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Notation. k will denote a subfield of C. A curve over k means a finite type, sepa-
rated, reduced scheme of dimension 1 over k. (So curves are not assumed to be proper or
smooth.) k is the algebraic closure of k in C. Gy = Gal(k/k) denotes the absolute Galois
group of k. Xg = X Xspeck Spec k denotes the base change to k of a scheme X over k. X(k)
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G” denotes the profinite completion of G.

Date: Monday, July 20, 2009.
Supported by an NSF Graduate Research Fellowship and a Stanford Graduate Fellowship.

1



1. INTRODUCTION

1.1. Some background and motivation. We study cohomological obstructions of Jordan
Ellenberg to sections of the map on étale fundamental groups induced by the structure
map of a curve defined over a subfield of C. Let 0 : X — Speck denote such a structure
map. We will be most interested in the case where k is a number field. The obstructions
examined here study the role of the lower central series of 71y in blocking sections of 711 (o),
and therefore in blocking rational points. While the interest of understanding rational
points is clear, the motivation for understanding sections of 71;(0) requires some expla-
nation: Grothendieck [Gro97] conjectures the existence of a subcategory of “anabelian”
schemes, including hyperbolic curves over number fields, Speck for k a number field,
moduli spaces of curves, and total spaces of fibrations with base and fiber anabelian,
which are determined by their étale fundamental groups. (See [Sza00] for a nice descrip-
tion of these conjectures.) These conjectures can be viewed as follows: algebraic maps are
so rigid that homotopies do not deform one into another. From this point of view, a K(7t, 1)
in algebraic geometry would be a variety X such that Mor(Y,X) = Hom(7;(Y), 7;(X)) (ig-
noring basepoints for now). In other words, “anabelian schemes” can be viewed as alge-
braic geometry’s K(7, 1)’s, and Grothendieck conjectures that some familiar K(7t, 1)’s from
topology (not including elliptic curves or abelian varieties!) are also K(7, 1)’s in algebraic
geometry. (See also [NSWO08, Ch. XII].) In particular, the rational points on a hyperbolic
curve over a number field are conjectured to be in bijection with the sections of 7; of
the structure map (up to certain inner automorphisms to account for basepoints). This is
Grothendieck’s Section Conjecture.

A topologist could take the point of view that Grothendieck’s anabelian conjectures
identify how to associate a topological space to an anabelian scheme over a number field
k; instead of taking the topological space T underlying the associated complex analytic
space, one should take the classifying space of the étale fundamental group. The short
exact sequence

1= 5 (Xg) = (X)) = G — 1

for a (geometrically connected, quasi-compact) scheme X over k [SGAI, Exp. IX Thm. 6.1],
and the isomorphism 7§'(Xy) = 7;°P(T)” [SGAI, Exp. XII Cor. 5.2] [Méz00, Prop. 2.18]
allow us to view the classifying space B(7t§*(X)) as the total space of a fibration over B(Gy)
with fiber B(7;°?(T)”). (B(G) denotes the classifying space of G. Since étale fundamen-
tal groups are profinite, care should be taken when defining and considering classifying
spaces and fibrations between these classifying spaces. For our purposes, it turns out we
can sidestep these issues using group cohomology, so we don’t define these notions rig-
orously, but see [Goe95] and [Dav06]. By the heuristic that T should be a K( m°P(T), 1) for
X anabelian, an anabelian scheme X is associated to the total space a topological fibration
over B(Gy) whose fiber B (Tﬁ‘)p(T)/\) is some sort of completion of T. The anabelian conjec-
tures then assert that studying these topological spaces up to homotopy is equivalent to
studying the original schemes. A broad goal of this work is to compare algebraic curves
and topological approximations to them.

1.1.1. Two topological pictures of Ellenberg’s obstructions. More specifically, we study
obstructions of Jordan Ellenberg [Ell] which admit the following interpretation (see 1.1.3
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for a precise description of these obstructions): take a hyperbolic curve X over k C C,
and let 71; denote its étale fundamental group. We place ourselves in some unspecified
category ‘containing’ both schemes and classifying spaces of profinite groups (e.g. pro-
simplicial sets. See [AMS86] [Fri82]). Approximate X first by its Jacobian or the classifying
space of the abelianization of 7;, and then by a tower of fibrations associated to 71;’s
lower central series. Letting 71y > [m;], > [m]3 > ... denote this lower central series and
B(m;/[m]) denote the classifying space of 71/[m ], this tower is

(1)

B(71/[m1]n)

B(m/[ml3)
B(mty) B(mty/[m]2)

X Jac(X)

and this tower lies over Speck or B(Gx). Maps to X are studied by lifting maps through
this tower. Ellenberg’s obstruction &, is the obstruction to lifting a homotopy section of
B(m;/[mi]n) — B(Gy) through the fibration B(7t;/[1]541) — B(m/[mi]n). By ‘homotopy
section” we mean that we assume our category has some notion of homotopy and such a
homotopy section is a homotopy class of maps B(Gx) — B(7m;/[m]), so that the compos-
ite B(Gx) — B(Gy) is the homotopy class of the identity. (Rigorous definitions of 6., and
homotopy sections for use in this paper are givenin 1.1.3.)

The 0., give a series of obstructions to a homotopy section of B(7t;/[7t1],) to be the image
of a homotopy section of B(7;), and therefore the 6,, also give a recursive procedure for
eliminating k points of the Jacobian which are not k points of the curve. For the later, a
k point of X or its Jacobian determines a homotopy section of B(7) or B(7t;/[m]2) respec-
tively. (This is described precisely in 1.1.3.) Starting with a k point of the Jacobian, take
the corresponding homotopy section. Then apply 0,. If 5, vanishes, we can lift to a homo-
topy section of B(7t;/[m1]3). Apply &3 to all such lifts. For the lifts such that 63 vanishes,
we obtain another set of lifts to B(7t1/[7114). Apply 84 to all these lifts etc.

Alternatively, we have the viewpoint that we approximate Xy Gy-equivariantly by the
tower (1) with X, Jac(X), and 7; replaced by Xy, Jac(Xy), and 7§'(X;) respectively. As-
suming our category admits some notion of homotopy fixed point set and 7, we ap-
ply the homotopy fixed point functor and then 7, to the tower. (The definition of the
homotopy fixed point set of a group acting on a topological space is given in Example
1.1.2. See Daniel Davis’s work, e.g. [Dav06], for a more sophisticated understanding
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of homotopy fixed points.) Ellenberg’s obstruction 6, is the obstruction to lifting a con-
nected component of the homotopy fixed point set of B(7m;/[m],,) through the fibration
B(m1/lm1]ng1) — B(m/[mly). (Here 71y denotes 7§t (Xy).)

1.1.2. Example. We compute the second approximating tower and the obstructions $,, for
X = P} —{0,1,00}. We work in the category of topological spaces. Since the topologi-
cal fundamental group admits an action of Ggr and since the étale fundamental group is
Gr equivariantly the profinite completion of the topological fundamental group, we use

;%" instead of 7§t. (This allows us to draw pictures of the spaces in the tower, and the

difference between 71;°? and 7§t turns out to be unimportant here- see Proposition 3.1.19.
Similarly, drawing the second tower is easier than the first. To form the first from the
second, apply — Xg(g,) E(Gr) = — Xgpo S*.) Let the base point of X be the tangential
base point at 0 pointing along the real line towards 1. Let 71y denote Tﬁ"p(XE, b). m; is the
free group on the two generators «;, x, shown below. Let T denote complex conjugation,

so Gg = (1) = Z/2. The action of Gg on 7t is given by ta; = ;' fori=1,2.

Homotopy fixed point sets: for a group G acting on a topological space T, the homotopy
fixed point set will mean F(EG,T)€, where EG denotes a contractible space with a free
action of G, F(EG, T) denotes the space of functions f : EG — T equipped with the G
action gf = gfg~', and F(EG, T)€ denotes the fixed points. The G equivariant map from
EG to the one point space with trivial G action induces a map T¢ — F(EG, T)C.

For the Gg spaces in this example, T — F(EG, T)€ is a bijection on 71, (see Corollary
3.1.5 and the specific models for B(m;/[m;],,) constructed below), so the obstruction 6,
is the obstruction to lifting a connected component of the fixed point set B(7t;/[m],)©®
through the fibration B (7 /[m1]n41) — B(71/[miln).

The topological spaces in the tower are as follows: Xz = Pl — {0, 1, 0o} is a model for
B(71). The fixed point set Pl — {0, 1, 00} is P}, — {0, 1, 0o} Both are shown in Figure 1.

FIGURE 1. PL —{0,1, 00}

We now build models for B(m;/[rt1],,) from free actions of 71/[m], on R **!. The
model for B(m;/[m],) is a quotient of the 22 + 1 dimensional ‘cube’

[O ]]2“72+1
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Start with the case n = 2. Any element of 711/[m], can be written uniquely in the
form yod for x,y € Z, so we have a bijection from 71y /7] to the set Z?. (This bijection
is of course also a group isomorphism, but that is not important.) The free action of
7t1/[m1]2 on itself by left multiplication induces a free action of 7t;/[71]; on the set Z? via
this bijection, and it is easy to see that this action extends to a free action of 71;/[m1]; on
R?, giving the usual torus model R?/Z? for B(m;/[mt1]2). Gg acts on the model R?/Z? by

T(x,y) = (—x,—y).

The case n = 3 follows the same pattern. Any element of 7;/[m;]3 can be written
uniquely in the form oo [ay, x2l* for x,y,z € Z, giving a bijection m;/[m]3 — Z3. The
free action of 71;/[m]5 on itself by left multiplication gives a free action of 7t;/[m;]; on R3.
Explicitly, a,02, and [ecq, o] act on (x,y,z) € R3 by

(1) oc1(x,y,z):(x—|—1,y,z)
(2) x2(x,y,2) = (x,y + 1,z —x)
(3) [O('])(XZ](X)U)Z’):(X)U)Z—}—])

Quotienting R3 by 7t;/[m]3 gives a model for B(7m;/[m]3) which can be obtained from
[0, 113 by first gluing the front to the back by translation, then gluing the top to the bot-
tom by translation, and gluing the last two sides together by a ‘shear.” Gg acts on the
model R3/(7;/[m]3) by t(x,y,z) = (—x, —y, z). Both B(m;/[rt1]3) and the fixed point set
B(7t1/[m1]3)©® are shown in Figure 2. The fixed point set is composed of three vertical
lines: the vertical axis, and the two shown translates: one in the middle of the back side,
and the other in the middle of the left side.

A [(X’] ) O('Z]

X2

Y

X1

FIGURE 2. B(m;/[mil3)

For arbitrary n, we obtain a similar model for B(7; /[m;],,) by choosing bases for [7t1]1/[711] i1
and an ordering of the elements in these bases for k = 1,...n — 1, and then following the

same procedure. Since [7]y/ [} = 727 for k > 2, the resulting model is a quotient of
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[0, 11N, where N =2 + ZE;; 282 =224 1. The action of G is determined by T’s action
on an ordered product of basis elements raised to powers in 2 considered as an element
of 7-[1/ [7T1]n-

The Gg equivariant tower approximating Pl — {0, 1, 00} (as in 1.1.1) is shown in Figure
3. The maps B(7t1/[m1]n41) — B(m/[m]y) are induced from projection maps

[0’1]2”71—#1 — [0,1]211—2_'_]

(More specifically, the map B(7m;/[m1]n41) — B(71/[mly) is induced from the projection
map projecting onto the factors of [0, 1] corresponding to elements of the chosen bases of
[t1]/[mi]kr for k = 1,...,n — 1.) The Gg fixed points of the approximating spaces are
also shown. Jac(P{ —{0,1,00}) = G X G is redundant in the sense that it gives
another model for B(7;/[m1],), and it is omitted.

We can now see the obstructions 8,,: there are three elements of 7p(X(RR)) which inject
into the four elements of my(Jac(X(R))) = 7o(B (71 /[m1]2)%%). &, eliminates the one extra
element. (And so the higher §,, don’t eliminate any further elements of my(Jac(X(R))).)
This behavior turns out to be typical over R; see Sections 3.1-3.2, and Proposition 3.2.1.

1.1.3. Ellenberg’s obstructions as boundary maps in group cohomology. Let k be a
subfield of C and let 0 : X — Speck be a geometrically connected curve, equipped with a
rational point or rational tangential point b, to be used as a base point. (See [Del89, §15]
for a discussion of rational tangential base points. For a smooth k point p on X, a rational
point of the tangent space to X at p is an example of a rational tangential point of X —{p}.)
Let 7t; denote the étale fundamental group of Xi based at b. Let Jac X denote the Jacobian
of X, and let X — Jac X denote the Abel-Jacobi map corresponding to the base point b.
(See [Ser88] for information on Jacobians of non-proper curves.) This data determines a
commutative diagram

) HY(Gy, 1) — H'(Gy, m1/[m1]2)
X(k) Jac X(k)

discussed in more detail below. Ellenberg’s obstruction 8., is given by:

Definition 6, : H'(Gy, 7t1/[mt11n) — H?(Gy, [Tt1]n/[m1]n 1) is the boundary map associated
to
1 — [7-[1]71/[711]71—0—1 — 7T1/[7t1]n+1 — 7-[1/[7T1]n — ]
as in [Ser02, I §5].

The §,, give a series of obstructions to an element of H'(Gy, 711/[711]2) being the image
of an element of H'(Gy, 1), thereby also providing a series of obstructions to a rational
point of the Jacobian coming from a rational point of the curve: to a given element x of
H'(Gy, 7t11/[m112), apply 82. If §,(x) is not 0, x does not come from an element of H'(Gy, 711).
Otherwise, x lifts to H'(Gy, 7t1/[mt1]3). Apply 83 to all the lifts of x. If 83 is never 0, x does
not come from an element of H'(Gy, ;). Otherwise, x lifts to H'(Gy, 7t1/[m1l4). Apply 84
to all the lifts of x etc.
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FIGURE 3. Approximating P}, — {0, 1, oo}

For X geometrically connected, smooth, of Euler characteristic < 0, X(k) — Jac X(k) is
an injection, so we can think of the rational points of X as a subset of the rational points of
the Jacobian. If additionally k is a number field, it follows from the Mordell-Weil theorem
that Jac X(k) — H'(Gy, m1/[m]2) is injective, at least for X proper. (We reproduce a proof
of this fact below for the reader’s convenience.) Thus, under these hypotheses, we can
think of X(k) as a subset of H'(Gy, 7t1/[1]2) which we wish to approximate by the images
of H'(Gy, m1/[m1]n) — H'(Gy, 11/[mt1]2). These images are determined by the &.,.

The elements of H'(Gy, 1) and H'(Gy, 7t1/[m1],) should be thought of as homotopy
sections of the spaces B(7t§*(X, b)) and B(n§*(X, b)/[75*(X, b)]5) (resp.) of the tower 1 over
B(Gy). By the heuristic that for anabelian schemes Y, Y should be a sort of K(7t§'(Y), 1) =
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B(7¢'(Y)), elements of H'(Gy,71) can also be thought of as homotopy sections of X, for
X hyperbolic. We adopt this terminology. Furthermore, although abelian varieties are
not considered anabelian schemes, we will also call elements of H'(Gy, 7t¢4(Y;)) homo-
topy sections for abelian varieties Y over number fields. For convenience, we will even
use the terminology ‘homotopy section” of X to refer to an element of H'(Gy, 7% (X5)),
when k is not a number field, but this is only for convenience. (We will mainly deal with
geometrically connected, smooth, hyperbolic curves, over number fields, where “hyper-
bolic” means that the corresponding complex analytic space has Euler characteristic < 0.)
Explicitly, we adopt the following definition:

Definition: Let Y be a geometrically connected, finite type scheme over k, where k is a
subfield of C. For simplicity, assume that Y is either a smooth curve such that the Euler
characteristic of the corresponding complex analytic space is < 0 or an Abelian variety. A
homotopy section of Y — Speck is an equivalence class of sections of 7§*(Y) — 7t§*(Speck),
where two sections sy, s are considered equivalent if there is an element vy of 7t§*(Yy) such
that s1(g) =ysa(g)y ' forall g € ¢ (Speck).

The name homotopy section comes from the fact that homotopy classes of continuous
unbased maps T — K(@,1) from a CW complex to a/the K(@, 1) for a group @ are
in bijection with homomorphisms 7;°?(T,t) — @ up to conjugation by elements of @.
(Compare with 1.1.1.) (It would therefore be reasonable to use the above definition of
‘homotopy section’ for any scheme Y, expected to be a K(7t§*(Y), 1) in algebraic geometry.)

It follows from the short exact sequence
(3) 1= i (Xg) = 71f(X) = G — 1

that for o : X — Speck, b, and 71; as above, H'(Gy, 7t;) and H'(Gy, 7t1/[m],) are in natural
bijection with the homotopy sections of X and Jac X respectively. In more detail, this
natural bijection is described as follows: the point b gives a section of §*(o) : m§*(X,b) —
Gy by functoriality, and thus an isomorphism 7§*(X,b) = m; X Gx. The Gy action on
m = 7§ (X, b) is via the splitting of (3), or equivalently via the action of Gy on Xg. It
follows that the set of sections of ni{(o) : n{*(X) — Gy up to conjugation by m; equals
H'(Gy, 7t1) (see [Bro94, IV.2]. The profinite case is the same).

In this language, Ellenberg’s 6, are obstructions to a homotopy section of JacX —
Spec k coming from a homotopy section of X — Speck.

Rational points of Y give rise to homotopy sections of Y — Spec k. Here are two ways
to see this: the first uses functoriality of 7t§*. A k point is a section of the map Y — Speck.
If we let b denote the base point of Y and y denote a k point, 7t§*(Y, b) and 7t§*(Y, y) are iso-
morphic by an isomorphism determined up to inner automorphism. (We are being sloppy
about the distinction between rational points and geometric points factoring through ra-
tional points.) By composing the map 7§*(Speck) — m§*(Y,y) induced by y : Speck — Y
with an isomorphism 7§'(Y,y) — n§*(Y,b) we obtain a map n§*(Speck) — 7§ (Y, b) such
that the composite 7' (Speck) — m§(Y,b) — m§(Speck) is an inner automorphism of
ni§t(Spec k). By appropriately modifying the isomorphism 7t§'(Y, y) — n§*(Y, b), we obtain
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a section of mt§*(Y,b) — m§*(Spec k) determined up to conjugation by elements of the ker-
nel. A rational tangential point of Y gives rise to a homotopy section of Y — Spec k by the
same procedure.

A second way to associate a homotopy section to a rational point is via the boundary
map H® — H' in cohomology of G associated to 7;(Yz) — Y — Yy. Explicitly, take a k
pointy of Y. Choose a path y from b to y. (A path from b to y is a natural transformation
from the fiber functor of b to the fiber functor of y. See [SGAI, Exp. V §5].) Gy acts
on the set of such paths because b and y are defined over k. y determines a cocycle
in C'(Gy, 7§(Y,b)) by g — vg(y ') for g € Gy. (The notation C'(Gy, 7' (Y, b)) is as in
2.0.4.) Associating y to the cohomology class of g — yg(y™') gives the map Y(k) —
H'(Gy, €*(Y, b)). Both of these methods work in the category of topological spaces, as
well.

So we have the commutative diagram (2).

The map from points to homotopy sections can be thought of as a substitute for a map
from X — B(m;) in the tower (1). A well-defined analogue for this tower is the commuta-
tive diagram

(4)

H'(Gy, 7t1/[m1]n)

|

H'(Gy, 11/[m1]3)

- |

H'(Gy, 7t71) H'(Gy, 7t1/[m1]2)

For section 3.4, we will need the following generalization of the definition of ,,. Let
X,b, and m; be as above. A filtration 1y > @, > @3 > ... of 7; such that the quotients
@n/@n 4 are abelian and the extensions

D n/ D@1 — T/ D@1 — T/ DOn

are central gives rise to a sequence of obstructions 6,, which determine which sections of
M /@n ¥ G — Gy admit a lift to a section of 711 /@1 ¥ Gk — Gy. 8n : H'(Gy, m/@n) —
H?(Gy, @n/@n 1) is the boundary map in group cohomology associated to the short exact
sequence of Gy groups @n/@n1 — T/ D@ni1 — T/ On.
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Lastly, we include a proof of the injectivity of Jac X(k) — H'(Gy, 7t1/[m1]2).

1.1.4. Proposition. — Let k be a number field. Let X — Speck be a geometrically connected,
smooth, proper curve of genus > 1. Let 7t denote n$*(Jac X, 0). Then Jac X(k) — H'(Gy, ) is
injective.

Proof. Jac X is an abelian variety over k. Let Jac X[n] denote the n-torsion k points. The
short exact sequence of Gy modules

Xn

0 — JacX[n] — Jac X(k) — Jac X(k) —= 0

gives rise to the injection Jac X(k)/n Jac X(k) — H'(Gy, Jac X[n]). 7 = @n Jac X[n] and
H'(Gy, ) = @nH](Gk, Jac X[n]). The kernel of JacX(k) — H'(Gy, ) is therefore con-
tained in NynJacX(k). By the Mordell-Weil theorem, JacX(k) is a finitely generated
abelian group, so Nyn Jac X(k) = {0} O

1.2. Summary of results. Section 2 is devoted to results on the structure of the &,,. It
is group theoretic and could be applied to the boundary maps 8, : H'(G, ®/[@].) —
H%(G, [@]n/[®@]n+1), where G and @ are groups or profinite groups with G acting contin-
uously on @. For the rest of the summary of Section 2, we drop the more general group
theoretic 0., in favor of the geometric language of Section 1. The existence of the extra
generality, however, means that we do not incorporate interesting aspects of the Galois
action on the fundamental group. Rather, we look for structure and its origins to limit
what needs to be understood about this action.

Let X, b, and 6, be as in 1.1.3. Let 7t abbreviate 7§* (X, b).

Ellenberg observes in [Ell] that 0, is quadratic, and that the associated bilinear form is
the cup product composed with the map on H? induced from the commutator

7t/ [nly @ 7/[ml, — [mly/ I3,

Yyon—yny m’

Call this composition the bracket cup product. Two proofs that o, is quadratic with this
bilinear form are included- see 2.1.3 and 2.3.9. It follows that &, is a linear perturbation of
the bracket cup product after inverting two. Ellenberg points out that an attractive feature
of this decomposition is that the ‘highest order’ bracket cup product term only depends
on the Galois action on the Tate module (= 7t/[7]5).

This behavior of 6, extends to higher 8,,, with certain bracket Massey products replacing
the bracket cup product, at least under the assumption that X is non-proper.

An arbitrary element of H2(7t/[1) % Gy, [7n/[7ny1) determines an obstruction map
H'(Gy, 7t/[m)n) — H2(Gy, [7n/[7ns1) (2.2.1), and under this association, &, is determined
by the element classifying

1 = [/ = 7/[7)a X G = /[y @ G — 1
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We show the filtration of H? coming from the spectral sequence

Hi(Gk» Hj(ﬂ/[ﬂ]ny [ﬂ]n/[ﬂ]n—o—l)) = Hi+j(7r/[7-[]n bl Gk» [ﬂ]n/[ﬂ]n+1)

controls linearity properties of the corresponding obstruction maps (Proposition 2.2.5).
More specifically, this filtration is

H?(Gx) C H*(Gy) ® H' (G, H' (7t/[7t])) C H2(7t/ [ty % Gi),

where H'(G) abbreviates H(G, [7],,/[7],41) for any group G. Proposition 2.2.5 shows that
elements of H%(Gy) correspond to constant maps, and elements of H'(Gy, H'(7t/[7,,))
correspond to maps with a certain linearity property. More generally, Proposition 2.2.5
relates the spectral sequence filtration of H? of a semi-direct product to the linearity of the
corresponding map.

For the structure of §,,, this implies that if we can lift the class in H*(7t/[n],,) classifying
1 = [mn/[mdn — /Il — /il —

to a class w in H*(7t/[7],, x G), we decompose §,, into the sum of a linear term and the
obstruction associated to w.

Since 7t is the profinite completion of a surface group (= the fundamental group of a
closed surface of genus > 1) or a finitely generated free group, the extensions

(5) 1= [ﬂ]n/[ﬂ]nJﬂ - ﬂ/[ﬂ]rwﬂ - ﬂ/[n]n — 1

and their classifying elements of cohomology are approachable computationally.

For n = 2, a simple calculation of the element of H? classifying (5) reproves the above
decomposition of §, into the sum of a linear term and the bracket cup product. (This is
done in 2.3.9.) This element is expressed in terms of the (usual) cup product.

Now assume that X is non-proper, so that 7 is the profinite completion of a free group.
From work of Dwyer and well known results on the lower central series of free groups,
we express the element w,, of H? classifying (5) in terms of order n Massey products.
(Proposition 2.3.8.)

We lift w, to an element of H?(7t/ (1], X Gy, [7T]n/[7Tns1) for small n using bracket Massey
products, defined in 2.4.10-2.4.19. This implies the existence of a decomposition of ,, into
a bracket Massey product term plus a linear term, for small n. (See Theorem 2.4.28.) Like
the usual Massey products, bracket Massey products require the existence of defining
systems, which tautologically force the vanishing of lower order bracket Massey prod-
ucts. Theorem 2.4.28 relies on the vanishing of 8., for m < n to obtain these conditions,
and obtains its decomposition of 6, only when the linear terms of 8., for m < n vanish.
Conversely, Theorem 2.4.28 obtains its decomposition when the elements of cohomology
corresponding to the linear terms of 6,, for m < n vanish.

The bracket Massey product term of the decomposition of 6, of Theorem 2.4.28 de-
pends only on the action of Gy on 7t/[n],, i.e. it is independent of the lift of this action to
the Gy action on 7/[n],,+1, even though b,, itself does depend on this lift. So the ‘highest
order’ term of &, requires less understanding of the Galois action than expected. (See
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2.4.30.) This is the generalization of Ellenberg’s observation that the bracket cup product
is determined by the Galois action on the Tate module.

Paragraph 2.4.31 records how the decomposition of 6, depends on the choice of base
point b. More specifically, the bracket cup product term is independent of b, while
the linear term changes by bracket cup product with the class of the new base point in
H'(Gy, 7). The question “for which X, b, and m does the linear term of §,,, vanish ?” is
linked to obtaining the decomposition of Theorem 2.4.28. For example, if the linear term
of &, does not vanish, we do not obtain a decomposition of ;.

Proposition 2.2.6 turns Proposition 2.2.5 into a tool to search for aspects of Ellenberg’s
obstructions controlled by the topology of the underlying surface of X. It says that up to
‘linear perturbation,” in the sense of Proposition 2.2.5, 6,, is determined by 7t considered
as a profinite group, without its Gy action; or less optimistically (but more precisely),
dn up to linear perturbation is determined by the preimage of the element classifying
(5) as an extension of profinite groups without Gy action, under the map H?(7t/[r,,
Gy, [T/ [mns1) — H2(7/ (7, [/ [7ns1). The domain of this map is dependent on the
Gy action on 7/[m]41, but the range as well as the element classifying (5) are entirely
independent of the Galois action on the fundamental group.

Section 3 is devoted to computing the d,, in examples.

The first two subsections consider the case k = R, and subsection 3.1 starts with a sum-
mary of the contained results. The main result is for smooth proper curves. It combines a
(deep!) theorem of Gunnar Carlsson on homotopy fixed points with geometric informa-
tion about Jacobians over R to show that the homotopy sections of the curve are precisely
those of the Jacobian in the kernel of §, (Proposition 3.2.1). The section conjecture over
R (which is known to be true- see [P4l], and which we wind up reproving in the special
case at hand) identifies homotopy sections with connected components of real points. In
this sense, not only does the tower (4) succeed in describing the connected components
of real points of the curve, but the first two levels suffice.

The next subsection considers 83 for X = IP’JQ — {0,1,00}. (The base point is the same
as in example 1.1.2.) Ellenberg showed that the linear term of 5, vanishes. We obtain a
decomposition of 63 into Massey products and a linear term. Theorem 3.3.4 computes the

linear term in terms of a well-known cocycle associated to the action of Gg on 7¢t(PL —

Q
{0,1, c0}).

Subsection 3.4 evaluates a local mod 2 version of 83 on an infinite subset of rational
points of Jac X. (Proposition 3.4.7) To do this, the lower central series is replaced by the
exponent 2 lower central series, so that computations can be carried out in the Brauer
group. An exponential formula of Anderson, Coleman, Deligne, Ihara, Kaneko and Yuk-
inari is used to compute the necessary projection of the above cocycle.

Acknowledgments. This thesis is greatly indebted to contributions of my advisor Gun-
nar Carlsson and Jordan Ellenberg. I would also like to thank Gregory Brumfiel, Daniel
Bump, Brian Conrad, and Ravi Vakil for useful discussions. My personal thanks to all
these mathematicians as well!
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2. 8, AND MASSEY PRODUCTS

We establish some notation and recall certain constructions that will be useful:

2.0.1. For a group or profinite group 7 the lower central series filtration 7 = [7t]; > [rt], >
[]3 > ... is defined by m = [nl, [7],.41 is the closure of the subgroup generated by
elements of the form [x,y] = xyx 'y~ with x € [n],, and y arbitrary. In other words, [7i],
is the closure of the subgroup generated by all order n brackets. 7t is said to be n-nilpotent

if that [7,,1 = 0

2.0.2. For a central extension of G groups T — N — M — Q — 1, there is an exact
sequence

1 - N¢ - ME— Q% - H'(G,N) - H'(G,M) - H'(G,Q) = H*(G,N)
(See for instance [Ser02,15.7]) G, N, M, and Q may also be profinite.

2.0.3. Definition. Let G be a profinite group acting on a profinite group 7. (Or sim-
ply assume that G and 7 are groups with G acting on 7.) By analogy with 1.1.3, let
§n 2 H'(G,7t/[n) — H3(G, [1]n/[7 1) be the boundary map of the cohomology exact
sequence associated to the short exact sequence of G groups

1= [ﬂ]n/[ﬂ]n+1 — ﬂ/[ﬁ]n—H — ﬂ/[ﬂ]n — 1

asin 2.0.2.

2.0.4. Notation. For a profinite group G and a profinite abelian group A with a continuous
action of G, let (C*(G, A), D) be the complex of inhomogeneous cochains of G with coef-
ticients in A as in [NSWO08, 1.2 p. 14]. For c € CP(G,A) and d € C9(G, A), let c U d denote
the cup productcuU d € CP™9(G,A® A)

(cU d)(g1,.. ->9p+q) = C(Q]» ceey gp) X ((91 T gp)d(gpﬂ) ceey 9p+1q))-

This product induces a well defined map H?(G,A) ® HY(G,A) — HP"9(G,A ® A). When
A is a commutative ring, the multiplication map A ® A — A and the cup product give
C*(G, A) the structure of a differential graded algebra. For a profinite group Q, no longer
assumed to be abelian, let C'(G, Q) denote the set of continuous twisted homomorphisms

{s: G — QIs is continuous, s(g192) = s(g1)gi1s(g2)}-

2.05. Let1 = N = M — Q — 1 be a short exact sequence of groups with N abelian. A
set-theoretic section s : Q — M of the quotient map gives rise to a cocycle

(6) (q1,92) — s(q1)s(g2)s(g1q2) "

in C%(Q, N) such that the associated cohomology class classifies the extension. (See [Bro9%4,
IV §3] for the classification of extensions by H2.) If N, M, Q, are profinite, and s is a con-
tinuous map of topological spaces, we likewise have the cocycle (6) which classifies the
extension. By [RZ00, Prop. 2.2.2], a continuous section s always exists.
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2.1. b, is quadratic. Let G be a profinite group acting on a profinite group 7. Let 5., be as
in 2.0.3.

We give a proof of Ellenberg’s observation that &, is quadratic and identify the corre-
sponding bilinear form, as in [Ell, Prop. 1].

2.1.1. Define a commutator or bracket map [—, —| : t/[n], ® 7t/[n], — [n],/[7]3 by

[—, —1(my ® my) = [y, My] = Mymomy ', |,
where m; and m,; are elements of 7t/[7t]; mapping to m; and m; respectively. [my, m,] is
independent of the choice of m; and m, because different choices differ by elements in
the center.

2.1.2. Let T be the involution T : /7], ® 7/[n], — 7/[n], ® /7], which switches the
two factors of 7t/[n],. Recall that c Ud = (—1)P971,(d U ¢) in HPT9(G, 7t/ (7], ® 7t/[7>).
Note that [—, —](m; ® m;) = —[—, —](MmM2 ® my) = —[—, —](T(M1 ® My)), ie. [ ]t =
—[—,—]. It follows that in HP™9(G, [n],/[7]3), [, —].(cUd) = [—,—].((=1)P9Tt,dUc) =
(=1)Pat1[— —],(dUc). For x,yin H'(G, 7t/[n],), it follows that [—, —], (xUy) = [—, =], (yUx)
in H%(G, [nt],/[n]3). [—, —].(x Uy) is the symmetric bilinear form associated to 8.

2.1.3. Proposition [Ellenberg] [Ell, Prop. 1]. — For x,y in H'(G, 7t/[7l,),
02(x +y) — 82(x) — 82(y) = [, —L.(x Uy),
in H3(G, [nl/[n3).

Proof. Notice that elements of 7t/[n]; with the same image in 7t/[n], commute (because
they differ by an element of [7t],/[7t]3 which is in the center). Similarly elements of 7t/[];
whose product is in [71],/[7]3 commute.

Let ¢, d be cocycles in C'(G, 7t/[7t],) representing x and y respectively.

Choose a continuous section of 7t/[r]3 — 71/[7], as in 2.0.5. Denote the image of m in
7t/[m], under this section by m. Let w : 7t/[7], x 7t/[n], — [7l,/[7]3 be the cocycle of 2.0.5

. ) S e~
corresponding to this section, i.e. w(my, m,) = mym,;mym; . By the second sentence of

this proof, we have that w(m, m;) = mym, m;m,.
Define y in C'(G, [rtl,/[7]3) by v(g) = w(c(g),d(g)) for all g in G.

8,(c + d), 8,(c), 82(d), and [—, —].(d U c) are elements of C?(G, [r1],/[rt]3). We have the
equalities:

—_— —_— —_—— —1

(7) (82(c 4 d) —d2(c) = 82(d))(g1,92) = (c+d)(g1)(gr(c+ d)(g2))(c+ d)(g192)

—~ —~ — —1

(c(g1)(giclg2))elgrgz) )

—_— P — —1

(d(g1)(g1d(g2))d(g192) )"
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—~— -~

(8) [, —L.(duc)(g1,92) =[d(g1),g1c(g2)].
We will show that

©) Dv(91,92) = [=, —l(d Uc)(g1,92) = (d2(c + d) — 8alc) —82(d))(g1, 92),
which will prove the propostition.

—1 —_— —_—— —_——

Because (d(g1)(g1d(g2))d(g1g2) )" = d(g192)g1(d(g2)) " (d(g1)) " is in the center of
nt/[n]3, equation (7) can be rewritten

(82(c +d) —d2(c) —02(d))(g1,92) = (c+d)(g1)(gi(c+d)(g2))
(c+d)(g192) c(g192)d(g192)

—1 —~———1 e 1

(g1d(g2) )d(g1) (gic(gz2) Jeclgr)

We now repeatedly use that [71],/[7];5 is contained in the center of 7t/[n];, and we use
. . L —1
equation (8), and we use our two expressions for w, namely w(m;, m,) = mym,m;m, =

mnn[”ﬁmiz, to obtain the following calculation of 6,(c + d) — d,(c) — 82(d):

(02(c +d) —d2(c) — 82(d))(g1,92) = wlc(gi92),d(g192))

— — e~ ——1 e~ 1 —~———1

(c+d)(gi)(gilc+d)(g2))(g1d(g2) )d(g1) (gic(g2) )c(gr)
= w(c(g192),d(g192))

(c ¥ d)(g1)

(g1(c+d)(g2))(g1d(g2) )(giclgz) )d(g1)
[—, —].(dUc)(g1,92)

— 1

c(g1)

= wlc(g192),d(g192))[—, —].(d Uc)(g1,92)
(c+d)(g1)
g1(w(c(g2),d(g2)) ™)
S
d(ga o)

= [, —](duUc)(g1,92)
w(c(g192),d(g192))
gr(w(c(g )d(gz)) "
w(c(g1),d(g1))”

(10) = [—,—l(duc)(gr, g2) —Dv(g1,92).
This gives equation (9) as desired. O
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Proposition 2.1.3 shows that after inverting 2, §, is a linear perturbation of a cup prod-
uct:

2.1.4. Proposition. — For any x € H'(G,7t/[7z), 262(x) = [—, —l.(x Ux) + L(x), where
L :HY(G,n/[n],) — HA(G, [rt]2/[n3) is a homomorphism.
Proof.

28(x+y) — [, —L((x+y)Ux+y)) =

285(x) +262(y) + 2[—, —L(xUy) = [, —L((x +y) U (x +y)) =

265(x) — [—, —lu(x Ux) 4+ 285(y) — [, —].(y Uy)
The last equality follows from the symmetry of the bilinear form x ® y — [—, —].(x Uy),
shown in 2.1.2. O

(Note that after inverting 2, the linearity of x — 26,(x) — [—, —].(x U x) is equivalent to

02(x +y) — 82(x) — d2(y) = [, —l.(x Uy) .)

2.2. Decomposing obstruction maps. We establish an interesting relationship between
the spectral sequence filtration of H? of a semi-direct product and linearity properties of
associated obstruction maps. (Proposition 2.2.5.) Proposition 2.2.5 is then used to obtain
a type of decomposition of an obstruction map. (Proposition 2.2.6)

2.2.1. Notation. Let 7" and N be groups with G actions, and assume that N is abelian. An
element s € H'(G, ') determines a homomorphism G — 7’/ x G up to post-composition
with an inner automorphism of " x G, where this inner automorphism is given by con-
jugation by an element of ©t’. Since " acts trivially on N, such an inner automorphism
determines an automorphism of H*(nt’ x G, N). It is well-known that this map is in fact
the identity. Thus, s determines a homomorphism s* : H*(7' x G, N) — H*(G, N). For any
n € H?(n' x G, N), denote by g,, the map H'(G,nt') — H?(G, N) defined by g,(s) = s*(n).

2.2.2. For a central extension of G groups 1 - N — M — Q — 1, the associated boundary
map in group cohomology H'(G, Q) — H?*(G,N) is p,, where n € H*(Q x G,N) is the
element of cohomology classifying the short exact sequence 1 = N - MxG — QxG —
1.

2.2.3. Recall that morphisms of short exact sequences relate the classifying elements of
cohomology as follows: suppose that:

1 N M Q 1
f(N/)T ﬂM/)T f(Q’)T
1 N’ M/ Q’ 1




is a commutative diagram of groups such that the rows are exact and N, N’ are abelian.
Let w € H?(Q, N) classify the top short exact sequence, and w’ € H*(Q’, N’) classify the
bottom short exact sequence. Then, f(Q)*w = f(N),.w’.

2.2.4. To describe linearity properties of the obstruction maps 2.2.1, we use the following
definition. Let i’ and G be profinite groups with G acting continuously on n’. (In par-
ticular 71’ may not be abelian and H'(G,7t') may not be an abelian group.) We say that
s1,82 € H'(G, ") admit a sum if they can be represented by cocycles 01,0, € C'(G,7')
(respectively) such that g — o1(g)o2(g) is a cocycle. A cohomology class s3 € H'(G, ')
is a sum of s and s if s3 can be represented by a cocycle of the form g — o¢(g)o2(g) If
nt’ abelian or if s; or s, is represented by a cocycle with values in the center of 7/, then s;
and s, admit a sum. A sum of s; and s, will be denoted s; + s, in the next proposition,
but this is not meant to imply that such a sum is unique.

2.2.5. Proposition'. — Let 7’ and N be profinite groups with continuous G actions, and assume
that N is abelian. Consider N to be equipped with the trivial action of n' and with the action of
7' x G induced by the action of G. The filtration of H*(1' x G, N) from the spectral sequence

HYG,H (/,N)) = H" (7' x G,N)
has the form:

H?(G,N) ¢ H*(G,N) @& H'(G,H"(n/,N)) € H*(«t' x G,N)
Let  be an element of H*(m' x G, N).

e Ifnisin H*(G,N), then p,, is constant.
e Ifnisin H'(G,H'(n', N)), then ., is linear in the sense that whenever s1,s, € H'(G, ')
admit a sum, denoted sy + s, as in 2.2.4, then g, (s1 4 s2) = pn(s1) + on(s2).

Proof. Let Fo C F; C H*(7' x G,N) be the filtration from the Serre spectral sequence
HY(G,H)(nt,N)) = H"I (' x G, N).

Fo is the image of the map p* : H*(G,N) — H?(n’ x G,N) induced by the projection
p : @ x G — G. The canonical inclusion s : G — 7’ x G is a section of p, whence
p* : H*(G,N) — F, is an isomorphism.

Leti: " — 7' x G be the canonical inclusion, and i* : H?(7t' x G, N) — H2(#t/, N) the
induced map on cohomology. F; = Keri*. Furthermore, the inclusion F, C F is split
by the restriction of s* to F;. Thus F; is the direct sum of H?(G,N) and Ker s* N Keri*.
Ker s* N Keri* is isomorphic to X" = Ker(E("" — EP?), where E{™*) denotes the vt
page of the spectral sequence. Since s*p* = id, p* : H3(G,N) — H3(n’ x G,N) is an
injection. Thus E(;‘” — Ef’o) is the zero map. Thus Ker s* N Keri* = H'(G, H'(7/,N)).

IThis result looks like it may be folklore, but I am unaware of a prior such statement.
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It is clear that if i is in H*(G,N) C H?(7’ x G,N), then g, is constant. (Just in case a
more explicit argument would be helpful: since n € H*(G,N), we can choose a cocycle
n € C*(m’ x G,N) representing n such that n is the image of n’ € C?(G,N) under the
map C?(G,N) — C*(n/ x G,N). Given s € H'(G, '), letv € C'(G, ) represent s. Then,
on(s) € H?(G, N) is represented by the cocycle p,(v)(g1,92) = n(v(g1) x g1,v(g2) X g2) =
n'(g1,92).)

Let 1 be an element of H' (G, H' (7', N)) c H%(n/ x G, N), and let

(11) 1o N—=-E =" xG—=1,

be a/the short exact sequence corresponding to 11. Since s*n = 0, there exists a continuous
homomorphism sg : G — E’lifting s as in the commutative diagram:

E/

spr l

G—>7m'xG

Let pg/ be the surjection B’ — 1’ x G — G, and let E = Ker pg/. sgs splits pe/, giving E a
continuous action of G, and an isomorphism E x G = E’. The map E — 7’ induced from
E’ — 7’ x G is a surjection respecting the action of G with kernel N. We therefore have a
short exact sequence of profinite groups with a continuous G action

(12) 1o N—=E—=7 =1,

and an isomorphism of short exact sequences:

(13) ]l —N—ExXG—71'xG—=1
1 N E’ ' xG—1

N is also in the center of E because the action of ©’ ¥ G on N induced from the short
exact sequence (11) is the G action on N.

Thusn € H%(n’ x G,N) is the element of cohomology classifying 1T - N — Ex G —
' xG— 1.

Proposition 2.2.3 implies that s*(1) classifies (12) (where (12) is viewed as a short exact
sequence of profinite groups—the G structure is ignored).
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Since s*(n) = 0, we have an isomorphism of profinite groups e : @' x N = E. Define
v:Gx 7' = Nbyy(g,®') =e(ga’) 'ge(@’) forg € Gand @’ € 7. Since G acts on E,

(14) v(g, @ @5) =v(g,@1) +v(g,D3),

for all @}, @5 € 7',

Let 0 : M’ x G — E x G be the section of (13) given by o(@’ x g) = e(@’ x 0) x g,
so 0 = e|p x id, where e|,» denotes the restriction of e to 7’. Let n € C?(nt’ x G, N) be
the cocyle corresponding to o and (13) as in 2.0.5. (In particular, n represents 1.) A short
calculation shows:

(15) n(@) x g1, @5 % g2) =v(g1, @3).

(14) and (15) imply that g, is linear in the sense of the Proposition: more explicitly,
suppose that s1, s> € H'(G, ') are represented by cocycles vy, v> € C'(G, ) respectively,
such that the cochain v; v, defined by (vi +v;)(g) = vi(g)v2(g) is a cocycle. Let s; +s, €
H'(G, ') denote the corresponding cohomology class.

on(s;) € H3(G, N) is represented by the cocycle p,(v;) € C*(G, N) defined

on(vi)(g1,92) =n(vi(g1) 2 g1,vi(g2) ¥ g2),
forj =1,2. By (15),
on(vi)(g1,92) = v(91,vi(g2)).
Similarly,

on(vi +Vv2)(g1,92) =v(g1, (vi +Vv2)(g92)) =v(g1,Vv1(g2)v2(g2)).
By (14), we have p,,(s1 + s2) = pn(s1) + 9n(s2), as desired. O

Let X, 17, Gy, and 6,, be asin 1.1.3.

Proposition 2.2.5 partially separates the topology of the surface underlying X(C) from
the complicated Galois action in the determination of 4., from 7§*(X, b). More explicitly,
the short exact sequence 1 — m;/[m], — m1/[m1]n @ G — Gk — 1 decomposes 711 /[m11],
Gy into the group m;/[m;],,, which comes from this surface, and the Galois group Gy. (This
short exact sequence is the substitute for viewing the approximating spaces in the tower
(1) as total spaces of fibrations over B(Gy) whose fibers approximate the surface alone.)
Let 1 denote the inclusion

irm/lmln — m/lmla X Gy,

and let Hz(l) : Hz(Tﬁ/[ﬂl]n X Gk, [7'[1]71/[7'[1]714—1) - Hz(ﬂl/[ﬂl]ny [ﬂl]n/[ﬂ]]n—H) be the in-
duced map on cohomology. Proposition 2.2.5 marks obstructions coming from classes in
the kernel of H?(1) as subject to a linearity condition. On the other hand, by 2.2.3, the
image under H%(i) of the class determining §, (as in 2.2.2) is controlled entirely by the
topology of the surface. We record this in the following Proposition.
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2.2.6. Proposition. — Let w,, in H2(7t1/[m1]n, [T/ [ n 1) denote the element classifying
1— [7-[1]11/[711]714-1 — 7T1/[7t1]n+1 — 7-[1/[7T1]n — 1
Then for any € in H*(1) ' (wn),
6n =@t E)
with £ : H'(Gy, 11/[m1]n) — H2(Gy, [7t1]n/ M) linear in the sense of Proposition 2.2.5

2.3. Lower central series extensions of finitely generated free groups and their profinite
completions are classified by Massey products. To apply Proposition 2.2.6, we compute
wn when 717 is the profinite completion of a finitely generated free group. (The notation
Wn is as in Proposition 2.2.6.)

Let F = (x1,...,%;) be the free group on the generators x,...,x,, and let @ denote
either F or the profinite completion of F, denoted F. Let wn € HY(@/[®@]n, [@]n/[@]ni1) be
the element of cohomology classifying the extension

1 = [@h/[@h1 = @/ @y = @/[@]n — T.

as in 2.0.5.

The homomorphisms x; : F — Z defined by

(16) X?(Xi) = 511'

extend to morphisms ¥ — 2 also denoted x;. Here &y is the Kronecker delta: 6y = 1 if
i=j,and &; =0ifi #j. LetZ=Zif ® =F and Z = Z if ® = F. The x! determine
cohomology classes in H'(@/[®@],, Z) for any n. These cohomology classes will also be
denoted x.

Using results of Dwyer [Dwy75], we compute w,, in terms of n'* order Massey prod-
ucts of the x}’s:

2.3.1. For a commutative ring A with a G action, or a profinite commutative ring A with
a continuous G action, C*(G, A) (defined in 2.0.4) is a differential graded A algebra with
multiplication given by the cup product. The cup product is defined

(an)(g1) sy 9p+q) = a(Q]) .. 'vgp)((gl T gp)b(gp—H) ) gp—l—lq)))
fora € CP(G,A)and b € C9G,A).

2.3.2. Massey product sign conventions.  Although Massey products can be defined in
much greater generality [May69], here we limit ourselves to Massey products of elements
of H'(G, A). We use the sign convention of [Dwy75], [Mor04], which is different from
[Kra66] [May69]:
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2.3.3. Definition. Let ty,...,t, be elements of H'(G, A). The n'™ order Massey product of
the ordered n-tuple (t,...,t,) is defined if there exists a (n + 1) x (n + 1) strictly upper
triangular matrix T with entries T;; € C'(G, A) such that

e T;i,1 represents t;.
e DTy =31 T, UT,fori+1<j

p=i+1

T is called a defining system. The Massey product relative to T is defined by

n
<t1, .. -tn71>T = Z T]p U Tp,n+1-

p=2

Let U,, denote the multiplicative group of n x n upper triangular matrices with coeffi-
cients in A whose diagonal entries are 1. (“U” stands for unipotent.) We have an inclusion
A — U, given by sending a € A to the matrix ef,,, where e} is defined as the matrix
with a as the (1,n)-entry, and with all other off diagonal matrix entries 0. This inclusion
gives rise to a central extension

(17) T-A-U,—- U, — 1.

Note that the function ay : U, — A taking a matrix to its (i,j) entry descends to a
function on the quotient group U, for (i,j) # (1,n). We repeat an observation of Dwyer:
for g1, 92 € Uy,

aii(g192) = Z aip(g1)api(g2),
p=1

whence
—1
ai(9192) = aij(g2) + ) aip(g1)ap;(92) + aylgr).
p=it1
Thus the matrix M with (i, j) entry given by —ay; is a defining system for (—ajz, ..., —Qn_1n).
The section U,, — U,, whose image lies in those matrices with vanishing (1,n) entry gives
rise to a 2-cocycle classifying (17), as in 2.0.5. This 2-cocycle is (—ayy, ..., —an_1n)m. Thus:

2.3.4. Proposition. — [Dwy75, Rmk p. 182]The central extension (17) is classified by

<—a12, cee ,—an—1,n>M

It is well-known that U,, is n-nilpotent and U,, is (n — 1)-nilpotent. (See 2.0.1 for the
definition of n-nilpotent.) Although F/[F],, has an initial universal property among n-
nilpotent groups that U, ;1 does not, we show that w,, is also given by Massey products.

Take A = Z. Choose ] : {1,...,n} — {1,...,r}. Let ¢; : ® — Uy be the homomor-
phism determined by

Qi1 @y(xi) = X}k(i)(xk),
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ai,j(P](Xk) =0,

fori =1,...,m,j > i+ 1,k = 1,...,7. Since U, is n-nilpotent, ¢; descends to a
map @j(@/[®@],) : @/[®]n — Upnss. It follows that @j(@/[®@].)*(M) is a defining sys-
tem for (xj),...Xj,), so the n'™ order Massey product <x}*m, e ,x’f(n)) is defined in

H(@/[@]n, Z)

Since U1 is 1 + I-nilpotent, and U,y is n-nilpotent, @; gives rise to the morphism of
short exact sequences

(18) 1 Z Uy Uy —1
@ ([@n /[@In+1 )T @y (@/[@]n 41 )T @5 (L’D/[@]n)T

1 — [@]/[®@lhy1 — /@] — @/ [@] — 1

Applying Proposition 2.2.3 to the morphism 18, we have:

(19) (P]([w]n/[w]nJH )*(wn) = <_X}<(1)> owe »_X>]k(n)>cp(a)/[a)}n)*M

The function @j([@]n/[@]n11) : [@]n/[@]ny1 — Z is in fact the Magnus coefficient asso-
ciated to xj(1) - - - Xj(n) as is implied by a result of Dwyer, which we now explain (we will
also recall the definition of the Magnus coefficient):

2.3.5. Magnus embedding. Let Z((z1,...,z:)) be the ring of associative power series in
the non-commuting variables z,...,z, with coefficients in Z. The Magnus embedding
F — Z{{(z1,...,2z:))* is an injection of the free group into the multiplicative group of
units of Z((zy,...,2,)) given by x; — 1 + z; for all j. Since 2((z1,...,z,)) is profinite,
F — Z{{(z1,...,2:))* extends to a continuous homomorphism ¥ — Z((z;,...,z,))*. Thus
we have m : @ — Z((z1,...,z,)). For a degree d monomial zyy)- - - zy(q) of Z((z1,...,2y))
(I:{1,...,d} —= {1,...,1}), the associated Magnus coefficient p; : @ — Z is defined by
taking f € @ to the coefficient of zy(y) - - - z1(g) in m(f). It is well known that p;(f) = 0 for
f € [Flnand 0 < d < n (see [MKS04, §5.5, Cor. 5.7, p. 312]), and it follows by continuity
that u(f) = 0 for f € [®@],, and 0 < d < n. Thus, y; induces a (well-defined) function
ur: [@la/[@la — Z.

The following result is implied by [Dwy75, Lemma 4.2]. As the proof was omitted in
[Dwy75], we include one for completeness.

2.3.6. Proposition [Dwyer]. — @j([@]n/[@]nt1) = 1y

Proof. The homomorphism ¢ admits a factorization through m:
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@ T Z{zty oy ze))
x \L
un+1
More explicitly, the map Z((zy,...,z;))* — Un4; is the restriction of a homomorphism
of algebras 0y : Z((z1, ..., zy)) — Tni1, where T,,; denotes the algebra of upper triangular

(n 4+ 1) x (n + 1) matrices with coefficients in Z. 0; is given by
ai,ir105(z1) = &5y,
ai;05(z1) =0,
forl=1,...,7,i=1,...,nandj # i+ 1. T4 admits a grading, where the homogeneous
degree d matrices are those such that a;; = 0 for j # i+ d. 0;is a map of graded algebras.

(The fact that 0; respects the gradings and T,,.; has no homogeneous elements of degree
greater than n was used implicitly to see that 05 is well-defined).

Let b;; be the matrix of T,;; with 1 in the (i,j) entry and all other entries 0 (i =
1,...,n+1,j > i). The only non-zero product of n elements of {b;,b23,...,bnnt1}
is by 2b23 -+ - byny1 and this product is by 2,3+ - - byngr = by . It follows that

a1 n105(z51) - Zgmy) =1
and that

a1 n105(z11) - - Zimy) =0
forI:{1,...,n} —={1,... r}suchthatI # J. Since 6; respects the gradings on our algebras,
we have aj,410y(z11)- - z1@)) = Oforany I : {1,...,d} — {1,...,r} with d # n. Thus
a1n410ym = py, whence @j([@]n/[@]n+1) = pj.

U

Combining Proposition 2.3.6 and equation (19), we have:

2.3.7. Proposition. — Forany J : {1,...,n} = {1,...,7}

*

(yp)ewn = <—XT(1)> cee T X][n)>(0(@/[®]n)*M

Combining well known results, we now show that w, is determined by the elements
(py).wn € H¥(@/[@]n, Z), where ] ranges over all functions J : {1,...,n} — {1,...,7}; this
is a consequence of the Lie basis theorem and the relationship between the lower central
series of free groups and the Magnus embedding [MKS04, Ch. 5], as we now explain:

The Lie elements of Z((zs,...,z,)) are the elements in the image of the map from the
free Lie algebra over Z on the r generators (y, ..., ¢ to Z((z1,...,2,)) given by {; — z;.
(The Lie bracket on Z((zy,...,z,)) is [z,2/] = zz — 2'z.) As previously commented,

uy(f) = 0 for f € [@],, and J a function J : {1,...,d} — {1,...,r}such that 0 < d < n.
(A reference is [MKS04, §5.5, Cor. 5.7, p. 312]). Thus for any f € [@],, m(f) is of the
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form 1 + p,, + p-n, where p,, is homogeneous of degree n and -, only contains mono-
mials of degree greater than n. It is well known that f — g,, induces an isomorphism
from [Fl,,/[Fl41 to the homogeneous degree n Lie elements of Z((z;,...,z,)) ([IMKS04,
5.7, Cor. 5.12(i), p. 341]). The inverse takes a weight n bracket in the variables (;, ..., (.
to the corresponding bracket in [F],,/[F].41 with the variable x; substituted for (;, j =
1,...,1. As both this isomorphism and its inverse extend to continuous maps between
[@]n/[@]n+1 and the homogeneous degree n Lie elements of Z((zh ..., zr)), we have that
f — pn induces an isomorphism from [@],,/[@], 1 to the homogeneous degree n Lie ele-
ments of Z((z1,...,z.)). By the Lie basis theorem ([MKS04, §5.6, Thm. 5.8(ii), p. 323]), the

inclusion of the Lie elements of degree n into all the degree n elements of Z((z1,...,z,))
is a direct summand. It follows by continuity arguments that the same statement holds
for 2((z1,...,2.)). We may therefore choose a left inverse L to the map

(20) b w:e/eh.a—- H oz

----------

by L. By Proposition 2.3.7, we have:

2.3.8. Proposition. —

2.3.9. The above calculation of the element of H? classifying
1 = [nly/[md; — 7/lml3 — 7/, — 1

as a cup product combines with Proposition 2.2.5 to give another proof of Proposition
2.1.4. Furthermore, this second proof is straightforward in the sense that it does not re-
quiring ‘guessing’ the cochain y whose boundary is the difference of two given cocycles,
as in the proof in section 2.1.

Written out in excruciatingly unnecessary detail, this second proof goes as follows:
Proof. Let 3 be the map x — [—, —].(x Ux).

Let @ € H'(n/[n], x G, 7t/[n]2) be the cohomology class represented by the projection
7t/ x G — 1/[nl,. Let Bg € H2 (/[ x G, [7],/[73) be the push-forward of @g U @g
under the commutator. Then, 3 = pp, where pg,, is defined as in 2.2.1.

Let ® € H'(nt/[nl,),7t/[7;) be the cohomology class represented by the identity map.
Let B € H?(mt/[nl3, [7]2/[73) be the push-forward of @ U @ under the commutator. So,
@ =i1*®wgand B = 1*Bg, where i: 1 — 7 x G is the canonical inclusion.
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As above, let F = (x1,...,x,) be the free group, and if r = 2g for some g, let R =
F/([x1,%2l[x3, %4l - - - [Xg_1,X4]) be the fundamental group of a closed Riemann surface of
genus g. Ignoring the action of G on 7, 7 is isomorphic to F or R, where F* and R
denote the profinite completions of F and R respectively.

Suppose © = F\. The abelianization of 7 is a free 2 module with basis {x1, ..., X}, sO
an arbitrary element of 7t/[7], can be expressed as a proword x{'x$2 - - -x& with a; € 2
[do we need to explain the “pro-word” notation? — Kirsten] In [F|,/[F|5, we have the

computation:

— (Xiaixjai ) (Xibix;)i )(X?ixjai )1 (X?lx}?i )1

aitbiy % +b; . Gy % —bj ¥ b

— —a: b
= [xi, %] 7% %ix; i X Xy Xy

_ —a:b: . ai+b;_ aj+b; b . —a5—bj  —a;—b;
— [XUX]] (¢%} 1Xi1 lxj) )[Xi,xj](ll )X] ) JX_1 i i
= [x, x;] P~ b
It follows that
aj . a ar b b bry a;b; —a; by
(21) Bxy'x5? - XXX - x) = | |[Xi)xi] S

i<
whence pushing forward B by the Magnus coefficient for the function ] : {1,2} — {1,2,...,7}
with J(1) =1, J(2) = j, we have
(Up)eB =% UX] —xj Ux] = 2x] UX].
Use the notation that @, is the element of H*(F"/[F N, [F\/[F 1) classifying the

extension 1 — [FN./ [N — FY/ [Ny — FY/ [N, — 1.

By Proposition 2.3.7, we have that 2(;),.®, = (py).B. Since (20) is a split injection, we
have 2®,, = B. By Proposition 2.2.5, 3 — 25, is linear as claimed.

The case T = R is similar: the quotient map q : F* — R” induces an isomorphism on
abelianizations, and equation 21 remains valid. Thus,

(22) 2q([F"2/[FN3). 02 = q(F/[F,)*B,
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where q([F"]2/[F3) : [FA2/[FN3 — [R™/[RM3 and q(F*/[F2) : FY/[FY, — RY/[RM,
denote the maps induced by q. q induces a morphism of short exact sequences:

(23) 1—— [N/ [P ——=FY/ [N ——=FY/ [, —— 1

) 5 l

1 — [R"/[R"3 —= R/ [RN; —= RY/[R; — 1

[le2

where q([F],/[F3) and q(F"/[F],) have been abbreviated to q.

Let pn € H?(RN/[RM,, [RM,/IR" 1 41) be the element of cohomology classifying the
bottom short exact sequence of (23). By Proposition 2.2.3, q.®, = q*pn.

By (22), 2q*pn = q*B. Since q(F"/[FV],) is an isomorphism, this gives 2p,, = B, which
by Proposition 2.2.5 completes the proof. 0

2.4. Bracket Massey products. 2.4.1. Definition. For a short exact sequence of groups
1 - N—=M— Q — 1with N abelian, and a (equivariant) homomorphism f : N — N’
of abelian groups equipped with an action of M, an N additive N’ coordinate is a function
A : M — N’such that A(nm) = f(n)A(m) for all n in N and m in M. In the case
where N’ = N and f is the identity, we will say N coordinate to abbreviate ‘N additive N
coordinate.’

2.4.2. Proposition. — The boundary of an N additive N’ coordinate descends to a 2-cocycle
in C2(Q, N).

Proof. Let A : M — N be an N additive N’ coordinate for 1 = N - M — Q — 1 and
f: N = N’. D(A) in C*(M, N’) is defined D(A)(x,y) = A(x) +xA(y) — A(xy). Let n be
an element of N. We have the following straight-forward calculations:

D(A)(nx,y) = A(nx) + nxA(y) — A(nxy) = f(n) + A(x) + xA(y) — (f(n) + A(xy)) =
D(A)(x,y).

D(A)(x,ny) = A(x) + xA(ny) — A(xny) = A(x) + xf(n) + xA(y) — A((xnx")(xy)) =
A(x) +xf(n) +xA(y) — (xf(n) + A(xy)) = D(A)(x,y)

Thus D(A) descends to a function Q x Q — N. Since D(A) considered as an element of
C2(M, N) is a cocycle, D(A) considered as an element of C*(Q, N) is a cocycle as well. [

2.4.3. The set of N coordinates of T - N — M — Q — 1 is in bijection with the set of
set-theoretic sections of the quotient map M — Q, via the following bijection:
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To an N coordinate A : M — N, we associate the set-theoretic section

q— A(Q)'q,

where T is any element of M mapping to ¢. (Because A(nq) 'ng = (nA(q))
A(q)'q, this section is well-defined.)

]na —

The inverse bijection associates to a set theoretic section s : Q — M, the N coordinate

m — ms(q) ",

where q is the image of m in Q.

2.4.4. Proposition. — The extension 1 — N — M — Q — 1 is classified by —D(A) in
H?(Q, N), where A is any N coordinate.

Proof. Let s : Q — M denote the set-theoretic section of M — Q corresponding to A
defined in 2.4.3. Let q1, q2 be elements of Q, and let m;, m, be elements of M mapping to
q1, q2 respectively. The proposition follows from the straight-forward algebraic manipu-
lation:

1

s(d1)s(g2)s(a1q2) " =(A(mq) " 'my)(A(ma) 'mo) (A(mimy) Tmym,) !

=A(my) " (miA(my) 'm; A (mym,)

2.4.5. Proposition. — Let A be the set of N coordinatesof T = N - M — Q — 1, and let
w € H%(Q,N) classify this extension. The subset of cocycles of C*(Q, N) cohomologous
to w equals {-D(A): A € A}

Proof. By 2.0.5, w is represented by the cocycle corresponding to a set-theoretic section
sof M — Q. Changing s to s + e for e : Q — N changes the corresponding cocycle by
adding D(e). The proposition then follows by 2.4.3 and the proof of Proposition 2.4.4. [

2.4.6. Let M be a graded associative algebra with unit of the form:

M = ﬁ My,
n=0

where M, denotes the homogeneous degree n elements of M. Let a,, : M — M,, denote
the projection. Addition and multiplication in M will be denoted by + and - respectively.

Let U be multiplicative subgroup of the units of M given by U = {1 +x|x € [[;,_; My}

Let N be the subset of M given by N = {x|x € []>_; My}. N has the structure of a Lie
algebra by defining [ny, n,Jny = nyn, — nyny for any ny,n, in N.
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Suppose Q injects into M. Then, exp(x) = Y > x™/nland log(x) = > % ,(=1)™(x —
1)*/n define functions exp : N — U and log : U — N, which are inverse bijections
between N and U (considered as sets). These bijections allow N to inherit the group
structure of U, namely N has a group structure * defined: n; * n, = log(exp(ny) exp(n,))

making exp and log inverse isomorphisms of groups. The Campbell-Hausdorff formula

1 1
nyxmy;=mn7+n,+ z[m,“z] + 1—2[[T11,T12],T12] + E[[TLLTH]»TL]] + ...

expresses 1, * N, in terms of the Lie algebra structure on N, where in the above formula
[—, —] abbreviates [—, —]n. All the higher terms are higher order nested Lie brackets. For
use later, we state the Campbell-Hausdorff formula in its entirety:

(24)

(—1)™ 1
nixMny = [ s [ .. [[111,111],... ,Tl1],nz,. . ,le],Tl1,.. . ,le]
n; {pi‘quo m) (pi+qi) [[pilail

porasd
The bracket [- - - [- - - [[ny,n4],...,nq],ny, ..., n2],nq,..., 5] has p; ny’s, then g; n,’s, then
p2 ny’s, then q; ny’s etc. For I: {1,...,m} — {1, 2}, it will be convenient to let C; denote
the coefficient of [- - - [[ny), ni2)], ny3)l, - - ., Nim] in (24). In particular, we can abbreviate
(24):
(25) npxmp=Y Y Cil-[ug, gl ), - )]

m=1T{1,...m}—{12}

U is filtered by normal subgroups U, = {1 +x[x € [[;Z, M;}:

Uu=u;o>uU,>Us...

The corresponding filtration for the group (N, %) is N, = {x|x € [ [}Z,, M;}

N =N; DN; D N;js...

These filtrations are additive with respect to the brackets [u;, u,Jy = u1u2uf]uz] on U
and [n,n2ln = nymz;—nomg on N in the sense that [U;, Wiy € Uy and [Ny, Nydn © Nijpi.

2.4.7. We have a commutative diagram of group isomorphisms
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(Un/Uns1, )
/
(M, +)
\

(Nn/Nn+1> *)

where m — 1 + m is the isomorphism (My,+) — (U,/Uni1,:), m — m is the iso-
morphism (M, +) — (N/Ny1, %) and the vertical isomorphism is given by exp in one
direction and log in the other.

2.4.8. Proposition. — anlog : U/U,1 — U,/U,4 defines a U, /U, coordinate on
u/ un—H

Remark. log descends to a function U/U,,; — N/N.,;. a, descends to a function
N/N..1 — M,. We can therefore view a, log as a function U/U,,;; = N/N,, .1 = M, —
U,,/Uny; via 2.4.7. This is what is meant by a,log : U/U,. 11 — U,/U, 4 in Proposition
2.4.8.

Proof. (of Proposition 2.4.8) Take x in U,,/U, 47 and y in U/U,, 4. anlog(xy) = an(logx *
logy). Since log x isin Ny, /N1, [log x, zln = O for any zin N/Ny,4;. Thus by the Campbell-
Hausdorff formula, log x * logy = log x + logy, and the proposition follows. O

2.4.9. Proposition 2.4.2, Proposition 2.4.4, and Proposition 2.4.8 imply that —D(a, log)
determines a cocycle in C?(U/Uy,, U,,/U, 1) which classifies the extension U,,/U, 1 —
U/U, — U/U,. We calculate —D(a,, log) using the Campbell-Hausdorff formula:

To do this, we express (u;,u,) — a,log(uuy) as a Q linear combination of cochains
built from the a;log for j < n. The cochains in this Q linear combination are indexed by
pairs (I, P), where I is a function I : {1,..., m} — {1, 2} for some integer m between 1 and
n inclusive,i.e. 1 < m < mn,and where P : {1,...,m} — {1,...,n — 1}is a function such
that Z]“;] P(j) = n, ie. P is a partition of n into the sum of m ordered, strictly positive
integers. For (I, P) as above, the associated cochain in C*(U/U 1, Uy, /Uy1) is given by:

(26) (wy,uz) = [ - - [lap log(uymy), apa log(uyz))l, . . ., aps)log(urs))], apim) log(wrm))]

Note that when m > 1, (26) defines a 2 cochain in C*(U/U,,, U,/Uy1). By (25),

n

an log(muz) = Z Z CI[ .- [[(lp(]) 1Og(u1(])), ap(z) log(ul(z))], ey (lp(g,) 1Og(u1(3))], ap(m) log(ul(m))]
m=1 (I,P)
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It follows that
—D(anlog)(ur,uz) = Y Y Cil-+- llapq log(urm)), ap log(wz), . . ., apa) log(uie)], apgm) log(im)].
m=2 (LP)

2.4.10. Bracket Massey products. Recall that for a ring A equipped with an action of a
profinite group G, one can define the n'"* order Massey product (ti, ta, ..., t,) of certain
n-tuples (t1,12,...,t,) of elements of H'(G, A). (The definition was recalled in 2.3.3.) The
definition of the Massey product uses the associativity of the cup product on C*(G, A).
By replacing this associativity with the Jacobi relation, we define for a Lie algebra L with
a G-action, an analogue of the n'™™ order Massey product (ty,ty,...,t;) of n copies of a
T-cocycle t; in C'(G,L). As in the case of the usual Massey product, t; must admit a
defining system, and this defining system introduces indeterminacy.

2.4.11. Bracket cup product. Composing the usual cup product H'(G,L) ® H'(G,L) —
H?(G, LoL) with the map H?(G, LoL) — H?(G, L), induced from the Lie bracket LQL — L,
gives the order 2 bracket Massey product, or bracket cup product. (See 2.1.2 as well. Also,
note that although we claimed we would only define (t;, t;), here we define (t,t,). For
the higher order bracket Massey products, we will only give a definition of an analogue
of <t],t1, e ,t1>)

2.4.12. Third order bracket Massey product. Recall the following construction of the third
order (usual) Massey product of three elements T; € H'(G, A) represented by cocycles
t; € C'(G,A),i = 1,2,3. 11, T, and T3 must admit a defining system (s, s2), s1,52 €
C'(G,A),ie. we must have Ds; = t; Ut; and Ds; = t, U t3. We can then form

S]Ut3+t1USZ

and it follows from the associativity of the cup product that this expression is a cocycle.
We can replace this associativity with the Jacobi relation.

Let [-,—] : L& L — L denote the Lie bracket. Suppose 11 € H'(G,L) is such that
[—, —l.(tT1 UTy) = 0in H*(G,L). Then we can form a third order bracket Massey product,
denoted ([11]); as follows: let t; € C'(G, L) be a cocycle representing T;. Since [—, —].(t1U
T;) = 0in H?(G, L), we can find t, € C'(G, L) such that D(t;) = [—, —].(t; U t;).

The boundary of the cochain [—, —],(t, U t;) is [, —].(D(t2) Ut; —t, U D(t4)). Thus

D[, —].(t2Ut1)(g1,92,93) = [[ti(g1), 91t1(g2)], g192t1(g3)]
Similarly

D[—, —1.(t1Ut2) (g1, 92,93) = —[ti(g1), [g1t1(g2), g192t1(93)]] = [lg1t1(92), 9192t1(g3)], t1(g1)]

Therefore, [—, —1.(t2 U t1) 4+ [—, —].(t2 U t1) is not a cocycle, but because of the Jacobi
relation

D([—, =L (t2Uty) + [—, —l(t2U t1)) (g1, 92,93) = —llg192t1(g3), t1(g1)], g1ti(g2)]
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We now form two additional cochains in C#(G, L), whose boundary evaluated at (g1, 92, g3)
can be expressed as brackets [[—, —], —] evaluated at t1(g1), g1t1(g2), and g1g.ti(g3). We
will add a Q linear combination of these cochains to [—, —].(t, U ty) + [—, —].(t2 U t;) to
form a cocycle.

First, consider the cochainin C'(G,L ® L)

Ay, t1)(g) = t1(g) @ t1(g)
Note that the boundary of A(t;,t;) is

DA(t1,t1)(g1,92) = t1(g1) ® t1(g1) + g1t1(g2) ® giti(g2) — t1(g192) ® t1(g192)
=t1(g1) ® t1(g1) + g1t1(g92) ® grti(g2) — (ti(g1) + giti(g2)) ® (t1(g1) + g1t1(g2))
= —(t1(g1) ® giti(g2) + g1t1(g2) ® t1(g1))

where the second equality follows because t; is a cocycle.

The two additional cochains in C?(G, L) mentioned above are [[—, —]—].(t; U A(t1,11))
and [—, [—, —]].(A(ty, t1) U t1). We calculate the boundaries of these cochains:

D([[—, —]—](t1UA(t1,t1))) (g1, 92, 93) = [[t1(g1), g1ti(g2)]g192t1(g3)]+[ti(g1), 9192t1(g3)]g1ti(g2)]

D[—, [, =l (Alty, t1) U t1)(g1,92,93) = —[ti(g1), [g1ti(92), 9192t1(g3)]] — [g1ti(g2), [t1(g1), 9192t1(g3)l]
= [[g1t1(92), g192t1(g3)], t1(g1)] + [[t1(g1), gr192t1(g3)], giti(g2)]

Thus,

D([—, [, —IL(Aty, t1) Uty) + [[—, =L (t1 UA(ty, t1))) (g1, 92, 93)

= [[t1(g1), g1t1(g2)]g192t1(g3)] + [lg1ti(92), g192t1(g3)], ti(g1)] + 2[[t1(g1), g192t1(g93)], giti(g2)]
= —llg192t1(g3), t1(g1)], grti(g2)] + 2[[t1(g1), g192t1(g3)], 91ti(g2)]

= 3[[t1(g1), 9192t1(9g3)], g1t1(g2)]

where the second equality follows from the Jacobi relation.

D([—, =] (t2Utq) + [, =L (t2U t1)) (g1, 92, 93), D([[—, —]—1.(t1 U A(t4,t1)))(g1, 92,93) ,
and D[—, [—, —]].(A(ty, t1) U t1)(g1, 92, g3) are all in the substance of L spanned by

[[ti(g1), 9192t1(g3)], 91t1(g2)]
and
[[ti(g1), 91t1(92)], g192t1(g3)],
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so they must satisfy a linear relation. From the above we see that this (unique up to scalar
multiplication) linear relation is

0=D([—,—l(t2Uty) + [, —](t2U t1)) (g1, 92, 93)

—5D([[—, —]-].(t1 UA(t1, 1)) (91, 92, 93)

__D[_> [_a _]]*(A(t1)t1) U t])(g]’ g2, 93)

We define ([11])3 by

(feal)s = [, L8200+, L (820t -, - (U, 1)) 3T [, L (Al t)0t)

and by the above ([1;])3 is a cocycle.

2.4.13. n'" order bracket Massey product. Instead of searching by hand for linear com-
binations of brackets of cochains which determine cocycles by the Jacobi identity, the
Campbell-Hausdorff formula produces such a linear combination automatically. We de-
scribe this linear combination in 2.4.14-2.4.19.

2.4.14. The cochain given in (26) generalizes to produce an operation C'(G,L)™ — C%(G, L)
for each function I : {1,...,m} — {1,2}. This operation takes (by,...,b,) € C'(G,L)™ to
the 2 cochain:

(g1,92) — [, L. L,
where 1; = bi(gy) if (i) =1, and l; = g;bi(g2) if I(i) = 2. We will denote this cochain by
Bi(b1,...,bm).

2.4.15. The operations B; : C'(G,L)™ — C?(G, L) of 2.4.14 can be expressed in terms of
more familiar operations. We list these operations and give (31 as a composition of them.

To a pair (by,b;) € C'(G,®@™ L) x C'(G,®™L), associate the cochain g — b1(g) ®b,(g)
in C'(G, ®™ ™). (The justification for calling this operation ‘more familiar’ than B is
thatif @™ L, ®™L, and @™ "™ L are replaced by a ring R, the boundary of the analogous
cochain shows that the cup product H'(G,R) @ H'(G,R) — H?(G,R) is antisymmetric.)
Repeating this process gives amap A : C'(G,L)™ — C'(G, ®™L) which takes (bs,...,by)
to the cochain

(27) g+ bi(g) ®@ba(g) ®... @ bm(g)

Let i1,12,...,1m, be the list of elements of I"'(1) given in increasing order, and let
iy 1y by 42, - - - » by +my D€ the list of elements of I77(2) given in increasing order. Let o be
the permutation of {1,..., m} given by o(i;) = j. In other words, o puts the list i;,...1,,

back into increasing order. ¢ induces o, : C*(G,®™L) — C*(G,®™L). The m'™ order Lie
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bracket [---[[—,—],—],...,—] : ®L — Linduces [---[[—,—],—],...,— ] : C*(G,®™L) —
C*(G, L). The operation (31 is a composition of these operations:

(28)
Bl(b1) e )bm) = [ o [[_) _]v _]> o )_]*O-*(A(bi] )biz) oo )bim] )UA(b

ITmy+1)

b:

lm]+2""’

b;

lm] +Tr|.2 ))

2.4.16. Definition. Let L be a Lie-algebra with an action of a profinite group G. Let T; be
an element of H' ( G, L). A defining system for the order n bracket Massey product of Ty is
(t1,...,tn) € C! (G I_)“ ! such that:

(1) tyisa cocycle representing Ty
(2) D(t;) = 2 2_wp) CiB1(te(1), tr2)y - - oy tepmy) for 1 <j <m

The sum in condition (2) runs over all pairs (I, P) where I is a function I : {1,...,m} —
{1,2}and P : {1,...,m} — {1,...,n— 1} is a function such that Z]TL P(j) = n. (See also
2.4.9.)

2.4.17. Definition. The order n bracket Massey product of T, with respect to the defining sys-
tem (t1,...,t, 1) is an element of C?(G, L) denoted by [{T1;t1,...,tn 1)l and is defined

[(Ty3ty,...,t ZZCIBI tray tr)y - -0 tramy)s

m=2 (

where the indexing of the sum is as in 2.4.16.

Although we have defined [(Ty;11,...,tn_1)]n as a cochain, we will show in Proposi-
tion 2.4.19 that [(T;ty,...,tn_1)ln is a cocycle, and we will sometimes denote the corre-
sponding cohomology class by [(T1;t1,...,th_1)ln or by [(T1)],, if the defining system is
understood.

Note that condition (2) of Definition 2.4.16 is equivalent to D(t;) = —[(T1;t1,...,t_1)];
forT<j<n

2.4.18. Example. By construction, the extensions U,/U, 1 — U/U, 1 — U/U, of 2.4.6
are classified by bracket Massey products: let U = U; D U, D U;z--- and the cochains
ajlog € C'(U/Un, U;/Uj14),j <n, beasin2.4.6. Let G = U/U,,and L = &5, Wi/ Uj. G
acts trivially on L. By 2.4.9 we have a cocycle —D(a, log) € C*(G, Uy, /Un1) classifying
U, /Unr — U/Upy — U/U,. Viewing —D(an log) as a cocycle in C%(G, L), note that

—D(anlog) = [(a;log; a;log, aslog, ..., an_1log)ls
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2.4.19. Proposition. — For (t1,...,tn 1) € CYG, L) a defining system of T1 € H'(G, L),
[(T1;t1,. .., ta1)]n € C*(G, L) is a cocycle.

Proof. Abbreviate the cochain [{T;t1,...,tn_1)ln € C*(G,L) by [{T1)].. Take (g1,92,93) €
G3. We show D[(T1)]n(g1,92,93) = 0. Let E be the subset of L given by

E={ti(g1),...,tnl(g1),91t1(g2), ..., 91tn(92), 9192t1(93), ..., 9192tn(g3)} C L.

By example 2.4.18, it suffices to show that D[(t)].(g1, 92, 93) can be expressed as a Q
linear combination of Lie brackets of any weight and arrangement in the elements of E.

By 2.4.15, it suffices to show that

D(A(bn )biz)' .. )b ) U A(bim]Jr] )bim1+2) o )bim1+m2))(g1) g2, 93)

im,

is a Q linear combination of simple tensors in Lie brackets of any weight and arrangement
in the elements of E.

Let x abbreviate A(b;,, by, ... , by, ) and lety abbreviate A(bimﬁ] Din s D, ).

D(xUvy)(g1,92,93) = Dx(g1,92) ® g192y(g3) —x(g91) ® 91Dy(g2, 93)

Since x(g1) and g19,y(g3) are simple tensors in the elements of E, it suffices to show that
Dx(g1, g2) and g1Dy(g2, g3) are Q linear combinations of simple tensors in Lie brackets
of any weight and arrangement in the elements of E. Since (t,...,t,_1) is a defining
system, Dt;(g1, g2) and g1Dt;(g2, g3) are Q linear combinations of simple tensors in Lie
brackets of any weight and arrangement in the elements of E. The proposition follows
from the calculation that for any (b1, b, ..., b)) € C'(G, L)™', we have

D(A(b1,b2,...,bm))(g1,92) = ®™bi(g1) + @™ 91bi(g2) — @™ bilg192)
= @™ bi(g1) + @™, 91bi(g2) — @™, (bi(g1) + g1bi(g2) — Dbi(gr, 92))

(Here itis understood that the tensor product over the index i respects order, e.g. ®¥ ;bi(g1) =
b1(g1) @ b2(g1) ® ... ® bim(g1).)

O

2.4.20. Obtaining defining systems.

We describe a situation in which we can form an order n bracket Massey product. Let
G and @ be profinite groups, with G acting continuously on @. Let @ > @, > @3...bea
G invariant filtration of @ by normal subgroups such that [@;, @;] C @iy;. For instance,
we could take the lower central series filtration @,, = [@].. Let 11 € H'(@/@,; % G, ®/®>)
be the cohomology class represented by the projection t; : @/@, x G = @/@,, and by
abuse of notation, Ty and t; will also denote the pullbacks to @ /@, x G for n > 2.
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Form the Lie algebra L = ©52,@;/®;j1. G acts on L and therefore so does @/@,, x G
for any n, by letting @ /@, act trivially. We describe a situation in which we can form the
order n bracket Massey product of t; for the group @ /@, x G (or @/@y x G for m > n)
acting on L. The resulting bracket Massey product from the below procedure will be the
push-forward of a cocycle in C*(@/®@n X G, @n/@n 1)

(t1) is a defining system for the order 2 bracket Massey product as above.

Suppose inductively that (t;,...,t,_>) is a defining system for the order n — 1 bracket
Massey product on the group @/@,_1 X G. Thus, we can form [(Ty;t1,...,th2)ln1 In
H%(@/@,_1,L). Under the hypothesis that [(T1;t1,...,tn 2)ln_1 is the pushforward to L
of the element of cohomology classifying

15 @0 /@O 2 @D/ XG> D/ D X G — 1,

we can form the order n bracket Massey product on @/@ x G as follows:

By Proposition 2.4.5, we have a @,,_1/ @, coordinate
th1: @/ @D X G — @1/ Dn

such that D(t,_1) = —[(T1;t1,...,th2)In_1. (For this equality, view D(t,_;) as a cocycle
in C*(@/@n_1 % G,L) via @, 1/®@n — L. c.f. Proposition 2.4.2.)

Pulling back (t;, ..., tn_2) to @/@, % G, we have the defining system (t;, ..., tn_2, th_1)
for the order n bracket Massey product of Ty, making it possible to repeat this process.

2421. Let G, @ > @, > @3..., T1,and t; be as in 2.4.20. As above, suppose that for each
j <n,wehave a @;/®j;; coordinate t; for

1 = @5/@j41 2 D/ @41 X G = D/@D;x G — 1
such thatD(tj) = —[(T];t1,. .. ,tj_1>]j in Cz(@/@j X G,@j/@j+1).

In particular, (ty,...,t,_1) is a defining system for the order n bracket Massey product
of 11, and this defining system pulls back along any group homomorphism G — @ /@ x
G to a defining system of the pull-back of T;. This gives an alternate description of the
map

o H'(G, @/[@]n) = H*(G, [@]n/[@]n41)
for

n=[tt,..., th)ln

defined in Notation 2.2.1: for every x in H'(G, ®/[®],,), we have a homomorphism G —
@ /[®], % G defined up to conjugation by an element of @ /[@],,. (This is also described in
Notation 2.2.1.) The pullback of (t;,...,t,_1) is a defining system for the order n bracket
Massey product of x, and the resulting bracket Massey product [(x)], € H*(G, [@],,/[®]n 1)
is independent of the choice of homomorphism G — @/[®@],, x G. Furthermore, it is im-
mediate from the definitions that

on(x) = [(¥)]n

where the defining system on the right hand side is understood to be the pull-back of
(t],' .- )tn—1)-
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2422 . LetG, @ > @, > @3..., Ty, and t; be as in 2.4.20. Recall from 2.4.20 that under the
hypothesis that for each j < n, we have a @;/@j;; coordinate t; for @/@j;1 x G such that

D(t;) = —[{T1;t1,...,t;_1)];, we can form [(T1;t1, ..., th 1)]n in CH(@/@n X G, @n/Dni1)-
We can repeat this process, i.e. we can find a @, /@1 coordinate t,, for @ /@1 % G such
that D(tn) = —[{T1;t1,. .., th_1)ln and form [(Ty;ty, ..., to)lns, if

[<T1>]n S Hz(m/wn X G) a)n/@n+1)

classifies
(29) I = @/ @On1 2 D/ D1 X G2 @/@5xG — 1
([{T1)]s, denotes the cohomology class of the cocycle [(T1;t1, ..., th_1)]n).

The next proposition shows that when @ is a finitely generated free group filtered by
its lower central series, the pullback of [(11)],, along i : @n/@ni1 — @n/@ni1 X G always
classifies the pullback of (29).

2.4.23. Proposition. — Suppose that @ is a finitely generated free group with an action of G such
that the lower central series filtration @ > [@], > [@]3. . . satisfies the hypothesis that for each j <
n we have a [@];/[®]j41 coordinate t; for @ /[@];11 % G such that D(t;) = —[(T1;ty,..., 1))
in C*(@/[@]; x G, @;/[@]j11). Let i: @ /(@] — @/[@]n % G be the inclusion. Then

Ut ten)n

classifies

1 = [@h/[@h — @/ @y = @/[@]n — 1

To prove Proposition 2.4.23 we will use the following lemma and corollary to the lemma:

2.4.24. Lemma. — Let @ be a finitely generated free group. The pullback H*(@/[®]n, Z) —
H%(®/[@]ny1,Z) is the zero map for all n.

Remark. The hypothesis that @ be free is necessary: if @ is the fundamental group of a
compact surface of genus g > 1, H*(@/[®]2,Z) — H*(®@/[®]3, Z) is non-zero. (The kernel
is the image of the boundary map H'([®],/[®@]3,Z) — H*(@/[®]2, Z) of the E, page of the
Serre spectral sequence H(@/[®],, H ([®@],/[®]3,Z)) = H?*(®/[®]3,Z), which can not be
surjective as H'([@],/[®]3, Z) is free of rank (§) — 1 and H*(@/[®]5, Z) is free of rank (9)

Proof. By the universal coefficient theorem, H?(®/[®],, Z) is dual to Hy(@/[®]n, Z), so it
suffices to show that Hy(@/[@]n41,Z) — Ha(@/[@]n, Z) is the zero map. This follows by

the natural isomorphisms H,(@/[@]n, Z) = [@]n/[@]n+1 given by Hopf’s theorem (see for
instance [Bro94, Il Thm. 5.3]). O

Lemma 2.4.24 implies the following uniqueness result for bracket Massey products in
free groups.
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2.4.25. Corollary —Let @ bea ﬁmtely generated free group. Form the Lie algebra & n/ It
Suppose ®[@]n/[@]ny1 — L is a morphism of Lie algebms and view L and &[®],/[®@] 1 as
equipped with the trivial action of . Suppose (t1,...,tn1) is a defining system for the order n
bracket Massey product of T1 € H'(@/[®]n, L) such that tjis a [@];/[®]j41 additive L coordinate
for @/[@];11. Suppose (s1,...,8n_1) Is another such deﬁning system. Then in H*(@/[@]n, L),
we have the equality

[(Tl;t1>- .. )tnf1>]n = [<T1;S1> e )Snf1>]n

Proof. By Lemma 2.4.24, H*(®@/[®]n_1,L) — H%*(®/[®]n, L) is the 0 map. Thus, it suffices
to show that [(Ty;t1, ..., th1)ln—[{T1; 81, ..., Sn_1)]n descends to a cochain (which is there-
fore automatically a cocycle) in C*(®/[@],_1, L).The only summands of [(T1;t1,. .., th_1)n
given in 2.4.17 which do not descend to @ /[@]_1 are (x,y) — [ti(x), tn_1(y)] and (x,y) —
[th_1(x),t1(y)]. Because t,,_; and s,,_; are [@],,_1/[®], additive L coordinates for @ /[®]
their difference t,_; — sn_; descends to an element of C'(®/[@]._1, L). Therefore (x,y) —
[t1(x), (th1 — sn1)(y)] and (x,y) — [(tn1 — sn_1)(x), t1(y)] descend to C*(@/[@]5—1,L).
]

Proof. (of Proposition 2.4.23)Let s; = i*t; forj = 1,...,n—1. Notice that s; € C*(@/[@];, [@];/[@];1)
is a [@];/[@]j41 coordinate for 1 — [@];/[@]j11 — @/[@]j41 — @/[@]; — 1, and that

D(s;) = —[(i*Ty;s1, ..., 8j_1)]; (Where this equality is an equality of cocycles in C*(@/[®@];, [@];/[@];11))-
We need to show that [(i*Ty;s71,...,8n1)]n classifies T — [@],/[®@]n1 — @/[@]na —
@/[@]n — 1

Asin 235, letm : @ — Z((z1,...,zy))* be the Magnus embedding. Let U and
(G =1,2,...)beas in 2.4.6 for the graded associative algebra M = Z((zy, ..., z.)).

Let w; € HY(@/[®];, [@];/[®];11) denote the cohomology class classifying

(30) 1 = @)/ @] — @/[@)j4 — @/[@]; — 1

(cf. Proposition 2.3.8). Let v; € H?(U/U;, U;/U;,1) denote the cohomology class classify-
ing

(31) 1— Uj/Uj+] — U/Uj+1 — U/U] — 1

m induces a map from the central extension (30) to the central extension (31). By 2.2.3,
m,Ww, = M*v,.

Because m : [@]n/[@]n41 — Wn/Uny is a split injection (see equation 20), it suffices to
show that m,w, = m,[(i*Ty;s1,..., sn_1)]lnin H3(@ /@, Un/Un,1).
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Let a; and log be as in 2.4.6. By Example 2.4.18, (a4, a;log, ..., ay_1log) is a defining
system for the order n bracket Massey product of a;, and [(a;; a;, azlog, ..., an_log)l, =
Vi in Hz(u/un) un/un+1 )

We are therefore reduced to showing that

m (1" T1;81, ..., Sno1)ln = M [(ag; aq, azlog, ..., an_1log)ln

This is equivalent to showing

(M i* Ty masy, ..., Musn1)]n = [(M*a;;m*ay, m*az log, ..., m*a, 1 log)l,

This last equality follows by Corollary 2.4.25 O

24.26. Let G, @ be profinite groups with G acting on @. Let §, : H'(G, @/[®].) —
H?(G, [@]n/[@]ni1) be as in 2.0.3.

Let e,, denote the element of H?*(@ /(@] X G, [@]n/[®@]ni1) classifying
1— [w]n/[@]n+1 — w/[w]n+1 D G — @/[@]n X G — 1
So, 0 = g, (see2.2.2 and 2.2.1).

Suppose additionally that @ is a finitely generated free group. Combining Proposi-
tion 2.2.5 and Proposition 2.4.23 gives the following recursive understanding of the struc-
ture of &,, for small n (or “until the linear term comes from a non vanishing cohomol-
ogy class”): 82(x) = [(x)]2 + Ls(x), where L, is linear. L, is the linear map associated
to £, € H¥(@/[@]; x G, [@]y/[@]3). If £, is 0, then L, = 0 and &3(x) = [(x)]3 + L3(x),
where L; is linear in the sense of Proposition 2.2.5. L3 is the linear map associated to
(3 e Hz(@/[@]g X G, [@]3/[@]4) If £3is 0, then L3 = 0 and 54(7() = [<X>]4 + L4(X), where 14
is linear in the sense of Proposition 2.2.5 etc. ([(x)],, is as in 2.4.21. The map associated to
a cohomology class is given in 2.2.1. For §,, see also Proposition 2.1.4.) Formally:

2.4.27. Definition. Let G, ® > @, > @3 > ..., 71, and t; be as in 2.4.20. Consider @ as
a filtered group with a G action. Say that @ has property P, if there is a defining system
(t1,...,tn1) for the order n bracket Massey product of 1, satisfying the hypothesis that
tj is a @;/@j41 coordinate for @ /[@];;1 % G. (The order n bracket Massey product of T is
for the group @ /@, x G acting on the Lie algebra ®©@;/@;j1.)

2.4.28. Theorem. — Suppose G is a profinite group acting continuously on @, where @ is a
finitely generated free group or the profinite completion of such a group. If @ filtered by its lower
central series has property P, then

e dm(x) = [(x)]m for m < m, where [(x)],, denotes the order m bracket Massey product as
in 2.4.21.

o 5.(x) = [(X)]n + La(x), where L, : H'(G, @/[@]n) — H2(G, [@]n/[®@]n;1) is linear in
the sense of Proposition 2.2.5.

38



o L, =g, wherel, € H*(@/[®@]n x G, [®@]n/[®@]n11) is given by {,, = e — [(T1)],, with
[(ti)]nasin2.4.17 and 2.4.27, €, as in 2.4.26, and g, as in 2.2.1.

Furthermore, if {,, is O, then @ has property Py 1.

Proof. Since @ has property P,, we have for m < n, a @/®@m41 coordinate t,, for
®/[@]mi1 % G such that —D(ty) = [(T5t1,..., tm1)m in CH@/[@] 1 % G, @/ [@]mi1),
where 17 and t; are as in 2.4.20 for the lower central series filtration of @. By Proposition
2.4.4, it follows that form < n

1 = [@]n/[@]mi1 = @/[@]mt1 X G = @/[@]m 3G — 1

is classified by the cohomology class [(T1)]. of the cocycle [(T;t1, ..., tm_1)lm- By 2.2.2,
we therefore have 8., = p,, forn = [(T1)];m for m < n. Thus 6.,(x) = [(X)] 1, as in 2.4.21 for
m<mn.

Since @ has property P,,, we can form the cocycle [(Ti;ty,...,tn_1)]n and its corre-
sponding cohomology class [(T1)], € H?(@/[@]n % G, [@]n/[@] 1) By 2.2.2 and 2.4.21,
Sn(x) — [(x)]n = g0, (x) (for any x € H(G, @/[®@],,)). Leti: @/[®@], — ®@/[@], x G denote
the inclusion. By Proposition 2.4.23, i*[(11)],, classifies

(32) 1— [w]n/[w]n+1 — w/[®]n+1 — @/[@]n — 1

By 2.2.3, i*e,, classifies (32). Since both i*[(T;)] and i*e,, classify (32), i*(,, = 0. By 2.2.5,
¢, is linear in the sense of Proposition 2.2.5, i.e. o, (X1 + X2) = ¢, (x1) + ¢, (x2) for any
x1, X2 in H'(G, @/[®].) such that we have x; + x; in H'(G, ®/[®].). So, we may define
L. = g¢,, and we have 8,,(x) = [(x)]n + La(x) with L,, linear in the sense of Proposition
2.2.5.

Now suppose £ = 0. Then [(T1)],, classifies
1 = [@h/[@h = /@1 X6 = @/[@a 3G =1

By 2.4.20, @ has property Py 1. O

2.4.29. Theorem 2.4.28 applies to the obstructions §,, for any non-proper, smooth, geo-
metrically irreducible, algebraic curve X over a subfield k of C, as in 1.1.3. For instance,
m filtered by its lower central series and equipped with its action of Gy (with 7y as in
1.1.3), has property P, and we recursively apply Theorem 2.4.28 as above to describe 3,
for small n. (We may only get a description of 3,.)

2.4.30. By 2.4.20 and 2.4.17, [(T1)], is independent of the lift of the action of G on @/[®@]»
to the action of G on @/[®@]y+1. On the other hand, €,, depends on this lift. The bracket
Massey term in the decomposition of §,, of Theorem 2.4.28 therefore requires less under-
standing of the G action than is required to compute 6. It is only the term subject to
linearity conditions that depends on G’s action on all of @ /[@]1.

2.4.31. Dependence of the linear term of 5, on the base point.
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Let by, b, be rational base points or tangential base points of X ® k, and let T, ,Tlb,
denote the etale fundamental group of X ® k based at by, b, respectively.

Ty, and 7, are isomorphic as groups, but not (necessarily) as G groups.

Let p be a path from b; to b,. p determines a group isomorphism i, : 7, — 7Ty,,
given by v — pyp . The failure of i, to be G equivariant is measured by the cocycle
g — o '(gp) in C'(G,m,) corresponding to (by, p). (This correspondence refers to the
second map from rational points to homotopy sections given in 1.1.3.)

gip(y) = 1ip((p ' (99))(gv) (9 (ge)) ")

Note that i, induces a G equivariant isomorphism 7y, /(7,12 — 7w, /[7To, ]2

Furthermore, i, induces a G equivariant isomorphism [y, ]2/[7,13 — [T, 12/[7Tp, 13,
because for any y € [m,]2, we have (97" (gp))(gy) (9" (g9)) " (gy) ™" € [m, 5.

We therefore denote both vy, /[y, ], and 7y, /[, ]2 by 7t/[n],. Similarly, [7t],/[7t]3 de-
notes both [my, ]2/[7v, |3 and [y, ]2/ [T, 3.

Let 8,1, and 8,1, denote the obstructions H'(Gy,/[nl,) — H?(Gy, [nl2/[7l3) corre-
sponding to by and b, respectively. Both 8,4, and 8,1, are the sum of the bracket cup
product H'(Gy, 7t/[7],) — H?(Gy, [7],/[n]3) and a linear term. (The bracket cup product
is given in 2.1.2 or 2.4.11. It is the same map for either base point because i, identifies the
two maps 7y, /[Ttp, ]2 ® Ty, /16, ]2 — [76, ]2/ [0, 13 for i = 1,2, in the sense that the obvious
diagram commutes.) Denote the linear term of 8,1, by Ly,, and denote the linear term of
) 2,b, by I—bz .

Ly, — Ly, is the obstruction H'(Gy, 7t/[7l2) — H?(Gy, [7l2/[7]3) corresponding to €1 — €,
where €; € H%(rt/[n1],; x Gy, [71],/[71]3) is the element of cohomology classifying

1 — [rly/[mls — ﬂbi/[ﬂbih X Gx — m/[m]; @ Gy

fori=1,2.

Let a, be a [n],/[7]3 additive [7t],/[7t]5 coordinate for

[rt],/ [tz — 7o, /70,13 — 7t/ [72

Then a,i, is a [7t],/[7]; additive [7t],/[7t]3 coordinate for

[7],/[7]3 — 70, /10,13 — /(72

It follows that the map 7y, /[7tp, 13 X Gx — [7]2/[7]3, also denoted a,, defined by
Y X g ax(y)
is a [71],/[7]3 coordinate for
[1t],/ 3 — 7Tb1/[7tb2]3 X G — m/[my @ Gy
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In the same way, a,i,, is a [n],/[n]3 coordinate for

[1],/[7]3 — 7w, /[T, 13 X G — 7/[71], x Gy

By Proposition 2.4.4, €; — €, = D(a,i,) — D(ay).
(D(az) = D(azip))(v1 > g1,v2% g2) = a2(v1 X 917, Y2 X 92) — @2lp(V1 X g1, Y2 X 92)

o(Y1X91°m,, Y22 92) = 1p(V191Y2) %9192 = Viip(g1v2) ¥ 9192 = V(9 ' (919)) ' grv2(p ' (g19)) >
9192.

Thus (D(az2)—D(aziy))(v1x91,Y2x92) = az(v19rv2)—az(vi(p '(g19)) g1yl ' (g919))).
Yl (g19)) ' g1v2(9 7 (919)) = Vigrval—g1v2, — ' (919)] = [g1v2, 0 (919)]Y191Y2

Thus (D(az) — D(azip))(v1 X g1,v2 % 92) = [9 ' (919€), 91v2). This is the bracket cup
product of the point b; with the “identity” i.e. this is the bracket cup product of the cocycle
corresponding to (by, p) with the twisted homomorphism 7t/[7], x Gy — 7/[n], given by

Y X g y.

Thus, (L;—L;)(x) = b;Ux, where the cup product here denotes the bracket cup product.

3. EXAMPLES AND COMPUTING &,

3.1. &, over R. For geometrically connected, finite type R schemes, the Gg action on 7§t
comes from the G action on 7;°" via the canonical isomorphism (7:°")" = n$t [SGAI,
Exp. XII Cor. 5.2]. To study &, over R, we first establish results allowing us to re-
place 7€t by m;°". (See Proposition 3.1.19.) The analogue of the injection Jac X(k) —
H'(Gy, 7t1/[m1]2) for number fields (discussed in 1.1.3) does not hold over R. Instead ho-
motopy sections can only record connected components of real points (3.1.2). In particu-
lar, Ellenberg’s §,, are obstructions to connected components of real points of the Jacobian
coming from the curve itself. In 3.2 , we show that for proper, smooth, geometrically
connected curves over R, the 8, succeed in determining the connected components of
R-points of the curve, and in fact 9, itself is sufficient for this (Proposition 3.2.1).

For the above, we use a ‘section conjecture for 71;°",” under certain hypotheses (Corol-
laries 3.1.8 and 3.1.9). This “section conjecture” is an immediate corollary of a theorem of
Gunnar Carlsson (reproduced below as Theorem 3.1.4). It implies the usual section con-

jecture over R for schemes such that H'(Gg, 71;°") — H'(Gg, (7;°")"") is an isomorphism.

To establish Proposition 3.1.19, we show H'(Gg, ;") — H'(Gg, (:°")") is an isomor-
phism for smooth proper (geometrically connected) curves and abelian varieties with an
R-point (Propositions 3.1.14 and 3.1.17), thereby also giving another proof of the usual
section conjecture for these schemes (Remark 3.1.20). See [Pal] for a nice discussion and a

topological proof of the section conjecture over R in full generality.

3.1.1. Homotopy sections over R.
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For k = R, the map from sections of X — Speck to homotopy sections (1.1.3) passes
through 75(X(RR)). (In particular, for curves and their Jacobians with X(R) # 0, X(R) —
H'(Gg, 7€' (Xc)) is not injective.)

3.1.2. Proposition. — Let X — SpecR be finite type and geometrically connected, and suppose
that X(R) # 0. Then the map X(R) — H'(Gg, $'(Xc)) defined in 1.1.3 admits a factorization

X(R) = mo(X(R)) = H'(Gg, 7" (Xc))

(where 11o(X(IR) ) denotes the connected components of the real points of the complex analytic space
corresponding to Xc).

Proof. Let b denote the chosen basepoint. Let x;,x, € X(R) be two points with the same
image in 7o(X(R)). Let X(C) denote the complex analytic space corresponding to X¢, by
a slight abuse of notation. Choose a path y; : [0,1] — X(C) from b to x;, and a path
n: [0,1] — X(C)S® from x; to x; whose image lies entirely inside the real points of X(C).
In particular, y, = ym is a path from b to x,. (Composition in 71;°?(X(C)) is denoted
left to right here.) Let x; € C'(Gg,7;°’(X(C))) be the cocycle g — ~yig(y;') for i =
1,2. Let v : H'(Gg, 1;°"(X(C))) — H'(Gg, $*(Xc)) be the map induced by the canonical
isomorphism ﬂfOP(X((C))/\ = nt§*(Xc). x7 and x; are sent to t(x;) and t(x2) respectively in
H'(Gr, 7*(Xc)). Since g(n) =7,

x2(g) =ymglym)™ =ymgm) 'glv;') =xilg),

proving the proposition. 0

3.1.3. ‘Section conjecture for 71;°” over R.

Let G be a finite group. By a G CW complex we mean a CW complex X with an action
of G by cellular maps such that for each g € G, {x € X|g(x) = x} is a subcomplex of X
(see [Bre67]). By a finite G complex we mean a finite dimensional G CW complex X with
only finitely many cells in each dimension. For a topological space T, let T/* denote the
Bousfield-Kan mod p completion.

3.1.4. Theorem [Carlsson]. — Let G be a finite p-group. Let X be a finite based G CW complex,

and let
X¢= J] X9«
ey (XG)

be the decomposition of X€ into its connected components. Let K be the kernel of

(X)) = m(X)

and let (XG) o — (X©)  be the connected covering space corresponding to K. Let Ly = 111((X) o) /Ko

P

Let XS = ELy x1, ((XS))A\

P

There is a natural map F(EG,X)€ — ]_[(xeﬂo (X6) x_g which induces an isomorphism on mod-p
homology.
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This is Theorem B(a) of [Car91].

A weak G-homotopy equivalence is a G equivariant map f : X — Y such that for any
subgroup H of G, the induced map on fixed points f: X" — Y" is a weak equivalence.

3.1.5. Corollary. — Let G be a finite p-group and let X be weakly G homotopy equivalent to a
finite based G CW complex. Then there is a natural bijection 1o(F(EG, X)) = mo(X€).

Proof. The spaces XG are connected. O

When X is a K(m, 1), there is a natural bijection 71o(F(EG, X)€) = H'(G, n) by a standard
representability result for group cohomology with twisted coefficients. For the conve-
nience of the reader, we include a proof.

3.1.6. Proposition. — Let G be a group and let T be a topological space with a G action such that
mi(T) =0fori# 1and m(T) = @, i.e. Tisa K(®,1). Assume there is a G invariant simply
connected set B (e.g. B could be a fixed point), and fix an isomorphism (T, B) = @, so @ inherits
a G action from the G action on 71(T, B). Then, there is a canonical isomorphism of pointed sets

(F(EG,T)¢) = H'(G, @)

Proof. Composition in 711 (T, B) is written left to right, so vy is the loop obtained by ‘first
following the loop y; and then following the loop v,. Choose a base point p of EG. To
f € F(EG, T)© and a choice of path y from B to f(p), we associate a cochain 0 € C'(G, @),
defined as follows: let y4 be a path in EG from p to gp. Define

o(g) =vf.(vg)gly ") e m(T,B) =@

Since EG is contractible, o(g) does not depend on the choice of y4. Choosing v, 4, to be
Yq,91(vg,) shows that o is a cocycle. Choosing a different path from B to f(p) produces a
cocycle of the form

g —n'o(g)gn
for n € m(T,B) and therefore does not change the cohomology class of 0. Choosing
a different base point p of EG does not change the cohomology class of o either. We

therefore have a map F(EG,T)¢ — H'(G, @). It is not hard to see that this map descends
to a map 7o(F(EG, T)¢) — H'(G, @).

It suffices to show that this map is an isomorphism for the model of EG which is the
classifying space of the category whose objects are G and which has a unique morphism
between any two objects. We show surjectivity. Choose b € B. Let o be a cocycle in
C'(G, ®). The 0-skeleton, EG®, of EG is in G equivariant bijection with G equipped with
the G action of left translation. Map EG° to T by sending g to gb. The 1-skeleton, EG', of
EG is in G equivariant bijection with G x G equipped with the G action of left translation
on each factor of G. Choose a path representing o(g) starting at b and ending at gb. Map
the T-simplex 1 x g in EG' to this path. This determines a G-equivariant map EG' — T.
Since o is a cocycle, we can extend this map to a G-equivariant map EG? — T. Since
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the higher homotopy groups of T are trivial. We can extend this map to a G-equivariant
map EG — T, showing surjectivity. Injectivity is shown similarly, by constructing a G
equivariant map EG x [0, 1] — T whose restriction to EG x {0} and EG x {1} are two given
maps determining the same element of H'(G, @). (Here, [0, 1] has the trivial G-action.) O

3.1.7. Corollary. — Let G be a finite p-group and let X be a K(7t1(X), 1) such that X is weakly G-
homotopy equivalent to a finite based G CW complex. Then there is a natural bijection 15(X®) =
H1 (G) us (X))

This follows immediately from Corollary 3.1.5 and Proposition 3.1.6.

For a smooth, geometrically connected curve over R, it is not hard to see that the asso-
ciated complex analytic space is Gr-homotopy equivalent to a finite Gk CW complex. By
Corollary 3.1.7, we have:

3.1.8. Corollary. — Let X — SpecR be a geometrically connected, smooth curve such that the
associated complex analytic space has Euler characteristic < 0. Assume that X(R) # (. Then
there is a natural bijection To(X(R)) = H'(Gg, 7;°P(X(C)))

It is tautological that the natural map X(R) — H'(Gg, 7;°"(X(C))) from rational points
to homotopy sections described in 1.1.3 induces the bijection of Corollary 3.1.8.

A smooth compact Z/2 manifold is triangulable as a finite Z/2-CW complex by a theo-
rem of Illman [LMSMS86, I.1 Thm 1.2]. By Corollary 3.1.7, we have:

3.1.9. Corollary. — Let X — SpecR be a geometrically connected, smooth, and proper scheme
over R such that the associated complex analytic space is a K(m, 1). Assume that X(R) # 0. (In
particular, X could be an abelian variety over R such that X(R) # (.) Then there is a natural
bijection 1o(X(R)) = H'(Gg, 7;°P(X(C))).

This bijection is again induced by the map X(R) — H'(Gg,7;°?(X(C))) described in
1.1.3.

Corollaries 3.1.8 and 3.1.9 can be viewed as ‘section conjectures for 7;°", as in the head-
ing of this subsection. We now explain what is meant by the name ‘section conjecture for
m,°P,” but this explanation is not necessary to understand &, over R (as in Proposition

3.1.19 and Proposition 3.2.1).

For a smooth, proper, geometrically connected curve X over a number field k, Grothendieck’s
Section Conjecture is that the map from sections of X — Spec k to homotopy sections is a
bijection, in the terminology of 1.1.3. When X(k) # 0, this is equivalent to the natural map
X(k) = H'(Gy, $%(X;)) of 1.1.3 being a bijection.

As the map X(R) — H'(Gg, 7€' (Xc)) descends to a map mo(X(R)) — H'(Gg, 7§ (Xc))
(3.1.2), it is this later map that the section conjecture over R says is a bijection. Explicitly,

the section conjecture over R for a smooth, geometrically connected curve X such that
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X(R) # () is that the natural map 7o(X(R)) — H'(Gg, 7" (Xc)) is a bijection. This map

top

factors through the map m5(X(R)) — H'(Gg,m°"(Xc)) By the section conjecture for m;°,
we mean that the map 75(X(R)) — H'(Gg, Tt?’p(X@)) is a bijection. Thus Corollaries 3.1.8

. . t
and 3.1.9 are section conjectures for 71;°".

The section conjecture over R has been proven by Mochizuki, Stix, and Pal (P4l also
mentions relevant work of Cox and Scheiderer); see [Pal] for more information.

3.1.10. 6!°P determines 5¢'.

Let G = (t]t* = 1) = Z/2 and let @ be a group with a G action. The G action on @
extends uniquely to a continuous G action on @” by the universal property of profinite
completion.

Let I denote the set of normal finite index subgroups N of @ which are stable under G
(i.e. T™N C N). For each N € I, the G action on @ determines a G action on @/N. [ is
cofinal in the set of all normal finite index subgroups (because for a normal finite index
subgroup N, NN 1N is in I). Thus we have a canonical G isomorphism ®” = im . @/N.

A group @ is residually finite if for any x € @ such that x # 1, there exists a normal
subgroup N of finite index such that x ¢ N.

3.1.11. Lemma. — Let G and @ be as above. Suppose that @ is residually finite, and that
H'(G, @) is finite. The projection maps @ — @ /N for N € 1 induce a surjection of pointed sets

H' (G, @) —>@H‘(G,@/N)

Nel

Proof. Take N € 1. Any element of H'(G, @/N) is represented by x € @ such that txx € N.
If Txx = 1, then [x] is in the image of the map H'(G,®) — H'(G, @/N). Otherwise, we
can find M € I such that Txx ¢ M, since @ is residually finite. Replacing M by M N'N
allows us to assume that M C N. For any y € ®, Tyxy ' does not determine a cocycle in
C'(G,@/M) because
T(tyxy ) (tyxy ') = yoexy

is not in M. Thus [x] is not in the image of the map H'(G,®/M) — H'(G, ®/N). Thus
H'(G, @) surjects onto the image of the projection ;i_mNeIHWG, ®/N) — H'(G,®/N).
Let « be an element of li_mNeIHWG, ®/N), and oy the image of o in H'(G, ®/N). Let

On be the subset of H'(G, @) of elements mapping to an. Note that On N Opm DO Onem
for N,M € [, and that by the above, On # (. Since H'(G, @) is finite, it follows that
NnetOn # 0. This shows surjectivity. d

3.1.12. Lemma. — Let G and @ be as above. Suppose that @ is residually finite. The map
H'(G, @) — @HWG, ®/N)

Nel
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induced by the projection maps lim @ /N — @ /N is an isomorphism of pointed sets.

Proof. Let x,y € @” represent cohomology classes [x], [y] € H'(G, ") with the same
image in lim _ H'(G,®/N). Thus, for each N € I, there is z € @” such that x = (tz)yz ™"
mod N. Equivalently, zy '(tz) 'x € N. For each N, let On = {z € ®@"\zy'(tz) 'x € N
By the previous, On # ). Note that On N Op O Oneme Thus {OnIN € I} has the finite
intersection property. Since ®” is compact, NnetOn # 0. Thus there exists z € @ such
that zy'(tz) 'x € NneIN. Since @ is residually finite, NnetN = 1. Thus [x] = [y] in
H'(G, @"), showing injectivity.

As in the proof of Lemma 3.1.11, H'(G, @"") surjects onto the image of the projection
imN€IH1(G,a>/N) — H'(G,®/N). Let o be an element of imN€IH1(G,®/N), and o
the image of « in H'(G, @/N). Let Oy be the subset of ®” of elements mapping to an.
Note that On N Opm D Onem for Ny M € 1, and that by the above, Oy # (). Since @ is
compact, it follows that Nne1On # 0. This shows surjectivity.

O

3.1.13. Lemma. — Let G and @ be as above. Suppose that @ is a finitely generated abelian group.
Then for all 1 > 1 the map G map ® — ®”" induces an isomorphism of finite abelian groups

HYG,®) = HY(G, @")

Proof. The periodic resolution

1 T+1

-+ ZGg ZGg

7ZGp > 7Gp — > 7

shows that the cohomology groups H'(G, @) and HY(G, ") are the cohomology groups
of the lower and upper complexes of the commutative diagram

/

/
T 1 T T+1 T 1 GT
w w w W

1 T+1 1

/

! 0

0

Since @ is a finitely generated abelian group, the map ® — @\ is @ — ® @z 2 = @
Since 7 is a flat Z module, H{(G, @) ®z 2 — HY(G, @”") is an isomorphism.

HY(G, @) is a finitely generated abelian group, because @ is finitely generated. Ad-
ditionally, H(G, @) is 2-torsion for i > 1. Thus HY(G, @) is finite, whence H(G, @) =
HY(G, @) ®z 2, proving the lemma. O

Applying Lemma 3.1.13 to the topological fundamental group of an abelian variety
over R implies:
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3.1.14. Proposition. — Let X be an abelian variety over R such that X(R) # 0. Let 7;°" denote
the fundamental group of the associated complex analytic space to X based at a real point. Then
the natural map 70,°" — (1;°")"\ induces an isomorphism

H'(Gg, ;") — H'(Gg, (;°")")

3.1.15. Lemma. — Let G be as above. Let @ and @' be groups with G actions such that @ is
residually finite, and @' is a finitely generated abelian group. Suppose that there is a morphism
® — @' inducing an injection of sets H'(G, @) — H'(G, @'). Then the G morphism ® — @”
induces an isomorphism of pointed sets

H'(G, @) = H'(G, @")

Proof. Since @' is a finitely generated abelian group, H'(G, @) is finite. Thus H'(G, @)
is finite. By lemmas 3.1.12 and 3.1.11, H'(G, @) — H'(G, @") is surjective. By Lemma
3.1.13, H'(G,®') — H'(G,@"") is injective. By hypothesis, H'(G,®) — H'(G,@’) is
injective. Injectivity of H'(G, @) — H'(G, @") follows from the commutative diagram

@/\ _ a)//\

|

o ——

O

We will apply Lemma 3.1.15 with @ — @' equal to the map on 7§ induced from the
Abel-Jacobi map X — JacX. To do this, we will use the following well known lemma.
This lemma follows directly from [GH81], but we include a proof for completeness.

3.1.16. Lemma. — Let X be a geometrically connected, smooth, proper, curve of genus g > 1
over R such that X(R) # 0. Let b € X(R) be a real point and let X — Jac(X) be the associated
Abel-Jacobi map. Then, the induced map on connected components

o(X(R)) = mo(Jac(X)(R))

is an injection.

Proof. By [GHS81, Prop. 2.2a], every point of Jac(X)(R) can be represented by a Gg in-
variant divisor of X(C). Let C(X) denote the rational functions on X¢, R(X) the rational
functions on X, and let P denote the principal divisors of Xc. The exact sequence of mul-
tiplicative Gg modules
1-C"—-CX)" =P —1

gives the exact sequence in cohomology R(X)* — PS® — H!(Gg, C*) = 1. Thus Jac(X)(R)
is the quotient of the Gy invariant divisors of X(C) by {div f|[f € R(X)*}. By [GHS81, Lem.
4.1], for any f € R(X)*, div f has an even number of points on each component of X(R),
whence there is a map Jac(X)(R) — (Z/2)™*X®) sending a divisor to the number of
points it contains on each component of X(R) mod 2. Since the image of two real points
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of X in different connected components of X(R) under the composite morphism X(R) —
Jac(X)(R) — (Z/2)™X®) are different, 7o(X(R)) — mo(Jac(X)(R)) is an injection. O

3.1.17. Proposition. — Let X be a geometrically connected, smooth, proper, curve of genus g > 1
over R such that X(R) # 0. Let ,°" denote the fundamental group of the associated complex
analytic space to X based at a real point. Then the natural map m,°° — (7;°")" induces an
isomorphism

H'(Gg, ") —= H'(G, (1))

Proof. m;°" is the fundamental group of a surface of genus g, and in particular, 7;°"

is finitely generated. 7'[] P is residually finite by [Lop94, Thm.A] (originally shown by
Peter Scott [Sco78]) By 3.1.9, we have natural isomorphisms H'(Gg, ") = m5(X(R))
and H'(Gg, m;°?/[m;°12) = mo(JacX(R)). The Abel-Jacobi map X — JacX (for the base
point of 7[41‘ ) 1nduces an injection mo(X(R)) — mo(JacX(R)) by Lemma 3.1.16. Thus
H'(Gg, ") — H'(Gg, m;°"/[7;°"]2) is an injection. The Proposition follows by Lemma
3.1.15. O

3.1.18. Definition 5% and 5&'. Let X — SpecR be a geometrically connected curve such

that X(R) # 0 and let ' = o,, be Ellenberg’s obstructions as in 1.1.3 with respect to

some real base point b. Let X(C) denote the complex analytic space corresponding to

X. Gg acts on m;°P(X¢) = m;°P(X(C),b). Define 6P : H'(Gg, ;" (Xc)/Im° (Xc)ln) —
H?(Gg, [ t"p(XC)]n/ 7,°(Xc)]ns1) to be the boundary map associated to

1 = [P (Xe) I/ [P (Xe) I = 1P (Xe) /14 (X = M (Xe) /Iy (Xe)ln — 1

. t . .
For smooth curves over R, 5'P determines 6¢' for any n, and 65" is equivalent to 65"

3.1.19. Proposition. — Let X be a smooth, geometrically connected curve over R such that X(R) #
(). Let 817 and 58t be as above. The diagram

Il2

H (GRa top n/ n+1) HZ(GRa [ﬂ?t]n/[ﬂ(%t]n—l—”

on’" T 5! T

H (GR) 7_[1013/ top n) H1 (GRa 7-[16t [ﬂt]at]n)
H'(Gg, m"") H' (G, 7§")
commutes. (The horizontal arrows are induced by the natural isomorphism (10;°")N = m¢t, m(°P

and 7§t abbreviate t,°P (X(C), b) and ' (Xc, b) respectively.)

The top horizontal arrow is an isomorphism. The bottom two are (at least) surjections. For
n = 2, the middle arrow is an isomorphism. For X proper, the bottom arrow is an isomorphism.
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Proof. The natural morphism of Gr equivariant short exact sequences

1 —— 1§/ [ 1 — 7§/ (S ——— St/ [

T T |

I/ 10 g —— /[Pl —— /Il —— 1

n—1

1 — [7{1(01)

gives the commutativity of the top square in the diagram. Commutativity of the bottom
square is immediate.

By [SGAI, Exp. XII Cor. 5.2], there is a canonical isomorphism 7§t = (7;°")\. By
the universal properties of profinite completion and taking the quotient by subgroups
of the lower central series, the profinite completion of [71;°"],,/[7;°"],1 is canonically
(76§ /[7§ ns1. Thus, the top horizontal arrows are isomorphisms by Lemma 3.1.13. Sim-

ilarly, the profinite completion of 7;°"/[}°"],, is canonically 7$/[n$Y,,. For n = 2, the

middle arrow is an isomorphism by Lemma 3.1.13. 7}°" is either a free group or the fun-
damental group of a surface of genus g, and in particular, 7t;°" is finitely generated and
residually finite [MKS04, 2.4 ex.24] [Lop94, Thm.A] [Sco78]. Finitely generated nilpotent
groups are residually finite [MKS04, 6.5]. H'(Gg, 7T§°p) is finite by Proposition 3.1.8. By
induction and [Ser02, 1.5.7 Prop. 42], H'(G, 7t*°P /[nt*P],,) is finite for all n. Therefore, Lem-
mas 3.1.11 and 3.1.12 imply that the bottom two arrows are surjections. For X proper, the
bottom horizontal arrow is an isomorphism by Proposition 3.1.17. O

I see no reason why H'(Gg, ;") — H'(Gg,7$') should not be an isomorphism for

all curves. Similarly, 5°? may equal 6¢' for all n. (However, we will show below that
for X proper, the kernel of 9, is precisely 7y(X(R)), so Ellenberg’s first obstruction already
succeeds at determining the connected components of R-rational points of the curve from
those of the Jacobian, making the higher obstructions less interesting.)

3.1.20. Remark. Propositions 3.1.17 and 3.1.14 turn the topological section conjectures of
Corollaries 3.1.9 and 3.1.8 into the usual section conjecture over R for 7{*.

3.2. b, for proper smooth curves over R. Following a suggestion of Jordan Ellenberg, we
show that &, over R determines the connected components of X(RR) from those of Jac X(R)
for X a proper curve.

Let X — SpecR be a proper smooth geometrically connected curve. Let g be the genus
of X, and suppose that g > 0. Let Jac(X) — SpecR denote the Jacobian of X. Assume that
X(R) is non-empty and choose b in X(R).

As above, let Gy denote the absolute Galois group of R, let 1 = 7;°"(X(C), b), and let
5, be 6§°p as in 3.1.18. By Proposition 3.1.19, 8, is Ellenberg’s obstruction of 1.1.3. Let H
denote the Gg module H;(X(C),Z) = n* = n/[n], = m;(Jac(X)(C)). Let T € Gr denote
complex conjugation.
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The abelian group structure on Jac(X)(R) gives mo(Jac(X)(R)) the structure of an abelian
group. In fact, mo(Jac(X)(R)) is a Z/2 vector space and is isomorphic to the Tate cohomol-
ogy group A°(Gg, Jac(X)(C)) by, for instance, [GH81, Prop 1.1]. (For the reader’s conve-
nience, here is the proof in [GH81]: the norm map N : Jac(X)(C) — Jac(X)(R), defined
by sending x in Jac(X)(C) to x + 1x, is a continuous homomorphism from a compact con-
nected group. The image of N is therefore a closed connected subgroup. The image of
N also contains 2 Jac(X)(R), and is therefore finite index, whence open. Thus the image
is the connected component of the identity of Jac(X)(R), whence A°(Gg, Jac(X)(C)) =
o(Jac(X)(R)).)

We have the commutative diagram

H](GRa’n) - H](GR)H)

N

To(X(R)) —— mo(Jac(X) (R))

where the vertical arrows are isomorphisms by Corollaries 3.1.9 and 3.1.8. The horizontal
arrows are injections by Lemma 3.1.16.

The obstruction &, : H'(Ggr, H) — H'(Gg, [7]2/[n]3) can therefore be viewed as a map
with domain 7(Jac(X)(R)). By Proposition 2.1.3, 6, is a quadratic form, and by con-
struction, 0, vanishes on 75(X(R)). In fact, the kernel of §, is precisely mo(X(R)) (and
therefore none of the higher obstructions eliminate further elements of 75(Jac(X)(R))). In
other words, 8, is a quadratic form on the Z/2 vector space my(Jac(X)(R)) which vanishes
precisely on 75(X(RR)).

3.2.1. Proposition. — The kernel of & is mo(X(R))

Proof. Recall that as a complex manifold, Jac(X)(C) is Q(X(C))*/H, where Q(X(C)) de-
notes the g dimensional complex vector space of holomorphic one-forms on X(C), and
Q(X(C))* denotes its dual. Choosing a basis for Q(X(C))*, we have that Jac(X)(C) is
isomorphic to C9/H. Since the connected component of the identity of Jac(X)(R) is a con-
nected, compact, abelian, real Lie group of dimension g, it is isomorphic to (R/Z)¢. Thus
HNRY = 7Z9. View Z9 as a Gg module with T acting by the identity. We therefore have
an injection of Gg modules Z9 — H. For any v € H, tv + v is an element of H N R9. The
cokernel of the injection Z9 — H is therefore 7, where 7 denotes the Gg module which
is Z9 as an abelian group and where T acts by multiplication by —1. So we have the short
exact sequence

T L

0 79 H A 0

Since H'(Gg, Z9) = 0, it follows that H'(Gg, H) — H'(Gg, Z) is an injection.

For any Gg module M, we have the cup product

U:H'"(Gg,M) @ H'(Gg, M) — H?*(Gg, M @ M).
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We also have the quotient map pm: M@ M — MAM, where MAM =M ® M/(m®
m/m € M). Combining the two, we have a symmetric pairing

H](GRv M) & H](GR> M) - HZ(GR> M A M)a

which is natural in M.

The periodic resolution

1 T+1

- LG ZGg

7Gp ~—> 7Ggp —= 7,

gives rise to isomorphisms H'(Gg,M) = Ker(t + 1)/Image(t — 1), and H*(Gg,M) =
Ker(t—1)/Image(t + 1), where T+ 1 and T — 1 are viewed as endomorphisms of M. It is
straightforward to see that in terms of these isomorphisms, the above symmetric pairing
is

m; @ my— m;/ATm,

Thus for the Gg module Z, the symmetric pairing H'(Gg, Z)®H' (G, Z) — H?*(Gg,ZAZ)
is isomorphic to p(z/2y0 : (Z/2) ® (Z/2)9 — (Z/2)9 N\ (Z/2)°.

The map 1 : ' H — 7 gives rise to the commutative diagram:

(33) H'(Gg, H) @ H'(Gg, H) H2(Gr, H A H)

! |

(Z/2)9 ® (2/2)8 — 220~ (2,/2)9 A (2/2)°

The commutator v ® w — vwv - 'w™! defines a map q : H ® H — [ri]»/[n]3. We show
that the induced map q. : H*(Gg, H A H) — H?(Gg, [7t]2/[73) is injective:

Let E : H x 'H — Z be the intersection pairing on H;(X(C), Z). Recall that E is antisym-
metric. Since T induces an orientation reversing homeomorphism of X(C), E(tv,™w) =
—E(v,w) for all v, w € 'H. From the construction of the genus g surface which consists of
gluing the sides of a 4g-gon following the pattern

a;bia; b 'asboa; by - agbga;b;],
we see that the kernel of H ® H — [n],/[n]5 is generated as a Z module by an element x
of the form
x=a1Abi+...+agAbg,
such that E(a;,b;) = 1 for all i. Let K denote this kernel. Since E(x) = g, we have that

E(tx) = —g. Thus, x is not fixed by 7. Because G acts on K, it follows that Tx = —x. Thus
H?(Gg, K) = 0, so the map H?(Gg, H A H) — H?(Gg, [7l,/[73) is injective.

Let [b] denote the element of 7y(X(R)) containing b. By [GH81] Prop 2.2, Lemma 4.1,
and Prop 4.2, the image of mo(X(R)) — {[b]} in mp(Jac(X)(R)) is a basis of mo(Jac(X)(R))
as a Z/2 vector space. (For the convenience of the reader, we include a proof below.
See Lemma 3.2.2.) Choose one point of each connected component of X(R) other then
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[b], and denote these points by b;, by, ..., by So, mo(X(R) = {[bl, [bi], [ba], ..., [bn]}, and
{[b1], [bal, ..., [bal} is a basis of 7ry(Jac(X)(R)).

By Proposition 2.1.3, 8;(v+w) = 8,(v)+82(W)+q.(px) . (vUWw). Since {[b4], [ba], ..., [bnl}
is a Z /2 basis of mp(Jac(X)(R)), an element of 7p(Jac(X)(IR)) can be expressed uniquely in
the form b;, + by, + ...+ by, with i; < ij4;. Since 5,([bi]) =0 forall i, 82(by, + by, +...+
bim) - Z]§j<k§m q*(pH)*(bij- U bik)-

Since H'(Gg, H) injects into H'(Gg,Z), > i<iarem(Pr)i(by Uby) # 0 for m > 1 by
equation 33. Since q. is injective, we have that 6,(b;, + by, +... + by, ) #0form > 1,
proving Proposition 3.2.1. U

As above, b is the basepoint of 7r, and X — Jac(X) is the Abel-Jacobi map corresponding
to b. As promised above, we give a more detailed proof of the following;:

3.2.2. Lemma. — Let [b] denote the connected component of X(R) containing b. The image of
mo(X(R)) — {[bl} in mo(Jac(X)(RR)) is a basis of mo(Jac(X)(R)) as a Z/2 vector space.

Proof. As described in the proof of Lemma 3.1.16, [GH81] shows there is a continuous
homomorphism c : Jac(R) — (Z/2)™X®) which sends a divisor to the number of points
it contains on each connected component of X(R) mod 2. In particular, c is a surjective
homomorphism, and X(R) — Jac X(R) —= (Z/2)*XR)) determines a well defined
map on 7o(X(R)) — {[b]} whose image is the standard basis of (Z/2)™ X&) [GH81, Prop.
4.2] identifies the kernel of c as 2 Jac X(R). As commented above, my(Jac(X)(R)) isa Z/2
vector space, whence 2 Jac X(RR) is contained in the connected component of the identity
of Jac X(R). As commented above, the connected component of the identity of Jac X(R)
is isomorphic to (R/Z)9 and is therefore divisible. Thus, 2 Jac X(R) equals the connected
component of the identity of Jac X(R). Thus, c induces an isomorphism 75(Jac(X)(R)) —
(Z/2)™X®) and under this isomorphism, 75(X(R)) — {[b]} is sent to the standard basis.

O

Remark: For the above, we used Carlsson’s Theorem 3.1.4 to identify mo(X(R)) and
mo(Jac(X)(R)) with H'(Gg, 7t) and H'(Gg, H) respectively. One can give an alternate proof
that 7o(Jac(X)(R)) = H'(Gg, H) using specific information about Jacobians, as follows:

3.2.3. Proposition. — The natural map mo(Jac(X)(R)) — H'(Gg, H) is an isomorphism of Z/2
vector spaces.

Proof. As above, we have that Jac(X)(C) is isomorphic to C9/H. We therefore have the
exact sequence of Gg modules

0—H — CY9— Jac(X)(C) — 0,
and the resulting exact sequence of Tate cohomology groups

... A%(Gg, C% — A°(Gg, Jac(X)(C)) — A'(Gg, H) — A'(Gg,CY)...
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Since A%(Gg, C9) and A'(Gg, C9) are both 0, and A°(Gg, Jac(X)(C)) = mo(Jac(X)(R)), we
have that 75(Jac(X)(R)) — H'(Gg, H) is an isomorphism as claimed. O

3.3. IP’(‘@ —{0,1,00}: lower order terms of 5, and 3. 3.3.1. Note that the triple Massey
product (x, 3,7v) for o, 3,y such that x U3 = 0 and Uy = 0 is described by choosing
cochains A, B such that DA = U3 and DB = 3 Uy, and setting («, 3,v) = AUy + «UB.
The indeterminacy is the ideal generated by « and y.

Let k be a number field, and X = P} — {0,1,00}. Base m = (P — {0,1,00}) at the
tangential base point at 0 pointing towards 1 along the real line. Then 7t = (x,y)"\, where
x is a loop around 0 and y is a loop around 1. The map m — m/[n]; is the fundamental
group functor applied to the Abel-Jacobi map Xy — Jac(Xg) = G,  x G, 1 associated to
the same base point. Thus, the action of Gy on 7/[n]; is given by:

where x : Gg — 72+ denotes the cyclotomic character. It follows that [7tl,,/[7t],41 is a free
2(n) module of rank 2™ 2. (Z(n) denotes the nt" Tate twist of Z, which is Z equipped with
the Gy action given by x™.)

{[x,y]} is a basis for [71],/[n5 as a Z(2) module.

{[[x,yl, x], [[x, y],yl} is a basis for [n]3/[n]4 as a Z(3) module. This basis gives an isomor-
phism H2(Gy, [73/[m4) = H2(Gy, Z(3)) @ H3(Gy, Z(3)), decomposing &3 into a direct sum
of two obstructions

83, xu) o 03,1y - H' (G, 71/[71)3) — H2(Gy, 2(3)).

More specifically, taking the image of €3 (see 2.4.26 for the definition of €3) under the
isomorphism

b : H2(/[mtl3 % Gy, [73/[71]4) = HA(1t/ 73 % Gy, 2(3)) @ H(1/[71l5 % Gy, 2(3))

given by the basis {[[x, yl, x], [[x, y], y]}, we obtain two classes €3 [ y).x], €3 [xyl.y € H*(7/[7T]3x
Gy, Z(3)) defined by

b(es) = €3x,ylxa D €3 xulul-

3.3.2. Notation. Let 83 [ yix = Qes 1010 AN 03 [xylyl = Oes x40 Where pisasin 2.2.1.

Ix

Many properties of the Galois action on 7 (IP’]E —{0,1,00}) are encoded in Drinfeld’s
Grothendieck-Teichmiiller group [Dri90] . One such property is that the action of Gy on 7
is of the form
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(34) o(x) = xx(©

o(y) = (o) 'yX9f(0),

where f : Gg — [m]; is a certain cocyle. (Here, o is any element of Gy; x and y are
as above; and as above, X is the cyclotomic character.) This property of the action fol-
lows from symmetry arguments, the fact that Galois actions on fundamental groups pre-
serve inertia, and the identification of Jac(Xg) with G, ¢ x G, 1 (see [[ha94]). Also see
[Tha94] for a discussion of § and further properties of the action as described by Drinfeld’s
Grothendieck-Techmiiller group.

3.3.3. Notation. We will use the following notation in this subsection: the basis {x,y}
for 7/[n, as a 2(1) module gives rise to homomorphisms x*,y* : H'(Gy,n/[nl3) —
H'(Gy, 2(1)) defined by pushing forward by the Gy homomorphisms 7t/[7t]3 — 7t/[n], —
Z(Al ), where the maps nt/[n], — 2(1) are determined by the basis {x, y} in the obvious man-

ner. Note that this definition of x* and y* is different from that which would be suggested
by (16).

3.3.4. Theorem. — Let X = P} —{0, 1, oo}, and base the fundamental group of IP’]l( —{0,1, 00} at
the tangential base point at O pointing towards 1 along the real line. Then:

63,[[X,y],x} = <y*>X*>X*> + <(X - 1)/2>X*>y*>
03 iyl = —(X U5 U + ((x —1)/2,x",y") —fuy”

where 83 jx )~ And 83 [x )y are as in (3.3.2), x* and y* are as in 3.3.3, (-, -, -) denotes the triple

Massey product, x : Gy — 72 denotes the cyclotomic character, and § : Gy — [7tly/[7l3 is as in
(34).

Furthermore, the indeterminacy of the Massey products encodes the indeterminacy of lifting an
element of H'(Gy, 7t/[7tly) to an element of H'(Gy, 7t/[7tl3), as is made precise in the following
remark.

3.3.5. Remark. Note that x* and y* factor through H'(Gy, 7t/[nl3) — H'(Gy,7t/[72). The
condition on an element of H'(Gy, 7t/[m],) to lift to an element of H'(Gy, 7t/[n]3) and the
indeterminacy of the choice of lift are precisely the conditions required for the existence
of the Massey products and the indeterminacy of the Massey products when they are de-
fined, respectively; namely, given an element p of H'(Gy, 7t/[7tl3), we have a distinguished
choice of cochain whose boundary is x*(p)Uy*(p), and making that choice in the construc-
tion of the Massey product of 3.3.1 (along with making certain standard choices for the
cochain whose boundary is x*(p) U x*(p), (x — 1)/2 U x*(p) etc.), the above equations for
d3(p) are equalities of cohomology classes (i.e. without any indeterminacy). Starting from
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the right hand side of the se equations, if we have a choice of cohain whose boundary is
x*(p) Uy*(q), we have a distinguished element of H'(Gy, 7t/[n]3), and the equations of
Theorem 3.3.4 are again equalities of cohomology classes.

Proof. (of Theorem 3.3.4)

Fora € Zandn € Z, let (ﬁ) = (ala—=1)---(a—n+1))/(n!) € Z denote the binomial

coefficient. We have the following equalities in 7t/[7t]4 :

A straightforward computation shows:

(35) be a_ y aXb[X, y] ab[[x) y] , y]b(ﬂ;‘ ) [[X, y] X a(b;l )
Using equation (35), one obtains the further computation:
(36) %,y = b, y] < I, yl, G, yl, y) ~olE)

Let f : G, — 2 be defined by

(37) f(o) = [x,yl"@
f is a cocycle in C'(Gy, 2(2)).

For any g € Gy, a straightforward computation using (34), (36) and (37) shows that:
(38) 9(y*x°lx,yl¢) =

(g)—1 (g)—1
yX(9axx(@)bry yixlareffy ] x] T x(9)? X

“[x,yl,yl= = Xl

x(g )zc[[x)y],y]ff(g)x(g)a

An arbitrary element of 7t/[7t]3 can be written uniquely in the form y°x®[x, y]¢ for a, b, c €
2. Sending y*x®[x,yl¢ € /73 to yxP[x, yl¢ € 7/[nl4 determines a section of the quotient
map 7t/[nt]4 — 7t/[m]3, which gives rise to a cocycle e € C?(7t/[m)3 % Gy, [71]3/[714) represent-
ing e; (see 2.0.5), as well as cocycles e(y.y) ), €yl € CA(7/[73 X Gy, 2(3)) representing
€3 [xyl x> €3,(x.yly] Fespectively.

Combining (35) and (38):
(39) €l (U X [x, Yyl 3 g1, y2xP2[x, Y12 x g3) =
by + 1
C]X(Q])bZ‘i‘( 12 )x(91)az
1

+b1x(91)2azbz—%x(91)2@

(40) €]l (U X [, Y19 g, y2xP2[x,y]? x g2) =
a +1
C1x(g1)az+b1(X(g])22 )—sz(gﬂ(xgq]))—f(gﬂx(g])az
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We now show that (39) and (40) are the claimed Massey products with respect to defin-
ing systems as in Remark 3.3.5.

Let a,b € C'(m/[n3z x Gy, Z(1)) denote the cocycles determined by y*x°[x,yl¢ — a
and yx®[x,yl® — b respectively. Let ¢ € C'(n/[r]3 Gy, Z(2)) denote the cochain
y*xP[x,yl® — c. Dc = —b U a. Note that g — (x(g) — 1)/2 determines a cocycle in
C'(Gy,2(1)). Recall that f € C'(Gy, Z(2)) is a cocycle.

The “standard choices” discussed in Remark 3.3.5 for the cochains (in C'(Gy, Z(2)))
whose boundaries are aU a, bUb, or (x —1)/2 U b are as follows:

We invert 2.

Define B € C'(Gy, 2(2)) by B(y*x"[x,y]¢) = b. (So B is not b because the former is in
C'(Gy, 2(2)) and the latter is in C'(Gy, 2(1 )).) Note that

B(y“x® [x, yl x g1,y*x>[x,y]? x g7) =
by + x(g1)*b2 — (b1 + x(g1)b2) = (x(g1) — Dx(g1)b2

Thus, DB = (x — 1) U b. We take B/2 as the “standard choice” of cochain in C'(Gy, 2(2))
whose boundary is (x —1)/2Ub.

Define a? € C'(Gy, 2(2)) by a?(y®x®[x,yl¢) = a?. Then Da? = —2a U a. We take —a?/2
as the “standard choice” of cochain in C'(Gy,2(2)) whose boundary is a U a. We do the
same for b.

Consider ef . Note that the cochain g — by (X9 )2"") equals bU a?/2 + B/2 U a. By
equation (40), it follows that

elxyly =CUatbua’/2+B/2Ua—(x—1)/2Uc—fua.

SincecUa+bUa?/2 = (x*,—y*,y*),and B/2Ua— (x —1)/2Uc = ((x — 1)/2,x*,y"), we
have established the claimed decomposition of &3 iy, into a Massey product and the
lower order term ((x —1)/2,x*,y*) — fUy*. Furthermore, the defining systems implicit in
the Massey products are as in Remark 3.3.5.

Consider e . By decomposing the cochain g — (*';")x(g1)az into b%/2Ua+B/2Ua,
we see that equatlon (39) becomes

elxyd =CUb+b?/2Ua+B/2Ua+bU(ab)—(x—1)/2Uc,

where (ab) € C'(Gy,2(2)) is the cochain g — ab. A short calculation shows that D(ab
—aUb—bUa. In particular D(c—ab) = aUb. Thus (c—ab)Ub+aU(—B/2) = (y*, x*, x*).
The expression for e« follows.

*

> 1

3.4. I% —{0,1, 00}: evaluating 0, and 63. We wish to use the results of §3.3 to determine
whether a given homotopy section of one of the bottom two spaces of the nilpotent tower
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of P{, —{0,1, 00} lifts to the next. This is equivalent to determining whether certain ele-
ments of H2(Gg, Z(2)) and H?(Gg,Z(3)) vanish. Using Bloch-Kato, questions about the
vanishing of elements of H2(Gg, Z(2)) can be converted into questions about the Milnor
K-group K,Q. Determining whether the cocycles of Theorem 3.3.4 vanish in H?(Gg, 2(3)),
however, seems difficult. Instead, we replace the lower central series with the lower ex-
ponent 2 central series, and perform calculations in the Brauer group.

Filter 7t by the lower exponent 2 central series, 7t > [71]5 > [n]3 > ..., and let 2 denote

the corresponding obstructions. Theorem 3.3.4 remains valid if we replace &3 by &3. For
simplicity, take k = Q.

By Theorem 3.3.4, to explicitly evaluate 85, ; ;, we need further information about f
(where f: Gy — [7], is as in 34).

An explicit formula for the Magnus coefficients of the projection of § onto the nilpo-
tent completion of 7 in terms of the cyclotomic elements of Soulé and Deligne is known
due to contributions of Anderson, Coleman, Deligne, Ihara, Kaneko and Yukinari (see for
instance [Iha91, 6.3 p.115]; this result is also in [And89], [Col89], and [IKY87]). Further-
more, the projection of f to a function | : Gy — [n],/[n]; is independent of the cyclotomic
elements. From this formula, we obtain:

3.4.1. Proposition. — Let [fI3 € H'(Gg, [7]5/[n]3) denote the cohomology class represented by
f. The basis {[x,y]} for [r]5/[m3 as a Z/2-module gives an isomorphism H'(Gq, [m3/[m)3) =
H'(Gq,Z/2). View [§l3 as an element of H'(Gg, Z/2). Then, [fI5 equals the image of —1 under
the Kummer map Q — H'(Ggq, Z/2).

3.4.2. Convention. We will choose specific cocycles representing elements of cohomology
in the image of Kummer maps. This is equivalent to choosing an n*" root for every n and
every element of Q. We make this choice by declaring the argument of a positive rational
number to be 0, and the argument of a negative rational number to be 7. By abuse of
notation, we will let a rational number a € Q also denote the corresponding cocycle in
C'(Gg, too)- Choosing an embedding of Q into C, and choosing the primitive n'"* roots
of unity /™ we identify s, and Z(1), and let a € Q also denote the corresponding
cocycle in C'(Gg, Z(1)).

3.4.3. Let p be an odd prime. Recall the following well-known computation of the cup
product map

H'(Qp, 2/2) © H'(Qy, Z/2) — H*(Qy, Z/2) :

Let K be a finite extension of Q,. The Kummer exact sequence 1 — Z/2 - K — K — 1
and Hilbert 90 give an isomorphism K*/(K*)? = H'(Gy,Z/2). Let p be a uniformizer of
the ring of integers O of K, and let u € Ok be a unit which reduces to an element of the
residue field with is not a square, i.e. u is not a quatratic residue. K*/(K*)? is a free Z/2
module with basis {u, p}. H*(Gy,Z/2) = Q/ZI2] is the 2 torsion of the Brauer group. The
computation of p U p depends on if —1 is a quadratic residue. The following table gives
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the cup product, with the case where —1 is a quadratic residue given before the comma,
and the case where —1 is not a quadratic residue given after the comma:

U | u D w+p
w [0 12 1.2
b |1/2 0,1/2 1/2,0
w+tpl1/2 12,0 0,1/2

3.4.4. Lemma. — Let p be a prime and let a,b € Z be such that p does not divide b and p divides
a exactly once. Suppose we have w,v,w € Q not all 0 such that u* = bv?> + aw?. Then b is a
square mod p.

3.4.5. Lemma. — Take b in Q. The cochain in C'(Gg, Z/2)

o <b(0)2—|— 1)

equals \/b when restricted to an element of CY(Gg(ve)» Z/2). In particular, the restriction is a
cocycle.

Proof. By the choices of Convention (3.4.2), b(o) € Z/4 is determined by
oVb = eZPe/A/p,

Note that the choices of Convention (3.4.2) are such that (vb)? = v/b. Thus ovb =
e27m2b(0)/4, /b and b(o) = 0or 2 for o € Gy ve)-

If b(c) = 0, then (*)*") =0in Z/2.
If b(o) = 2, then (*J™") =1inZ/2.

This proves the Lemma. O

3.4.6. Lemma. — Let p be an odd prime and let a,b € Q. Suppose that b is a square in Q,, and

let \/b be a chosen square root. If \/b is a square in Q,, then (0,0) is contained in the subset A of
HZ(GQp N Z/Z) &) ]‘lz(GQp N Z/Z) .

A={(EUa+(-T)Ui+(-T)UavbUa+(-1)Ué):é e H'(Gg,,Z/2)}

Proof. Since /b is a square in Q,, Vb U a = 0.
Case 1: p = 1 mod 4. Then —1 vanishes in H'(Gg, , Z/2). Thus,
A={(cUa0):¢eH (Gg,,Z/2)}
It follows from 3.4.3 that we can choose ¢ such that c U a = 0.
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Case 2: p = 3 mod 4. Since —1 is not a square mod p and has valuation 0, we have
that =1 = u € H!' (Gg,,Z/2) in the notation of 3.4.3. For ¢ = u, we therefore have that

(CUa+ (—NUe+(—NUa,vbUa+ (-1)Ué) = (2uUa,0) = (0,0). U

3.4.7. Proposition. — Let p be an odd prime and let a,b &€ Z be such that p does not divide
b and p divides a exactly once. Suppose further that §5(b x a) = 0. Then there exists a lift
(b x a). € H'(Gg,,/[n3) of (b x a) € H'(Gg,, 7t/[m]3) such that §5(b x a). = 0 if and only
if b is a fourth power mod p or p = 1 mod 4

Proof. (39) and (40) imply:

6%1[[xyy},,{](b X a)c(o,7T) =c(o)b(T) + (

5%,[[X,y],y](b X G)C(O', T) = C(U)G(T) + b(G) (X(G)G(T) + 1)_M

Since 53(b x a) = bUa, we have that bU a = 0 in H*(Gg, Z/2). Thus the corresponding
Brauer-Severi variety is trivial. It is well known that b U a corresponds to u? = bv? + aw?.
Thus we have u,v,w € Q not all 0 such that u?> = bv? + aw?. By 3.4.4, we have that b

is a square in Q,, and therefore that §3(b x a). in HZ(G@D, [713/[m]%) factors through the
restriction Gg — G5

Thus in H*(Gg, , Z/2):

83,1yl (Qp) (b X @) (0, 7) = (b(a) - ]> a(t) — X(G)—_]C(T)

6%,[[x,y},y}((@p)(b X a)c(o,T) = c(o)a(T) —

Because Dc = b U a, c restricts to a cocycle in C! (Gg,,Z/2). Since an arbitrary lift of
(b x a) € H'(Gg,,n/[n3) to H'(Gg, ,7t/[n]3) differs from a given one by changing c by
any cocycle, we have that c varies over all elements of H'( Go,,2Z/2).

Let A3(Q,) denote the set of the images under 83(Q,,) = (6§,[[X‘y]‘x} (Qp), 6%)[[x)y]‘y] (Qp)) of
lifts of (b x a) € H'(Gg, ,n/[n3) :

A3(Qp) ={(85 110 (Q@p) (b X @)e, 85 1 4101 (@) (b X @) = (b x a) lifts b x al.
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Then,

A3(Qp) ={(VbUa+ (-1 UEcUa+ (-1 Ue+(-T)Ua): ¢ € H'(Gg,,Z/2))

By Lemma 3.4.6, if b is a fourth power, we can choose a lift such that 6% vanishes.

If b is not a fourth power and —1 is a quadratic residue, v'b U a + (—1) U ¢ will never

vanish.

If b is not a fourth power and —1 is not a quadratic residue, letting ¢ = u + p in the

notation of 3.4.3 shows that §3 vanishes on such a lift. O
REFERENCES

[AMS86] M. Artin and B. Mazur, Etale homotopy, Lecture Notes in Mathematics, vol. 100, Springer-Verlag,
Berlin, 1986, Reprint of the 1969 original. MR MR883959 (88a:14024)

[And89] Greg W. Anderson, The hyperadelic gamma function, Invent. Math. 95 (1989), no. 1, 63-131.
MR MR969414 (89j:11118)

[Bre67] Glen E. Bredon, Equivariant cohomology theories, Lecture Notes in Mathematics, No. 34, Springer-
Verlag, Berlin, 1967. MR MR0214062 (35 #4914)

[Bro94] Kenneth S. Brown, Cohomology of groups, Graduate Texts in Mathematics, vol. 87, Springer-
Verlag, New York, 1994, Corrected reprint of the 1982 original. MR MR1324339 (96a:20072)

[Car91]  Gunnar Carlsson, Equivariant stable homotopy and Sullivan’s conjecture, Invent. Math. 103 (1991),
no. 3, 497-525. MR MR1091616 (92g:55007)

[Col89] R. F. Coleman, Anderson-Ihara theory: Gauss sums and circular units, Algebraic number theory,
Adv. Stud. Pure Math., vol. 17, Academic Press, Boston, MA, 1989, pp. 55-72. MR MR1097609
(92£:11159)

[Dav06]  Daniel G. Davis, Homotopy fixed points for Ly n)(En /A X) using the continuous action, J. Pure Appl.
Algebra 206 (2006), no. 3, 322-354. MR MR2235364 (2007b:55008)

[Del89] P. Deligne, Le groupe fondamental de la droite projective moins trois points, Galois groups over Q
(Berkeley, CA, 1987), Math. Sci. Res. Inst. Publ., vol. 16, Springer, New York, 1989, pp. 79-297.
MR MR1012168 (90m:14016)

[Drio0] V. G. Drinfel’d, On quasitriangular quasi-Hopf algebras and on a group that is closely connected with
Gal(Q/Q), Algebra i Analiz 2 (1990), no. 4, 149-181. MR MR1080203 (92£:16047)

[Dwy75]  William G. Dwyer, Homology, Massey products and maps between groups, ]. Pure Appl. Algebra 6
(1975), no. 2, 177-190. MR MR0385851 (52 #6710)

[Ell] Jordan Ellenberg, 2-nilpotent quotients of fundamental groups of curves, Preprint.

[Fri82] Eric M. Friedlander, Etale homotopy of simplicial schemes, Annals of Mathematics Studies, vol. 104,
Princeton University Press, Princeton, N.J., 1982. MR MR676809 (84h:55012)

[GHS81] Benedict H. Gross and Joe Harris, Real algebraic curves, Ann. Sci. Ecole Norm. Sup. (4) 14 (1981),
no. 2, 157-182. MR MR631748 (83a:14028)

[Goe95]  Paul G. Goerss, Homotopy fixed points for Galois groups, The Cech centennial (Boston, MA, 1993),
Contemp. Math., vol. 181, Amer. Math. Soc., Providence, RI, 1995, pp. 187-224. MR MR1320993
(96a:55008)

[Gro97] Alexander Grothendieck, Brief an G. Faltings, Geometric Galois actions, 1, London Math. Soc.
Lecture Note Ser., vol. 242, Cambridge Univ. Press, Cambridge, 1997, With an English transla-
tion on pp. 285-293, pp. 49-58. MR MR1483108 (99c:14023)

[Tha91] Yasutaka Ihara, Braids, Galois groups, and some arithmetic functions, Proceedings of the Interna-
tional Congress of Mathematicians, Vol. I, II (Kyoto, 1990) (Tokyo), Math. Soc. Japan, 1991,
pp. 99-120. MR MR1159208 (95¢:11073)

[Tha94] , On the embedding of Gal(Q/Q) into GT, The Grothendieck theory of dessins d’enfants

(Luminy, 1993), London Math. Soc. Lecture Note Ser., vol. 200, Cambridge Univ. Press, Cam-
bridge, 1994, With an appendix: the action of the absolute Galois group on the moduli space

60



[IKY87]
[Kra66]
[LMSMS86]
[Lop94]
[May69]
[Méz00]

[MKS04]

[Mor04]

[NSWO08]
[Pal]

[RZ00]

[Sco78]
[Ser88]

[Ser02]

[SGAI]

[Sza00]

of spheres with four marked points by Michel Emsalem and Pierre Lochak, pp. 289-321.
MR MR1305402 (96b:14014)

Yasutaka lhara, Masanobu Kaneko, and Atsushi Yukinari, On some properties of the universal
power series for Jacobi sums, Galois representations and arithmetic algebraic geometry (Kyoto,
1985/Tokyo, 1986), Adv. Stud. Pure Math., vol. 12, North-Holland, Amsterdam, 1987, pp. 65—
86. MR MR948237 (90d:11122)

David Kraines, Massey higher products, Trans. Amer. Math. Soc. 124 (1966), 431-449.
MR MR0202136 (34 #2010)

L. G. Lewis, Jr.,, J. P. May, M. Steinberger, and J. E. McClure, Equivariant stable homotopy theory,
Lecture Notes in Mathematics, vol. 1213, Springer-Verlag, Berlin, 1986, With contributions by J.
E. McClure. MR MR866482 (88e:55002)

L. M. Lopez, Residual finiteness of surface groups via tessellations, Discrete Comput. Geom. 11
(1994), no. 2, 201-211. MR MR1254090 (95b:20050)

J. Peter May, Matric Massey products, J. Algebra 12 (1969), 533-568. MR MR0238929 (39 #289)
Ariane Mézard, Fundamental group, Courbes semi-stables et groupe fondamental en géométrie
algébrique (Luminy, 1998), Progr. Math., vol. 187, Birkh&user, Basel, 2000, pp. 141-155.
MR MR1768098 (2001£:14037)

Wilhelm Magnus, Abraham Karrass, and Donald Solitar, Combinatorial group theory, second ed.,
Dover Publications Inc., Mineola, NY, 2004, Presentations of groups in terms of generators and
relations. MR MR2109550 (2005h:20052)

Masanori Morishita, Milnor invariants and Massey products for prime numbers, Compos. Math. 140
(2004), no. 1, 69-83. MR MR2004124 (2004h:11090)

Jiirgen Neukirch, Alexander Schmidt, and Kay Wingberg, Cohomology of number fields, second
ed., Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemati-
cal Sciences], vol. 323, Springer-Verlag, Berlin, 2008. MR MR2392026 (2008m:11223)

Ambrus Pal, The real section conjecture and smith’s fixed point theorem for pro-spaces, Preprint
arXiv:0905.1205v1 [math.NT].

Luis Ribes and Pavel Zalesskii, Profinite groups, Ergebnisse der Mathematik und ihrer Grenzge-
biete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related
Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 40, Springer-Verlag, Berlin,
2000. MR MR1775104 (2001k:20060)

Peter Scott, Subgroups of surface groups are almost geometric, J. London Math. Soc. (2) 17 (1978),
no. 3, 555-565. MR MR0494062 (58 #12996)

Jean-Pierre Serre, Algebraic groups and class fields, Graduate Texts in Mathematics, vol. 117,
Springer-Verlag, New York, 1988, Translated from the French. MR MR918564 (88i:14041)

, Galois cohomology, english ed., Springer Monographs in Mathematics, Springer-
Verlag, Berlin, 2002, Translated from the French by Patrick Ion and revised by the author.
MR MR1867431 (2002i:12004)

Revetements étales et groupe fondamental (SGA 1), Documents Mathématiques (Paris) [Mathemati-
cal Documents (Paris)], 3, Société Mathématique de France, Paris, 2003, Séminaire de géométrie
algébrique du Bois Marie 1960-61. [Algebraic Geometry Seminar of Bois Marie 1960-61], Di-
rected by A. Grothendieck, With two papers by M. Raynaud, Updated and annotated reprint
of the 1971 original [Lecture Notes in Math., 224, Springer, Berlin, MR0354651 (50 #7129)].
MR MR2017446 (2004g:14017)

Tamas Szamuely, Le théoréeme de Tamagawa. I, Courbes semi-stables et groupe fondamental en
géométrie algébrique (Luminy, 1998), Progr. Math., vol. 187, Birkhéuser, Basel, 2000, pp. 185-
201. MR MR1768101 (2001g:14040)

DEPT. OF MATHEMATICS, STANFORD UNIVERSITY, STANFORD CA 94305-2125

61



