SPLITTING VARIETIES FOR TRIPLE MASSEY PRODUCTS

MICHAEL J. HOPKINS AND KIRSTEN G. WICKELGREN

ABSTRACT. We construct splitting varieties for triple Massey products. For a,b,c € F*
the triple Massey product {a, b, c) of the corresponding elements of H' (F, ;) contains 0
if and only if there is x € F* and y € F[\/a,/c]* such that bx* = N 5 /g /¢(y), where
Nri/a,/c)/F denotes the norm, and F is a field of characteristic different from 2. These
varieties satisfy the Hasse principle by a result of D.B. Leep and A.R. Wadsworth. This
shows that triple Massey products for global fields of characteristic different from 2 always
contain 0.

1. INTRODUCTION

Massey products measure information contained in a differential graded algebra which
is lost by passing to its homology ring. For instance, the singular cochains of the comple-
ment of the Borromean rings have non-trivial Massey products, whence the differential
graded algebra of cochains contains more information than the cohomology ring, and the
Borromean rings are not equivalent to three unconnected circles. There are number theo-
retic analogues of this example, giving non-trivial Massey products in Galois cohomology
[Mor00] [Vog04, 2.1.17] [Géarl1, 3.2-3.4].

Letn be a functorial assignment of a set of cohomology classesnr C H*(Gal(F*/F), M) to
fields F over a base field, where H*(Gal(F*/F), M) denotes continuous group cohomology
and F* denotes a separable closure of F. A splitting variety for n is a scheme X over the
base field which has F-points if and only if there is an element of nr which vanishes.

This paper constructs a splitting variety for triple Massey products of elements of
H'(Gal(F*/F),Z/2) when F is a field of characteristic # 2. Let x : F* — H'(Gal(F*/F), Z/2)
denote the Kummer map, given by applying H*(Gal(F*/F), —) to the short exact sequence

15— G 25 G — 1,

and identifying p, with Z/2. For a,b,c in F*, let (k(a), k(b), k(c)) denote the triple Massey
product, when it is defined - see 2.1. (k(a), k(b), k(c)) is a subset of H*(Gal(F*/F), Z/2)
which is a coset of a certain ideal called the indeterminacy, described in 2.2. Let X(a, b, c)
be the closed subscheme of G, x A* determined by the equation

bx* = (yi — ay3 + cyi — acy;)? — c(2y1ys — 2ay,ys)?
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where x and (y1,Y2, Y3, Ya) are the coordinates on G,, and A* respectively. The polynomial
on the right hand side is the norm of y; + yz2v/a + ys+/c + ys/ay/c.

1.1. Theorem. — X(a,b,c) has an F-point if and only if (k(a),k(b),k(c)) is defined and
contains 0.

Moreover, an R-point of X(a,b,c) for a, b, c in R* implies that (k(a), k(b), k(c)) is de-
fined and contains 0, for R a ring with 2 invertible and « taking values in the étale coho-
mology group H'(Spec R, 1,) — see Corollary 2.8.

Theorem 1.1 (= Theorem 2.10 below) is a special case of a more general construc-
tion, which could produce splitting varieties for order-n Massey products of elements
of H'(Gal(F*/F),Z/2).

To describe this procedure, we first describe Massey products in a little more detail.
The simplest Massey product is the cup product. The next simplest is the triple Massey
product of elements of H', defined as follows: suppose C* is a differential graded algebra
with differential 6 : C* — C**' and homology H*. Suppose that a,b,c € H' are such
that ab = bc = 0. We can choose A, B, C in C' representing a, b, ¢ respectively. Since
ab = 0, we can choose Eg, such that 0E,, = AB, and similarly we can choose Ey. such
that 6Ep. = BC. Note that 6(Eq,C — AEy.) = 0, whence E,,C — AEy, represents an ele-
ment of H?. The set of all E,,C + AE,. obtained in this manner is defined to be the triple
Massey product (a, b, c) C H2. Massey products arise naturally when attempting to clas-
sify differential graded algebras with a given cohomology ring. For instance, suppose
H* = Z/2[a,b,c]/(ab, bc), where a,b,c € H' are in degree 1. Then E,C + AEy, repre-
sents an element of H?. Note that H? is a Z/2-vector space with basis {a?, b% c?, ac}. By
adjusting the choice of E,, and Ey, one can arrange E,,C 4+ AE,. to be cohomologous to
0 or b?, but not both, and this dichotomy changes the isomorphism class of C*.

If C* is the differential graded algebra of cochains on a space or pro-space S, say with
7,2 coefficients, elements of H' correspond to Z/2-torsors, which are equivalent to ho-
momorphisms m;(S) — Z/2. Any function 7;(S) — Z/2 gives a 1-cochain on K(7m;(S), 1)
and therefore determines an element of C' by pulling back along the natural map from a
pro-space to its Postnikov tower.

Let U, be the group of unipotent n x n-matrices with coefficients in Z/2 , and let aj :
U, — Z/2 denote the function taking a matrix toits (i, j)-entry. A U,-torsor P over S gives
rise to a homomorphism ¢p : 71;(S) — U,. Composing with aj; yields a;j¢p in C I whose
boundary is computed by

aide(v1v2) — ayde(vi) — ayde(y2) = Z audp(v1)ajedr(y2)

i<k<j
for vy, v2 in 71 (S). Thus

daydp = Z aidp U ayjbp.

i<k<j
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Thus a Us-torsor over S such that a;;¢p = a and a,3pp = b provides E,p as above by
setting Eqp = ai3¢p. Similarly, a Us-torsor such that

) andpr = a,a3dp =b,audpr =c
produces the equation
daydpp = Egpc + aky,
in C? where Eg, = a;3¢pp and Ey. = anudp, from which it follows that (a,b,c) contains 0.

This algebraic manipulation is reversible and shows that the existence of a Uy-torsor
satisfying (1) is equivalent to (a, b, c) being defined and containing 0 in the Z/2-cochains
on K(7t;(S), 1). Since

H?(m(S),2/2) — H*(S,Z/2)
is injective and the indeterminacy of any triple Massey product is contained in its image
(see 2.2), this is equivalent to (a, b, c) being defined and containing 0 in the Z/2-cochains
on S. The analogous statement holds for order-n Massey products of elements of H' and
U, 41-torsors — this is [Dwy75, Thm 2.4]. In particular, Uy-torsors imply the vanishing of
associated Massey products in C*, and more generally, unipotent representations of the
fundamental group give information about the differential graded algebra of cochains.

To a scheme S, we can associate the étale topological type Et(S) and the ind-differential
graded algebra of Z/2-cochains on Et(S). The associated cohomology ring is H*(S,Z/2),
where H* denotes étale cohomology by [Fri82, Prop 5.9]. By the above, to every Uy-torsor
over S, there is an associated Massey product which vanishes. Note that in this context,
U, is considered as a constant group scheme. Furthermore, for any triple a,b,c of elements
of H'(S,Z/2), the vanishing of (a, b, ¢) is equivalent to the existence of a U,-torsor whose
push-forward along

a2 X Az X Azg - U4 — Z/Z X Z/Z X Z/Z
is classified by a x b x c. Thus a universal Us-torsor with prescribed push-forward gives
a splitting variety for a triple Massey product. More generally, a universal U, -torsor
with prescribed push-forward gives a splitting variety for an order-n Massey product of
elements of H'.

In topological spaces, a universal U, -torsor is produced by the quotient of a con-
tractible space by a free action of U,,;. In schemes, there are U, -torsors which are
universal for U, -torsors over Spec F, where F ranges over all field extensions of some
base field, in the sense that a U, ;-torsor V — X is universal when the map from X (F)
to isomorphism classes of U, -torsors over SpecF is surjective. To emphasize the dif-
ference between requiring surjectivity and bijectivity, one could call such a torsor versal,
instead of universal, but we won’t use this convention here. A universal torsor can be
constructed from a linear action with trivial stabilizers on an open subscheme of affine
space. This uses Hilbert 90 and an understanding of points over a field. See for instance
[GMS03, Ex 5.4 p 12] [BFO3, Prop 4.11].

A universal U, -torsor with controlled push-forward along

g=ai2 Xaz X... X Qpn+i

can be constructed from a universal U, ;-torsor and a universal (Z/2)"-torsor. Let V —
V/Unyy and £ — L/(Z/2)" be universal U, ,; and (Z/2)"-torsors respectively. Endowing
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V x L with the diagonal action of U, 1, form X = (V x £)/U,;;. The quotientV x £L — X
is then a universal U, -torsor, and there is a tautological map of (Z/2)"-torsors

q:(V x L) L
| |
X L/(Z/2)"

For a chosen (Z/2)"-torsor over SpecF, the universality of £L — L/(Z/2)" gives an F-
point x of £L/(Z/2)" such that pull-back along x is the chosen torsor. The restriction of
V x L to the fiber X'(x) of X over x is a universal U, -torsor with prescribed push-
forward. For x such that the corresponding (Z/2)"-torsor is classified by k(a;) x k(a;) x

. X K(an) the resulting X' (x) has the property that S-points imply the vanishing of
(k( k(az),...,k(a,)) in H*(S,Z/2), and this implication becomes an equivalence for
S = Spec F, for F a field.

One can obtain defining equations for universal G-torsors (with or without controlled
push-forward) for G a finite 2-group as follows: if R is a ring with 2 € R*, then an
R-module A with an action of (Z/2)™ decomposes into a direct sum of simultaneous
eigenspaces, allowing us to compute the fixed elements AZ/2™ Filtering G as

1cGyC G C...CG

such that G,/Gn_ = Z/ 2™ and successwely computmg fixed elements of A~ under
the action of G,/Gn_1 = Z/2™, where A is a ring of functions, produces the ring of
functions of a universal torsor X = (V x L)/G.

For G = Us, the Brauer-Severi variety av? + bw? = u? is obtained in this manner as a
splitting variety for the cup-product (k(a), k(b)) = k(a) U k(b). To see this: consider the
subgroup of Uz of matrices with a;, = 0. The rank 1 representation of this subgroup de-
fined by a matrix g acting by (—1)%2(9) gives a rank 2 representation of U; by coinduction.
Let V be A? —{0} where U, acts via the coinduced representation. More explicitly, identify
A? with A? = SpecR[x,yl. Fori < j, let E;; € U; be the matrix such that a;; = 1 and the
other non-diagonal entries are 0. Then E;; acts by Ej3(x) = —x and Ey3(y) = —y, Eyz acts
by switching x and y, and E,; acts by E;3(x) = —x and Ex(y) = y. Let L be G, x Gy, =
SpecR[x, ', 3, 37']. Let e;; and ey; be a basis for Z/2 x Z/2 and let Z/2 x 7Z/2 act on L
by enn(a) = —a, enn(B) = B, ex() = , and ex(B) = —B. The quotient (A% x L£)/(E4) is
Sym?* A% x £, which has ring of functions R[x?,y%, xy, o, « ', B, p~']. The symmetric square
Sym? A? with its action of Uz /(E14) = (Z/2)Eq2 % (Z/2)E,3 has simultaneous eigenfunctions
x* —y?, x* +y?, xy with eigenvalues (—1,1), (1 1 ) and (1, —1 ) respectively It follows that
the ring of functions of (A% x £)/Uj is R[(x* — y?)/o, x* + y%, xy/B, o, a2, B2, 2. The
splitting variety X(a, b) is defined as the pullback of (A2 x L)/U; — E/ (Z/2 x Z/2) by an
R-point of L/(Z/2 x 7Z/2) classifying k(a) U k(b). The quotient £L/(Z/2 x Z/2) has func-
tion ring Rlo?, oc 2, B2, %] and k(a) U k(b) corresponds to the R-point obtained by letting
a = o and b = 32. We see that v — (x? —y?)/o, w — 2xy/B, and u — x* + y? defines an
isomorphism from X(a, b) to the Brauer-Severi variety.

For G = U, and the triple Massey product, there is a choice of V, £ described in the
proof of Theorem 2.7. Strictly speaking, V — V /U, is not a Uy-torsor there, but Vx L — X
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is a universal U4-torsor, and it is this latter fact which matters. The result of this procedure
is then X(a, b, c) as defined above.

X(a,b,c) is the twist {x x y € G, X Res Gy, : bx? = Norm(y)} of the group scheme
T={xxy € Gpn x Res Gy, : x* = Norm(y)},

where Res denotes the restriction of scalars from Rl«, y]/{«* — a,y* — ¢) to R discussed in
Section 2. Res G, is isomorphic to the open subset of A = Spec R[y1, Y2, y3, Y4l where

Norm(y1,Yz2,Y3,Ys) = H (1 + (=D'yaac+ (=1)ysy + (1) Pyaay)

1,j=0,1
= (y7 — ay3 + cy3 — acy3)” — c(2yrys — 2ayzys)’
is invertible. T is an extension
1->w—>T—>ResG, — 1

of the torus Res G, by u,. The F-points of X(a, b, ¢) control the vanishing of (k(a), k(b), k(c)),
so we have that (k(a), k(b), k(c)) contains 0 if and only if there is x € F*and y € Fle,y]/{o?—
a,v? — ¢) such that bx? = Norm(y). Let L = F[\/a, \/c] be the field extension of F obtained
by adjoining square roots of a and ¢ in F*. The previous condition is equivalent to the
existence of x € F* and y € L* such that bx* = Ny (y) where Ny denotes the norm
(Corollary 3.2).

We then use the computed X(a, b, ¢) to study triple Massey products. For instance, the
equation for X(a, b, c) gives another proof of the fact that the symmetric Massey product
(k(a),k(b),k(a)) contains 0 whenever it is defined (Corollary 3.3). More interestingly,
we show the vanishing of all triple Massey products which are defined on elements of
H'(SpecF,Z/2) for F a global field. This is done as follows.

By the Hasse—Brauer-Noether local-global principle

D, invy
—_—

0 — H*(SpecF, Z/2) — @D H*(SpecFy, Z/27Z) %Z/Z — 0,

H?(—,Z/2) of a global field injects into the direct sum of H?(—,Z/2) of its places. This

shows the local-global principle for cup products and thus the Hasse principle for their
splitting varieties.

The situation for higher Massey products is more subtle. Suppose (k(a), k(b), k(c))
vanshes in C*(SpecFy,Z/2Z) for all places v, where C*(Spec F,, Z/27Z) denotes the differ-
ential graded algebra of continuous Galois cochains. This means that for all v, there exist
EY, and EY, in C'(SpecF,,Z/27) such that 5EY, = k(a) U k(b), 8Ey, = k(b) U k(c), and
EY, U k(c) + k(a) U EY, vanishes in H?(SpecF,,Z/27Z). If the EY, and E}, can be chosen
compatibly, we could conclude the vanishing of (x(a), k(b), k(c)) for F by the local-global
principle for H?(—, Z/2). For instance, if the map

(2) H](Spec FU;) — &, H' (SpecF,, U3)

is surjective, we could choose the E}, and E}. compatibly and conclude vanishing. A 2-
nilpotent version of Poitou-Tate duality (see [Sti12, Ch 18] for a non-abelian Poitou-Tate
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duality result) would give information about (2), however we do not know of an argu-
ment along these lines which shows that (k(a), k(b), k(c)) contains 0 in H*(Spec F, Z/27Z)
when it is defined and contains 0 at all places.

Instead of directly using Galois cohomology to study local-global properties for triple
Massey products, we use the computed equation for X(a, b, c). The Hasse norm theorem
mod squares of David Leep and Adrian Wadsworth [LW89] [LW92] shows that X(a, b, c)
satisties the Hasse principle (Theorem 3.4), and it follows that triple Massey products
vanish globally if and only if they vanish everywhere locally. Furthermore, an alternate
proof that triple Massey products satisfy the local-global principle would give an alter-
nate proof of [LW89, Thm 4.5] for n=2 which says that the Hasse norm theorem mod
squares holds for extensions F(v/a, v/c)/F. In other words, the Hasse norm theorem mod
squares for extensions F(v/a,+/c)/F can be interpreted as the local-global principle for
triple Massey products of elements of H' with Z/2-coefficients. The Hasse norm theorem
mod squares does not hold for all extensions of global fields.

By direct computation in Galois cohomology, one sees that triple Massey products van-
ish in Z/2-cohomology of local fields (Lemma 3.5). This shows:

1.2. Theorem. — Let F be a global field of characteristic # 2 and a,b,c € F*. The triple Massey
product (k(a), k(b), k(c)) contains 0 whenever it is defined.

We end with a question. The Milnor conjecture proved by Voevodsky [Mor98, Thm 2.2]
[Voe96] says that the cohomology ring of Spec F is

H*(SpecF,Z/2) = @, @, F/(2,x @ (1 —x)).

It was shown in [Wic12b] that many Massey products of x and 1—x vanish in H*(Spec F, Z;),
see loc. cit. Corollary 3.14. Theorem 1.2 shows the vanishing of many triple Massey prod-
ucts with Z/2-coefficients. We raise the question:

1.3. Question. Is C*(SpecF, Z/2) formal?

Since posting this paper on the arXiv, Jan Mina¢ and Nguyen Duy Tan realized that
joint work of Wengeng Gao, Leep, Mina¢, and Tara Smith [GLMSO03] implies that for any
a, b, ¢ such that (k(a), k(b), k(c)) is defined, X(a, b, c) has an F-point over any field F of
characteristic different from 2. Moreover, they found an explicit simple rational point on
these X(a, b, ¢). Suresh Venapally independently observed this result as well. This greatly
generalizes Theorem 1.2.

Jochen Gértner can construct relevant Massey products which do not vanish. Let (1;,1,,13) =
(313,457,521) and consider Massey products in the differential graded algebra C*(m; (Spec R), Z/2)

of Z/2-cochains in continuous group cohomology of 71 (Spec R), where R = Spec Z[ﬁ, %, %, 1]

and 7; denotes the étale fundamental group. Gértner can show that the Massey prod-
uct (k(ly), k(12), k(13)) does not contain zero, and it follows that X(313,457,521) has no
1

Z1355, 75y 5155, 3)-points. See Example 2.9.
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2. SPLITTING VARIETY

2.1. Definition. Let C* be a differential graded associative algebra with product U, differ-
ential 6 : C* — C*™', and homology H* = ker §/ Image §. Choose an integer n > 2. A set
a;; of elements of C' for 1 <i<j<n+1and (i,j) # (1,n+ 1) such that

60.1]' = E Qi U Ayj

is called a defining system for the order-n Massey product of the cohomology classes, de-

noted aj, ay,...,a, respectively, represented by ai,, ass, ..., anny1. The order-n Massey
product of aj, ay,...,ay is defined if there exists a defining system. The order-n Massey
product (a;, ay,...,a,) of aj, ay, ..., a, with respect to the defining system a; is

n
(@1, a2y .00y Qn)iay) = E Qi U Qinty
k=2

and when no defining system is specified, (a;, ay, . .., a,) denotes the subset of H? consist-
ing of the order-n Massey products of a;, ay, ..., a, with respect to all defining systems.
The order-3 Massey product will be called the triple Massey product.

2.2. Remark. Choose a;, a,, and a3 in C*. Suppose that a;; for 1 <i <j <4 and (i,j) #
(1,4) is a defining system for the triple Massey product of a;, a,, as. It is straightforward
to check that (aj, ay, a3) is the subset of H? given by

(a1, az, a3) = (ai, Az, Q3)(q) + a;H' + H'as.
The ideal a;H' + H'a; C H? is called the indeterminacy.
Let ay : Mat4(Z/2) — Z/2 be the function taking a 4 x 4 matrix with coefficients in Z/2
toits (i,j)-entry. Let
U4 = {U S Mat4(Z/2) . Clﬁ(U) = ], Clij(U) =0 for all 1 > )}

be the group of unipotent 4 x 4 matrices with coefficients in Z/2.

2.3. Remark. Let G be a group or a profinite group and let C* denote the differen-
tial graded algebra of Z/2-cochains in continuous group cohomology — see for instance
[NSWO08, p. 14-15] for the definition of inhomogeneous chains in continuous group coho-
mology. For homomorphisms

a;:G—>Z/2
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in C' for i = 1,2, 3, the triple Massey product (a, az, a;) contains 0 if and only if there
exists a homomorphism G — Uy such that the composition

a12X0az3XxXaszg

G Uy (z/2)°

isa; x a; x a3 : G — (Z/2)? by a result of Dwyer [Dwy75, Thm 2.4].
Let R be a ring such that 2 is invertible in R.

Letk : R* — H'(Spec R, i) denote the Kummer map obtained by applying H*(Spec R, —)
to

2
low—Gn™S Gn—1,

where H* denotes étale cohomology.

~

We will use multiple copies of G, r. For notational convenience, let L, = Spec R[x, x ]
Gm g denote a copy of G, g with distinguished function x. Let

S=1,xL,=SpecRla,c,a ', c]
S' =1, x L, = SpecRlo,y, o',y ]
and S” — S be the degree 4 finite étale cover

a— o ¢y

Let Ress//s Gi,s- denote the restriction of scalars [BLR90, §7.6]. Form the L, x L, x L. =
SpecR[a,b,c,a”’,b~", ¢ ']-scheme
Ressr/s Gm,gl X Gm’[_b

obtained by taking the product over SpecR of Ress//s G s and G, 1,. Let x denote a
function on G, such that G,,;, = SpecR[b,b"',x,x". Let Ns//s denote the norm on
RGSS//S Gm,g/

Nsys(u) = [ ] (Wi + (=D'yac+ (=1yyy + (1) Pyayay),
1j=0,1
where
Y = Y1 + Y& + Yy + Yoy &Y.

2.4. Definition. Let X C Resg//s Gys0 X Gy 1, be the closed subscheme determined by
sz = NS’/S(U)-

Letm: X — Ly x Ly, x L, = SpecR[a,c,b, a”’,b~", c7'] denote the structure map.

2.5. Definition. For (a,b,c) € (L, x Ly x L)(R), let X(a, b, c) denote the R-scheme ob-
tained by pulling-back X" along (a, b, c). So X(a, b, c) is the affine scheme with coordinate
ring
R[X) X_1>y1)yoc>yv>yocy]/<bxz - NSVS(U] + YaX + Uyy + Uocv(xY))»
8



where we note that
Ns/s(Ur + Y + Yy Y + Yoy y) = (Y — ayi + ey — acys, )’ — c2y1yy — 2ayoYey)’

is indeed an element of R[x, X', Y1, Yus Yys Yayl-

Let q : Us — (Z/2)? be the quotient group homomorphism q = a;; X az; X azs. Adopt
the convention that a group also denotes the corresponding constant group scheme over
R.

For P a Uy-torsor over a scheme X, the homomorphism q determines a (Z/2)*-torsor
over X
q.P =P x" (Z/2)° =P x (Z/2)*/U,

or equivalently g, : H'(—, Us) — H'(—, (Z/2)?) is the map induced by q.

Let L =L, x Lg x L,,and let £ — L, x Ly, x L. be the (Z/2)3-torsor given by

a— o, b pEe— vy

Let Uy act on £ by g*a = (—1)9129q, g*B = (—1)9983, and g*y = (—1)%+9y for g in
Uy.

For i < j, let Ey in U, denote the matrix such that a;(Ey) = 1 and ai(Ey) = 0 for k # 1.

Consider the following representation V of Uy: let H denote the subgroup of U, of
matrices such that a;; = 0 and a;3 = 0. Note that H decomposes as the product H=2ZxH
of Z = {Eys, 1} and H = Ker(ays : H — Z/2). The notation is chosen to recall that H is
isomorphic to the Heisenberg group.

The homomorphism a4 gives a 1-dimensional representation o4 of H, where h € H
acts on R by multiplication by (—1)%+". Let V denote the coinduced representation

V = Indy,’ 014 = R[Us] @iy 014

Let V — SpecR be the vector bundle associated to the representation V. Namely, let
V* = Homg(V, R) denote the linear dual of V and let V = Spec Sym V*. We specify coor-
dinates on V as follows. V is a free R module of rank 4 with a basis corresponding to the
cosets H, E12H E13H E12E13H of Hin U,. Let {u1,u2, us, u4} denote the basis of V defined
by u = H + E13H u; = H E13H us = E12H + E12E]3H and Uy = E]zH E12E13H We
use here that 2 is invertible in R. For i = 1,2, 3,4, let uf : V — R denote the basis dual to
{ur, uz, u3, uy}, ie. the functions such that v = uT (V)w +ud (v)uy +u(v)us+u; (v)uy for all
vin V. Then V = Spec R[uj, uj, u}, u;]. Note that U, acts on V through the representation
V.

Let (V x £)/Us denote the quotient scheme of V x £ by Uy as in [SGAL V Prop. 1.1].
Other quotient schemes will be denoted similarly.

By a slight abuse of notation, let Ns//s(y1 + Yy« + Y, Y + Yoy xy) denote the element of

Rla, b, ¢, Y1, Yas Yys Yo
9



given by setting a = o, b = %, ¢ = y? and expanding

[T i+ (=D yaot (=1 yy v+ (=1 Pyayay) = (yi—ayiteyi—acyl, )’ —c(2y1yy—2ayayay )
1,j=0,1

2.6. Lemma. — There is an isomorphism

(VX,C)/U4 = SpeC R[a) a_]>b) b_1 y Cy C_]>y1)ycx>yy>ycxy> X]/<bX2_NS’/S (yl_'—yoc(x_'—yy‘y"i_yowoq/))
sending
x — 2% wusuy/(B),

Proof. It is straightforward to verify that

(1) {w1,uz,us3, us} are simultaneous eigenvectors for (E;3, Ex, Eq4) with eigenvalues
(1,1,-1), (=1,1,-1), (1,=1,—=1), (=1, —1,—1) respectively.

(2) Ey; acts on {uy, uy, uz, us} by the permutation (uy, us)(uy, us).

(3) {wi,uy,us,u4} are eigenvectors for E,; with eigenvalues 1,1, 1, —1 respectively.

(4) Es4 acts on {uy, uy, uz, us} by the permutation (uy, u,)(us, u4)

Since (Eq3, Ez4, Eqa) acts trivially on £,
(V X ﬁ)/<E]3, E24, E]4> = Spec R[u1 y LLZ, LL3,LL ]<E]3’E24>EM x L.

Ruj, us, us, u;] decomposes into simultaneous eigenspaces for (Ejs, By, E1q) = (Z/2)3.

The (1,1, 1)-eigenspace is equal to the subalgebra R[(w})?, (u3)?, (u3)?, (wh)?, wiwiuiu;] by
(D).
Rlws, wh,wg, wilEeBebio = Rl(ug)?, (wh)?, (uh)?, (wh)?, wiwsuiug] decomposes into si-

multaneous eigenspaces for Uy /(E13, Ex, E1a) = (Z/2)3. A Z/2 basis for Uy/(Eq3, Ezq, E1a)
is {E12, B3, B34}

By (2) (3) (4), d;,d;,d3,ds defined by

di = (W) + (1) + (w3)? + (wy)?
dr = (W) + (1) — (3)? — (1y)?
ds = (uj)? — (W) + (W)? — (u3)?
ds = (u)? = (u3)? — (w3)* + (13)°

are simultaneous eigenvectors for {Ey,, E,3, E34} with eigenvalues (1,1, 1), (—1,1,1), (1,1,-1),
(—1,1,—1) respectively. Since d;,d;,d;,ds, and ujuj;uju; are algebra generators and simul-
taneous eigenvectors, they determine the eigenspace decomposition of

R[uT) uz, ug’ LLZ] (E13,E24,E14) )

10



The eigenspace decomposition of R[x, o', 3, 37,7y, v~ '] is apparent, giving the eigenspace
decomposition of

RI(wi)?, (w3)?, (w3)?, (wp)? wiwpuiug, o o, B, B0y, v,

It follows that
(V x £)/Us = SpecRoc?, o2, %, 7%, ¥4, v%, di, da/ex, ds/v, da/ (o), winguiug /(B)],
where the ring on the right hand side denotes the subalgebra of
Ry, w3, u, u, 0 0, By By, v

generated by the listed elements.

It follows that sending
x - Zwusuiug/(B),
Y = di,
Yo do/,
Yy — d3/v,

yocy = d4/(OCY))
and a — o, b — B2, ¢ — y? defines the required isomorphism.

2.7. Theorem. — There is a Uy-torsor G},  x £ — X and an isomorphism of (Z/2)*-torsors
q«(Gyp X L) = L.

Proof. Let G}, ; — V be the open immersion onto the complement of the zero locus of
ujususuy. By Lemma 2.6 and [SGAL V Cor1.4],

(g X £)/Ug =

The resulting map f : (Gy, ; x £) — X will be shown to be the claimed U,-torsor.
Note that f is finite-type. Thus by [SGAI, V Prop 1.1(i)], f is finite.

Let x be a point of Gy, ; x £, and let I(x) be the inertia group of x i.e. the subgroup of
U, of elements which stablhze x and which act trivially on the residue field k(x). Note
that &, 3, and y are non-zero elements of k(x). Since g*ox = (—1)*29« for g in Uy, we
have that a;;(g) = 0 for g in I(x). Similarly, a,;(g) = axu(g) = 0. The elements of
U, such that a2(g) = ax(g) = aul(g) = 0 form the subgroup (Ei3, Eqq, Exi) = (Z/2)°.
Since u} determines a non-zero element of k(x) and for all g in (E;3, Eq4, E24) the action
of g on u} is g*ujf = (—1)9ur by (1), we have that ai4(g) = 0 for g in I(x). Since 1}
determines a non-zero element of k(x), we have by (1) that a;3(g) + aj4(g) = 0, whence
a3(g) = 0 for g in I(x). Since uj determines a non-zero element of k(x), we have by (1)
that ax(g) + ais(g) =0, whence ay(g) = 0 for g in I(x). Thus I(x) is {1}.
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Since the inertia groups at all points of G}, ; x £ are trivial and f is finite, it follows that
f is a Uy-torsor by [SGAI, V Prop 2.6 (i) (ii)].

The map G;, ; x £ x (Z/2)*> — L defined by projecting to £ x (Z/2)* and composing
with the right multiplication £ x (Z/2)* — L determines a well-defined map
q.f = (Ghg x £) x" (Z/2)* - L
over L, x Ly x L., which determines in turn a map
q«f — L.
Since a map of (Z/2)3-torsors is always an isomorphism,
g.f = L.

2.8. Corollary. — Forall a,b,c in R*, if X(a, b, c)(R) # 0, then (k(a), k(b), k(c)) contains 0.

Proof. The map Et(SpecR) — B7$*(R) induces an isomorphism
H' (7$*(Spec R), Z/2) — H'(Spec R, Z/2).
Thus it suffices (in fact it is equivalent) to show that (k(a), k(b), k(c)) contains 0 in H?(7$*(Spec R), Z/2).

Choose SpecR — X(a, b, ¢), and let E denote the pull back of the U, torsor G}, x x £ — X

of Theorem 2.7 to Spec R via
SpecR — X(a,b,c) — X.
By Theorem 2.7, q.E is isomorphic to the pullback of £ along
(a,b,c): SpecR — SpecR[a,c,b,a”, b " ¢ .
Viewing E as an element of H'(Spec R, U,) = Hom(7¢(Spec R), Uy), we have a homomor-
phism
75" (Spec R) — Uy
such that the composition
75" (Spec R) — Uy — (Z/2)?

is (k(a), k(b), k(c)). Thus (x(a), k(b), k(c)) contains 0 in H*(n{*(Spec R), Z/2) by 2.3. [

2.9. Example. The following example is work of Jochen Gartner. Let T = {11, 1,,...,1,,2, 00}
be a set of odd primes union {2, oo}, Qr(2) denote the maximal 2-extension of Q unram-
ified outside T and let G1(2) = Gal(Qr(2)/Q). For an appropriate choice of topological
generators for Gy(2) (similar to [Vog04, 2.1.3 p 47 1;] and [Gérl1, 3.2.5 1;]), the dual basis
for H'(G1(2),Z/2) ([Vog04, p 49 xi] [Gérl1, 3.3.5]) contains the k(l;). For 1; such that the

Legendre symbols satisfy
(E) =1fori##j
b

LL=1 mod 8,
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takmg the cup product with k(L) produces the 0 map H'(Gr(2),Z/2) — H*(G+(2),Z/2).
This gives a uniquely defined Massey product

(== =) kW), k(L) .y k(L)Y — HA(Gr(2),Z/2).

With results of Vogel and Morishita computing the triple Massey product in terms of
Rédei symbols [Vog04, Th. 2.1.16], Gartner can show using MAGMA that for n = 3 and
(L, L, ;) = (313,457,521), the Massey product (k(1;), k(12), k(13)) is not zero. It follows
that there is no homomorphism Gy(2) — U, such that composing with aj; X ax; X as
represents (k (11) k(l2), k(13)). Since Uy, is a 2-group and Gt(2) is the maximal 2-quotient

of 71, (Spec Z[‘L , 1 , 11 , 2]) this implies that there is no such homomorphism
11 11
Z
mSpecZlps 1o gl = U
It follows by Corollary 2.8 that X(313,457,521) has no Z[m, = 5}—2, z]-points.

Now consider the case where R is a field F.

2.10. Theorem. — Let F be a field of characteristic # 2. For all a, b, c in F*, the scheme X(a, b, c)
has an F-point if and only if (x(a), k(b), k(c)) contains 0.

So X(a, b, c) is a splitting variety for (k(a), k(b), k(c)). The following proof is similar to
[BF03, Prop. 4.11], and we thank Burt Totaro for sending us this reference.

Proof. Assume that (k(a), k(b), k(c)) contains 0. We show that X(a, b, c) has an F-point,
and this is sufficient by Corollary 2.8.

The triple Massey product (k(a), k(b), k(c)) in continuous group cohomology of 7§*(Spec F) =
Gal(F*/F) contains 0, where F* denotes a separable closure of F. By Remark 2.3, we have
an element of H'(Spec F, Us) whose image under q, : H'(Spec F, Us) — H'(SpecF, Z/2)3 is
(k(a),k(b),k(c)). Let

o:Gal(FF/F) — Uy

be a homomorphism representing this element.

Choose square roots «, 3, and y of a, b, and c respectively in F*. Then
a120(g) = (ga)/x € W (F) = 7Z/2
for all g in Gal(F*/F). Similarly a;0(g) = (gB)/B, and aso(g) = (gv)/v.

Let p : Uy — GL4 be the homomorphism corresponding to the representation V =
Indg4 014 from the proof of Theorem 2.7. The image of o under p, : H'(SpecF, Uy) —
H'(Spec F, GL4) is trivial since H' (Spec F, GL4) is the pointed set with one element. Thus
we have a matrix A in GL4 F® such that

pa(g) = A (gA),
for all g in Gal(F*/F).

The kernel of a non-zero F-linear map F* — F* has dimension < 4. For F an infinite
field, the F-vector space F* is not contained in a union of finitely many dimension < 4
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sub-vector spaces. Thus there exists p = (u}, u3, 1, ;) in F* such that A="pis in (F*)%. If
F is a finite field of characteristic > 2, there also exists such a . To see this:

If F is a finite field of q > 4 elements, then the number of elements in the union of four
positive codimension sub-vector spaces of F* is less than 4¢* < q*, whence there exists p.

Otherwise F has q = 3 elements.

For S C {1,2,3,4}, let us : (F*)* — (F*)Sl denote the projection onto the coordinate axes
contained in S.

First suppose that dimp Ker wyA™" < 3 for some i. The number of elements of U Ker ;A
is less than or equal to q>+(q*—q?)+(q>—q?) because two dimension-3 sub-vector-spaces
must intersect in a plane, and any positive codimension sub-vector-space can be enlarged
to be dimension 3. Thus the number of elements of U; Ker u;A~" is less than or equal to
@+ (g —q*) + (¢> — q*) + q* = 39> — g% < q*, so there exists p.

We can thus suppose that dimg Ker w;A™" = 3 for all i. Since Ker usA~" = Nics KerwA™',
the dimension of KerugA~' is > 4 —[S|.

Take N < 4. An F-linear map L : F* — (F*)N determines an F*-linear map L& F* : (F)* —
(N and dimy L(F) > dimps (L @ F*)((F)*). Thus

wA 7 F (FS)‘S‘

has rank > |S| and kernel of dimension < 4 — |S|. Thus dim Ker usA~" =4 — S|, and

4 4
| Ul Kerw A~ =4q° — (2> q*+ (3)q ~1<q".

Thus there exists 1 = (1, 13, 13, 1) in F such that A~'pis in (F7)".
A7u x (e, B,y) determines an Fé-point of G, x L. Furthermore,

g (A7 x (o, B,Y)) = po(g)A ' x (g7, g7 Byg ' Y) = pol(g)A™ k x (k(a)a, k(b)B, k(c)y)
= po(g)A™ u x qo(g)(e, B,Y)
for all g in Gal(F*/F), so A"'u x (&, B,y) determines an F-point of X(a, b, c).

3. VANISHING FOR GLOBAL FIELDS

Let F be a field of characteristic # 2, and choose a, ¢ in F*. Let N : F* — F be defined
N(Y1,Y2,Y3,94) = (Y7 — ay3 + cy3 — acyi)’ — c(2y1ys — 2ayzys)*.

Let pbe any prime of Fle, v]/(o*—a,y*—c), and let F(u) = F[y/a, v/c] denote the residue
field at p. Let Ngyr : F()* — F denote the norm map.

14



3.1. Proposition. — The subsets N(F* —{0}) and N, r(F(1)*) of F* are equal.

Proof. In F(u), we have the equality
NunLys sy = [ Wi+ Dava+ (=1)ysve + (1) y/ave).
Lie(o,1}

If the extension F C F(u) has degree 4, then N(y1,Y2,Y3,Ya) = Neyr(yi +y2v/a+ysv/e +
yav/ay/c), giving the result immediately.

If F C F(u) has degree 2, then we may assume F(u) = F[\/a] for a # 1 in F*/F*, so
N(y1,Y2,Y3,y4) =

Nra/r(U1 4 U2v/a@ + Ysve 4 yav/avo) Ne e (U1 + y2v/a — ysv/e — ysv/av/e).
Since the map F* — F(u)* given by

(Y1,Y2,Y3,Ya) — (Y1 + y2v/a +ysve + yav/ave,yr + y2v/a —ysvc — ys/av/c)

is surjective and N, (1) = 1, we have that N(F* — {0}) O N, (F(p)*). Since Nr,r is
multiplicative, N(F* —{0}) C N, (F(p)*), giving the result.

If F C F(p) has degree 1, then Ng(,r is the identity map and N, #(F(p)*) = F*. Since
the linear map F* — F* determined by

VA Ve Vave
1 Va —/c —Vayc
1 V@ Ve Ay
1 —V/a —Vc Vaye
is an isomorphism, N(F* —{0}) = F* as well. O

From the definition of X(a, b, c) and Proposition 3.1 we obtain:

3.2. Corollary. — X(a, b, ¢)(F) # 0 if and only if for any prime w of Fle,yl/{o* — a,y* — c),
there exists x € F* and y € F(u)* such that

bx® = Nr(r(y).

The following corollary can also be shown directly, using for instance [Wic12a, Lemma
16] , but we include a proof using the splitting variety X(a, b, a).

3.3. Corollary. — Let F be a field of characteristic # 2, and a,b € F*. The triple Massey product
(k(a),k(b),k(a)) contains O whenever it is defined.

Proof. Let L = F[\/a]. When (k(a), k(b),k(a)) is defined, a U b = 0 which implies that b
is trivial in F*/((NyF*)F*?), for instance because ax? + by? = z? is a splitting variety for
the cup-product. By Corollary 3.2, this implies that X(a, b, a) # 0. Thus (k(a), k(b), k(a))
contains 0 by Theorem 2.10. O
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The splitting variety X(a, b, c) satisfies the Hasse principle.

3.4. Theorem. — Let F be a global field of characteristic # 2 and a,b,c € F*. If X(a, b, c)(F,) #
() for all places v of F, then X(a, b, c)(F) # 0.

Proof. Let L = Fly/a,/cl.

Choose a place v of F. By Corollary 3.2, we have that b is in F; N ¢, (L},) for every place
uof L above v.

By the Hasse norm theorem mod squares of Leep and Wadsworth [LW89, Thm 4.5],
{beF :beF Ny (L) Vuvl C{beF :be F*Nyp(L)},

showing that X(a, b, ¢)(F) # () by Corollary 3.2. O

3.5. Lemma. — Let F be a local field of characteristic # 2 and a,b,c € F*. The triple Massey
product (k(a), k(b), k(c)) contains 0 whenever it is defined.

Proof. It is sufficient to show that
k(a)U (=) : H'(SpecF,Z/2) — H*(SpecF, Z/2)
is surjective by 2.2. The 2-torsion Br(F)[2] of the Brauer group of F is isomorphic to
H?(Spec F, 1z) by Hilbert 90 and the short exact sequence
27?2
1-ow-G6, = G,—1.

Since F is a local field, Br(F) = Q/Z, whence H?(SpecF, w,) = Z/2 (see [CF67, V1], for
instance), so H?(SpecF,Z/2) = Z,/2. It thus suffices to see that the cup-product pairing

H'(SpecF,Z/2) ® H'(SpecF, Z/2) — H*(SpecF,Z/2) = 7./2
is non-degenerate. This is true by Tate duality [NSWO08, Thm 7.2.6] [Tat63].

3.6. Theorem. — Let F be a global field of characteristic # 2 and a,b,c € F*. The triple Massey
product (k(a), k(b), k(c)) contains 0 whenever it is defined.

Proof. Suppose k(a) U k(b) = k(b) U k(c) = 0, so that (k(a), k(b),k(c)) is defined. By
Lemma 3.5 and Theorem 2.10, we have X(a,b,c)(F,) # (. By Theorem 3.4, we have
X(a,b,c)(F) # 0, so (k(a),k(b),k(c)) contains 0 by another application of Theorem 2.10.

[

16



REFERENCES

[BF03] Grégory Berhuy and Giordano Favi, Essential dimension: a functorial point of view (after A. Merkurjev),
Doc. Math. 8 (2003), 279-330 (electronic). MR 2029168 (2004m:11056)

[BLRO0] Siegfried Bosch, Werner Liitkebohmert, and Michel Raynaud, Néron models, Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 21, Springer-
Verlag, Berlin, 1990. MR 1045822 (91i:14034)

[CF67] Algebraic number theory, Proceedings of an instructional conference organized by the London
Mathematical Society (a NATO Advanced Study Institute) with the support of the Inter national
Mathematical Union. Edited by J. W. S. Cassels and A. Frohlich, Academic Press, London, 1967.
MR 0215665 (35 #6500)

[Dwy75] William G. Dwyer, Homology, Massey products and maps between groups, J. Pure Appl. Algebra 6
(1975), no. 2, 177-190. MR MR0385851 (52 #6710)

[Fri82] Eric M. Friedlander, Etale homotopy of simplicial schemes, Annals of Mathematics Studies, vol. 104,
Princeton University Press, Princeton, N.J., 1982. MR 676809 (84h:55012)

[Garl1] Jochen Gértner, Mild pro-p-groups with trivial cup-product, 2011, Thesis (Ph.D.)-Heidelberg, www.ub.
uni-heidelberg.de/archiv/12811.

[GLMS03] Wenfeng Gao, David B. Leep, Jan Miné¢, and Tara L. Smith, Galois groups over nonrigid fields,
Valuation theory and its applications, Vol. II (Saskatoon, SK, 1999), Fields Inst. Commun., vol. 33,
Amer. Math. Soc., Providence, RI, 2003, pp. 61-77. MR 2018550 (2005a:12007)

[GMS03] Skip Garibaldi, Alexander Merkurjev, and Jean-Pierre Serre, Cohomological invariants in Galois co-
homology, University Lecture Series, vol. 28, American Mathematical Society, Providence, RI, 2003.
MR 1999383 (2004£:11034)

[LW89] David B. Leep and Adrian R. Wadsworth, The transfer ideal of quadratic forms and a Hasse norm
theorem mod squares, Trans. Amer. Math. Soc. 315 (1989), no. 1, 415-432. MR 986030 (90a:11047)

[LW92] David B. Leep and A. R. Wadsworth, The Hasse norm theorem mod squares, ]. Number Theory 42
(1992), no. 3, 337-348. MR 1189511 (94b:11109)

[Mor98] E. Morel, Voevodsky’s proof of Milnor’s conjecture, Bull. Amer. Math. Soc. (N.S.) 35 (1998), no. 2, 123—
143. MR 1600334 (99€:19005)

[Mor00] Masanori Morishita, Milnor’s link invariants attached to certain Galois groups over Q, Proc. Japan
Acad. Ser. A Math. Sci. 76 (2000), no. 2, 18-21. MR 1752818 (2001a:57023)

[NSWO08] Jiirgen Neukirch, Alexander Schmidt, and Kay Wingberg, Cohomology of number fields, second
ed., Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences], vol. 323, Springer-Verlag, Berlin, 2008. MR MR2392026 (2008m:11223)

[SGAI] Revétements étales et groupe fondamental (SGA 1), Documents Mathématiques (Paris) [Mathematical
Documents (Paris)], 3, Société Mathématique de France, Paris, 2003, Séminaire de géométrie al-
gébrique du Bois Marie 1960-61. [Algebraic Geometry Seminar of Bois Marie 1960-61], Directed
by A. Grothendieck, With two papers by M. Raynaud, Updated and annotated reprint of the 1971
original [Lecture Notes in Math., 224, Springer, Berlin; MR0354651 (50 #7129)]. MR MR2017446
(2004g:14017)

[Sti12] Jakob Stix, Rational points and arithmetic of fundamental groups evidence for the section conjecture, Lec-
ture Notes in Mathematics, vol. 2054, Springer, 2012.

[Tat63] John Tate, Duality theorems in Galois cohomology over number fields, Proc. Internat. Congr. Mathe-
maticians (Stockholm, 1962), Inst. Mittag-Leffler, Djursholm, 1963, pp. 288-295. MR 0175892 (31
#168)

[Voe96] Vladimir Voevodsky, The milnor conjecture, Preprint, 1996.

[Vog04] Denis Vogel, Massey products in the galois cohomology of number fields, 2004, Thesis (Ph.D.)-
Heidelberg, www.ub.uni-heidelberg.de/archiv/4418.

[Wic12a] Kirsten Wickelgren, 3-nilpotent obstructions to 7y sections for I% —{0, 1, 00}, The Arithmetic of Fun-
damental Groups (PIA 2010) (Berlin Heidelberg) (Jakob Stix, ed.), Contributions in Mathematical
and Computational Sciences, vol. 2, Springer-Verlag, 2012, pp. 281-329.

[Wic12b] , n-nilpotent obstructions to Ty sections of I%) — {0,1,00} and Massey products, Galois-
Teichmiiller theory and Arithmetic Geometry, proceedings for conferences in Kyoto (October 2010)
(Hiroaki Nakamura, Florian Pop, Leila Schneps, and Akio Tamagawa, eds.), Advanced studies in
pure mathematics, vol. 63, Mathematical Society of Japan, 2012, pp. 579-600.

17



DEPT. OF MATHEMATICS, HARVARD UNIVERSITY, CAMBRIDGE MA
E-mail address: mjh@math.harvard.edu

E-mail address: wickelgren@post.harvard.edu

18



