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For context we begin
with remarks on K theory

algebraic topological
K theory K theory

Topological

X top space

Vect X isomorphism classes of a vectorbundles

on X monoid

There is no but can be added formally

The Grothendieckgrad or groupcompletion

of a monoid M is

K.CM MMM
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equivalent although needs proof
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next gig
when
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vector bundles on X
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Bolt periodicity
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Def KoCR group completion
of monoid

of isomorphism classes
of

finite projective R modules

I isomorphism classes of
finite projective R modules
p

Ii
when

o Po P P o

is a short exact sequence



RMI A projective module over a local ring is

free so projective modules are locally free

EI F field K CF Z

CPJ a dim P
chitipeni
Exercise R ring IER ideal contained

in the Jacobson radical Then

Ko CR É KoCRII
In particular for any local ring R

KoCRI IZ

Ey O Dedekind domain The Clasgroy

Cl O isom classes of non Zero

ideals I of O

with group operation
I J IJ ideal

generated by ab for a c I be J Recall

each I is a finite projective O module

so we have I Eko O



There is a short exact sequence

0 Cec a Koco 22 o
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PJ Frank P

Morrow PCMI

Exercise check this short exact sequence

Why is the map Cl 6 Kolo

a well defined group
homomorphism

smooth scheme variety over a field

complex

isomorphism classes

Def Ko X group locally free

Ox modules

9
These are the
rector bundlesonX

Z X irreducible closed subscheme

Oz functions on Z structure sheaf of Z

There exists a resolution needs proof



O Oz Pot Pd to

Pi vector bundle on X

Z E C Di P JE Ko X

The topologicalfiltration on Ko X is defined

d din X

Ko Fil d 2 Fild 2 2 Filo

Fil Ko x subgroup CZ Ze X
generated irredclosed

by subscheme

dim Ej

Part of the Riemann Roch theorem States

that
CHI x Filj Kow Filj koCx

Z Cz

is surjective and has
kernel killedby Cj 1

ref Fulton Intersection theory Example 15.1.5 15.2.16
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IA htpy theory

Tablefrmluriemodulo
K theory

iii i
bilinear form with quadratic or

bilinear form

for IR dimension
signatureand

spaces

dimension
vector signature

Witt
classical Ko

Grothendieck

Gw

group
wittgroupversion W

Euler char
signatureinvariants

of manifolds
Euler
characteristic

signature

local to Gauss Hirzebruch
global Bonnet signature
principle thm theorem



Why is this mini course happening now

9 authors Calme's Dotto Harpaz Hebestreit
Land Moi Nikolaus Steinle

inspired by Lurie

tÉÉÉÉ let x be a cw complex When

does there exist a smooth compact manifoldM
and a homotopy equivalence

Xen

or what distinguishes the homotopy type of

a compact smooth manifold from the

htpy type of other CW complexes

A1 compact manifolds satisfy Poincaré

duality
M din n smooth compact oriented

HELM E H ECM D HCM 2 MMMa
112

Z
non degenerate graded

symmetric bilinear
pairing



melt of an L group
Def Let X be a simply connected CW

complex X is a simplyconnectedPincare

g.mg jqofdim
ifFCxJeHncx x

H'CX.AE Hn eCxi2

X is called a fundamental class

go ZEHEX 2 Halt X
1 H x

a well defined
up to signq n H X 2 Hn ex z o

n determined by X

If X is htpy equivalent to an oriented compact

smooth mfld then X must be a Poincaré

complex

Question Let X be a simply connected

Poincaré complex of dim n When does



there exist a homotopy equivalence

X M
M smooth oriented compact manifold din n

AIM has tangent bundle TM closely
related to Poincaré duality

Duality V finite din't vector space one R

Hom V R

Hom V W E VFW
V V R Given VÉV one obtains

nondeg symm bilinear form Vor R

Def A symmeticmonoidalcateg.fi's

where he is a category
0,7

with a tensor or smash product 0 6 6 26

with a unit I sit I CIC and

Cole C and Z CODE Doc

is a symmetry isomorphism



ex vector spaces
modules over a Comm ring
chain cplyrs of modules

stable htpy cat

A stable htpy Cat

finite dime replaced by

Ae Obc E is dualizable if F Bob E

and I A B B A I

sit A A BoA A

B

Etf
B

Notation DA B



Exercise Hom A C E HomCI IDA B

InkIn a closed symmetric monoidal category
Homer C IIDA B in E

EI afg projective modules are dualizable
objects in modules over a commutative

ring

fig chain cples projective in each
dimension are dualizable objects

in chain complexes

Smooth compact manifolds Mare
dualizable in the stable homotopy

category
here

theories
Homotopy stable p

htpytheory
meany

and finite
W complete
X have

TM DX_HomG

Atiyah Duality DM t

minus the test bundle
Tom space of

M rector bundle

Thom space MV or Th V MY Disphetendle



M's PCv
that bundle

For M compact MI Enea
compactification

E M I E M Ex The P made IP I payMr M TM
1

Apply Ht Kenneth

HIM H MT HID ez
perfect pairing

119cm o H'ECM TM
z

Thom isomorphism TM oriented NEM TM I

sitting Item tie m

pier Erm
H Th p ranken

perfect pairing

119cm so H E
m 2 Poincaré

duality

The fundamental class is described by the
structure maps in 1 Man TM

as follows



Mark embedding

TMT NMR's 1k

TM Nmr I

Mtn g ru Nur

Thom collapse map

IC SEIR u a M
NnR

SR tubular
t t t n nbhyd

I

mi

CE Th
MMMM Ha MMM

orientation
HER Cr n M



I H.CM
image of C is Me Hncm

Thy Let M be a simplyconnected oriented smooth

manifold of dimension n Then there exists

a vector bundle 3 on M of dimension

n namely the tangent bundle and a class

ZEE Kc in to M 3 such that

the image of 2m under the composition

T.CM 3 H.CM R EHnCM z

Iiiniation
is a fundamental class of M

Question Let X be a simply connected Poincaré

complex of dimension n suppose we are given

a vector bundle 3 of dimension n on X

and a homotopy class z e to X
3 whose image

in Hn x2 is a fundamental class for X



Does there exist a smooth manifold M of

dim n and a htpy equivalence

F MIX
sit F 3 Ty in Kox and Fz MmtMtn

RRthyof IR vector
bundles

AnEans wer

Assume n 4k

nondeg symmetric bilinear form

C Hex IR x H CX IR HUCK IR IR
from Poincaré duality

Sylvester's thm we'll see generalization next time

F basis Xi XaXan insta for Hex IR

sit Hi
Fit

y



Signature s a b

Let Tu Signature S

Hirzebruchsignatureformulfi

let Pitch ish k denote the Pontryaginclasses
of TM

Pich C 1 Cai CTM e EH M K
Chern classes

Tu LCPGM PaCTM MT
9

L is some polynomial

For example

n Y L PiCTm CM
T

4 8 L 7PZCTMIP.IR my



Remarks Lurie Ll 12 For manifold M Poincaréduality

satisfied for a local reason so one might expect

a local formula for Ty
Clune 24 225 Signature formula results from
2 orientations on L1 HQ

a
cohomology thy
representing XSHIXD

surgery theory gives converse

Thy Browder Novikov Let X be a simply

connected Poincaré complex of dimension 4K 4

let 3 be an oriented vector bundle on X of rk 4K

let ME X 3 be such thatthe image of m in

HunCX X is a fundamental class
Then
Question 3 answer is yes

X satisfies the Hirzebruch signaturetheorem



Algebraicmotivation

R field
g
analogue compact

X smooth proper scheme R dim n

Rx Kahler differentials X KIT X
Cotangent

Wy det Rx bundle

X vector bundle rank r

Grothendieck Serreduality Tr H X W 2k

perfect pairing H X F Hn E X HomCF 4 R

Def V is oriented by the data he locally

X linebundle and

We detV I 202

X t section of V

Def The Koszulcomplex Kos Yt

is Kos CV t deg n dego
d

o Arv 1 VE Iver Oso



deceit men E c 1 these n se n ne

There is a pairing
KosCV.rJ koscV.r Arv In
Me for the duality

ID Perf X Perf x

Ca RHomC det In

det V Arv

Koser r is self dual

Suppose V is oriented and n r

Then Koser rJoL Kos Voy detv
112C

Wren

Perfect pairing

H X 1EVIL H CX 1 7 2
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M elt of L groups
of fields

This is an Euler class in A htpy thy
Bachmann W Levine Rak sit for tot bundles
Hopkins Serre
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