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Abstract

We establish the variational principle of Kolmogorov-Petrovsky-
Piskunov (KPP) front speeds in temporally random shear flows with
sufficiently decaying correlations. A key quantity in the variational
principle is the almost sure Lyapunov exponent of a heat operator
with random potential. To prove the variational principle, we use the
comparison principle of solutions, the path integral representation of
solutions, and large deviation estimates of the associated stochastic
flows. The variational principle then allows us to analytically bound
the front speeds. The speed bounds imply the linear growth law in the
regime of large root mean square shear amplitude at any fixed tem-
poral correlation length; and the sublinear growth law if the temporal
decorrelation is also large enough, the so called bending phenomenon.

1 Introduction

Reaction-diffusion front propagation in strongly time dependent random me-
dia arises in premixed flame propagation problems ([9, 26, 35, 36, 42, 43] and
references), interacting particle systems ([28, 10] and references) and popu-
lation biology ([37] and references). A fundamental issue is to characterize,
bound and compute the large time front speed, an upscaled quantity that
depends on statistics of the random media in a highly nontrivial manner. In
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combustion literature, ad hoc and formal procedures abound for approxima-
tion, such as closures and renormalization group methods [35, 43]. In this
paper, we establish a variational principle for the propagation speeds of KPP
reaction-diffusion fronts through temporally random shear flows. The varia-
tional characterization then allows us to estimate and compute the statistical
properties of front speeds with both accuracy and ease. Related computa-
tional results will be presented separately [34].
The model equation is:

up = %Azu + B -V, u+ f(u), (1)
where u = u(z,t), z = (z,y) € Rx R n > 2, B = (b(y,t),0,...,0),
b(y,t) is a stationary Gaussian process in t, with a deterministic profile in
y, to be made more precise later. The nonlinear function f(u) € C*(]0,1])
is a KPP nonlinearity: f(u) > 0 for u € (0,1), f(0) = f(1) = 0, f'(0) =
SUDye(0,1) f(u)/u. An example is f(u) = u(l — u).

For compactly supported initial data bounded between 0 and 1, solutions
of (1) develop into propagating fronts separating the domain into a region
where u ~ 1 and the rest where u &~ 0, which correspond to burned (hot) and
unburned (cold) states in combustion. In case B is periodic in z and t, KPP
type front dynamics and speeds have been recently studied for both shear
and more general incompressible flows [22, 25, 26, 30, 32, 29]. Exact traveling
front solutions exist [30, 32, 29], extending those in spatially periodic media,
5, 7, 40, 39], see also [4] and [41] for reviews.

For temporally random shear flows, it is more efficient to study front solu-
tions asymptotically without constructing exact traveling fronts. This line of
work goes back to Gértner and Freidlin [18], [16] where variational principles
of KPP front speeds in spatially periodic media are obtained by combin-
ing large deviation techniques and Feynman-Kac representation formulas of
KPP solutions. See also [16] and references therein for related results on
KPP fronts through one dimensional spatial random media. We shall fur-
ther develop this approach to treat the temporally random shear flows which
generate more complexities in path integrals and unbounded variations in
time.

Let us make precise our assumptions on the shear field. The function
b(y,t) = b(y,t,w) is a mean zero Gaussian random field over (y,t), periodic
in y with period L for each fixed ¢, and stationary in ¢ for each fixed y. The
field b is defined over probability space (Q, F , ) and has covariance function

2



(1,92, t1,t2) = Eg[b(y1,t1)b(y2,t2)]. The following assumptions hold on
b(y, t):

Al:

A2:

A3:

AA4:

A5:

AG6:

(Periodicity in y) Let C'3'(D) denote the space of Lipschitz continuous
functions that are periodic on the period cell D = [0, L]"~!. For each
& € Q, there is a continuous map J(-,&) : [0, +00) — C%'(D) such
that b(-,t,w) = J(t,w).

(Stationarity inAt) For each s € R* there is a measure preserving trans-
formation 74 : Q — € such that b(y,- + s,w) = b(y, -, sw). Hence, T
depends only on yi,y, and |t — s].

(Ergodicity) The transformation 7, is ergodic: if a set A € F is invari-
ant under the transformation 7y, then either Q(A) =0 or Q(A) = 1.

The field b is mean zero, almost surely continuous in (y,t), and has
uniformly bounded variance:

Elb(y,t)] =0 E[b(y,t)*] <o* forall y€ D,t>0. (2)

(Decay of Temporal Correlations) The function I'(r) = Sup,, 4o L'(Y1,92,0,7)
is integrable over [0, co):

/Ooof(r)dr:p1<oo (3)

for some finite constant p; > 0. This constant will appear later in
estimates of the front speed.

There is a finite constant ps > 0 such that

|F(y1a Y2, Svt) - F(yhy?n S7t)| S p2|y3 - 92|f(|3 - t|)

For example, a field satisfying Assumptions A1-A6 might have the form
by, t,w) = Z;V:1 b (y)bh(t, &), where the functions bl (y) are deterministic,
Lipschitz continuous and periodic over D, and the functions b]é(t, W) are mean
zero, stationary Gaussian fields in .

Before stating the main results, let us define the family of Markov processes
associated with the linear part of the operator in (1). For a fixed & € € and



for each z € R™, t > 0, let Z*'(s) = (X*(s),Y*!(s)) € R" solve the Itd
equation:

dZ*'(s) = B(Z%'(s),t —s)ds+dW(s), s €0, (4)

with initial condition Z**(0) = z = (x,y) € R", where W (s) = (W1 (s), Wa(s)) €
R™ is the n-dimensional Wiener process with W (0) = 0. Because of the shear
structure of B, we therefore have

X*(s) = x—i—/Osb(y+W2(T),t—T)dT+W1(s) (5)
Y5H(s) = y+ Was).

Let P*' denote the corresponding family of measures on C([0,¢];R™). As
we will see, the KPP front speed depends on large deviations of the random
variable 24 (st)
; z— 7"k
nt) = === (
which is the average velocity of a trajectory over time interval [0, xt]. The
need for the parameter x results from the time dependence of the field b(y, t)
and will become more apparent later.

Now we state the main results. First, the following proposition allows us

to characterize the speed of propagation:

Proposition 1.1 Assume that A1-A6 hold for the process b(y,t). There is
a set Qo C Q such that Q(Q) = 1 and for any & € Qo and any X € R, the
limit

. 1 ). z,t —z
H(A 2) = p(\) = lim —log E [e Az (1) )} "

exists uniformly over z € R™ and locally uniformly over A € R". The limit
() is a finite constant for all @ € Q0 and independent of z € R™. Moreover,
w(X) > 0, and u(X\) is both convex and super-linear: u(\)/|I\ — +oo as
|A| — oc.

If we let S(c) be the Legendre transform of p(\)

S(c) = sup[c- A= p(A)], (8)

AER™

then we find that the speed of propagation can be bounded above in terms
of S.



Theorem 1.1 (Upper bound on front speed) Letb(y,t, &) satisfy assump-
tions A1 - A6. Letu(z,t,w) solve (1) with initial condition u(z,0,0) = ug(z),
where ug(z) € [0, 1] has compact support and is independent of &. Then, for
any closed set F' C {c € R"| S(c) — f'(0) > 0},

lim sup u(ct,t,w) =0
t—=00 e

uniformly in c € F, for almost every w € Q.

Furthermore, the speed of propagation can be bounded below in terms of the
function S:

Theorem 1.2 (Lower bound on front speed) Letb(y,t,w) satisfy assump-
tions A1 - A6. Letu(z,t,w) solve (1) with initial condition u(z,0,0) = ug(z),
where ug(z) € [0, 1] has compact support and is independent of &. Then, for
any compact set K C {c € R"| S(c) — f'(0) < 0},

lim inf u(ct, t,0) =1 9)

t—oo ceK
uniformly in ¢ € K, for almost every w € Q.

Therefore, if for each unit vector e € R™ we define the constant ¢* =
c*(e) > 0 by the variational formula:

, (10)

we see from the definition of S that the front spreads asymptotically with
speed equal to c¢*(e) in the direction of the vector e. Although the solution
u depends on & € ) since B is a random variable over €, the function S (¢)
and the speeds c¢*(e) are independent of w. They are almost surely constant
with respect to @, a consequence of the ergodicity assumption A3. Hence, we
will refer to the constant ¢*(e) as the front speed in the direction e. We will
frequently suppress the dependence of v on @ for clarity of notation. If the
initial data is front-like and aligned with the shear (uo(2,t) = X{z<0}(Z,¥)),
then this variational formula reduces to the one derived by Berestycki and
Nirenberg [7] for waves traveling in a cylinder with a time-independent, spa-

tially periodic flow.



Theorems 1.1 and 1.2 extend our recent results on KPP front speeds
in temporally periodic incompressible flows [32, 29] and classical results of
Gértner and Freidlin (see [18] and Theorem 7.3.1, p. 494 of [16]) where they
treated the case of spatially periodic advecting flows. Our proofs are built on
those, with additional ingredients to handle both the time-dependence and
the stochastic nature of the field B. For example, in the periodic case, u(\)
is the principal eigenvalue of a periodic-parabolic operator [32, 29], and per-
turbation theory [21] implies that p()) is differentiable in A. It then follows
from Theorem 7.1.1 and Theorem 7.1.2 of [16] that the random variables
nt(t) satisfy a large deviation principle with convex rate function S(c¢) given
by (8). However, if 4(\) is not known to be differentiable, the large deviation
property needs a new proof. In the present case, () is not an eigenvalue
of a linear operator, so we cannot readily apply the perturbation theory [21]
to get differentiability. Instead, we will show that a rate function exists and
is convex, and that it continues to satisfy (8). In fact, p(\) is related to the
almost sure principal Lyapunov exponent of a heat operator with random
potential [42], known as the parabolic Anderson problem ([8, 12] and refer-
ences). Dynamical aspects of principal Lyapunov exponents as an extension
of principal eigenvalues are recently studied in [27]. Regularity of () is an
interesting problem in itself.

The paper is organized as follows. In Section 2, we prove some important
technical bounds on the process Z*'(s). In Section 3, we prove Proposition
1.1 which defines the principal Lyapunov exponent p(\). In section 4, we
prove Theorem 1.1, the upper bound on the front speed. In Section 5, we
adapt the method of [16] to prove Theorem 1.2, the lower bound on the front
speed. A technical estimate (Lemma 5.1) and a large deviations estimate on
the process Z*'(s) are needed here; these are proven in Sections 6 and 7.
We will make frequent use of the subadditive ergodic theorem and the Borell
inequality for Gaussian fields [1, 2, 23]. In Section 8, we use the variational
formula (10) to derive analytical estimates on the front speed ¢* based on
properties of the Lyapunov exponent u. In particular, we demonstrate that
if the shear field is & Zjvzl bl (y)bh(t, @), the front speed ¢* grows linearly with

large 8. On the other hand, if the shear field is § 37, b](y)b}(5t, &) with the
temporal correlation length decreasing accordingly, the speed enhancement is
no faster than O(\/g) This is analogous to the decrease of front speeds with
increasing frequency of temporally oscillating periodic shear flows [22, 30, 32].
The reduction of speed enhancement due to rapid temporal decorrelation is



known as the bending phenomenon in combustion literature [3, 13, 22], here
we obtain a rigorous proof in the stochastic setting. We note that linear (large
9) and quadratic (small §) speed growth laws are known for deterministic flow
patterns with channel structures ([4, 5, 6, 11, 19, 24, 38| and references),
also for spatially random shears inside infinite cylinders [33, 31] or white in
time Gaussian shears in the entire space [42]. Our variational bounds show
consistent results for temporally random shears with sufficiently decaying
correlations. The speed growth laws known to date are not sensitive to the
form of the nonlinearity as long as fronts propagate out of the initial data.
In this sense, KPP plays the role of a solvable model and KPP front speeds
carry universal properties, similar to Burgers equation for conservation laws
[14].

Though the arguments in our proofs rely on the periodicity of b(y,t) in y
to provide compactness in the y dimensions, they can be easily modified to
solve the same problem in an infinite cylinder with the zero Neumann bound-
ary condition on the sides of the cylinder, a case considered originally by
Berestycki and Nirenberg [7] for time-independent, spatially-periodic shear
flow. In the infinite cylinder, the compactness property remains, and the
process Z*'(s) just needs to be reflected when it hits the boundary R x 99Q.
It is also not necessary for the process b(y,t) to be Gaussian. Our proofs of
the bounds in Sections 1, 6, and 7 shall rely on the powerful Borell inequality
for Gaussian process, yet it is easy to see that if the estimates of Section 1,
6, and 7 hold for a given process, the main results extend.

2 Estimates on Z%!(s)

In this section we derive some technical estimates on the process Z'(s)
which follow from our structural assumptions on the field B and the Borell
inequality for Gaussian fields.

Let use first note that by changing variables r = s — ¢, v = s + t, it is
easy to see from our assumptions on the field B that

T ,T V2T pT/V2
/ / sup I'(y1, y2, s, t) dsdt < 2/ / L(r) drdv
o Jo 0 0

Y1,y2

< 2v2pT (11)



and for H € [0, 77,

/ / sup D(y1, yo, s, t) dsdt < /2|T — H|/
H y1,92
< V2T —Hip,. (12)

T/f

Let p(s ) C([0,+00),R"!) with p(0) = 0 be fixed. For y € D, define
py(s) =y + p(s). For fixed ¢ > 0, the integral

f@ﬁw343@wﬂ¢—rwh

is a Gaussian random field over M = D x [0, t|, with respect to the measure Q.
The Borell inequality for Gaussian fields states that if || f|| = sup, e f (¥, 5)
is almost surely finite, then Eg[|| f||] < co and for any u > 0,

w2

QU= EllfI] > u) <e >? (13)

where 07 = sup(, yen Eolf?] (see [1]). By (11), o < 2v2pit. So, using
inequality (13), we can control deviations of || f||, if we bound the growth of

EI[ A1

Lemma 2.1 There is a finite constant C' > 0 such that
Eqlllf]] < Ct'/2. (14)

Proof of Lemma 2.1: The expectation E[||f]|] can be bounded by the
metric entropy relation

)
ﬂWMso/a%N@W%k
0
where § = diam(M)/2 in the metric

d((x,5), (0.2)) = E[(f(a.5) = f(.2)7]"”

and N(e) is the minimum number of e-balls required to cover M (see [1]).
Using (11) and (12), a straightforward computation shows that

E[(f(z,5) = f(y.5))*] <Clz—ylt
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and
E [(f(yv S) - f(y,Z))Q} S C|S - Z|

for some finite constant C', independent of p. Therefore,
1/2
d((x,9). (4.2)) < Cy (|s = =) + Caljz — ylt) "*

and there is a constant C independent of ¢ and € such that d((z, s), (y,2)) <€
whenever |s — z| < C3¢? and |z —y| < 04762 For € € (0, diam(M)/2], we have
the bound

2
N(e) < maX(C’5t—4, 1)
€

and

C’51/4t1/2 t2
BN < € [ (op(Caly)) 2 d

0

1
1
— Gt / (log( 1))/, de < Crt12 (15)
0

Note that the constants depend on the assumed properties of the process
b and the size of the domain D, but not on the particular function p(s). If
u > 2C7t'/2 then by (13),

QU >u) < e~ (w=Blf)? /207 < o—u?[80F < o—u?/32pit

It now follows that

Lemma 2.2 For anyn > 0 and for t > to = to(n) = (2C7/n)?,

Q ( sup / by + p(7),t —7)dr > nt) < e~Tt/32m1
0

y€D, s€[0,t]
for any p € C([0,00),R""1), p(0) = 0.

In applying this lemma, the continuous function p will be a realization of the
Wiener process W(s) € R™1.



Lemma 2.3 Forn >0, z € R", define the Markov time
7,.-(t) = min{s > 0| | X' (s) — z| > nt}.

with 7, .(t) = +oo if the set on the right is empty. Then there are constants
K, Ky such that

Q (P ( inf 7,,.(t) < t) > eKWQt/?) < Kye fontt?
Ze n

for all t > 0.

Proof of Lemma 2.3: Note that for the Wiener process Wi (s) with W7 (0) =

0
2 > —x2/2
P sup [Wyi(s)|>nt] < 24/— e dx
SE[O,t] T 77\/E
< K" (16)

The point of the lemma is that at large times and almost surely with respect

to @, the process X*!(s) also behaves like a Wiener process in the sense that
a bound like (16) holds. By definition of 7, .(t),

P(inf W(t)gt) — P sup [fily.s)+Wils) =t | .
z€R™ s€[0,t],z€R™

Using Tchebyshev’s inequality, (16), and Lemma 2.2 we see that for any
n>0,a>0:

Q (P ( inf 7,.(t) < t) > a) < o 'EqP | sup |[fily,s) + Wi(s)| > nt>

z€R™ s€[0,t],z€R™

= o 'EpQ| sup Ift(y,8)+W1(S)|Znt>

s€[0,t],z€R™

< o 'EpQ sup |ft(y=5)|277t/2>

s€[0,t],z€ER™

+a~'P < sup  [Wi(s)| > nt/2>

s€[0,t],z€ER™

< a_l(Ze_”2t/32p1 + Kle_”Qt/g) < a_lKle_K2"2t
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for ¢ sufficiently large, for some constants /7, Ko > 0. The result now follows
from a choice of o = e~ 527°t/2_ [

Lemma 2.4 There are constants K1, Ky > 0 such that, except on a set of

Q-measure zero,
2
seuRp P(7,.(t) <t) < Kje fent (17)
z n

for t sufficiently large depending on w and 7.

Proof of Lemma 2.4: Lemma 2.3 and the Borel-Cantelli lemma imply that
outside a set of ()-measure zero

P ( inf 7,.(k) < k;) < e Henh/2 (18)

z€R"

if k € Z is sufficiently large. Now we want to extend this to all real ¢
sufficiently large. Let t € [k,k+ 1], t =k + 7, 7 € [0,1].

sup P ( sup [X*(s) — ol = tn)

2€R" s€[0,t]

IN

sup P ( sup | X**(s) — x| > tn/2> +

zER™ s€[0,7]

+ sup P (sup | X (s) — X*H7)| > tn/2>

z€R™ s€[T,t]

By the Markov property, this is bounded by

< sup P ( sup |X*(s) — @o| > tn/2) +

z€R™ s€[0,7]

+ sup P ( sup [X**(s) — Zo| > tn/2) <

zZER™ s€[0,k]
< P sup | X*(s) — wo| > kn/2 | +
z€R" te(k,k+1],5€[0,1]
+P | sup  [X*H(s) — Zo| = kn/2 (19)
zZeR™ s€[0,k]

11



By (18), the second term on the right side of (19) is bounded (Q-a.s.) by

zeR™,s€[0,k]

P < sup | X*M(s) — 2| > kn/2> < etk (20)

for k € Z sufficiently large. To bound the other term in (19), it suffices to
show that

P sup [ fu(y,s,7)| > kn/2 | < e Kok (21)
yeD,rel0,1],s€[0,1]

for k € Z sufficiently large, where

fk(y,S,T)Z/O bW (), r+k—7)dr.

Note that fi(y,s,r) is a centered Gaussian field (with respect to @) over
D % [0,1] x [0, 1], and its distribution is invariant with respect to k& > 0, due
to the stationarity of b(y, t). For any fixed path WJ(w), the Borell inequality
implies that for £k sufficiently large

@ Sup | fuly,s,1)] > kn/2 | < Kse e+
yeD,rel0,1],s€[0,1]

for some constants K5, K > 0, independent of k and the realization W3 (w).
Therefore, proceeding as in the proof of Lemma 2.2, we see that

Q| P( sup |f(y,s,r)| > kn/2) > e KoK 2 ) < e KoK /2,
yeD,re(0,1],s€[0,1]
Now (21) follows from the Borel-Cantelli lemma. We complete the proof by
combining (20) and (21). O
The next estimate gives a coarse bound on very large excursions of the
random process X*!, the first component of the process Z*':

Lemma 2.5 There are constants Ky, Ky > 0 independent of k € (0,1] such
that, except on a set of QQ-measure zero,

sup P ( sup | X*'(s) —z| >nt | W3 € A) < Koottt (22)

zER™ s€0,kt]
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for any open set A C R", for any k € (0,1], n > 0, and for t sufficiently
large depending on w, k, and 7.

In particular, the lemma holds with A = R"™. Using the fact that the Y
component of the process Z*! is a Wiener process, the lemma implies the
following corollary:

Corollary 2.1 There are constants Ky, Ko > 0 independent of k € (0, 1]
such that, except on a set of QQ-measure zero,

z€ER" s€[0,xt]

sup P < sup |Z%'(s) — z| > 77t> < Kye fent/s (23)

for any k € (0,1], n > 0, and for t sufficiently large depending on w, k, and
7.

Proof of Lemma 2.5: Lemma 2.4 encompasses the special case that Kk = 1
and A = R". For k < 1, modify the preceding bounds for the field

fly.s) = / by ().t — ) dr

considered over M, = D x [0, xt]. Now we have 07 = sup, yecn Eqlf?] <
pikt, so we find that E[||f||]] < Cv/kt for some constant C' > 0. Then, just
as in Lemma 2.3, we have

Q (P ( sup | X*(s) — x| > 77t> > €—K2n2t/2n> < Kye Kt/
s€|l

0,xt],z€ER™

and for A = R", the rest follows as in the proof of Lemma 2.3. To bound the
more general conditional probability in Lemma 2.5 (with A # R"), observe
that whenever P(WJ € A) >0

Q (P ( sup [ X*(s) —a =t W) € A) > K/> _

s€[0,kt],z€R™

=Q (P ( sup | X*H(s) — x| >nt, WD € A) > P (W20 c A) 6K2n2t/2n)

s€[0,kt],z€R™

6K2772t/2f$ . 0
< ———FpP sup | X*(s) —x| >nt, W5 € A
P (WQO S A) © SE[O,mf],ZE]R"| ( ) | 2
6K2772t/2/$ .
< —————Fp | xwoer@ sup | X*(s) — x| >nt
P(WQO S A) d Waeh (SE[(),mf],ze]R”| ( ) | )

13



By Lemma 2.2, the probability Q(supseo, s .crn | X *'(5) —2| > nt) is bounded
independently of the realization of WJ, so the right hand side of (24) is
bounded by

€K2172t/2n .
——————Fp | xwoer®@ sup | X*(s) — x| >nt
P (WZO S A) Wzeh (SE[O,Ht],ZeR"‘ ( ) ‘ )
6K2772t/2H ) )
< E < K —Kan t/li) - K —Kon?t/2k
S P e (W9 € A) P\ Xweafr1€ 1€

Then the rest follows as in Lemma 2.3. [J

3 The Lyapunov Exponent p()\)

In this section we prove Proposition 1.1. We study the limit

1 ot
p(, z) = tlim ZlogE [e_’\'(z ’ (t)_z)} . (25)
Notice that this is equivalent to the limit
A2 .1
,u()‘? Z) = ? + thm E log ¢(Z,t) (26)
where ¢(z,t) > 0 solves that auxiliary initial value problem
1
o = §Az(/§+(B—)\) Vo — X B(z,1)o. (27)
#(2,0) = 1.

To see this, use the Feynman-Kac representation to express ¢ as

6= E. [6_ I A-B(szt(s),t—s)ds}

)

where Z solves

A7 (s) = (B(Zz’t(s),t—s) —)\) ds + dW (s).

This induces a measure P>! that is absolutely continuous with respect to
P*'. The Girsanov theorem [20] implies that:

ap — o Jo M AW () =5 APt
dP

14



Hence

6=E. [l )\-B(Zz’t(s),t—s)ds] _ e—ﬁth [G—X(Zz’t(t)—z)] 7
establishing (26). Without the drift term, the equation (27) is called the
parabolic Anderson problem (see [8] and [12]). We will denote by p(\) the
limit limy o 7 log ¢(2,t). Therefore, u(A) exists independent of z if and only
if p(\) exists independent of z.

The proof that u(\) exists almost surely with respect to ), independent
of z, relies on the sub-additive ergodic theorem and a Harnack-type estimate
based on techniques in [12], provided we assume the necessary decay of tem-
poral correlation of the process B(y,t). Following [12], we define for any
continuous path W € C([0,t],R™) the exponential

W) = e JE Mb(Wa(s)+2,t—s) ds=M Wi (t) =22 Wa(t)

which is the exponential term e >(Z7" (=2 for a fixed realization of the

Wiener process. For any fixed path W, (¢, W) is lognormal with mean

EQ[f(ta W)] = eA 3 e~ MWi(t) =22 W2 (1) (28)

where

t t
5% = / / U(X,, X, 5,7) ds dr < 2v2pit, (29)
0 0

by (11). Note that 62 is bounded independently of the particular path W.
For 0 < s < t, define the random variables

qz()\, s, t) _ EZ7t[€—)\~(Z(t—s)—z)]
QI()‘7 S, t) = Zlggq (>‘7 S, t)

gs(A,s,t) = supg®(\,s,t).
zeD

Using the sub-additive ergodic theorem, we will show that the limits

1
Jim n log qr(A,0,t) = pr(A) (30)
and )

15



exist and are finite, almost surely with respect to (). Then we will show
pr(N) = pns(A), and therefore p(A) = pr(A) = ps(A) is well-defined, indepen-
dently of z. By the Markov property of the Wiener process we have for any
s<r<t

> infFE,, [e_)"(Zz‘t(t—T)—Z) inf £, T[e—X(Z“vT(r—s)—a)]}
= g\ s, m)aArt).

Therefore, log(q; (), s,t)) is super-additive:

log(qf()\, S, t)) > log(q[()‘a Sy T)) + log(qf()‘a T t))

for any 0 < s < r < t. Similarly, the function log(gs(A, s,t)) is sub-additive.
By the stationarity of B, 7.log(qr(A,s,t)) = log(qr(\, s + r,t + r)) for any
r > 0.

In order to apply the ergodic theorem, we must show that log ¢; and log qg
are integrable. First,

EQ[lOg(QI()"Svt))] log EQ[QI(/\7S7t)]

log inf Ep Eq[e»(#™ t=5)=2)], (32)

IAIA

2,2
[GATG6—)\1W1(t—s)—)\2W2(t—s)]

loginf Ep
IAF
2
Al” 2
T|t—s|+\/§A |t — sl

202
|t — s| + loge s

IA

IA

By Jensen’s Inequality

v

Eq [log(qr(X, 5,1))] Eq [log(Epeinfz —*'Zz’t(t—s)}

v

EpEq [nzlf N (2Pt —s) — z)]
A2

)\ t
T|t—8| +EPEQ {mf—/ Alb(WQ(S)—FZ,t—S) ds| .
z 0

This last term is finite, by the Borell inequality. Note also that if M(w) =
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SuPte[o,l},zeD|B(Za t)[, then

sup [loggr(A,s,0)] < [M[M(@)+ sup [log E[e Wil
5,t€[0,1] s,t€(0,1]
oy AP
< [MM(@) + B
and the latter is integrable with respect to (). It now follows from the sub-
additive ergodic theorem (Theorem 2.5 of [2]) and the continuity of ¢(\, 0, )

with respect to ¢ that the limit (30) exists almost surely and is finite:
1 A, 0,1 Eg |l A0, ¢
lim Og(ql( ) Yy )) = sup Q [ Og(q1< » Y ))] = . (33)

t—o0 t t t

Also, by (32), ur < % + v2|\I?p1. Because b is ergodic with respect to
translation in ¢, pr(\) is constant on a set of full measure (with respect to

Q).
Now we show that (1/t)log(gs(A,0,t) is integrable. A lower bound on
the expectation follows from Jensen’s inequality:

Egloggs(A, s,t)] > sup EqE. -\ (Z*'(t — s) — 2)]

= sup B, Eg[-A- (Z*'(t—s)—2)]=0. (34)

Now we derive an upper bound. The Borell inequality and Theorem 3.2 of
[1] (p. 63, let @ = 1) imply that there is a finite constant K, > 0 such that

EQesupffgrtj Ab(Wa(r)+2ti—7)dr Ky < o0 (35)

if 32 < 1, where 62 is the variance of the integral — [J"~" \ib(Wa(7) + 2,1, —
T) dt with respect to (). This variance is small, when |¢; —¢;| is small. Thus
by (29), there is a constant K; > 0 such that (35) holds when |t; —t;| < Kj.
Now for any s < ¢, let N be the smallest integer greater than |t — s|/K; and
s=tly <t <ty<---<ty=twith [t;;; —t;| = At = |t — s|/N < K for all
1=20,...,N — 1. Jensen’s inequality implies that

EQ log(QS()\7 ti7 ti-i—l)) S
< log Ep [e*)"w(tiﬂfti)EQ [e®1P= “Ap o T b(Wa(s) 2 t—s) dS]]

_ APt — 1)

< lOg Ep [e_A'W(ti+l—ti)K0:| 5

+log Ko (36)

17



Combining this with the subadditivity of log(gs (A, s,t)), we derive the upper
bound

N—

Eglog(gs(A,s,t)) < Eglog(gs(A, ti, tis1))
0

._.

;Zt—
< G (2 ) + N(log Ky)

AP(E—s)  Jt—s|
< 1)(log Ky).
< B oy og i)

The last inequality follows from our definition of N. Moreover,

)

EpleMIBISIAWE—9) < 0 () s 1) < Ep[eMIBlIl=s-2W (=)

so that

2

A
sup |logas(A, s, t)] < Ki(JA|||B]| + ) (37)
s,t€[0,K1]

where || B|| denotes sup,¢(o x,) .ep|B(z,t)|. The right side of (37) is integrable.
So, we can apply the sub-additive ergodic theorem to conclude that the limit

i 108las(X,0,8) . Eq [log(gs(A, 0,2))]

t—o0 t t t

= s, (38)

holds almost surely with ug a constant, pg € [0,00). The convergence along
continuous time follows from (37), the continuity of gs(A,0,t), and Theorem
2.5 of [2]. As with uy, us is constant on a set of full measure, because of the
ergodicity of b with respect to translation in t.

Clearly p; < pg. To show that uy = pg, we will need a kind of Harnack
inequality to compare the quantities ¢;(\, 0,t) and gs(A,0,¢). Such a result
has been obtained in [12] in the case that b(y,t) is Gaussian in both space
and time, with a white-noise temporal dependence. Under the assumptions
A1-A6, however, the arguments of [12] imply that the following estimate also
holds in the present case.

Theorem 3.1 (Cranston and Mountford [12]) For any fixzed M > 0, there
are positive constants ¢y, ca such that outside an event of Q—probability P

one has

)

(X, 0,n) > e (qs(/\, 0,n) — e*in”“) _

18



From this result it follows immediately that

1 z,n
lim —log & (e =T = iy (A) = ps(N),
uniformly in z. By (33) and (38), we see that this extends to continuous time
lim 1ogE IO = 1 (3) = s (V) = (). (39)

t—oo t

We have now shown that for each A € R™, u(\) is well-defined, independent
of z € R™, almost surely with respect to (). This means that for each A € R",
there is a set ) C Q such that Q(,) = 1 and (39) holds for all & € €,. We

claim that the set ) )
Q=) N (40)

AER™

has full measure: Q(€2) = 1. It is clear that the set €2 = Macgr 2, has full
measure, since Q" is a countable set.

Lemma 3.1 Qy = Q). So, Q) = 1.
Proof: Clearly Qo C Q{) For A € R", t > 0, z € D, we define the quantities

1 1
Nt = —logEzt[e_)"Z(t)] zzlong()\,(),t)

7
+ _

pr(At) = ;ggu (A, )
po(At) = suppF(At).

zeD

So, for all A € Q" and & € Q), pt (A1) — w(A) and g~ (\t) — p()) as
t — o0.

We claim that p*(\,t) and put (A, t) are convex in A, for each ¢ > 0. Let
r € [0,1], A1, A € R™. By Hélder’s inequality,

E[671”)\1-Zz’t(t)f(lf’r‘))\z-zz’t(t)] < E[ef)q-szt(t)]rE[ef)\g-Zz»‘(t)]lfr. (41>
Upon taking a logarithm and dividing by ¢, this inequality implies that
P (rA + (1 —=1r)ho, t) < rp*(Ag,t) + (1 —r)p®(Aa, ).

Hence, p*(A,t) is convex. Since pt(A,t) is a supremum of convex functions
(*), it must also be convex. It follows that the function p(\) is continuous
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in A, since for each A € €, p(\) is the finite, pointwise limit of continuous
convex functions p*(A,t) (pointwise for A € Q", a dense subset of R").
Moreover, p(A) must be uniformly continuous on compact sets.

Next, we claim that for each & € Q) fixed, (X, ) — () and g~ (A, t) —
() locally uniformly in A € R™. Let Ay C R" be a closed ball of radius 4.
For € > 0, let k € Z be large enough so that |u(A1) — pu(A2)| < € whenever
A1 — Xo| < n27% and Ay, Ay € Ags. Then, let £y > 0 be large enough so that
(A1) —p(\)| < e for all A € Ags M27FZ™ and t > t,. Such a t, exists since
Ass N27FZ™ is a finite subset of C Q. For k sufficiently large, depending on
0, any X\ € As can be expressed as a convex combination of points in the set
{/\j}j = A25 N 2_an2

A= wi) (42)

such that w; > 0, Zj w; = 1. Moreover, we can require that w; = 0 if
I\j — A] > n27F. Therefore, for ¢ sufficiently large,

prOGE) = (O wiA )
J
< ijﬁ()\j,t) (by convexity)
J
< e+2w]~u(>\j) (by choice of tg)
J

< e+ ij(e—i—u()\)) = 2e + p(N).

J

This implies that
lim sup ut(\,t) — pu(\) <O0. (43)

t—o0 AEAs

Now suppose that for some ¢ > 0, there are sequences z, — zg € D,
t, — 00, and A\, — A\g € As such that

(A, te) < u(Xo) — €, fork=1,2,3,...
Then for any M € Q,

(N ) — (Ao te) o (N ) — (o) + €
| Ak — V| - Ak — N|
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Since ' € Q", pu*(N,tx) — wu(N) as k — oo. Therefore, by choosing
sufficiently close to Ao, we can make |** (N, t) —u(Xo)| < €/2 for k sufficiently
large, since p(A) is continuous in A. Hence, the right hand side of (44) can
be made arbitrarily large. That is, the slopes of the secant lines through the
points (X, p* (N, 1)) and (g, u* (Mg, t)) can be made arbitrarily large for
k large, since A\, — Ao. However, because the functions p® (A, ¢;) are convex
in A\ and bounded above by u* (A, ), this contradicts (43). Hence,

o . <o.
fim inf p(A) —p=(A,1) <0 (45)
Equations (43) and (45) imply the claim that u* (A, t) — p(A) and p= (A t) —
() locally uniformly in A € R™ for each w € €. Therefore, )y C €.
0

To complete the proof of Proposition 1.1, we now show that u()\) is super-
linear in A. Clearly p(0) = f/(0). Let A = (A1,0), A\; € R, so that the nonzero
component of A is in the z-direction. Then ¢ in (27) can be chosen to depend
only on the y variable: ¢ = ¢(y,t). Thus, the problem (27) reduces to

1
61 = 50,0~ Mbly. )6 (46)
¢(y,0) = 1.
Since b(y, t) has the same distribution as —b(y, t), we conclude that p(—(Ay,0))
p((A1,0)) for all A; € R. Hence p((A1,0)) and p((Aq,0)) are even functions of

A1. Using the Feynman-Kac representation for p((A1,0)) as in (41), we find
that p((A1,0)) is convex in A;. Since p(0) = 0, we conclude that

p((A1,0)) >0 and p((A1,0)) > A1/2, VYA eR (47)

If we choose A = (0, \2), A2 € R, so that the nonzero component of A is in
the y-direction, then (27) ¢ can be chosen to be constant ¢ = 1, for all time.
Hence

p((0,22)) =0 and pu((0,A2)) =A3/2, VA €R. (48)

Combining (47), (48), and the convexity of u(\), we conclude that u(X) is
super-linear. This completes the proof of Proposition 1.1.

21



4 Proof of Theorem 1.1

The proof of Theorem 1.1 is based on the assumption that f(u) < f/(0)u.
This allows us to construct a super-solution to equation (1) as follows. Con-
sider the solution to the auxiliary initial value problem

B, — %Ach F(B=A)- V& + (AP/2 4 F/(0) — A- Bz, 1)), ®(2,0) = 1.

where ® = ®(z,t) > 0 is periodic in z. As shown at the beginning of section
3, we can express f(A) in terms of :

p(A) = —f(0)+ lim %logé(z,t). (49)

Now suppose S(c¢) — f'(0) > 0. Then for ¢ > 0 sufficiently small, there
exists A > 0 such that A -c > p(X) + f(0) + 2e. By Proposition 1.1, u(X\)
is finite, and there is a function R = R(z,t) such that |R| — 0 as t — oo,

uniformly in z, and
B(y,t) = et N/ O AL (50)

If § > 0 is sufficiently small, then A-¢ > p(X)+ f'(0)+¢€, whenever | —¢| < 6.
Then for any o > 1, we also have X - ac’ > u(\) + f/(0) + €. If we define the
function v¥(z,t) = e **®(z2,t), then v solves the equation

Yo= 30+ B Vo + F(O) 61)
U(z0) = e,

and v is a super solution to the original nonlinear equation (1), since f(u) <
f'(0)u. Combining (50) and (51), we see that

limsup ¢ (act,t) = limsupe M "®(ac't,t)
t—o0 t—o0

< lim sup e—et—i-R(ac't,t)t

t—o00

= 0,

since |R(z,t)| < e for t sufficiently large. By definition of R(z,t), the limit
is uniform in « and J, for @ > 1 and § small. After multiplying ¢ by a
constant, if necessary, the maximum principle implies that u(z,t) < ¥(z,t)
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for all z and t. The function u is therefore trapped below 1 which moves
with velocity ¢. Now we piece together a collection of such super solutions.

If F'is bounded, then it is compact, since it is closed. From the above
analysis, we see that we can pick finite sets {c;} C F' and {)\;} such that
F c U;Us(¢;) € {S(c) = f'(0) > 0} and A; - ¢ > p();) + e whenever
c € Us,(c;). If we define 1); according to (51) with A = A;, and set

~

J
we see that

lim sup wu(act,t) < lim sup (ot t) =0

t—=00 ceFa>1 t—=00 ceFa>1

Since {S(c) — f'(0) < 0} is bounded, then general result follow from the fact
that the limit is uniform in o > 1. This completes the proof of Theorem 1.1.
U

Note that the function R(z,t) = R(z,t,w) depends on the realization
w € 2. However, such a function exists almost surely with respect to @,
according to Proposition 1.1.

5 Proof of Theorem 1.2

Proving Theorem 1.2 requires more estimates on the random solutions wu(z, t)
and the processes Z*'(s). The following estimate is a lower bound analogous
to Lemma 7.3.3 of [16]. It estimates the exponential decay rate of u in terms
of the function S:

Lemma 5.1 For any compact set K C {c € R"| S(c) — f'(0) > 0},

1 . /
htrgglf n log Clél}f(u(ct, t) > — ICIIGE}?((S(C) — f1(0)). (52)
This lemma and the estimates of sections 2 and 3 represent the main technical
difficulty in extending the work of [16] to the present case with a stochastic
time dependence in b(y,t). For the moment, however, we delay the proof
of this lemma and show how the bound leads to Theorem 1.2. Lemma 5.1
is proved in the next section. The proof of Theorem 1.2 is based on the
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observation that when u < h < 1, the reaction rate can be bounded below.
For each u € (0, 1], define the reaction rate ¢ by

and ¢(0) = f'(0). Now equation (1) can be written
1
ur = 5 Azu+b(y, thus + ((w)u. (53)

By the properties of f(u) we see that ((u) > 0 for u € [0,1), {(u) is contin-
uous for u € [0,1], and ¢(0) > ((u) for any u € [0,1]. If h € (0,1) we define
a lower bound on (:
= inf > 0.
Ch uelf(l),h) C(U)

So, in regions where u is bounded away from one, the reaction rate can be
bounded below by ¢, > 0.

For a fixed @ € Q, we can estimate u(z,t) using the Feynman-Kac formula
for the solution of (53):

u(z,t) = E [efot C(t—s,u(Zz,i(s),t—s))dsuo(Zz,t(t>>i| 7 (54)

where the expectation is with respect to measure P!, If 7 is any stopping
time, we also have

u(z,t)=E [efow Clt=su(Z= ) t=sNds g (72t (4 — (£ A7)t — (EA r))} . (55)

where t A7 = min(t, 7). Therefore, we can obtain estimates on u by carefully
choosing stopping times and restricting the expectation to certain sets of
paths. The exponential term inside the expectation will be large when the
path Z%!(s) passes through regions where u is small and the reaction rate is
large. On the other hand, if u(Z**(t — (¢ A 7)), t — (t AT)) is too small, then
the expectation as a whole may be small.

Now we follow the ideas of Freidlin [16] (see p. 494). For s € R, define
the set

U(s) ={ceR" S(c)— f(0) =s} and ¥(s)={ceR"| S(c)— f(0) < s}.
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For any 6 > 0 and T" > 1, define

Ir = ([E@) <UL | (w(9) x {t}]> :

1<t<T

This defines the boundary of a region that spreads outward in z, linearly in
t. Outside this region u may be close to zero, but on the boundary of this
region, we have the crucial lower bound from Lemma 5.1:

u(z,s) > e 2 forall (z,5) €Ty (56)

for ¢ sufficiently large.
Let K be a compact set K C {c € R"| S(c) — f'(0) < 0} and z = ¢t for
some ¢ € K. For h € (0,1), t,n > 0, define the Markov times

on(t) = min{s € [0,t]| u(Z**(s),t — s) > h},

or(t) = min{s € [0,t]] (Z'(s),t —s) € [';},
m,(t) = min{s € [0,t]] |Z7"(s) — 2| > nt},
a(t) = on(t) Aor(t).

(We set these variables equal to +oo if the sets on the right are empty.)
Using (55) with the stopping time (t) we express u(z,t) as
U(Z,t) _ E[efg/\& C(t—s,u(Z%t(s),t—s))ds « (57)
X U (Zz,t<t - (t A a->>7t - (t A é-)) (XAI + X4, + XA3>]7

where A;, A, and Aj are the disjoint sets

Ar = Awlan(t) <t}

Ay = {w|on(t) >t, or(t) > rt},

Ay = {w|on(t) > t, or(t) < rt}
for some r € (0,1) so be chosen. Note that P(A;) = P! (o,(t) < t) is the
probability that a particle starting at z = ct will encounter the “hot region”,
u > h, at or before time t.

Because the sets A1, Ay, and Az are disjoint, the expectation (57) splits
into three integrals. The first integral, over A;, can be bounded below by

> hP(Ay). (58)

E efotm} C(tfs,u(ZZ,i(s)7t75))d5u<22,t(t o (t A 6)),15 o (t A &))Xz‘h] >
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since ( > 0. The second integral, over As, can be bounded below by

> e 2T P(Ay). (59)

E efom& C(t_s,u(zz,t(S)7t_s))dsu(Zz,t(t o (t A 5’)),t _ (t A &))XAQ] >

Combining (58) and (59) we have
u(z,t) > hP(Ay) + e 2t p(Ay). (60)

If we chose ¢ to be small, depending on h and r, then —2dt + (rt > 0. Since
u(z,t) <1 forall (z,t), (60) then implies that P(As) — 0 exponentially fast,
if 0 is small. Therefore, if we can also show that P(A3) — 0, then P(A;) — 1,
and (60) implies the desired result (9), since h can be chosen arbitrarily close
to 1.

The compact set K is bounded away from the boundary of W(0) C W (),
so we can choose n small and then r € (0, 1) sufficiently small so that

rt < op(t) <t—1

whenever 7, (t) > t. In other words, the trajectory Z**(s) stays in the set I,
for at least some fixed proportion of the interval [0, ¢]. Therefore,

P(A3) < P(or(t) < rt) < P(r,(t) <1).

By Corollary 2.1,
sup P** (1,(t) < t) — 0 (61)
z€R"
as t — oo, for all n > 0, except on a set of ()—measure zero. Hence
P(A3) — 0, uniformly over ¢ € K. This completes the proof of Theorem 1.2.
O

We note that the main difficulty in extending the argument of [16] for
the periodic case is the manner in which the estimates (56) and (61) are
obtained. In [16], estimate (61) followed from the uniform boundedness of
the field B and the independence of B with respect to time, properties that
we do not have in the present case.
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6 Proof of Lemma 5.1

The main issue in proving the estimate of Lemma 5.1 (and thus the lower
bound (56)) is whether the random variable

z — 7% (kt)
Kt

m.(kt) = (62)
satisfies a large deviation principle with a convex rate function that can be
characterized by p(\), almost surely with respect to (). The variable ' (xt)
is the average speed of a trajectory over time interval [0, xt].

Definition 6.1 For fized © € Q, the random variables nt(kt) satisfy a large
deviation principle with a convex rate function S(c) if there exists a convex
function S(c), independent of z € R™, such that

(i) For each s > 0, the set ®(s) = {c € R| S(c) < s} is compact.
(i1) For any 6,h > 0, there exists to > 0 such that for all t >t

P (d(ni(kt), ®(s)) > 6) < e ris=h),

(11i) For any 6,h > 0, there exists to > 0 such that for all t > t,

P (n(kt) € Us(c)) > e S, (63)

If such a function S(c) exists, it might depend on the parameter x € (0, 1],
and it might depend on w € 2. However, we will show that

Theorem 6.1 Almost surely with respect to Q, the random variables n' (kt)
satisfy a large deviation principle (with respect to P*') with a convex rate
function S(c) that is independent of k and w € Q.

We postpone the proof for the moment while we finish the proof of Lemma
5.1. By Proposition 1.1, the quantity u(\) is well defined and is almost surely
constant with respect to ) for A € R", independently of x. Since, by our
assumption of Theorem 6.1, the variables 7’ (xt) have a convex rate function,
it follows (see Section 5.1 of [17]) that the rate function S(c) is the same
convex function defined by (8):

S(c) = sup[c- A= p(A)]. (64)

AER™
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Thus, our use of the notation S(c) in Definition 6.1, Theorem 6.1, and (8)
anticipates this equivalence. The characterization (64) does not hold if the
rate function is not convex, in which case the Legendre transform of u is
equal to the convex envelope of the rate function. Let us emphasize that
S(c) is independent of x € (0,1] and & € €, although the constants ¢y in
Definition 6.1 may depend on &, w.

Now, by definition of S(c),

hmmf—log inf P**{nl(xt) € Us(c)} > —S(c) > —o0, (65)

t—o0o /ﬁj zER™

and the lower bound (52) of Lemma 5.1 is

1
li{n inf 7 log in}f{u(ct, t) > f'(0) — max S(c). (66)
—00 ce

ceK

To prove the lower bound we now use the Feynman-Kac formula to relate
(65) to (66), as in the arguments of Freidlin in Lemma 7.3.2 in [16]. The
compactness of K implies that it suffices to show that given any ¢ > 0, and

any ¢ for which S(c¢) — f'(0) >0

lim inf (%bg inf u(ét,t)) > f'(0) — S(c) — ¢ (67)

t—o0 ceUs(c)

for o > 0 sufficiently small. Without loss of generality, we assume that the
initial data is the characteristic function of a small ball centered at the origin:

uo(2) 2 Xus(0)(2) (68)

for some § > 0. We define ¢ to be the limit on the left hand side of (67):

t—00 z€Us¢(ct)

1
q = liminf (;log inf u(z,t)) .

We also assume that S(c) — f/(0) > 0
Step 1: The first step is essentially the same as in [16]. Suppose for the
moment that ¢ is finite. By the representation (55) we have for any x € (0, 1]

inf w(tc,t) > inf F elo <lt= SUZ(S)’t_S))dSu(Z(t—mt),t—/ﬁt)XA] (69)

¢eUs(c) ¢eUs(c)
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for any set F,<;-measurable set A. Recall that when v < h, the reaction
rate ((u) is bounded below by (;, > 0. If we choose A to be the set of paths
satisfying both

Z7(kt) € Ung—pst((1 — K)tc) (70)

and
u(Z%'(s),t — s) < h for all s € [0, xt], (71)
then from (69) and the assumption that ¢ is finite we have a lower bound

1
< oo L .
qg > (G + hggf " log 661(%126) P(A), (72)

provided that the limit on the right also exists and is finite.

Step 2: Now we bound the right hand side of (72) and show how it
relates to (65). Since we have assumed that S(c) — f/(0) > 0, Theorem 1.1
implies that there is 0 sufficiently small so that for any h € (0,1) there is a
constant ¢y > 0, depending on h, such that

u(c't,t) < h forall ¢ € Uss(c), t > tg.
Now if k < 1/2 and

sup |Z**(s) — (t — s)c| < 36t, (73)
s€[0,kt]
then (71) is achieved along such paths when ¢ > 2t,. Next, if ¢ € Us(c) is

written ¢ = ¢ + de; for some e; € R™ with |e;| < 1, then define ¢ = ¢ + 2de;.
Then for any |es| < 1

ct — Kte + Ktdes € Un—pa((1 — K)ct). (74)

It follows that for each ¢ € Us(c) there is a ¢ € Uys(c) such that (70) is
achieved whenever 0! (kt) € Us(¢), where 7 is defined by (6). This gives us a
lower bound on P(A) in terms of the 7' (kt), the average speed of a trajectory
over [0, kt]:

inf  P(A) > (75)

¢eUs(c),z=ct

inf P ( sup |Z%(s) — (t — s)c| < 36t, n'(kt) € U5(6)>
,z=Ct

é€Uzs(c) s€[0,kt]
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For x sufficiently small, k < (29)/(3max(1,|c|)), we see that

é€Uszs(c), 2= s€[0,kt]

sup P ( sup |Z**(s) — (t — s)c| > 3525) <
z=¢t

< sup P < sup |Z7%(s) — 2| > 5t/3) .

z€R™ s€[0,kt]

By Corollary 2.1 there are constants K, Ky > 0 independent of s such that
(except possibly on a set of Q-measure zero)

2€R™ s€[0,kt]

sup P ( sup |Z*'(s) — 2| > 5t/3> < Ko et (76)

for t sufficiently large, depending on @w. Therefore, for any M > 0, by
choosing x arbitrarily small, we can make K50%/k? > M, so that

1
lim sup — log(sup P < sup |Z**(s) — (t — s)c| > 25t>) <

t—oo K zER" s€[0,kt]

< lim —log(K e~ R0ty < )

t—oo KT

Therefore, from (72) and (75) we now see that for s sufficiently small,

> li f— inf P (nt(kt) € Us(e 7

¢ 2 Gtliminf— inf P (n:(st) € Us(®)) (77)

provided that the limit on the right is finite and bounded below, indepen-

dently of k. However, this follows immediately from Theorem 6.1 and the

lower bound (65), since S(c) is independent of k. Then (67) follows by letting

h — 0 so that ¢, — f/(0).

Step 3: It remains to establish the initial claim that ¢ > —oo, almost
surely with respect to ). To see this, define for any ¢ € R"

gs(c,t) = inf P> (Z*'(t) € Us(0)), (78)

zeUs(tc)

a random variable over 0. We will show that for any bounded set A C R,
there is a finite constant K; > 0 such that the limit

llmlnf log@;(c t) > —K; (79)
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holds uniformly over ¢ € A. This immediately implies that ¢ > —oc.
For z € Us(ct), let us write X*(s) as

X (s) = @+ I7'(s) + WY(s)

where I*! is the first integral term in (5) and WP(0) = 0. Note that the
integral 1% is independent of W, due to the shear structure of the flow. For
simplicity of notation, we will write W5(t) € Us(0) to mean that |Ws(t)| < 6,
even though Us(0) generally denotes an n-dimensional ball. First, we claim
that for z € Us(tc)

P (Z7" € Us(0)] Wi(t) € Usj2(0)) > e B+t (80)
for t sufficiently large. For w € € fixed, let M > 0 and define the set

Ay =Ayt)={we Q| sup |I*'(s)| < Mt}.

z€D,s€(0,t]

Using the fact that Wi(s) and I*'(s) are independent, we see that for z €
U(;(tc),

P(Z;7" € Us(0)] W3 (1) € Usja(0)) >

> P(WY(t) € Us2(0) — F%%wHW@G%MM)

> P(WY(t) € Usa(0) = I7(t) =, Au| WS (#) € Usp2(0))

> inf  P(W(t) € Usja(0) + eMt + ct + 6é2) P(Anr| WE(t) € Usj(0))

|él‘7|é2|<1

) (Mt+]c[t+5)2

27Tt€_TP(AM| WQy(t) c U5/2(0>> (81)

v

By Lemma 2.5, P(Ay| W3 (t) € Usp(0)) > 1/2 for t sufficiently large,
depending on @w and M. Moreover, if we chose M = max(1,|c|), then
P(Ayn| W3(t) € Usja(0)) > 1/2 for ¢ sufficiently large, independent of c.
Using this in (81) establishes (80), for ¢ sufficiently large. Now, we can
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bound g;:

is(c,t) = inf P (ZP' e Us(0
Gs(c,t) Lt (Z; 5(0))
> inf P (Z7' € Us(0), Wa(t) € Us2(0))
z€Us(tc)
=t B wner,a0 P27 € Us(O)] Walt) € Uya(0)
zeUs(tc
> inf E[ 7(3\0\2+1)t]
= zellg(tc) XWa(t)€Us2(0)€
= o (Walt) € Usys(0)) = e helror (82)
zeUs(tc
for t sufficiently large. Therefore,
1
lim inf - log Gs(c,t) > —(4]c|* + 1) (83)

is finite almost surely with respect to (). For any bounded set A C R", we
can choose K to be
K, =1+ sup4|c]* < oo. (84)

ceA

This establishes the claim (79). Having shown that ¢ is finite, we have com-
pleted the proof of Lemma 5.1. [J

For use in the next section, we now show that for all ¢ > 0, log(gs(c,t))
is integrable with respect to ). Note that bound (82) holds for ¢ sufficiently
large, depending on @, so more work is needed in order to establish the
integrability of log(gs(c,t)).

Lemma 6.1 For each c € R",
Lo
sup Bl logds(e. 1)] < oo. (85)
>1
Proof: Using (81) we see that

1. 1 i
~log Gs(c, t) > ~log P (27" € Us(0), Wa(t) € Us2(0)) >

1

0 _((42leDt+5)>
Z Zlog (P (Wg(t) € U5/2(0)) t P

[
v 27t
_((A+2]e))t+25)?
'*fmmmwwemmw)

<mmwwemmw)
> O+ %log <e
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for a constant C; > 0 depending only on ¢ and ¢, for ¢ > 1. This constant
is uniformly bounded for ¢ in a bounded set and ¢ > 0 fixed. Let g be the
term inside the logarithm:

_ (Mtt]e|t425)?

g=e 2 P(Ay| WY (t) € Us2(0)),
a random variable with respect to (). Then for a > 27,

Q(Glosic0<-a) < Q(flogs<-as2)

= Qg<e?)

(86)

= @ (P<AM‘ W3 (t) € Us2(0)) < e_at/QeW) |

Also, from Lemma 2.5,
Q (P(Aw| WH(1) € Usja(0) <1 — e RMP02) < Je o™iz (37)

It is easy to see that there exist constants K3, K; > 0 independent of ¢ such
that whenever t > 1, M = K3/, and a > Ky|c|* , we have

(Mt+]|c|t+26)2
7at/2€$

e <1/2 <1 — e feM2,

By combining (86) and (87), we now conclude that
1
Q (;log Gs(c,t) < —a) < KoM (88)

whenever a > Ky|c|? and ¢ > 1. Tt follows that for ¢ > 1

. > Lo
Bellogistetll = [ Q (17 logste.)) 2 o) da
0
< Kyle|* + Ko KaKGat/2 g oo (89)
Kaylc|?

This is bounded uniformly in ¢, for ¢ > 1. [J
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7 Proof of Large Deviation Estimates

In this section we prove Theorem 6.1. We work first with the case Kk = 1.
For ¢ € R" and 0 < r < s < t, define the probability

g5 (c,r,t) = P*(2 = Z%'(t = 1) € Us—p)(c(t = 1)) = P> (1(t — 1) € Us(c))
and

q;(cv T, t) = sup qg(@ T, t)
zeD

ds (C7 T, t) = Zlgg ds (07 T t)

The quantity ¢f(c,r,t) is the probability that a trajectory should have av-
erage velocity sufficiently close to ¢, over a given time interval. This proba-
bility depends on the starting point z, so ¢ and ¢; are the maximum and
minimum possible probabilities. The quantities ¢, ¢, and ¢; also depend
on & € Q, but we will use the sub-additive ergodic theorem to show that
(1/t)log gy (c,0,t) converges to a finite constant, —Ss(c), almost surely with
respect to (. From these constants we will recover the desired rate function
S(c) as the limit of Ss(c) as § — 0. Then, we will derive a Harnack-type in-
equality to compare (1/t)logg; (c,0,t) and (1/t)log gy (c,0,t) and show that
S(c) satisfies the requirements for Definition 6.1. The same analysis will
extend to the case of kK < 1.
Define the events

A = {weQlz=2Z"t—r) € Usy—r(ct =)} = {nt — 1) € Us(c) }
B = {weQz—27t—s) € Usys(c(t —s))} = {n(t—s) € Us(c) } .

Note that event B is F.,. measurable for any 7 > ¢ — 5. Using the Markov
property of the Wiener process, we find that log(g; (c, s,t)) is super-additive
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for each ¢ € R" since
gs (c,mt) = irylf P(A) > il;lf P(AN B)
> irzlf P({=Z7"t —r)+ Z°*'(t — s) € Usp—s)(c(s — 7))} N B)
= irzle [(xsP[{~Z7"(t —r)+ Z*'(t — 5) € Use—py(c(s = 1))} | Fis]]
= irzle [xsP[{~Z7"(t —r)+ Z*'(t — 5) € Uso—py(c(s = 1))} | Z*'(t — s)]]
> inf B [XB inf P[{z — Z°(s — ) € Uss-(c(s — r))}]]
= irzlf P({z— Z7%(s — 1) € Us(s—ry(c(s — 7)) }) iIZIf P(B)
= g5 (c,1,8)g; (¢, 8,t).
Also, due to the stationarity of B with respect to ¢,
Thas (e,m,t) = ir;fP(z — Z7Ht — 1) € Usy—py(c(t — 1))
= ir;f P(z — Z7(t — 1) € Usi—ry(c(t — 1))
= ¢; (e,r+h,t+h).

For any € > 0, we can bound ¢ below by translating in z and using (78):

q (c,r,t) > 1r4c(c,t —r) = inf P(Z*'(t —r) € Udcr)) (90)

2€Uc(ct)

if e < 0(t—r). Hence, log(g; (c,7,t)) is integrable by (89). Kingman’s ergodic
theorem [23] now implies that the limit

1 1
lim - log g5 (¢,0,n) = sup —Eg[log g5 (¢,0,n)] = —S;5(c) (91)

n—oo n>0 n

exists and is a finite constant, ()-a.s, because of the ergodicity assumption
A2.

To extend the convergence in (91) to continuous time, we employ a tech-
nique from [2] (see the proof of Theorem 2.5 therein). Let

g(@) = sup [log(gs (c,7,1))l.
rt€[0,2]
|r—t[>1
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Let T (@) = sup,ep e,/ B(2,t)]. Then for all 0 <7 <t <2, we can bound
t—r
sup| b(W3(r),t —7)dr| < Y|t — 7|

yeD Jo

independently of the realization of WJ. As in (81),

P(z — Zz’t(lf —r) € U(S(t—r)(c(t —7)))

> inf P(Wlo(t — 7“) € Ué(tfr)/2(0> + é1T<t — 7“) + (C + (Ség)(t — T)) X

 leljelst
xP(W3(t = 1) € Usa-r)2(0))
Ot —r] _e=mPOrtess? Ot — 1| (=n(el+0)?
e G ——e¢ .

> _ P =]
/27|t =7 2m|t — 7

Therefore, since r,t € [0,2] and |r — ¢t| > 1 in the definition of g(w),
0 <g(@) < Ky + K,Y?

for some constants Kj, Ko > 0 that depend on § and c¢. Hence g(w) is
integrable with respect to @, since T2 is integrable by the Borell inequality.
By the super-additivity of log g5 (¢, ,1),

log g5 (¢,0,n — 1) — 7,19 < loggy (¢,0,t) <loggs (c,0,n+2)+ 7,9 (92)

whenever t € (n,n+ 1), n € Z. The ergodic theorem implies that

N

1

=D g — Blg] < oo (93)
n=1

almost surely. Therefore, %Tng — 0 almost surely as n — oco. It now follows
from (92) that the limit along continuous time

1
1tlim i log g5 (¢,0,t) = —Ss(c) (94)
holds almost surely with respect to Q.
Now we extend this conclusion to the case of k < 1, as well. If k € (0,1)
and § > 0, the stationarity of b(y,t) implies that

%log iIZIfP (nt(kt) € Us(c)) = %log g5 (1 — k)t t) — —Ss(c) (95)
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in distribution (with respect to Q}) as t — oo, but this does not immediately
imply pointwise, almost-sure convergence. However, the collection of sets
{l(1 — K)t,t]}i>0 is a regular family of sets in the sense of [2], since 0 <
10,4]] < C|[(1 — k)¢, ]| for all ¢, with C' = L. It now follows from Theorem
2.8 of [2] that lim, . £ log g5 ((1—k)n,n) converges almost surely along any
rational sequence. Therefore, (95) implies that, indeed, this limit is —Ss(c)

nh_)n;o % logg; ((1 —K)n,n) =—=58(c), Q—a.s., (96)
Finally, this convergence can be extended to continuous time, using the same
technique as in (92).

For each ¢ € R™, Ss(c) can be bounded above independently of 6 > 0
using (79) and (90). From the definition, it is clear that Ss(c) > 0 for all 6,
and that

S5, (¢1) < S, (c2) (97)

whenever Uy, (¢1) D Us,(c2). In particular, S, (¢) < Ss,(c) for §; > o, ¢ € R™.
Therefore, we define for each ¢ € R"

S(c) = lim Ss(c) = sup Ss(c) € [0, +00).
§—0 5>0

This will be the rate function described in the theorem.

Lemma 7.1 For all 6 > 0, the functions Ss(c) are continuous and convex
in c. Also, S(c) is continuous and convez in c.

Proof: The continuity and convexity of S(c) follows immediately from the
fact that it is the finite, pointwise limit of the continuous, convex functions
Ss(c). The convexity of Ss(c) follows from the Markov property of the process
Z*t as follows.

Let p € [0,1] and ¢y = pc; + (1 — p)ea. Let t > 0 and denote t; = pt,
to = (1 — p)t. Then we see that

g5 (co,0,t) = inf P (2 — Z*'(t) € Usi(cot)) >
> inf P (2 — Z7'(t) € Use(cot) , z— Z°¥'(t1) € Us, (c1t1))
Z inf P (Z - Z’Z’t_t1 (tg) S U(Stz(CQtQ)) inf P (Z — Zz’t(t1> c U6t1 (Clt1>)

= q(S_<027 07t2)q(§_(01,t2,t).
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Hence

1
7 log g5 (co,0,t) < (98)

1 _ 1 _
< —glog ds (027 07 (1 _p)t) - ;log s (Cla (1 _p)tat)

By the preceding arguments, both terms on the right converge (Q-a.s.) as
t — oo to the constants (1 — p)Ss(ce) and pSs(cy). Therefore, we infer that

S(;(CO) < (1 — p)55(02) +p55(61).

So, Ss(c) is convex and must also be continuous in ¢, since it is finite for
every c € R". [

This establishes the existence and convexity of the function S(c). Part
(iii) of the Definition 6.1 follows from the definition of S5(c) and the fact that
S(;(C) / S (C)

To finish the proof of Theorem 6.1, we must establish a Harnack-type
inequality to relate the probabilities

P(z — Z5Y(t) € Usy(ct)) and P(2' — Z74(t) € Us(ct))

corresponding to different starting points z,2’ € D. This will allow us to
remove the inf, in the definition of ¢ and S(c) and to establish parts (i)
and (ii) of Definition 6.1. Unfortunately, the quantity loggf is not sub-
additive or super-additive, so we cannot use the ergodic theorem to show
that %log g5 — —Ss(c), almost surely, as is the case with logg; .

Note that it is not true that two trajectories starting close together will
remain close. For example, suppose the flow is B(z,t) = (sin(y),0). Then if
z=(0,0) and 2’ = (0, 7), the X components of the trajectories will satisfy

X)) — X7H(t) = /0 sin(Way(s)) — sin(m + Wa(s)) ds = 2/0 sin(Wa(s)) ds,

which we expect will grow like v/t. Nevertheless, the estimate we need must
only relate the distributions of the two processes, not the individual trajec-
tories for fixed realizations of W. We prove the following lemma:

Lemma 7.2 There are constants Ky, Ko, K3, K4y > 0 such that for all k €
(0,1], ce R™, ¢ > 0, and 6 > 0,

inf P (nt(kt) € Unros(c)) > Kae 5 sup P (1} (kt) € Us(c))— K e oot
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Proof of Lemma 7.2: For clarity we let k = 1. Extension to x < 1 is
straightforward, as in the proof of Lemma 2.5. Because of the shear flow
structure, (Z**(t) —z) and n’(t) are independent of x (where z = (z,y)), and
the component Y*! is just a Wiener process. These two facts will enable us
to estimate the cost of switching the initial point from z to z’.

For M > 0 and s € (0,t) to be chosen, the Markov property of the process
implies that

P(Z7M(t) € Uspron(z +ct), | Z7(s) — 2| < M) = (99)

_ / (28,2, 8) P55 (Z5°(t — s) € Uspyont (= + ct)) d2
o<

> / P2, 5 )P (255 (t— 8) € Uspont (5 + b)) d2
5=zl <M

where p(z,t, 2,7) denotes the transition density of the Markov process Z**(r).
The term P>*(Z**(t —s) € Us;1 (2 + ct)) inside the integral is independent
of & (where 2 = (#,9)). Using this fact, we will bound the integral in (99)
by first integrating over #. Since Y*! is just a Wiener process, the marginal
distribution of p with respect to g is Gaussian:

1 _la—yl?

z,t,2,8)dr = e = =Fy—uy,s).
/Rp( ) Jons (Y —vy,s)

Therefore,

1
/ p(2,t,2,5)dz = F(§—vy,s) = P (Au| Y*'(s) =9)
lo—d|<M 2m|s|

where Ay = {w| |X*!(s) — x| > M}. This set will turn out to be very
small. For € > 0, let s =1 and M = ejt/2 (use M = edxt/2 when k < 1).
Therefore, integrating only in Z, we have

/ p(z,t,2,8)P**(Z%(t — 8) € Uspypr(2 +ct)) dz > (100)
|z—z|<M
> / F(— 4, )PP (255t — 5) € Uspuns (5 + o)) dij — G
[g—y|<M/2

where

G1 = M sup P>'(Ay| Y*'(s) = §).
]

39



Now we switch the initial point from z to 2/, such that |y — ¢'| < L. Then,
continuing from (100), we have

[ RGP ) UG ) =Gy (o)
lg—y|<M/2
> e | F(§ -y, $)P**(Z°(t — 8) € Useont (2 + et)) dij — Gy
lj—y'|<H-L
> Ce M2 / o p(2t,2,8) P> (Z%5(t — 5) € Uspra (3 + ct)) d2 — Gy
22 |<5—L

! ! M
> Ce MPP(Z74(t) € Usy (2 + ct), | 274 (s) — 2| < >~ L)—- Gy

Combining (99) and (101) we have
P(Z*'(t) € Uspyom (2 +ct)) > (102)
> Ce™MP2P(774(t) € Usy(2 + ct), | 274 (s) — 2| < % —L)—- Gy
> Ce™MP2P(774(t) € Usy(# + ct)) — Ce™M2Gy — Gy
where

G = sup Pz’t(A%_L).

It follows from Lemma 2.5, that
G1,Gy < K 5eM? _ ¢ o~ Kae?8?t2/4

for t sufficiently large. Now the lemma follows from (102). O

Since € > 0 is arbitrary, the lemma implies that

Corollary 7.1 For alle,§ >0, c € R", and k € (0, 1],

— lim itlogqé_(c, (1—-r)t,t) = Ss(c)

t—oo K

1
> —limsup o log g5 (¢, (1 — K)t,t)
t—o00 K

> Sates(c)

almost surely with respect to Q).
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Now, using this estimate, we can establish parts (i) and (ii) from Defin-
ition 6.1. From Lemma 2.1 there are constants K;, K5 > 0 such that for ¢
sufficiently large,

Pt (t)| > |e]) < Kye oI, (103)

This implies that lim,_. S(c)/|c| = +00. Hence, ®(s) is a bounded set, for
each s > 0. By continuity of S(c), ®(s) is compact. Let A be the set

A={ceR"d(c,®(s)) >}
We must show that for any fixed § > 0, h > 0,
P(n'(kt) € A) < et (104)

for t > 0 sufficiently large. Because of the bound (103), it suffices to show
that (104) holds with A replaced by any compact subset A" of A (because
Ks|c|? > k%s when |c| is sufficiently large).

We have shown that for ¢ € R"™, there is a set V(c) C Q such that
Q(V) = 0 and the convergence (94) holds for all & € Q\ V(¢). To obtain
convergence on a set independent of ¢, we define the set Vc by

V=] Vi), (105)

ceQn

which has measure zero. Therefore, for all ¢ € Q", (94) holds for all & € Q\V.
Now, we claim that we can choose € > 0 small enough so that ¢ < § and

: / h

C}gﬁ/ Se(c') > s — 7 (106)
If this were not so, then there must be a sequence ¢, — 0 and {¢;} C A’ such
that S, (cx) < s—h/2. Because A’ is compact, there must be a subsequence
ck, converging to some c¢g € A’. Since ¢y € A', Sc(cy) > s — h/4 whenever ¢
is less than some ¢y > 0. However, U,, (cx) C U (co) for k sufficiently large.
It follows from (97) that S, (cx) > s — h/4, for k sufficiently large. This is a
contradiction, so the claim must hold.

Having chosen € to satisfy (106), cover A" with a finite number of balls

having size 5:

N
A C | Uepalen)

n=1
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for some finite set {c,}"_;, C A’NQ". Therefore,

P(ri(st) € A') < > P(ii(t) € Uepalcn))-

n=1

N
< qu/Q((l — K),t,cp).
n=1

Now we apply Corollary 7.1 and inequality (106) to conclude that for all
weQ\V

1
lim sup — log P(n!(kt) € A") <
t—o0o K

N
1
< lim sup pr log Z qj/2((1 — k)t t,c,)
n=1

t—o00
<~ inf Spus(c) < —(s —
=T gen ke 2

for ¢ sufficiently large. Thus, (104) holds almost surely for ¢ sufficiently large.
This proves part (ii) of Definition 6.1 for x € (0, 1] completes the proof of
Theorem 6.1. [

8 Estimating ¢* With the Variational Formula

In this final section, we use formula (10) to derive some analytical bounds
on ¢*. Throughout this section we will assume that the shear b(y,t) has the

form
N

bly.t) =) B(y)by(t) (107)

J=1

where ] (y) are Lipschitz continuous and periodic in y, and b(t) are sta-
tionary centered Gaussian fields such that Assumptions A1-A6 are satisfied.
Also, we assume that the initial data is independent of y: u(z,0,®) = ug(z),
and we consider only front propagation in the direction k£ = (1,0), which is
aligned with the direction of the shear. Under these assumptions, the ran-
dom solutions u(z,t,w) will be periodic in y for all time, and the maximum
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principle implies that the speed in the k direction is given by

(k) =supc-k
cel
where I' = {¢ € R"| S(c¢) — f'(0) = 0}. Using the definition of S(c) and the
fact that I is a convex set, one can see that this supremum is achieved at a
point ¢ € R™ that satisfies

S(¢) = f'(0) = 0= sup - kA — pu(Aik) — f(0).

A1>0

Consequently, the variational formula for the front speed reduces to the one-
dimensional optimization problem

() — i M) £ S0)

A1>0 A1

)

where p is determined by the limit

A2 1
pAk) = o + lim —log ¢(y, 1) (108)
and 1

In the case of time-independent flows, ¢*(k) is the minimal speed of the
traveling wave in the direction k, as described in the work of Berestycki and
Nirenberg [7]. Notice that (109) is the same as equation (46). As before, we
will use p(A) to denote the limit on the right side of (108).

We consider the scaling b(y,t) — 0b(y, t) and the resulting enhancement
of the corresponding speed ¢* = ¢*(4). It is known [32] that if b(y,t) is
periodic in both space and time that ¢*(§) = ¢*(0) + O(6?) for § small and
c*(0) = ¢*(0) + O(6) for § as § — oo. The following theorem gives analytical
upper bounds consistent with this asymptotic behavior.

Theorem 8.1 (Bounds on ¢*) For all § > 0, ¢*(8) satisfies the bounds
(i) ¢*(0) = c*(0).
(ii) ¢*(5) = ¢*(0) if b(y,t) = b(t).

(iii) ¢*(8) < ¢*(0) + 0 33, 117 [loe B3],
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(iv) ¢*(6) < ¢*(0)y/T+ &%pr.

From (iv), we also have

when 6 15 small.

We also have a linear lower bound on the growth of ¢*(J) as § — .

Theorem 8.2 (Linear growth of ¢*) The non-random constant C' € [0, +00)
defined by

lim inf & ((55) —C (110)

d—00

is equal to zero if and only if b(y,t) = b(t).
Proof of Theorem 8.1: The first bound (i) follows from (47) and the

o )+ £10) 20
“(§) = inf PN O Sy e A T
) = PO 2 g+ 0 = o)
When ¢ satisfies (109), the function ¢ = log(¢) satisfies
1 1
Yo = AU+ STy~ Ab(y.) (1)

U(y,0) = 0.
Integrating (111) over D x [0,¢], we have

1
;/tﬁ(y,t //Ivywlzdydt——// y, t)dydt.  (112)
D
Now let t — oo:
1 t
= lim — /w Y, 1) > =) lim—/ /b(y,t)dydt
t—oo t t—oo t o Jp

= —)\Eg UD b(y,t) dy] =0,
)

almost surely with respect to Q. If b(y,t) = b(t), then the first integral on
the right hand side of (112) vanishes since |V,|*> = 0. Then taking the limit
as t — oo, we have equality:

() = Eq [ /D 5b(#) dy} 0.
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Hence ¢*(6) = ¢*(0). This proves part (ii).
For the linear upper bound (iii), note that

1 logE[ Aéfo W (s),t— s)ds] < %logE[eNstHb{Hoo fotlbg(t—s)\ds}

Ny ot
RO S{NY ACIBIES
j=1

As t — oo, this last term converges almost surely to |A|d ZjV:1||b]1||EQ[|b§|]
Therefore, ¢*(9) always satisfies the linear upper bound

5) — BB+ F10) 7(0)
CO=p T S pge ”Z'W“EQ
N
= (0)+3) Bl Eglbs]). (113)
7=1

Finally, for upper bound (iv), observe that under the scaling b — Adb, the
constant p; defined in assumption A5 can be replaced by p; — A262p;. Then
by (32).

p(\) < V2X%6%p,

and
O e e LT R Shi il
= 2y/(1+02p1)f(0)/2
= (0)v/ (14 0%p1) (114)
= (0 )(1+%)+O(53).
0

In proving Theorem 8.2, we will make use of the following lemma:

Lemma 8.1 The infimum of the curve M over (0,00) is achieved at
a unique point \* € (0, o] where \g = /f'( Moreover, there are no

other local minima.
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We will also make use of the following growth estimate on the principal
Lyapunov exponents:

Proposition 8.1 There is a constant K > 0 such that for A sufficiently
large, p(A) > K.

Proof of Lemma 8.1: This follows from the fact that u(Ak) = A\2/2 + p(N)
with p being convex in A and p(0) = 0 (see discussion leading to (47)). The
point A is the value of A where the infimum of the curve A/2 + f/(0)/\ is
attained. U

Proof of Proposition 8.1: In the case that b(y,t) is a Gaussian field with
white-noise time dependence, the authors of [12] studied the behavior of p(k)
as k — 0, where k > 0 is a diffusion constant (replace A with kA in (1)).
Here we modify their strategy in order to treat the large advection limit when
b has the form (107).

For clarity of notation, we assume y € D = [-L/2, L/2]. The argument
generalizes to multiple dimensions in a straightforward way. For 0 < s <t <
00, let A%, be the set of functions g € C%([s, t]; R) such that g(s) = g(t) =0,
and [|¢'||oc < k. Define the random variable

t—s
I%(s,t) = sup/ b(f(r),t —71)dr.
feAQt 0

The variable I*(s,t) is super-additive, and 7,1%(s,t,&) = I*(s + h,t + h,©).
Then, the sub-additive ergodic theorem implies that the limit

lim 1J’f(o,t) =((k)

t—oo ¢

exists (Q-almost surely, and that ((k) is a non-random constant given by the
formula

C(k) = sup ~Eg[I*(0,1)]. (115)

>0 1
We claim that ((k) > 0. Therefore, given € € (0,1)

Q<pr%U@m—ﬁwz@w—aQ21—e (116)

feA’g’t
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if ¢ is sufficiently large. That is, for any € small there is a set of probability
at least (1 — €) such that we can find f(s) = f(s,&) € Af, satisfying

/0 b(F(s, @), — 5,5 ds > C(K)(1 — )t (117)

and we expect that Brownian paths staying close to this f will make a signif-
icant contribution to the exponential in the definition of p(\). For a constant
v > 0 to be determined and f € A(m we let By(f,~) be the y-neighborhood
of fin C([0,t]; D):

Bt(fa’y) = {X € C([O’t]’DH ”X_fHCO < 7}'

Using the Girsanov transformation, one can show that there are constants
Ky, K5 independent of A, ¢, and f € A’g,t such that

P(B(f,)) > Ke Fal+1/7

for t > 1. Because the {b!(y)} are assumed to be Lipschitz continuous, we
see that for any path X € B.(f,~),

|/ ),t—s) ds—/o b(f(s),t —s)ds| <7MZ/O bl(s)|ds  (118)

where M is the maximum of the Lipschitz constants for the functions {¥] (y) g

By (117) and (118) with € > 0 sufficiently small, there is a set of Q-probability
at least (1 — €) such that

v

[ A JEb(WY (s),t—s) ds:| Ep [e,\fot bW (s),t—s) dSXBt(f,’Y)]

MR-t e=2MV (B (£ 4))
> MW= MY e o~ K412 (119)

where V = Z] . fO]b] )| ds and f € Af, is chosen to satisfy (117). For ¢
large, independently of A\, k, and ~, V' can be bounded by

V <t E[B5(0] +1)

=1
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except on a set of probability less than e. Therefore, we can choose v small

so that (W
€
7 < N 7 :
M (3252 Ellby(0]] + 1)
Hence e RA=)to=A MV > AR (1=2) for ¢ sufficiently large. Then by choos-

ing A large, A > 22 k)m and we obtain from (119)

oA o bV (s),4— s)ds] S ACR)=3)t

with @Q-probability at least (1 — 2¢), for ¢ sufficiently large, independently of
A. Since the limit defining p(\) exists Q-almost surely, this establishes the
lemma with K = ((k)(1 — 3¢), for any € € (0,1), k > 0.

It remains to establish the Clalm that (k) > 0. Note that for all & > 0,
EQ[I*0,1)] > supseqr Eg s b(f(s),t — s)ds] = 0. Also, Eq[I*(0,t)] >
Eq[I*(0,t)] whenever ky > ky, since A’Sft Algft. Without loss of generality,
suppose that there is an € > 0 such that for all j = 1,..., N we have |b](y) —
b (0)] # 0 if |y| < € and y # 0. This means that the b’(y) do not have a flat
spot touching y = 0. Define the set G = {@| bl (y)bj(s) > bl (0)b)(s),Vs €
0,1], y € (0,¢),j =1,...,N}. Then Q(G) > 0. For k > 0, let f € Af, such
that f(s) € (0,¢€) for s E( 1). Then we have

EolI*(0,1)] = Eqf sup / b(f(s). 1 — s)dsxe] +
feak, Jo

1
+ Eg| sup / b(f(s),1 —s)dsxge]
feA’;)t 0

1

> EQ[/O b(f(s),1— s)dsxa] + EQ[/O b(0,1 — s)dsxge]
> Bl /O 00,1 — $)dsxal + Fol /0 UB01 — s)dsxe
_ EQ[/O1 b(0,1 — s)ds] = 0.

Combining this with (115) establishes the claim that {(k) > 0 for all k > 0. O
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Proof of Theorem 8.2: The fact that C' € [0, +00) follows from Theorem
8.1. Also, if b(y,t) = b(t) then C' = 0 since ¢*(§) = ¢*(0) for all § > 0. By
Lemma 8.1 there is a unique A = A\s € (0, Ag] such that

M)+ £1(0)  plhak) + £(0)

* .
C@:iﬂfo( X s '

Let ; — oo as j — oo and suppose that limsup, ., (As;0;) < M. This
implies that

(6 s k ! !
liminfM = lim inf #(As,k) + £1(0) Zliminf&

j—00 ) j—o00 )‘53'5]' Jj—o0 ;05 M

So, in this case the result holds with C' = f/(0)/M.
Now suppose As,d; is unbounded as j — oco. By Proposition 8.1, there is
a positive constant K such that

p()\éjdj) > K)\gjéj >0

for j sufficiently large. Note that Proposition 8.1 treats the case of § = 1;
this is why we use p(As,0;) instead of p()s;). Therefore,

(0 s, / s 5.

>K >0
j—00 6]' j—00 25] )\5].5]' )\5](5]' B

since A5, € (0, "] and \s,6; — co. Hence C' > K > 0. O

Theorems 8.1 and 8.2 give a linear upper and lower bounds on the en-
hancement of ¢* as the flow intensity increases. However, experiments with
premixed flames have shown that increasing turbulence intensity does not
lead to unlimited linear enhancement of the turbulent burning rate [36].
Denet [13] has proposed that this “bending” of the turbulent burning veloc-
ity in high-intensity flows can be explained by a rapid temporal decorrelation
of the flow (see also Ashurst [3]). For the present model, the following upper
bound confirms the hypothesis that rapid temporal decorrelation leads to
sub-linear enhancement of the front speed. Notice that the derivation uses
no information about the spatial structure of the flow other than the maxi-
mum value (||b]]|o). As a result, it is likely that the actual speed may grow
more slowly than §'/2, or that ¢* eventually decreases with §, as suggested
by the numerical experiments of [13] and [3] for temporally periodic flows.
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Corollary 8.1 For d >0, let {b%(t)};vzl be a family of stationary Gaussian
fields on [0,00) satisfying Eq[b}(s)b5(t)] < Cle_afﬁk'“_s‘, ‘where oy, > 0 and
Cy > 0. Then for the scaled flow b°(y,t) = Zjvzl ob) (y)bh(0t)

lim sup ) < +00. (120)

d—00 \/g
Proof: For the flow Zjvzl bl ()b (6t),

~

P(r) = sup Dy, 4, 007) < S I1BloolB oo BB (0)65(57)
Y1,Y2 j7k
< S bl 1B e Cre sl (121)

Jk

Then from (3) we have
= 1l 4
r r <
|t <n oy Hes

The result now follow from part (iv) of Theorem 8.1.
U

9 Conclusions

We have considered the propagation of KPP reaction fronts in temporally
random shear flows with sufficiently decaying correlations. We showed that,
under assumptions A1-A6 on a Gaussian shear field, the front speeds obey a
variational formula that extends the known variational formula in the case
of periodic media. Using this formula, we derived basic bounds on the front
speeds. As a function of large shear root mean square amplitude, the front
speed obeys linear growth at fixed correlation length. However, front speed
growth becomes sublinear if there is sufficient temporal decorrelation. Devel-
oping methods to generalize the variational front speed formula for nonshear
random flows will be left as a future work.
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