h<{:\g)+E)f1 5(¢N)hé\t[5mzz+
Fy(hZ5) fo(625) — Dis(hls, v55)wl . 1s w. b in L*(Qr),

(40)
IN = Fs(hX) 18915652 paw +90(655)] = Do o (WD, 0wl , is w. b. in LE(Qr),
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and therefore by (29), (31) and (34), we find that

(41) {hé\f57t} is uniformly bounded in L?(0,T; (H'(2))*),

and by (36) and (33), we deduce that

(42) {125} is uniformly bounded in L3 (0, T; (W3(2)).

By (29) and (41) we find (see [5]) that

(43) {hX} is uniformly bounded in Ct%f (Qr).

Therefore, we conclude that there exists a subsequence N = N, € = ¢; such that
(44) h2 — hs uniformly as N — +oo, € — 0.

Moreover, by (34) we have

(45) hY — hes weakly in L2(0,T; W5 (Q)) as N — +oo0.

From (36), (19) and (37) it follows that there exists a subsequence such that
(46) YN — 95 *-weakly in L>(0,T; L' (Q)) and a.e. in Qr,

(47) XoUls — XoWs *-weakly in L°°(0,T; L*(R2)) and a.e. in Qr,

(48) Xo(25)F = Xp(¥s)F weakly in L*(0,T; H' (€2))

as N — 400, — 0. Thus, by (41) and (42), we have for correspondent subse-
quences

(49) h?{;,t — hss *-weakly in L2(0,T; (H'(2))),
(50) W5~ b *weakly in L (0,75 (W3(92))").
In particular, by (44) and (46) we get

N
(51) ol = ;fNj — g5 := ¥ a.e. on {|hs| > u}

for all u > 0 as N — +oo and € — 0. Due to (51), we can take limit in all terms
of (27)—(28), connected with ¢%, as N — +oc and € — 0 on the set {|hs| > u}.
On the next subsections, we will prove that hs > 0 and 15 > 0. For this reason,
instead of convergence (51) on the set {|hs| > p}, we obtain this convergence a.e.
in QT.

Applying these convergence results to (27)—(28) we get that the Galerkin so-
lutions (%, %) converge for any fixed § > 0 to a weak solution (hs,1s) of the
degenerate problem

(52) <h5,t(t)’ f(t)>dt - /8 f1,6(¢6)F5(h5)h6,wxa¢£a¢d$dt—
fras-of

J[ fos)Fs)gadnat =~ [ [ Dysths, vo)vs.ogadoa,
Qr QT
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(53)

St~

(Ys5.4(t),C(¢))dt — 5/_/91 5(05)Fs(hs)hs goaCadadt—

/ / 90(65) Fs (hs)Codardt — / Dy(hs, s )ibs o Coddt
Qr

for all T < Ty and € € L%(0,T; HY(2)), and ¢ € L3(0,T; W4(2)) with £(—a,t) =
&(a,t), ¢(—a,t) = ((a,t) for all t € (0,Tp).

4.3.2. Positivity of hs. Next, we show hs > 0 for all § < dp. This allows us to
extend the corresponding integrals in (52), (53) on all Qr. Multiplying (15) by
5o (h), we get

Q Q
/ Jol&)Fs (WG ()hdar — / Dy g (hy )G () ey =

Q
5 [ Fra@ bl hahonsde + [ LR dn — [ OB
Q Q Q

where G_(z) = le(az). Using (9), we have

1
dt/G& < (/h2d:c /fl(; |h|20‘daz)2
% i
i :
asxs / (hPh2da ) / wfizdr) "
Q
Choose a > % and s > 3. Then

1
& [ Gty < Carad Il

1 2a+1 1 2a
CBlao+ 53 (ally ™" + 53 o)y / () Fse (h)h2, )+

Canxgllhalls ™ / wfzdr) "

Integrating this inequality in time, taking into account (26), we deduce that

(54) Gse(h)dz < | Gse(hos)dx + Cy(T)
[
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for all T < Ty, where Cy(T) is independent of N,e and & < dp. By Fatou’s
lemma, (44) and from the uniform (in N,e,d) bound of [ Gs.(hos)dx we deduce
Q

that [ Gs(h)dz dx is uniformly bounded in N, e and 6.

Fi?st of all, we show that hs > 0 in @7, when s > 4. If this is not true, then
there is a point (zo,%0) € Qr, such that hs(zg,to) < 0. Since convergence hs. to hs
is uniform as € — 0 then there exist v > 0 and gy > 0 such that hse(z,tg) < —7 if
|z — zg| < v and € < gg. But for such x, by the monotone convergence theorem

héa("l;vto) v
Gse(hse(z,t0)) = / /F mydedo 2 // —ydzdv i
A -7 A
// dzdv—+oofors 4, a €[5,5—2],
—~ A

where A > max |hs.| for all small §,e. Hence, liH(l)f Gse(hse)dz = oo and this is in
E—r Q

contradiction with (54).

Next, we show that hs > 0 on  when s > 8. Indeed, if hs is not positive
everywhere in Qr,, then there exists a point (xo,tp) in Qr, such that hs(zg,tg) =
0. Then by the Holder continuity of hs € C/?, we have |hs(x, t)| = |hs(x,t) —

5‘ |a s42

hs(xo,t)] < Clx — x0|'/?. Hence, taking into account Gs(z) ~ To-siDa—s73 for
|z| < 1, we come to a contradiction

/G5h5 =oc0ifs>28, ae(],s—4]

Q
As Gs(z) — Go(z) = #f(:jﬁ?) for all z > 0 then, due to (18), Gs(ho,s5) —

§lHo(a—st2)
Go(hos) < Goamna—s9)

h&~tdz < oo, hence it follows that h > 0 if hy > 0 in Q.
J R :
Q

as 6 — 0. Hence, fGo(h)dx is bounded provided

4.3.3. Nonnegativity of 5. Now, we can use the bound for [ ®.(¢.s)dz (see (26))
Q
to derive the lower bound ¥5 > 0. If z < 0 and 0 < & < &g, then, due to ®”(z) =
Xoba +€lz| 73 and ®.(2) = bz;“ 24 £]z| 7!, we have
Be(2) > Be(e) + BL(e) (2 — &) + 4B (e) (2 — £) > BL(e)(z — &) + X2t 22,
It follows that
2
2 < ey (Pe(2) — BL(e) (2 — €)).

~ X¢ b262 +1
This implies

2 2(I>/
[ vstie < 2 [@utwsiin - B2 [ s - pio <

Q Q Q

252/<I>5(1/165)dx+5/1/)0,8 dx + 2|02
Q

Q
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Then, taking into account (30) and (19), passing to the limit in this inequality as
e — 0 yields ¢¥5 > 0 a.e. in Qr,.

4.3.4. Estimate 15 < hs. Let us denote by

v = hs — Ys.
We want to show that v > 0. Subtracting (16) from (15) with e = 0, we arrive at
(55) vy + (Lé)w = (Dé(haw)vw)w in QToa
(56) v(2,0) = vo,5(x) :=hos —tho =0
(57) v(—a,t) = v(a,t), vy(—a,t) =v.(a,t) Vit € (0,Tp),

where

Ls := BEs(h)(f1.5(¢) — 91.6())haaa + F5(h)(fo(®) — go()) + Ds(h, 1)) ha,

Ds(h,¥)) := Day(h, ) — Dy s5(h, ) = hga(¢) — Fs(h) f2(9).
By (13) we find that
(58) Ly=Ds;=0ifv <0, ie. g5 =% > 1.
Choose

re CHR):r(2) >0, 7(2) <0if 2 <0, r(z)=0if z>0.
Then

R(z) :=/r(s)ds=01fz207 R(z)>0if 2 <0,
0
and in particular,

/R(v075(a:)) dx = 0.
Q
Multiplying (55) by R/(v) = r(v), we deduce that

% R(v)da + / s(h o (0)idds =~ [ (0)(La)ada,

Q

whence by (58) we have

0< /R(v)dx < /R(v075)d:c = 0.

Q Q
This implies that R(v) = 0, thus
(59) v=20, ie s <hs < ¢s <1, a.e. inQ for any ¢t € [0, Tp].
Passing to the limit in (59) as 6 — 0 yields
(60) 0< ¢y <ha.e in Qp,.
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4.3.5. Global existence. Using the mass conservation (19), we can extend our local
solution for all times. We consider the approximation solutions (hgs,1s), where
hs > 0. Next, instead of (26), taking into account (59), we obtain more exact
a priori estimates for (hs,s). For brevity, we denote by h := hs, ¥ := s and
¢ = ¢s.

Multiplying (15) with e = 0 by —hg,, we deduce

%%/hidm—&—ﬁ/fw VFs(h)h2, dv =
Q
Q
/f15 VEs(h)h,..d 5(/ fo(¢) dm)§
Q
% 2 (ha 3
/f1,5(¢)F5 ;caca: / 15(23)F5(h)¢2d1‘> <
Q
(/f1,5(¢)F5(h)him 5 al/tha; 5
Q
(/ﬁa@%w 2 o) /ﬁwdx?
Q

whence we find that

2 P
@ Q

Using the Nirenberg-Gagliardo interpolation inequality

2(271) pT+2
(62) [ollp < collvally ™ [lolly™ +ellvll

for all v € H'(Q) with v = h > 0,p = 3 and the mass conservation [ hdx = ||ho 1,
we arrive at

(%)é%/@M+wfaf@/ﬁMm&w@MM<
Q

451 /h2da: 5 +482b2/D2(h,¢)¢3d33,

Q

where the C’s is independent of § < dg.
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Next, multiplying (16) with € = 0 by v, we deduce that
%di/deaer/Dg D)ide =

5 / Fy(h)haaogr.5(6)duda + / Fy(1)go(9)nd <
Q

Q
93 .5(0) 2 % 2 %
30 [ Fwge) .\ ?
/D2 vidr) (/ i) <
Q
b b
b / Dy (h, )2 dw / fr.5(9)Fs( )himdx)

/D2 zp?dx)%(zi/hi"dx)%.

Q

Then we obtain that

(64) %di/zp dz + 1—83—&‘4/D2 Y)2d <

2 2
ffsi(; /fl g F‘S(h)hiwwdx + 4Eb1b2 /hSdI <
Q

2
Cb? 2 3 Cb?
453172 /fl 6 F5 xzzd de,bs (/ hzdx + T
Q

Summing (63) and (64), we have

(65) 3 (llhellFaqy + Il1720) + (B —e1 — 2 — 4 /fw VEs(h)h ppdt

(1—e3—es— 45221;2)/D (h. ¥)uzdw < Callha ”L2(Q +Cs.
Q

Choosing ¢; such that

B%b a3
B—e1 —eg— 453172 >0, 1—e3—¢e4— 5 >0,
namely,
2
O<€1,€4 < 1, W<53<1 4b282
B a2 Bb2 a? Bb2
2[4ﬁi2_417;)+1_\/(4ﬁi2 -t 12— ]<52<

3 Bb2 o2 8b2
5[4572 4b§+1+\/(4ﬁiz — @ + 1% - ﬁbQ]
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provided
a2 Bb2 BbZ Bb2 b2
4Bi2< lfy/rb;’andﬁ<1 or 4Bb >max{rbgf , 1+\/4—b;’ ,
we have

(66) L(|helZa + [1012200) + C / f1.6(6) Fs ()2, dir +

4
/D2 1/; dr < C’ﬁmaX{LthHfz(ﬂ)}’

where Cg > 0 is independent of § > 0.
By Gronwall’s lemma applied to y(t) := max{1, ||hm|\%2(g)}—|— Hz/)||%2(m, we obtain
that

3
1
(67)  |hallZ20) + 1¥1172() < [(max{l, 1hos,2 1720} + [%0ll72())® + 5C6 t}

for all ¢ > 0. As a result, we have

(69) el + 10130 + € // Fua(OFs(W2 . dudr+

(J//D2 V)Yidedt < Co(T) VT > 0,

where C7(T') is independent of § < dyp. The a priori estimate (68) allows us to
construct the limit solution (h, ) as § — 0 for all T > 0.

4.3.6. Limit process for 6 — 0. Similar to (51), in view of (59) and (60), we can
take limit in all terms of (52)—(53), connected with ¢5 = w*‘, as § — 0 on the set
{h > p}. On the sets {¢p < h < p} and {¢ < p < h}, we show smallness of the
corresponding integrals on this set. Really, if § is sufficiently small, depending on
1, then

‘/ f1,5(¢5)F5(h6)h6,xacx§xdxdt‘ <

{h<p}

1
2 3
2

([ fustonpstoasar)” < cut.

{h<p}

(/ f1,5(¢5)F5(h5)h(2;,rmdxdt
‘// fO(%)F&(ha){xdxdt‘ / §xd$dt / (fo(¢ps)Fs(hs)) dxdt)% <O,
{h<p} {h<u}

| [[ Pratosvavsatezat| < [ Daths, oo o) =

{h<p} Qr
D2 5 (hs,ts) 3 3
(/[ St 2aode)” < out,

{h<n}
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‘// 9176(¢6)F6(h5)h5,wzxcxd$dt‘ <

{¥<n}
/ f15 ¢5 F(S(hg)(h(; zzz dl’dt 5 / ‘Cz|3dxdt 3><
// (Fs(ha) fe2iies) dedt) " < C / vidadt)” < Cut,
{¥<u} (<)
‘// 90(¢s)F5(hs) Cmd:cdt’ //K$ 3d:vdt 3 // lgo(¢s) Fs(hs) \2d:pdt>§ <
thsid {h<p}
C’(// (¢5h5)%dxdt)§ < C’M% (//w?dxdt)g < Cu%,
{h<p} O

| [ Daths,voyisatadoit| < / Da(hs, s)03 dudt)  x
{¥<u}

1 1
/ |Gl 3dxdt / (D (hs, 15)) dxdt ‘<O / w5dxdt " <Cut.
{p<p} {<u}

t\Jcc

Applying these convergence results to (52)—(53), we get that the solutions (hs,1s)
converge to a weak nonnegative solution (h,) of the degenerate problem

T

/<ht(t) dt—/ (Bf1(9)P* hazuls + fo(@)h* — Dy (h, )b, )dadt = 0,
0 {h>0}
T
[wircorde~ [[ a@nsar~ [[ (301(6*hans ~ Dol v} ot =0
0 {h>0} {y>0}
for all T > 0.

5. CONCLUSIONS

We have obtained an existence result for a coupled system of degenerate par-
abolic equations governing the height h and particle concentration v of a viscous
suspension under the effect of surface tension. The solution satisfies the physical
bounds h > 0 and 0 < ¢/h < 1 corresponding to the boundedness of the particle
concentration. The existence result depends on certain bounds on the flux coeffi-
cients, particularly on the degeneracy in the 1-diffusion term as 1) — 0, that are
consistent with the asymptotic results obtained for the physical system. The result
established here may be useful in future study of this system, for example in devel-
oping numerical methods that preserve the bounds on the solution as done for other
equations from lubrication theory [20] or in studying the growth of singularities and
long-time behavior of advancing fronts.
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