GROTHENDIECK’S ANABELIAN CONJECTURES

KIRSTEN WICKELGREN

I get told, rather more frequently than I would like, that mathematicians don’t really
work on Grothendieck’s anabelian program [Gro97b] anymore, that it is too hard to pro-
duce real progress, or even that it didn’t work. None of these statements are true in
my opinion. The Newton institute currently is running a program on the Grothendieck-
Teichmiiller group, which is an important character in Grothendieck’s anabelian program,
and I think it’s fair to say that Mochizuki’s recent and stunning work on the abc-conjecture
is related. With a view to reassure the hypochondriac of intellectual stagnation, the sub-
ject produced many papers (I count at least 19 on the arXiv), and at least one book [Sti13]
last year, which contained a lot of valuable results. If anything, it is getting closer to
mainstream mathematics rather than farther from it. More to the point, the conjectures
themselves are lovely, and provide a beautiful point of view on solving polynomial equa-
tions.

The classification of the covering spaces of a topological space in terms of its fundamen-
tal group can be used to define a notion of fundamental group in another category given
a notion of covering space. Here’s how. Let X be a non-pathological,’ connected topolog-
ical space with a chosen point xy. Given a connected covering space f : Y — X, choose y,
mapping to xo under f, which is always possible. Changing the choice of y, changes the
subgroup f.71(Y,yo) C 7 (X,%0) to Y.t (Y,yo)y ' for some v in 71 (X, xo). The resulting
association of the conjugacy class of the subgroup 711 (Y, yo) to the isomorphism class of the
connected covering space Y — X is a bijection [Mun75, 82.1, 79.2]. This can be rephrased
more functorially as follows. Note that 7;(X,xo) acts on f~'(x¢) by lifting a path repre-
senting an element of 7 (X, xo) starting at a point of f~'(x,) and recording the point of
f~1(xo) where the path ends. This action defines a natural 7 (X, x¢)-equivariant bijection
between the cosets of f,7;(Y,yo) in 71, (X, x0) and f~'(x,). Sets with a 7t; (X, x¢)-action form
a category, and the association of the fiber f~'(x,) to the covering space f : Y — Xis a
tunctor, which we’ll call 7. One rephrases the previous bijection by the equation

(1) a4y (X>X0) = AUt(f))

where Aut(F) denotes the group of natural transformations from F to itself. Equation (1)
then allows us to define a fundamental group given an appropriate F, so equipped with
a notion of covering space and fiber, we obtain a definition of the fundamental group.

Grothendieck discovered and used this process [SGAI], producing the étale fundamen-
tal group for schemes. A scheme is an object which records the solutions to some set of
polynomial equations. For example, {(x,y) € C* : y = x?} fits naturally into a scheme
denoted Spec C[x,yl/{y — x*). For any ring R, there is an associated scheme Spec R, and
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a scheme X is said to be over R if there is a map X — SpecR. This corresponds to the
requirement that the associated polynomial equations have coefficients in R.

The étale fundamental group combines both Galois groups and topological fundamen-
tal groups. Here is one example. Let k be a subfield of C. View a finite type scheme X
over k as the total space of a fibration over the classifying space? B Gal(k/k) of the abso-
lute Galois group whose fiber is the profinite completion of the complex points X(C). The
associated long exact sequence of homotopy groups (assuming X(C) connected) gives

(2) 1 - m(X(C)" - mX — Gal(k/k) — 1,

where 7 (X(C))" denotes the profinite completion of 7;(X(C)). See [SGAI IX Thm 6.1,
XII Thm 5.1] and [AM69] [Fri82]. The map 7t;(X) — Gal(k/k) is the functor 7; applied to
the structure map X — Speck.

For any scheme, the étale fundamental group has a natural topology compatible with
the group structure, and all the morphisms between étale fundamental groups will be
understood to be continuous. For simplicity, we will also assume from now on that k is a
number field, i.e. k is a finite dimensional field extension of Q.

Grothendieck’s anabelian conjectures identify schemes, called anabelian, which are pre-
dicted to be determined by their étale fundamental groups. To be more precise about
the phrase “determined by,” consider again the category of topological spaces. A map of
topological spaces f : Y — X and a chosen point y, € Y induces a map

(Y, y0) — (X, f(yo)).

If we have some chosen point x, of X, we can choose a path from f(y) to xo and obtain a
map m (X, f(yo)) — (X, x0). The composite map m;(Y,yo) — 71 (X, x0) is determined up
to post-composition by an inner automorphism of 7t;(X, xo). Let

Mapout(ﬂl (Y) yO)) s (X> XO))

denote the set of group homomorphisms up to post-composition by these inner automor-
phisms, i.e. Map®(m(Y,yo), 71 (X, %)) denotes the set of equivalence classes of group
homomorphisms where two homomorphisms f and f’ are equivalent when there exists y
in 71 (X, x0) such that for all nj in 71 (Y, yo),

f'(n) =vfm)y~".
The previous comments show 71; induces a map
€) Mapyop, (Y X) — Map® (7 (Y, yo), m (X, x0)).

Furthermore, up to post-composition by an inner automorphism of m; (X, x¢), there is a
canonical isomorphism m;(X,x;) — (X, %) for any other point x; of X, so one often
omits the base points, writing 7t; (X) for m; (X, Xo). A nice exercise in understanding CW-
complexes® is to prove that for X such that 7. X is trivial for x # 1, (3) induces a bijection
from homotopy classes of continuous maps Y — X, assuming Y a connected CW complex,
to Map®™ (7 (Y, yo), 71 (X, %)) . By Yoneda’s lemma, the fact that (3) induces this bijection
determines X up to homotopy. Such X are called K(m, 1)’s and they are the topological

2The classifying space BG of G is the quotient by G of a contractible space EG with a free G-action, so
BG =EG/G.
3CW-complexes are spaces built up from disks of various dimensions.
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analogues of anabelian schemes. The notion of an anabelian scheme was introduced by
Grothendieck in a letter to Faltings [Gro97a], which became important mathematically,
and famous in a quiet way. It also contains the anabelian conjectures, which we’ll state
after defining an anabelian scheme.

2. Definition [Gro97a, 2]. A finite type scheme X over k is said to be anabelian if it can be
constructed by successive smooth fibrations of curves with negative Euler characteristic.

The complex points of an anabelian scheme form a K(, 1), because this is true of curves
with negative Euler characteristic, and the property holds for the total space of a fibration
when it holds for the base and fiber.

To state the anabelian conjectures, we need the analogue of (3) in the category of schemes
over k. The morphisms in this category are commutative triangles

Y\ /X

Speck
Applying 7; with chosen base-points as above produces a map
(4) Mapy_gcheme (Vs X) = Mapgy ¢ 1) (701 (Y), 711 (X)),
where Map‘é‘“l /) (11 (Y), (X)) denotes the set of equivalence classes of triangles of group
homomorphisms
i (Y) 1 (X)
\ /
Gal(k/k)

which commute up to an inner automorphism of Gal(k/k), and where two triangles are
equivalent if their morphisms 7t;(Y) — 7;(X) differ by an inner automorphism of 7t;(X).
The map (4) is a good analogue of (3), but because of difficulties when X is not proper
(which is the scheme-theoretic analogue of the condition that a topological space be com-
pact), we need a refinement.

A map between schemes whose image is dense is called dominant. One can refine (4) to
a map

(5) Map®itheme (Y, X) = Mapgs P50 (m (Y), 7 (X)),

from the dominant morphisms of k-schemes Y — X to the subset

ap g (T (Y), 71 (X)) € Map@is ) (71 (Y), 71 (X))

consisting of triangles such that 7;(Y) — 7m;(X) has open image (which is the same as
being an open map in this case).

3. Conjecture (Grothendieck [Gro97a, 2, P.S.]). For X and Y anabelian, the map (5) is bijective.
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Note that the domains of (4) and (5) are not sets of homotopy classes of maps, but rather
the sets of maps themselves, with no equivalence relation imposed. The reason for this
is that continuous deformations of algebraic maps are rarely algebraic. For instance, two
algebraic maps between hyperbolic Riemann surfaces which are homotopic, i.e. for which
there is a continuous map [0, 1] x Y — X whose restriction to {0, 1} X Y is as expected, must
be the same,* whence passing to homotopy classes of algebraic maps has no effect.

4. Thereom (Mochizuki [Moc99]). For Y any smooth scheme and X a smooth curve with
negative Euler characteristic, (5) is bijective.

An algebraic map to a curve X which is not dominant has image consisting of a single
point (when Y is assumed to be connected), which reduces the problem of understanding
such maps to studying the maps SpecL — X for X a field. By replacing X with X ® L, one
can further reduce to L = k.

5. The section conjecture (Grothendieck [Gro97a, %]). For Y = Speck and X a smooth,
proper curve with genus > 1, (4) is a bijection.

The section conjecture says that the solutions to polynomial equations underlying a
curve are determined by the curve’s loops.

There is a version of the section conjecture without the assumption that X is proper. It
involves tangential basepoints, which construct sections associated with k-tangent vectors
at k-points of the smooth compactification of X, as well as sections associated with limits
of such tangent vectors.

The section conjecture (with or without the assumption that X is proper) is unknown.
It is analogous to an equivalence between fixed points and homotopy fixed points of an
action of Gal(k/k) on Bm; (X(C))" as follows. For a group G acting on a space X, the defi-
nition of the homotopy fixed points X"¢ is X"¢ = holimg X = Map(EG, X)¢, where EG de-
notes a contractible space with a free G-action, and Map(EG, X)¢ denotes the topological
space of G-equivariant maps from EG to X. Consider the target Map‘(’;‘:@ o (Gal(k/k), (X))
of (4) in the setting of the section conjecture. Since the classifying space B (X) of m;(X)
is a K(m, 1), it follows that the homotopy classes of maps B Gal(k/k) — B (X) are in nat-
ural bijection with Map®*(Gal(k/k), (X)) as discussed above. Similarly, the homotopy
classes of sections of

(6) Bm (X) — B Gal(k/k)
are in natural bijection with 1\/[ap‘é‘;tl(E /k)(Gal(E/k),m (X)). By the homotopy exact se-
quence (2),
Bm (X(C))" — BmX — B Gal(k/k)
is a fiber sequence. (One useful way of seeing this fiber sequence is to use EmX x

E Gal(k/k) as a contractible space with both a 7;(X(C))"-action and a 71 X-action. First
quotient Ery X x E Gal(k/k) by 1 (X(C))" producing Brt; (X(C))”. This B (X(C))" maps

4See [McMOO, §I1I p.127] for the analogous result when X is the moduli space of genus g curves. The
same argument works for X a hyperbolic curve.



to the quotient (EmX x EGal(E/k))/m)_( = BmX, Wllich in turn maps to B Gal(k/k).)
Pulling back a section of (6) along E Gal(k/k) — B Gal(k/k) gives a section of
B (X(C))" x E Gal(k/k) — E Gal(k/k)

respecting the actions of Gal(k/k), whence an element of

(B (X(C))") I,
In fact, this correspondence identifies the homotopy type of the space of sections of (6)
e (B (X(C))") 0,
giving the identification 1\/[abp%ut1 /%) (Gal(E/k),m (X)) = mo((B (X(C))M)Gallk/k)) | Tt is a

fact about the étale fundamental group that (X ® k) = m;(X(C))”, so the previous can
be rewritten

Mapg® 1 (Gal(k/k), 71 (X)) = mio((Brm (X @ K))" W),

Since X is a hyperbolic curve, the C-points of X, denoted X(C), are Brt; (X(C)). View the
k-points of X as B (X®k) by analogy. The k-points of X, written X(k) = Mapy_peme(SPeCk, X),
are the Gal(k/ k)-fixed points of X (k). Thus we have an analogy between Map,_eme (Spec k, X)
and B (X @ k)Gallk/k),

The G-equivariant map from EG to a point induces a natural map X¢ — X"C from the
tixed points to the homotopy fixed points, so we have

Brry (X @ k) S0 By (X @ k)Gl
Applying 7, to this map and precomposing with the map X(k) — m(X(k)) yields a map

analogous to (4) in the setting of the section conjecture.

There is a beautiful result comparing fixed points to homotopy fixed points for G a
finite p-group.

6. Sullivan’s conjecture. Let G be a finite p-group. For X a finite G-complex, the natural map
(X€)7 — Map(EG, X)€ induces an isomorphism after applying ., for all x. Here (=)} denotes
Bousfield-Kan mod p completion.

Sullivan’s conjecture was proven independently by Haynes Miller [Mil84], Gunnar
Carlsson [Car91], and Jean Lannes [Lan92]. Also see [DMN89].

The real section conjecture saying that
o(X(R)) — Mapgiyc/r) (Gal(C/R), "™ (X(C)/ Gal(C/R)))

is a bijection, where 7y™*(X(C)/ Gal(C/R))) can denote either the étale fundamental group
of X — SpecR or the orbifold fundamental group of X(C)/ Gal(C/R),’ is true by similar

5The orbifold fundamental group 3™ (X(C)/ Gal(C/R))) can be defined as the group of continuous au-
tomorphisms of the universal covering space of X(C) which lie over either the identity map X(C) — X(C)
or the map induced by complex conjugation.



arguments. If X(IR) # (), this can be rewritten as a natural bijection
To(X(R)) — Mapi ¢ g (Gal(C/R), Gal(C/R) x m(X(C))) = H'(Gal(C/R), m (X(C))),

where 7 (X(C)) can denote either the topological fundamental group of X(C) or the étale
fundamental group of X ® C.
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