
Lecture 9: Cobordism
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1 Cobordism groups

We follow [At]. Let’s work in a category of topological spaces satisfying the
conditions for the classification of vector bundles. For a smooth manifold M of
dimension n, let τM = ∧nTM be the orientation bundle. If M is a manifold
with boundary N , there is a canonical isomorphism of τM |N ∼= τN . Let Mn

denote the set of pairs (M, τ) where M is a compact smooth manifold (with
boundary) of dimension n and τ is the orientation bundle. Let M0

n denote the
subset consisting of pairs where M has empty boundary. We have a boundary
map

d : Mn → M0
n−1.

Let X be a topological space and α be a line bundle on X. Define a map
(M, τ) → (X,α) to be a continuous map f : M → X together with an isomor-
phism f∗α ∼= τ . Let

Cn(X,α) = {(M, τ), F}
be the set of tuples (M, τ), F , where (M, τ) ∈ Mo

n and F : (M, τ) → (X,α) is a
map.

Say that (M1, τ1), F1 and (M2, τ2), F2 are cobordant if there exists (N, τ) ∈
Mn+1 and a map F : (N, τ) → (X,α) such that

1. d((N, τ)) ∼= (M1, τ1)
∐
(M2, τ2).

2. F |M1 = F1 and F |M2 = −F2.

Note that cobordism determines an equivalence relation.

Definition 1.1. The n-dimension oriented bordism group of X with coefficients
in α, denoted M SOn(X,α) is defined to be

ΩSO
n (X,α) = Cn(X,α)/ ∼,
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where ∼ denotes the cobordism equivalence relation.

The disjoint union gives ΩSO
n (X,α) the structure of an abelian group.

An almost complex manifold of dimension n is a 2n-dimensional manifold
with a reduction of the structure group of the tangent bundle from O(2n) to
U(n). Using almost complex manifolds and complex line bundles, one can simi-
larly define ΩSU(X,α). Forgetting the complex or real line bundle defines ΩU

n (X)
and ΩO

n (X), respectively.

The framed version of cobordism groups are defined as follows [M]. A fram-
ing of a closed smooth (real) manifold M is an embedding i : M → RN and a
trivialization of the normal bundle Ni. A framed manifold is null-bordant if it is
the boundary of a framed manifold with boundary. Two framed manifolds are
cobordant if their difference is null-bordant.

Definition 1.2. Let Ωfr
n(X) denote the group of cobordism classes of framed

n-manifolds equipped with a map to X.

2 Thom’s theorem

It is not clear that the problem of classifying manifolds (with various structures)
up to cobordism is even in homotopy theory, but it is. René Thom introduced
the Thom complex MSO(m), which defines a CW-spectrum MSO whose mth
space is MSO(m). The oriented cobordism groups are the associated general-
ized homology groups.

Theorem 2.1. Let O denote the trivial bundle on X.

ΩSO
n (X,O) ∼= lim−→

m

πm+n(MSO(m) ∧X+)

∼=MSOn(X).

The proof uses the Thom collapse map: Let i : M → RN be an embedding
of an n-manifold. Let Ni denote the normal bundle. Then the Thom collapse
map is the induced map

Th(i) : SN ∼= (RN )+ → (RN )+/((RN )+ − i(M)) ≃ D(Ni)/S(Ni) ≃ Th(Ni).

There is also a Thom diagonal map: For any vector bundle V over a space X,
the composition D(V ) → D(V )×D(V ) → D(V )×X of the diagonal map with
the projection induces a map

∆ : Th(V ) ≃ D(V )/S(V ) → (D(V )×X)/(S(V )×X) ≃ Th(V ) ∧X+.
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Proof. Let (M, τ), F be a representative of an element of ΩSO
n (X,O). Then τ

is equipped with a trivialization. By the Whitney embedding theorem, we may
choose an embedding i : M → RN . Let Th(i) : SN → Th(Ni) denote the asso-
ciated Thom collapse map. Since τ ∼= detTM is trivialized and so is detTRN ,
the normal bundle Ni inherits an orientation, giving rise to a classifying map

b(Ni) :M → BSO(N − n)

together with an isomorphism b(Ni)
∗γN−n

∼= Ni of oriented vector bundles on
M . Taking the associated map of Thom spaces gives

Th(b(Ni)) : Th(Ni) →MSO(N − n)

We obtain the Pontrjagin–Thom construction

SN Th(i)−−−→ Th(Ni)
∆−→ Th(Ni) ∧M+

Th(b(Ni))∧1−−−−−−−−→MSO(N − n) ∧X+ (1)

which determines an element of lim−→m
πm+n(MSO(m) ∧ X+). Since the map

SN Th(i)−−−→ Th(Ni)
∆−→ Th(Ni)∧M+ is the Nth suspension counit in the duality

between M+ and Th(−TM), its homotopy class is independent of the choice
of embedding. Including RN into Rn+1 suspends Th(i) whence (1) defines the
same element of the colimit. Moreover, after sufficiently many inclusions, all
embeddings become isotopic by a result of Wu giving a homotopy between
b(Ni) and b(Ni′). Thus the homotopy class of (1) is independent of the choice
of embedding.

We claim that if (M1, τ1), F1 and (M2, τ2), F2 are cobordant, they give rise
to homotopic maps (1). Let N be a cobordism. Embed N into the Euclideanm-
diskDm, so that dN =M1

∐
M2 is embedded into ∂Dm = Sm−1. Assume these

embeddings are cellular and that N is transverse to Sm−1. There is a tubular
neighborhood of N whose intersection with Sm−1 is a tubular neighborhood of
∂N . The map

Dm → Dm/(Dm−N) ≃ Th(NND
m) → Th(NND

m)∧N+ →MSO(m−(n+1))∧X+

is a null-homotopy between the difference of the Pontrjagin–Thom constructions
(1) associated to (Mi, τi), Fi for i = 1, 2.

We therefore have a well-defined map

ψ : ΩSO
n (X,O) → lim−→

m

πm+n(MSO(m) ∧X+)

We show ψ is surjective in Proposition 2.7. Injectivity follows from a similar
argument producing a cobordism from a null-homotopy of the difference.

For any CW complex X and CW spectrum E, we have En(X) ∼= πn(E ∧
Σ∞

+X) ∼= lim−→m
πm+n(Em ∧X+).
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Theorem 2.2. (Steenrod Approximation Theorem) Let π : E → B be a smooth
vector bundle with a Euclidean metric. Let σ be a continuous section of π. For
every ϵ, there is a smooth section s such that |s(b)− σ(b)| < ϵ for all b ∈ B.

Corollary 2.3. Let f :M → N be a continuous map between smooth manifolds
and let K ⊂ M be a closed subset and U ⊂ M an open set whose closure
is compact and disjoint from K. Let Z ⊂ N be a closed subset such that U
is an open neighborhood of f−1(Z) and f−1(Z) is compact. Then there is a
continuous map g : M → N which is homotopic to f such that g|U is smooth,
g−1(Z) ⊂ U , and g|K = f |K .

This is a modification of [M, L16 Cor 1.9].

Theorem 2.4. (Thom Transversality) Let U,M, and Z be smooth manifolds.
Let i : Z → M be a smooth embedding. Then the topological space of smooth
maps U → M which are transverse to i is dense in the topological space of
smooth maps U →M.

Theorem 2.5. (Functor of points of the Thom space) Let V → X be a smooth
vector bundle on a smooth compact manifold X. Let M be a smooth compact
manifold. Then there is a natural bijection

{(Y ↪→M, i : Y → X, θ : NYM ∼= i∗V }
∼

∼= [M,Th(V )]

given by sending (Y, i, θ) to

M →M/(M − Y ) ≃ Th(NYM)
θ≃ Th(i∗V )

i−→ Th(V )

Proof. We may put a metric on the bundle V → X and define the unit disk
bundle D(V ) → V → P(V ⊕ O) → Th(V ). Let e :M → Th(V ) be a map.

Apply Corollary 2.3 to the map f : M ′ → V where M ′ = e−1(V ) and
f = e|M ′ . Note that both M ′ ⊂M and V are smooth manifolds, in contrast to
the Thom space Th(V ) itself. Let D(V )0 denote the open disk bundle and let
U = f−1(D(V )0). Note that U is open and its closure is a closed subset of M ,
whence compact. Let D(V )2,0 ⊂ V denote the open disk bundle of radius 2.
Let K ⊂M ′ denote K = f−1(V \D(V )2,0) the inverse image of the complement
of the open disk of radius 2. Since f is continuous, K is closed and is disjoint
from the closure of U as required by Corollary 2.3. Let Z be the zero section of
V . Applying Corollary 2.3, we obtain a homotopic map g such that g|K = f |K
and g is smooth on U and U ⊃ g−1(Z). Since g|K = f |K , we may extend g to a
map on all of M by setting g|M −M ′ = g|M−M ′ with g homotopic to e. Using
Thom transversality, we may assume that g is transverse to the 0 section. We
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recover the manifold Y mapping to e by the pullback

Y

��

i // Z

��
M

g// Th(V → X)

(2)

Since g in transverse to g, Y is indeed a manifold. The commutative diagram
(2) induces an isomorphism NYM ∼= i∗V .

Exercise 2.6. In the proof Theorem 2.5, check that the map in the statement
of Theorem 2.5 associated to (Y, i, θ) is homotopic to g.

Proposition 2.7. The map ψ : ΩSO
n (X,O) → lim−→m

πm+n(MSO(m) ∧ X+) is
surjective.

Proof. An arbitrary element of πm+n(MSO(m) ∧X+) can be represented by a
map c : SN → MSO(N − n) ∧ X+. Composing with X+ → S0, we obtain a
map

C : SN →MSO(N − n) ≃ Th(γN−n).

B SO(i) ≃ colimm GrSO(i,m) and M SO(i) ≃ colimTh(γi,m) where GrSO(i,m)
denotes the Grassmannian

GrSO(i,m) = {L : Ri ↪→ Rm}/SO(i)

of oriented i planes in m-space and γi,m denotes the tautological bundle. Since
SN is compact, we may express C as the composition of

e : SN → Th(γN−n,m → GrSO(N − n)) ∼= P(γN−n,m + O)/P(γN−n,m)

with the inclusion Th(γN−n,m) → Th(γN−n).

Exercise 2.8. State and sketch the proof of the analogous theorem giving a
geometric interpretation for ΩSO

n (X,α) for a line bundle α on X.

Theorem 2.9. Ωfr
n(X) ∼= πnΣ

∞
+X.
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