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Abstract

We consider a branching-selection system in R with N particles which give
birth independently at rate 1 and where after each birth the leftmost particle is
erased, keeping the number of particles constant. We show that, as N — oo, the
empirical measure process associated to the system converges in distribution to a
deterministic measure-valued process whose densities solve a free boundary integro-
differential equation. We also show that this equation has a unique traveling wave
solution traveling at speed ¢ or no such solution depending on whether ¢ > a or
¢ < a, where a is the asymptotic speed of the branching random walk obtained by
ignoring the removal of the leftmost particles in our process. The traveling wave
solutions correspond to solutions of Wiener-Hopf equations.

1 Introduction and statement of the results

We will consider the following branching-selection particle system. At any time t we
have N particles on the real line with positions 7Y(1) > --- > n/¥(~N). Each one of the N
particles gives birth at rate 1 to a new particle whose position is chosen, relative to the
parent particle, using a given probability distribution p on R. Whenever a new particle
is born, we reorder the N + 1 particles and erase the leftmost one (so the number of
particles is always kept equal to N). We will denote by Xx = {(n(1),...,n(N)) € RV:
n(l) > --- > n(N)} the state space of our process.

We learned of this process through the work of Durrett and Mayberry (2010), who
considered the special case in which p corresponds to a uniform random variable on
[—1,1]. However, our process is a member of a family of processes that first arose
in work of Brunet and Derrida (1997), who studied a discrete analog of the Fisher-

Kolmogorov PDE:
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In a simpler version of their process, model A in Brunet, Derrida, Mueller, and Munier
(2007), the discrete time dynamics occur in the following way: at each time step each of

the IV particles is replaced by a fixed number k of particles whose displacements from
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the parent particle are chosen independently, and then only the N rightmost particles
are kept. They conjectured that the system moves to the right with a deterministic
asymptotic speed vy which increases as N — oo to some explicit maximal speed v at
a rate of order (log N)~2. This slow rate of convergence was recently proved by Bérard
and Gouéré (2010) in the case k = 2 under some assumptions on the distribution used
to choose the locations of the new particles (one being that new particles are always
sent to the right of the parent particle).

Although we will say something about the behavior of the system for fixed N, our
main interest in this paper is to study the behavior of the empirical distribution of the
process as N — oo. Before proceeding with this, let us specify some assumptions. When
a particle at x gives birth, the new particle is sent to a location x4y with y being chosen
from an absolutely continuous probability distribution p(y)dy. We will assume that p
is symmetric and that [*_|z|p(z)dz < oo. The initial condition for our process will
always be specified as follows: each particle starts at a location chosen independently
from a probability measure fo(x)dz, where fo(x) = 0 for z < 0 and fy(x) is strictly
positive and continuous for xz > 0.

1.1 Convergence to the solution of a free boundary problem

Let

be the empirical measure associated to n{¥. Observe that the initial empirical measure
v)(dx) converges in distribution to fo(z)dr. We will show that, as N — oo, this
empirical measure process converges to a deterministic measure-valued process whose
densities are the solution of a certain free boundary problem.

Alternatively one could think of the following (weaker) version of the problem. It
is not hard to see that the probability measure E({¥(-)) on R is absolutely continuous.

Let fN(t, x) be its density. We want to study its limit as N — co. We expect this limit
f(t,x) to correspond to the densities of the limiting measure-valued process mentioned
above. Now observe that if & is a version of our process in which we do not erase
the leftmost particle after births (i.e., & is a branching random walk), then we would
expect that the density of the corresponding expected empirical measure converges to
the solution f(¢,x) of the following integro-differential equation:

(1) R

This is indeed the case, as we will see in Proposition 2.1. Observe that the total mass
of fl(t, ) grows exponentially (in fact [ Flt,y) dy = €', see (2.5)).

By adding the selection step to our process we ensure that the limiting density always
has mass 1, but otherwise the branching mechanism is still governed by the convolution
term appearing in (1.1). Thus we expect that if the limit f(¢,2) = limy_ 0 fN(t,:c)
exists, then it has to satisfy the following: there exists a continuous increasing function
v:]0,00) — R with 7(0) = 0 such that (f(¢,z),7v(t)) is the unique solution to the



following free boundary problem (FB):

(FB1) L) = [ fpta -y Vo> a0
(FB2) ) fty)dy=1

y(t)
(FB3) flt,x) =0 Va<~(t)

with initial condition f(0,z) = fo(z) for all z € R. v(t) is a moving boundary which
keeps the mass of f(¢,-) at 1, but the speed at which it moves is not known in advance
and depends in turn on f.

It is not a priori obvious that (FB) has a solution, let alone that such a solution is
unique. We will prove the existence and uniqueness using arguments closely related to
the ones we will use to prove the existence of the limiting density.

We will denote by P the space of probability measures on R, which we endow with
the topology of weak convergence, and by D([0,T],P) the space of cadlag functions
from [0, 7] to P endowed with the Skorohod topology.

Theorem 1. For any fized T > 0 the sequence of P-valued processes v on [0,T] con-
verges in distribution in D([0,T],P) to a deterministic v, € D([0,T], P). vt is absolutely
continuous with respect to the Lebesgue measure for every t € [0,T] and the correspond-
ing densities f(t,-) are characterized by the following: there exists a continuous, strictly
increasing function 7: [0,00) — R with v(0) = 0 such that (f(t,x),~(t)) is the unique
solution of the free boundary problem (FB). In particular for x > ~(t), f(t,x) is strictly
positive, jointly continuous in t and x and differentiable in t.

Let us remark that there are at least three other examples in the literature of particle
systems converging to the solution of a free boundary equation, but in those cases the
limiting equation is of a different type. Chayes and Swindle (1996) study a particle
system corresponding to a liquid-solid system with an interface subject to melting and
freezing, Landim, Olla, and Volchan (1998) study a tracer particle moving in a varying
environment corresponding to the simple symmetric exclusion process, and Gravner
and Quastel (2000) study an internal diffusion limited aggregation model. In all three
cases cases an hydrodynamic limit is proved with the limiting equation being closely
related to the famous Stefan problem, which involves free boundary problems for the
heat equation where the moving boundary separates the solid and liquid phases (see
Meirmanov (1992) and references therein for more on this problem).

1.2 Behavior of the finite system

To study the finite system it will be useful to introduce the shifted process AJY, which
we define as follows:

AY = (AN, ANN)) with ANG) = 1(7) — n(N).

Observe that AN(N) is always 0. It is clear that A} is also a Markov process, and its
transitions are the same as those of 7)Y except that after erasing the leftmost particle
the N remaining particles are shifted to the left so that the new leftmost one lies at the
origin.



We will denote by min 7Y = 5/'(N) and maxn}¥ = n(1) the locations of the leftmost

and rightmost particles in n;".

Theorem 2. For every fited N > 0 the following hold:
(a) There is an ay > 0 such that

. . max ntN
lim = lim =an
t—00 t t—o00 t

min n}¥

almost surely and in L*. Moreover, the sequence (an)nso is non-decreasing.

(b) The process AN has a unique stationary distribution py, which is absolutely con-
tinuous.
(c) For any (random or deterministic) initial condition vy we have

P (A € ) =i C)llgy 752 0-

From this point on we will assume that the displacement distribution p has expo-
nential decay. To be precise, we assume that there is an a > 0 such that

(1.2) p(z) < Ce™oel,

for some C' > 0. We will write

© = sup {04 > 0: sup [eo‘lx‘p(x)] < oo} )
Tz€R

That is, © € (0,00] is the maximal exponential rate of decay of p in the sense that

p(r) < Ce™** for some C > 0 when @ < © but not when o > ©. © may be oo (as

in the cases where p has compact support or p corresponds to a normal distribution),

while © > 0 is ensured by (1.2).

Now let
(1.3) o0) = [ " () de

be the moment generating function of the displacement distribution p. Equation (1.2)
and our definition of © imply that ¢(f) < oo for 6 € (—0,0). To avoid unnecesary
technical complications we will make the following extra assumption, which in particular
implies that ¢(f) = oo for || > ©:

0
(1.4) w06 .

0 o—o-
This assumption always holds when © = oo: choosing 0 < I3 < I so that p(x) > M for
some M > 0 and all z € [, 2] we get

L[ g, M(ly —1l1) o
- de > 1
I

Our next result will relate the asymptotic propagation speed ay of our process ngv
with the asympotic speed of the rightmost particle in the branching random walk &Y.

Q.



Theorem 3.

lim ay = a,
N—o0

where a is the asymptotic speed of the rightmost particle in &) | i.e., in a branching
random walk where particles branch at rate 1 and their offspring are displaced by an
amount chosen according to p.

Remark. If p is uniform on [—1,1] this follows from (8) in Durrett and Mayberry
(2010). However, the couplings on which the proof is based extend easily to our more
general setting, so we do not give the details of the proof.

The speed a has an explicit expression (see Biggins (1977)): by standard results of
the theory of large deviations, if S; is a continuous time random walk jumping at rate
1 and with jump distribution p, then the limit

1
(1.5) Ax) = tlgrolo n logP(S; > xt)

exists and equals — (supy~o{z0 — ¢(0)} + 1); a is given then by the formula A(a) = —1
(see Durrett and Mayberry (2010) for more on this).

1.3 Traveling wave solutions

A traveling wave solution of (FB) is a solution of the form f(t,z) = w(xz — ct) and
v(t) = ct for some ¢ > 0 (with initial condition fy(x) = w(z)).

If w is a traveling wave solution, then from (FB1) we get

cw'(z) = — /Ooow(y)p(z —y)dy Yz>0,

so integrating from z = x to co we deduce that w must following system of equations
solve (TW):

(TW1) w(zr) = l/oow(y)R(:E —y)dy Vx>0,
¢Jo

(TW2) /0 w(z)dr =1,

(TW3) w(z) =0 Va <0,

(TW4) w(x) >0 Yz>0,

where
R(z) = / p(y) dy

is the tail distribution of p. On the other hand, it is easy to check that if w satisfies
(TW) and fo(x) = w(z), then (w(x — ct), ct) is the solution of (FB).

Equation (TW1) is known as a Wiener-Hopf equation. Equations of this type have
been studied since at least the 1920’s (at the time in relation with the theory of radiative
energy transfer), and have since been extensively studied and found relevance in diverse
problems in mathematical physics and probability. In general, these equations can be
solved using the Wiener-Hopf method, which was introduced in Wiener and Hopf (1931)



(see Chapter 4 of Paley and Wiener (1987) and also Krein (1962)). But the solutions
provided by this method are not necessarily positive, so they are not useful in our setting.
Instead, we will rely on the results of Spitzer (1957), who studied these equations via
probabilistic methods in the case where R(x)/c is a probability kernel.

To do that we need to convert our equation to one where the kernel with respect to

which we integrate is a probability kernel. To that end, we need to make the following
observation. In Lemma 4.1 we will show that there is a A* € (0,0) such that

A* A

where ¢ is the moment generating function of p defined in (1.3) and a is the asymp-
totic speed introduced in Theorem 3. On the other hand, the function A — ¢(X)/\ is
continuous and goes to 0o as A — 0 (and moreover, as we will show in Lemma 4.1, it is
decreasing on (0, A*)). Thus for every ¢ > a there is a A € (0, A*] such that ¢p(X)/A = c.

Observe that the tail distribution R of p has the same decay as p (see (1.2)). That
is, for every 0 < a < © there is a C' > 0 so that

(1.7) R(z) < Ce™* Vo >0.

Fix ¢ > a and use the above observation to pick a A € (0, \*] such that ¢(\)/\ = c.
Equation (1.7) implies that the function z +— e* R(x) is in L'(R). Moreover, integration
by parts yields

/Oo M R(z)dx = N

- )
Therefore
(1.8) k(z) = M R(z)
$(A)
is a probability kernel. On the other hand, if w is a solution of (TW) with ¢ = ¢(\)/A

then it is easy to check that u(x) = e’w(z) satisfies

(1.9) u(z) = /Ooou(y)k(x —y)dy Va>0.

Thus the idea will be to recover solutions of (TW) from positive solutions of (1.9).

Positive solutions of (1.9) can be regarded as densities of stationary measures for the
following Markov chain. Let &, be a sequence of i.i.d. random variables with distribution
given by k, let Xy = 0 and define

Xnpt1 = (Xn + fn)+ >

where 27 = max{0, z}. This chain appears, for example, in the study of ladder variables
for a random walk (see Chapter XII of Feller (1971)) and in the study of the GI/G/1
queue (see Chapter 5 of Durrett (2004)). If u satisfies (1.9), it is 0 on the negative
half-line and it is non-negative on the positive half-line, then the measure (supported
on [0,00)) having u as its density is invariant for X,,. Assuming that E(|{1]) < oo, X,
is recurrent, null-recurrent or transient according to whether E(&) is negative, zero or



positive. As we will see in Section 4, this expectation is negative in our case if and only
if A < A" and it is zero for A = A*. In both cases the theory of recurrent Harris chains
suggests (and Theorem 4.2 will prove) that there exists a unique (up to multiplicative
constant) invariant measure for X,,, although this measure may not be finite in the null-
recurrent case. The difference between the recurrent and null-recurrent cases explains
the difference between the cases ¢ > a and ¢ = a in Theorem 4 below. The fact that
the chain is transient when A\ > \* suggests that there are no positive solutions of (1.9)
for these values of A\ (again see Theorem 4.2 for a proof). This in turn hints at the
possibility that there are no solutions of (TW) for ¢ < a. Our proof of this fact will not
rely in seeing (TW) as a Wiener-Hopf equation, but instead will use explicitly the fact
that its solutions are traveling wave solutions of (FB).

Theorem 4. Assume that (1.2) and (1.4) hold.

(a) If ¢ > a the equation (TW) has a unique solution w. This solution is differentiable
except at the origin.

(b) When ¢ > a, and letting X € (0, \*) be such that $(\)/\ = ¢, the solution satisfies
I eMw(z) de < oo (which, in particular, implies that [ w(y)dy = o(e™*7)).
Moreover, ifX > \ then sup, e f;o w(y) dy = 0.

(c) When ¢ = a the solution satisfies [>°w(y)dy = O(e™*") and [} e} Yw(y)dy =
O(x). The last integral goes to oo as © — 0.

(d) If ¢ < a the equation (TW) has no solution.

We remark that, when ¢ > a, the solution w given by the theorem can be obtained
by the following limiting procedure. Take 0 < A < A* as in the above statement and let
ug be the density of any non-negative random variable whose distribution is absolutely
continuous. Now let wo(z) = e " ug(x) and then for n > 1 let

1 o
Wnpt1(z) = c/ wp(y)R(x —y)dy for x> 0.
0
Then the limit weo(z) = lim, oo wy(x) exists and defines an integrable continuous

function. The solution w is then given by w(z) = Kws(z) with K > 0 chosen so that
w integrates to 1. The fact that w has this representation follows from the results of
Spitzer (see Theorem 4.2).

The rest of the paper is devoted to proofs, with one section devoted to each one of

the proofs of Theorems 1, 2 and 4.

2 Proof of Theorem 1

2.1 Outline of the proof

Most of the work in the proof of Theorem 1 will correspond to showing that for each
fixed t > 0 the tail distribution of our process at that time, defined as

FY(t,2) = 13" ([, 00)),

converges (almost surely and in L') to a deterministic limit F(t,2) corresponding to
the tail distribution of a random variable and that, moreover, the limit F'(¢,z) has a
density f(t,) (that is F(¢,x) = [° f(t,y) dy) which solves (FB).

7



To achieve this we will compare the process v{¥ with two auxiliary measure-valued

processes V,fv * and vF. As we will see below, the first of the two will be a stochastic
process, but the second one will be deterministic.

Remark. To avoid confusion (and notational complications) we will use the following

convention: upper-case superscripts, such as in v or FV(t, ), refer to quantities as-

sociated with our stochastic process 77,{\7 , while lower-case superscripts, such as in 1/,?C or

the function F¥(t,2) which we will introduce below, refer to deterministic quantities

associated with the deterministic process vF.

We begin by defining a process niv * with values in U m>nNXyr inductively as follows.

For each m = 0,...,2F — 1, run the process with no killing on the interval [2%, mz—',tl) and
then at time ”";,Ql repeatedly delete the leftmost particle until there are only N left. To

make clear the distinction between the particles we erase in 5" and those we erase in
this modified process at dyadic times, we will refer to this last procedure as shaving off
the extra mass in niv ok,

Having defined n;N * we now define I/tN * as the empirical measure associated to it:

N,k
|77t |
l/k’N = O Nk
t n (1)’
i=1

where ]niv k\ > N is the number of particles in niv * In everything that follows we will
consider the cadlag version of niv * and l/gv 'k "and we do the same for the other processes
and functions defined below.

The first step in the proof of Theorem 1 will be to study the convergence of the tail

distribution of va *defined by

FNEt 2) = vV (2, 00)).

We will see in Proposition 2.2 that FN*(t,x) converges in probability to FN(¢,z) as
k — oo, and a key fact will be that this convergence is uniform in N.

The second auxiliary process, uf, will turn out to be the limit of I/iv Fas N — oo.
We define it in terms of its density, which is constructed inductively on each of the
dyadic subintervals of [0,1]. We let f¥(0,2) = fo(z). If we have constructed f*¥ up
to time gz for some m € {0,... ,2F — 1} then for t € (5% ";—*,;1) we let f*(t,z) be the
solution of

k 00
(2.) ey~ [ oty dy

Then at time m;,;l we let X% .| be such that

(2.2) / TR () ) dy =1

and define

oo



In other words, on each dyadic subinterval we let f* evolve following (1.1) and then at

each dyadic time we shave off the extra mass in f*. The measure v is defined as the

measure having f¥(t,-) as its density. We also denote by F* be the tail distribution of
k

7

P (t.) = f (l0.00) = | " o) dy

It is not difficult to see that, for fixed ¢ and x, F*(t,z) is increasing in k, so we
may define F(t,z) = limg_,, F¥(t,2). We will show in Proposition 2.2 that FN*(¢, )
converges in probability to F*(t,x) as N — oo for fixed k. Since the convergence of
FNE(t 2) to FN(t,x) as k — 0o is uniform in N, we will be able to interchange limits
to obtain the convergence of F'V(t,z) to F(t,x) as N — co. The rest of the proof will
consist of showing that F'(¢,x) has a density which solves (FB) and then to extend the
convergence of the tail distributions F*V (¢, z) for fixed ¢ and z to the convergence of the
measure-valued process VtN ok

2.2 Convergence of the auxiliary processes

Our first result will allow us to deduce the limiting behavior of FN*(t, ) as N — oo
inside each dyadic subinterval. Recall that in Section 1.1 we introduced the branching
random walk & defined like n{¥ but with no killing. Let 7V be the associated empirical
measure. Let M be the space of finite measures on R, endowed with the topology of
weak convergence, and let C'([0, 1], M) and D([0, 1], M) be the spaces of continuous and
cadlag functions from [0, 1] to M endowed respectively with the uniform and Skorohod
topologies.

Proposition 2.1. The process U} converges in distribution in D(]0,1], M) to a deter-
ministic vy in C([0, 1], M) which for each t € [0,1] is absolutely continuous with respect
to the Lebesque measure. If we denote the density of Uy by f(t,z) then f(t,x) is the

unique solution to the integro-differential equation
of o
(2.3 Lita) = [ Ftpolo—y)dy

on [0, 1] with initial condition F(0,2) = fo(x).

Proof. By Theorem 5.3 of Fournier and Méléard (2004) we have that 7}¥ converges in
distribution to a deterministic 7; in C([0, 1], M) which is the unique solution of the
following system: for all bounded and measurable ¢,

e [ ewnin= [ swnin+ [ [ [ ewite - dviian as

Moreover, by Proposition 5.4 of the same paper, I/t is absolutely continuous for all
t € [0,1], and hence its density f(t, ) must satisfy f(0,z) = fo(x) and

% ( txd:z:—// (z —y) f(t, z) dy dz.

Taking ¢ = 1, ., dividing by h, taking h — 0 and using the symmetry of p we deduce
that f satisfies (FB1) at z and the result follows. O



Recall that fo(z) > 0 for x > 0. It is clear that if f solves (2.3) then f(t,a:) > 0 for
all t € [0,1] and = € R.

Proposition 2.2. For every fized k > 1 and every t € [0,1] and x € R, FNF(t, )
converges in probability to F*(t, ).

Proof. Proposition 2.1 implies that l/tN k([x, 00)) converges in probability to vf([x,c0))
for all ¢ € [0, 2%) and all x € R. Using the partial order in M given by pu < v if and only

if p([z,00)) < v(x,00)) for all z € R, it is clear that the mappings ¢ — v and t VtN’k

are increasing on [0, 2%), and thus the limits lim, jor vf = vk and limypq ok ng k= Nk

1
R
vF is the same as the process 7; defined in Proposition 2.1. On the other hand, by (2.3)

we have - C o
/ f(t, x)der =1+ / / f(s, x) dx ds,
—00 0 J—oc0

whence it is easy to see that

exist (for v} * this statement holds almost surely). On the interval [0, - ) the process

(2.5) / Flt,x)da = €.
Therefore for 0 < s <t < 2% we have

(vf —VF)(R) = et —¢°.

Similarly, utN * corresponds to the branching random walk &N on [0, 2%), and thus using

(5.4) of Fournier and Méléard (2004) we can see that E(v{¥*(-)) equals 7(-) on this

interval, so for 0 < s <t < 2% we have

E((Vf\[k - I/éVk)(R)) =el — e

Using these two equalities together with the fact that v* is absolutely continuous it

is easy to see that ([, 00)) converges in probability to v* ([z,00)) for all z. Since

x +— V¥ ((z,00)) is strictly decreasing at x = X¥, the location of the point at which the

1

mass of VtN * is shaved off at time % converges in probability to XFE. The result for

2F
t= 2% follows from this, and induction gives the desired result. O

Next we turn to the convergence of FN'F(t,2) as k — oo.

Proposition 2.3. For every given t € [0,1] and x € R, FN¥(t, ) converges in proba-
bility to FN(t,z) as k — oo, uniformly in N.

The proof depends on the following lemma:

Lemma 2.4. We can couple niv’k and n)N (starting with the same initial configuration)
in such a way that the following holds: for every N > 1, k > 1 and m € {0,...,2F},

Nk e—1 __
E(|ng/2kAnm/2k|) < QNmQ 2k’
where AAB = A\BU B\ A.

10



Before proving the lemma we need to give an explicit construction of the process
nY. Consider an i.i.d. family (U/);>1 with uniform distribution on {1,..., N} and an
i.i.d. family (R;);>1 with distribution p and let (7/V);>1 be the jump times of a Poisson
process with rate N. To construct 7{¥ we proceed as follows: at each time TiN we branch

nJTYN(UZN ) using R; for the displacement, erase the leftmost particle, and then relabel

the particles to keep the ordering. The reader can check that the resulting process 7’
has the desired distribution.

Proof. The coupling will be constructed inductively on each dyadic subinterval of [0, 1].
We start both processes with the same initial configuration. The idea will be to use
the same branching times and displacements whenever possible. To do this we will

Nk . . . Nk N
decompose 1" in the following way (for convenience we regard 7, ™ and 7;' here as
sets)

(2.6) et =6 u Dt u BN,

where the unions are disjoint and:

o Giv ok - n{v are “good particles”, i.e. particles which are coupled, in the sense that
Nk _ Nk N.
Gy m=m 0
o Biv * are “bad particles”, i.e. particles which are not coupled;

. Div K are “dangerous particles”, i.e. particles which will become bad if not erased
at the next dyadic time.

The basic idea of our coupling is the following. Good particles, which are present in
both processes, evolve together using the same branching times and locations. When a
good particle branches, a particle is erased from 1" but not from 771{\[ ®_If the particle
erased from 7}V is not a good particle then the coupling is not affected. Otherwise, if the
erased particle is good, we relabel it as dangerous in niv *Observe that if this particle
does not branch before the next dyadic time then it will not affect the coupling since
it will surely get erased (by definition it is to the left of every good particle). When
dangerous particles give birth in niv * we label their offspring as bad, and we do the
same for the offspring of bad particles in either process. Our goal will be to bound the
number of bad particles.

Now we define the coupling more precisely. The first step is to construct 7} using
the sequences UiN , R; and TZ»N as described in the paragraph preceding this proof. Now
we need to explain how to construct mN * and decompose it into good, dangerous and
bad particles. For the initial condition we choose Gév’k =nd’ and Dév’k = Bév’k = 0.

We assume that have constructed the coupling until time 2z for some 0 < m < 2k 1

and that the following holds:
Nk _ Nk N Nk

(2.7) Gm/Qk = Mok O T2 and Dm/gk =
Observe that this condition holds trivially for m = 0. Next we define the coupling on
the interval (gz, mQ',tl] Let &z < TI]XL < TIJXLH < < Tj\fn < ”";‘,tl be the sequence of
branching times for particles in 7{¥ on this time interval (there are almost surely a finite
number J,,, — I, + 1 of such times). For each I,,, <i < J,, we do the following:

11



¢ If the branching at time TN occurs at a particle which is in GYF we add the new

TN 9
particle to GT_jV .

e Otherwise, if the particle that is undergoing a branching in n}¥ at time TZ-N is not
a good particle, we do not add the new particle to n]TV]f .

o In either case, if the particle erased from 77]TYN after the branching at time TiN is
good (i.e. it is also in ng\lf ), we relabel it as dangerous by moving it from G%’f
N7k @ i
to DTiN .

Finally, particles in Div kU B,fv * se independent branching times and displacements.

and all their offspring is added to Biv ok
k

At time 7”2‘);1 we need to shave off the extra mass in niv ™. Observe that, by our
construction, we may erase particles of each of the three types. After erasing we relabel

all remaining dangerous particles as bad by settting

GNk N,k BNk

(m+1)/28 = "7(m+1)/2km7(m+1)/2’“ (m+1)/2% = 77(m+1 2k\’7 (m+1)/2+ and D(m+1)/2k =0.

In particular we see that the condition (2.7) holds at time "=, allowing us to continue

our inductive coupling.

2k7

We claim that the total number of bad particles after shaving and relabeling is
bounded by the number of bad particles right before shaving:

(2.8) |B(m+1 /2k| < ’B (m+1) /26— E

To see where the inequality comes from observe first that

Nk Nk Nk
Bty oe © Bmgayjan— Y D) jon

Now each particle in DY is associated with a branching time TZ-N at which the

( +1)/ 2k—
number of particles in 77T.N was increased by one. Therefore to each dangerous particle

there corresponds some f)article which will be erased when shaving; the corresponding

particle to be erased is possibly the dangerous particle itself (in which case this particle

N,k

will disappear after shaving so it will not be in B (n; +1)/2k after relabeling), and otherwise

it has to be a bad particle because all good particles are to the right of any dangerous

particle. In this way we continue the coupling until time 1.

5, )
2k 2
(\DZV " ]BtN *|) is stochastically dominated by a process (dF, bF) which evolves as follows:

Fix a dyadic subinterval [ We claim that on this time interval the pair

df — dF+1 at rate N
boo— b1 at rate  df + bf

with initial conditions d* mjok = =0 and b* 2k = =|B /zk‘ In fact, bad particles increase by
one when either a dangerous or a bad particle branches (so the second rate is actually

the correct one), while dangerous particles are created as a consequence of some (but

12



generally not all) of the branchings in 7Y, which occur at rate N. An elementary
calculation then shows that, for h > 0,

E(df,, — df) = Nh+ o(h)
E(b},p, — bf) = E(df + bf)h + o(h).

Then E(df) = N(t — 2) and thus dividing by h and taking h — 0 we see that E(b)

2k
must solve (o)
dE (b} m i
“x(m)
for t € [z, ‘,L'l) The solution of this ODE satisfies

B0 = ( (b) + N) THF N+ <N [E(bfn/ak)eﬂ + 272

where we have used the inequality e — 1 — z < z? for € [0,1] and the fact that

t— gt < 2% Since b§ = 0 we deduce that E(bfl/%) ) < N272k At time 2% we need to

shave off the extra mass in né\lf’/];k) and this leaves us with d]f/Qk =0and b]f/2k < bl("l/2k)_

by (2.8). Repeating this argument we get E(b2/2k) < E(b’éﬂk) ) < N[2_2k627k + 272F],

and inductively we deduce that

m—1
(2.9) E(bE ) SN | Y e |27 =N
j=0

ok e—1 __op
1—62_k2 SNe2_k—12 ’

where we used the fact that m < 2¥ — 1. Since by our constructlon there are no
dangerous particles at the dyadic times 7 we have IV /QkAnm /zk’ =2|B /zk’ and the
result follows. O
gﬁ, ”";,Ql) Using

72) (which follows from

)

Proof of Proposition 2.3. Fix k > 0 for a moment and assume that ¢ € |

the coupling introduced in the proof of Lemma 2.4 we have that E(}B

and thus (2.9) together with the inequality E(\Div MYy < N(t—
the discussion preceding (2.9)) imply that

(" ani**|) = 22(|p**) + 2(| 5] ) < 28(|PL

1 — e(m+1)27F

2k

) +2E()B vE

< oN2F L oN 9-2k < prg-k+l +N26k_112—2k+17
6 —

1—e27"

where we have used the fact that m < 2F — 1. Observing that

N
Z <177tNk(Z)Z$ N 1mN(i)2a:>

1=

1
= N < 177tN’k(i)7é

1=

‘FN’k(t, ) — FN(, x)( S

N ny(4)

we deduce by Markov’s inequality and the above estimate that

IP’()FN’k(t,x) - FN(t,x)‘ >e) < E [2—’““ + 6_12—2’““} 0
g

62_k —1 k—o00

uniformly in NV and the result follows. O

13



Lemma 2.5.
FF(t,z) > F*(t,2) forallt € ]0,1], z € R, k> 1.

Proof. Fix k> 1 and « € R. The result is trivial at t = 0. We will work inductively on

the intervals (2%, 7”2‘};1] Take 0 < m < 2 — 1 and assume that

FRm ) > Fk"'l(Q%,m).

Then writing H = F*¥ — F*¥+1 we have for o <t< g+ leﬂ = é’}’ﬁf that
= [ [ = ]ty - ) dudy
(2.10) z/:/:o [f’“(t,y—v)—f’““(t,y—v)]p(v) dy dv
= /OO H(t,x —v)p(v)dv = /00 H(t,z)p(x — z)dz,

so H satisfies (FB1) on this interval and thus, since H(5z,-) > 0, we get H(t,-) > 0
for t € (M, 2mtl) At time 2272;"11 the density f**! is shaved off, leaving F k(é’fff,x) >

ok ok+1
F k“(%”,}fll ,x). Repeating the above argument we get
(2.11) FF(t,z) > FFl(t,z) forallte (5% "12‘,*;1)

Now at time gﬂ} both densities f* and f**! are shaved off, say at points xj, and x4 1,

respectively. Then by (2.11), xp > k41, and thus (2.11) holds at t = ;’;—ﬁ as well. [

Since F* (t,z) is decreasing and positive, we can define

(2.12) F(t,z) = lim F¥(t,z).

k—ro0
It is obvious that for each given ¢, F'(t,-) is non-increasing and its range is [0, 1].

Proposition 2.6. For every t € [0,1] and x € R, FN(t,z) converges almost surely and
in L' as N — oo to F(t,z).

Proof. First observe that, for fixed ¢ € [0,1] and € R and since FN(t,x) < 1, the
sequence of random variables (F M, z)) N> 18 uniformly integrable, so it is enough to
show that FN(t,2) — F(t, ) in probability.

Fix € > 0. Use Proposition 2.2 to choose, for each k > 0, an N > 0 so that

1
]P’(‘FN”“(t,x) - Fk(t,gc)‘ > g) <7

for every N > Nj and N T co. Define ky as follows: ky =1 for N < Ny and ky = k
for Ny < N < Niy1. We have

P(‘FN’kN (t,z) — F(t,az)‘ > 5) < P(‘FN’kN (t,z) — FkN(t,x)‘ > g)

+ P(‘F’W (t,z) F(t,x)‘ > %) .

14



By the definition of kp, the first term on the right hand side is less than 1/kp, while
by (2.12) the second one is 0 when ky is large enough. We deduce that FNFN (¢, 1)
converges in probability as N — oo to F (¢, ).

To finish the proof write

IP’(‘FN(t,x) *F(t,x)’ > 6) < P(‘FN(t,x) *FN’kN(t,x)‘ S %)

+ IP’()FN""N(t,x) . F(t,x)‘ > g) .
We already know that the second term on the right hand side goes to 0, while the first
one goes to 0 thanks to Proposition 2.3 (here we use the fact that the convergence is
uniform in N). O

Recall the definition in (2.2) of the shaving points X% and let X*:[0,1] — R be
the corresponding linear interpolation, that is,

Xm+1 Xk

xk@t) = Xk + o7

= (t—2) for ¢ <t < ™.

Lemma 2.7. X*(t) converges uniformly in [0,1] to a continuous function ~y(t).

Proof. We will start by showing that the sequence of functions (X k)k>0 is relatively
compact. By the Arzela-Ascoli Theorem, we only need to show that our sequence is
uniformly bounded and equicontinuous.

Observe that, for each given k, X¥(¢) is increasing. Indeed, it is enough to show
that X < Xk maq for 0 <m < 2k and this follows from the fact that, if fk(2k, ) >0,
then (FB1) implies that f*(¢, ) > fk(Qk,-) for o <t < m;l. Therefore

sup sup X"(t) = sup X*(1).
k>0 t€[0,1] k>0

To show that this last supremum is finite, observe that f(¢,z) (which was defined in
Proposition 2.1) satisfies f(t x) > fF(t,z) for all k. On the other hand we know by
(2.5) that [ F(1,2)dz = e. Therefore if we let M > 0 be such that [ f(Lz)de < 1
we deduce that X¥(1) < M for all k£ and the uniform boundedness follows.

For the equicontinuity we need to show that given any ¢ > 0 there is a § > 0 such

that

sup | X*(t) — Xk (s)| < ¢

k>0
whenever |t — s| < . Assume that s < ¢, fix k for a moment and let k and 7 be the
dyadic numbers immediately to the right of s and ¢, respectively (here we assume k is
large enough so that m VI < 2¥). Then
(2.13)

XE() - X*(s)| < | XF(0) - XE(g)

| X - X ()

+ (X’“(zik) _ Xk(s)‘

2k 2k

< | () - XE(g)

+ | X5 () - XM )

X - X ()

15



Now for any p,q € {0,...,2*} with ¢ > p we have

(2.14)
= ECE ) dy = = EE y)d = kea ) fk(p d
5 Y) dy oY) dy + [ amy) = (g5, 9) | dy
XE()+e XE(%) XE(E)
X’“(Q%)—&-s N
/ (ks y) dy.
XE(%)

The first term on the right hand side equals 1. The second term corresponds to the
amount of mass accumulated by f* to the right of X k( %) on the time interval (Jr, %]

Using (FB1) _it is not hard to see that this is bounded by the same quantity with f*
replaced by f, so using (2.5) we get the bound

R > 4 B q—p
/ [f(%,y)— (2%,1/)} dy < ez —e2F <e :

k
Xk ) 2

On the other hand, using the fact that X*(¢) is increasing, it is clear that fk(2k,x) >
f*0,2) = fo(x) for x > Xk(2%). Therefore the last term on (2.14) is greater than or

equal to
Xk(Qlk)-i-a
/ fo(y) dy.
Xk(E)

Now X* (2k) is non-negative and bounded by M by the preceding arguments, so the
last integral is at least

= 1nf/ foly)dy >0

z€[0,M

where we used the fact that fy is strictly positive on the positive half-line. Putting the
last two bounds together with (2.14) we get

o k q—p
/ka A&y dy<i+e o~ L
T@‘FE

Now |t — s| < ¢ implies that m— < 6+ 5, and thus we deduce that

/ A&, y)dy <1

Xk(B)te

for small enough § and large enough k and for (p,q) € {({,{ + 1), (m,m + 1),(l,m)}.
The preceding means that if § is small enough and K is large enough then | X k(ik) —
Xk(Q%)\ < ¢ for k > K and for these three pairs (p, q). Using (2.13) we obtain

sup | X*(t) — XF(s)| < e
k>K

if |t — s| < 0 and § is small enough. Since the functions X* are all uniformly continuous
(on [0,1]), it is clear that, by choosing ¢ even smaller if necessary, the same will hold
also for k =1,..., K — 1. This finishes the proof of the equicontinuity.
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The last thing we need to show is that our sequence has a unique limit point.
Consider two convergent subsequences X™ — v and X" — ~v,. Let t = % be any
dyadic number in [0, 1] and assume that k is large enough so that ny A my > I. Recall
from the proof of Lemma 2.5 that X*(¢) is non-increasing in k for each fixed t € [0, 1].
Since F™ (t,z) =1 for all z < X" (t) we deduce that

(2.15) Fe(t,z) =1 for all x < ().
Now given any k there is a k¥’ such that ng > my, so by Lemma 2.5 we get

L= F™(ta) < F™(t2) <1 forall e <mf(t).

This means that X (¢t) > ~;(t) for all large enough k, and taking k¥ — oo we deduce
that v2(t) > v1(t). By symmetry we get v1(t) > 72(t). This gives v1(t) = ~2(t) for all
dyadic t € [0, 1], and now the uniqueness follows from the continuity of 7 and v,. [

2.3 Properties of F' and proof of the theorem

To finish the proof of the Theorem 1 we need to show that F' has a density which satisfies
(FB) and the rest of the requirements of the theorem and then extend the convergence
to the measure-valued process VN . The first step in doing that will be to derive an
equation satisfied by F

Suppose that (g(t,z),7(t)) solves (FB) and let G(t,x) = [>° g(t,y)dy. Then it is
not difficult to check, repeating the arguments leading to (2.10), that (G(t,z),~(t))
must solve the following free boundary problem (FB’):

Gt = [ Glwpe—ndy Va>a0)

(FB2) Gt,z)=1 Va <~(t)

(FB1')

with initial condition G(0,2z) = [* fo(y) dy. Moreover, if (G(t,z),~(t)) solves (FB')
and G(t,-) is absolutely continuous for all ¢, then (g(¢,x),~(t)), where g(t,-) is the
density of G(t,-), must solve (FB).

Proposition 2.8. F(t,z) is differentiable in t for all x > ~(t) and it satisfies (FB’)

Proof. We already proved (see (2.15)) that (F(t,x),~(t)) satisfies (FB2'). For x > ~(¢)
and by the definition of F*(¢,x) (which implies that F"*(¢, x) is differentiable inside each
dyadic subinterval) we may write

n(t)
Fh(t ) = FR0,2) + Y |FR(g @) - PR @) + [P 2) = FRu(o), )]
m=1
n(t) k k
oF
= F* —
0+ 3 / s gy 0 O ¢ /( B O




L2’“tJ

where ny(t) = Recalling that X*(t) | v(t), we can take k large enough so that
y(t) < XF(t) < z. Since X*(s) is increasing in s we deduce that X*(Zt) < z for
m =1,...,ni(t), and therefore all the terms in the last line above are 0. On the other
hand, observe that F* must solve (FB1’) on each dyadic subinterval, which can be
checked repeating again the calculations in (2.10). Therefore,

ng(t)

K K B
FR(t,z) = F0x+2/mlm/ Ff(s,y)p(x —y)dyds

2k ’2’€
+/ / F*(s,y)p(x — y) dy ds
(n’;,it),t) —00

(2.16) —Fk((),a:)+/0/OOF(S,y)p(a:—y)dyds

n(t)

+§I/m/wkﬂam—F@wp@—w@Ms

/ / i — F(s, y)} p(z —y) dyds.

Now for fixed y, F*(-, ) is a decreasing sequence converging to F'(-,y), so Dini’s Theorem
implies that

Ay(y) = sup |FH(t,y) = F(t,y)| —— 0.
t€[0,1] k—oo

The sum of the terms on the last two lines of (2.16) is bounded by

n(t)

}j/ﬁ / Mellota ~)dyds+ [ [ Auwinte ) dyds
m—1 m ("1267]2)70 — 00

ok k
<t [ M-y dy,
—00
and this last integral goes to 0 as K — oo by the dominated convergence theorem,

because using (2.5) we get A(y) < supsejo Fk(t,y) < fyoof(l,z) dz < e. Using this
and taking k — oo in (2.16) we get

(2.17) F(t,z) = F(0,x) —i—/o /OO F(s,y)p(x —y) dyds.

To finish the proof it is enough to show that the mapping s — ffooo F(s,y)p(x—y)dy
is continuous, since if that is the case then we can differentiate (2.17) and deduce (FB1’).
This actually follows easily from (2.17):

/ F(s + h,y)p(e — y) dy - /mF@ym< y) dy

(2.18) / /s+h/ F(r,z)p(y — z)p(z — y) dz dr dy
S/:+h/_oo/_oop(y—2)p(w—y)dzdydr=h- O
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Let v¢ be the probability measure defined by v¢([z,00)) = F(¢,z). Since F satisfies
(FB’) we have that for every b > a > ~(t),

et = / Z vi(fa —y.b— y))p(y) dy

and thus by standard measure theory arguments we deduce that for every bounded and
measurable ¢ with support contained in ((t), ),

(2.19) % Yiv(dy) = / / (x +y)p(y) ve(dz) dy

(cf. (2.4)). Now if A C ((t),00) has zero Lebesgue measure and the support of ¢ is
contained in A, then the right-hand side above is 0 and we deduce that v;(A) is constant.
Since vy(A) = [ 4 Jo(z)dx = 0, we have proved that v; is absolutely continuous with
respect to the Lebesgue measure. We will denote its density by f(t,-), and we obviously
have F(t,z) = [° f(t,y) dy.

At this point we are ready to finish the proof of Theorem 1 by showing that F
satisfies the desired properties and then using the convergence of the tail distributions
FN(t, ) to obtain the convergence in distribution of the process v in D([0, 1], P).

Proof of Theorem 1. By Proposition 2.6 we know that F™N(t,x) — F(t,z) almost surely
as N — oo and that F' can be written in terms of the integral of f. Now, by (2.17),

/Ioof(t,y)dy: /xoofo(y)dy—l-/Ot/::/yoof(s,z)p(x—y)dzdyds

for © > ~(t), so for any h > 0 we have

(2.20) H/ fty)dy — / ftydy}
- / folw)d = [ t | i) ih“ﬂs,z) 4z p(u) du ds.

The first term on the right-hand side goes to fo(x) as h — 0 (recall that fo(z) is
continuous for x > 0). The second term goes to fotffooo f(s,x — u)p(u) duds by the
dominated convergence theorem. On the other hand, the left-hand side of (2.20) goes
to & (t x), which equals — f(¢, z) for almost every x > ~(t). We deduce that

(2.21) f(t,z) = // F(s,y)p(x — y) dy ds

for almost every .
Now if z,, — z, then by (2.21)

(6 20) — F(t )] < foln) — fole)] + /0 / " (5,9) 1ol — y) — pla — )| dyds.

The first term on the right side goes to 0 as n — oo because fj is continuous, while
the second term goes to 0 by the continuity and boundedness of p and the dominated
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convergence theorem. We deduce that f(¢,x) is continuous in x and thus, in particular,
(2.21) holds for every z. Hence (f(t,z),7(t)) satisfies (FB). Moreover, since the above
convergence can be achieved uniformly for ¢ in compact intervals, it is easy to see that,
if f(t,z) is continuous in ¢ for x # ~(t) (as we will show next), then it is actually jointly
continuous in ¢ and x outside the curve {(¢,7v(¢)): ¢ > 0}. The fact that f(¢,z) is differ-
entiable (and thus continuous) in t for x # (t) follows easily from (2.21) by repeating
the arguments in (2.18).  is strictly increasing because, according to the evolution de-
fined by (FB), f(t,z) always increases when = > 7(t) (alternatively, differentiate (FB2)
with respect to ¢ to find that 7/(t) > 0). We also have that f(t,z) > 0 for z > ~(t)
thanks to the facts that fy(x) > 0 for x > 0 and that v is increasing.

The only thing left to show before turning to the proof of the convergence in distribu-
tion of v}V in D([0, 1], P) is that (f(¢, ), ~v(t)) is the unique solution of (FB) To do this, it
is enough to show that if (h(t,z),o(t)) is any given solution and H (t,z) = [ h(t,y) dy
then H(t,x) = F(t,x). Indeed, if that is the case then the above arguments imply that
h(t,x) is jointly continuous in ¢ and x outside the curve {(¢,7(t)): ¢ > 0}, and thus
h(t,x) = f(t,x), while (FB2) and (FB3) imply that o(t) = ().

The idea of the proof will be to compare h(t, z) and f*(t,z) by adapting the coupling
introduced in the proof of Lemma 2.4 to the deterministic system, so we will sketch the
main ideas and leave the details to the reader. We will write

Rt x) = g*(t, z) + d(t, ) + b (¢, x),

which is to be interpreted in a manner analogous to (2.6). We construct these three
functions inductively on each dyadic subinterval of [0, 1]. We start with ¢*(0,2) = fo(x)
and d*(0,z) = b*(0,x) = 0 for all z. Next, for ¢t € (0, 2k) we let the three functions
evolve according to the following system of integro-differential equations:

6 o
2000 = Lot [ 0t )y

— 00

g (t,z) =0 for x < o(t)

(2.22) odF o0
60 = Lcot [ o (t0)oto— v)dy
bk

St = [ [ + 0] e -y

In words, the “good mass” g*(t,z) is constrained to be to the right of () and evolves
by the analog of branching (the convolution term on the right side of the first equation),
which is also constrained to the half-line (o (t), c0); the “dangerous mass” d¥(t, z) evolves
by acquiring the mass due to the branching of the good mass to the left of o(t); and
the “bad mass” b¥(t, x) arises from acquiring the mass due to the branching of both the
dangerous mass and the bad mass.

Adding the first, third, and fourth equations above we see clear that f*(t, x) satisfies

(2.1) on this interval as required. At time 21k we need to shave off the extra mass in f*.
Observe that g (( Ly )= h((5% 1y—, z) for all 2, so X} > a( ). Thus all the mass to
the left of o (2k) needs to be erased, so we put dk(Qk, x) = 0 for all . The rest of the

mass to be erased from f* will come from both g* and b*. This leaves us with

gk(gka )<h(2ka )a dk(Qk? ):Oa and bk(ka )20
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We continue the construction inductively. Assume that the above holds at time I

2k
for some 1 < m < 2*. On the interval (2%, m;k'l) we let g*, d¥ and b* evolve according
0 (2.22). At time m;,;l we need to shave off the extra mass in f*, and as in the proof

of Lemma 2.4 it is not hard to see that after doing that we may rebalance d* and b* in

such a way that dk(m;,gl, x) = 0 for all x and the total mass of bk(m;,gl ,x) is at most the

total mass of bk((";gl)—,x). Observe that this construction preserves the inequality

g*(t,x) < h(t, ) thanks to the observation following the proof of Proposition 2.1.

We continue in a similar way to the proof of Lemma 2.4. Fix a dyadic interval

[2%, ””;,51) and observe that, for ¢ on this interval, if we let

df:/ d*(t, z) d, and bt:/ bE(t, x) dx

be the total dangerous and bad masses respectively, then these quantities satisfy the
differential inequalities 5 dt <1 and bt < dt + b, whence we deduce that b, satisfies

d - _
Zh<t— R4 b

Thus the same argument we used to obtain (2.9) gives

—k e—1 __
sup by jor = 52 k0.
m=0,...,2k e —1 k—ro0

Now let t = 2% be any dyadic number in [0, 1] and assume that k& > [. Using the fact
that d*(t,z) = 0 for all z € R we can write

223) 0= [ ()~ ) dy= [ (hiew) - ) du - [T ¥y

xT

S0 fx (h(t,y) — "t y)) dy < Ef — 0. Thus, since h(t,y) > g*(t,y), we deduce that
fxoo 9" (t,y) dy — f h (t,y) dy as k — oo uniformly in x, which in turn implies by (2.23)
that

lim F*(t,z) = lim Rt y) dy = / h(t,y)dy = H(t,x)
k—oo k—oo /. z

uniformly in x and for every dyadic number ¢ € [0, 1]. Since (H(t,z),o(t)) solves (FB'),

H is continuous in ¢ and we deduce that H(t,z) = F(t,z) for all ¢ € [0, 1].

To show that the sequence of processes ;¥ converges in distribution in D([0, 1], P) to

the deterministic process 14 in this space defined by having its densities evolve according
to (FB), it is enough to prove that this sequence is tight. In fact, if Vlfv * is any convergent
subsequence, then its limit 4 is completely defined by its tail distribution at each time ¢,
which we know must be F(t,-). To show that v}V is tight it is enough, by Theorem 2.1 of
Roelly-Coppoletta (1986), to show that for any continuous and bounded function ¢ on R
the sequence of real-valued processes ()Y, ) = [ () v{ (dz) is tight in D([0,T], R).
Fix one such function ¢. By Aldous’ criterion (which we take from Theorem 2.2.2 in
Joffe and Métivier (1986) and the corollary that preceeds it in page 34), we need to

prove that the following two conditions hold:
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(i) For every rational t € [0,7] and every € > 0, there is an L > 0 such that

sup P(\(V{V,gpﬂ >L)<e.
N>0

(ii) If ‘Ijj\f is the collection of stopping times with respect to the natural filtration
associated to (1Y, ) that are almost surely bounded by T', then for every ¢ > 0

PRI 32 P rraur 0 = b 2] > ) =0
TET¥

The first condition holds trivially in our case by taking L > ||¢|/s. To get the second
onefix N >0,e>0,0<s<randrE€ T¥ and let K be the number of branchings in
n¥ on the interval [r, (T + s) A T]. Observing that

20|l
N N
| g 0) = 8,0} < T2k

and E(K) < Ns < Nr, we deduce by Markov’s inequality that

2[|oll o 2[| ol E(K) 2|l oor
HD(‘<”(T+S)/\T7(}0> <VT 780>)) >6> —]P)< N K>€ — eN < €

and (ii) follows. O

3 Proof of the results for the finite system

Now we turn to the properties of the finite system. Recall the explicit construction of
n¥ we gave before the proof of Lemma 2.4: given an i.i.d. family (U/V);>; with uniform

distribution on {1,..., N}, an ii.d. family (R;);>1 with distribution p and the jump

times (T}V);>1 of a Poisson process with rate N, we construct 7’ by letting 77]TV_N(U1N )

branch at time TZ-N , using R; for the displacement, erasing the leftmost particle, and

then relabeling the particles to keep the ordering.

This construction allows us to give a monotone coupling for two copies of the process.
As in the proof of Proposition 2.2, for u,v € M we will say that u =< v whenever
p([z,00)) < v(lz,00)) for all z € R. Observe that if y = ZlNzll Oy, With z1 > -+ > N,
and v = vaﬁl 0y, with y1 > --- > yp, then p <X v if and only if Ny < Ny and z; < y;
for i =1,...,Ny. It is easy to check that if niv L and dv 2 are two copies of our process
(note that we allow them to have different total number of particles) with 77(1)\7 ' =< féVQ
(i.e., in the sense that 25\7211 577(1)\71 ) = ZZle 5Eév2 (i)), then if we use the same branching

times and displacements and the same uniform variables for the particles in 7' and
the leftmost V7 particles in ni\b, then we have nivl = §tN2 for all t > 0.

For most of the proof of Theorem 2 it will more convenient to work with the discrete
time version of our process 7 which is defined as follows: at each time step, choose one
particle uniformly at random, and then branch that particle and remove the leftmost
particle among the N+ 1. The variables UiN and R; can be used to decide which particle
to branch and where to send its offspring at each time step.
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Proof of Theorem 2(a). We will first prove that each of the two limits exists with prob-
ability 1 and in L' and that the limits are non-random. We will do this for the discrete
time process and leave to the reader the (easy) extension to the continuous time case.
We borrow the proof from that of Proposition 2 in Bérard and Gouéré (2010). Since
it is simple we include it for convenience. We observe that, as in the cited proof, by
translation invariance and the monotonicity property of the coupling discussed above,
it is enough to prove the result when all particles start at the origin.

The result is a consequence of the subadditive ergodic theorem. To see why, suppose
we run the process up to time k, restart it with all NV particles at max nljfv , and then
run it for an extra [ units of time. Then the resulting configuration will dominate
the configuration that we would get by running the process for time k£ + [. To apply
the subadditive ergodic theorem we will need to make this precise by introducing an
appropiate coupling.

Consider the variables UiN and R; used to construct 0. For each k > 0 let (n,iv n)n>0

be a copy of our process, started at ng, constructed as follows: if n,]cvn is given then we

let nﬁnﬂ be specified by adding a particle at U;ivn(U,ﬁk) + R, +k and then removing the

leftmost particle. That is, the index n in n,ivn corresponds to time while the index k
indicates that the k-th copy of the process (771145\7 n)nzo uses the random the variables UZ-N
and R; starting from the k-th one. With this definition and in view of the preceding
paragraph it is not difficult to see that for any k,l > 0,

N N N
Max 1y 4 < Max My g, + Max Ny

Moreover, for any given d > 1 the family (né\[m d) is i.i.d., because to compute névm d

m>1
we only need to use the variables UZ-N and R; for i =dm,...,dm +d — 1. Also observe

that the distribution of (77]{/,\%)”>O does not depend on k. Now for 0 < k < n define
§,ivn = n,ivn_k. Then using the above facts we see that

N N N
maX§07k+l S maXéO’k -+ max 5k,k+l’

the family (max {é\yfn a( isi.i.d for any d > 1 and the distribution of the sequence

m+1))m21
(max flivn+k:)n>o does not depend on k. It is not hard to check that max §,ivn satisfies the
rest of the hypotheses of the subadditive ergodic theorem (see Theorem 6.6.1 in Durrett
(2004)) and thus lim,_, max §é\fn /n exists almost surely and in L!, and moreover the
limit is non-random. Since (géYn)nzo has the same distribution as (n} )nzo, the same
holds for lim,, ., maxn2 /n.

The above proof can be straightforwardly adapted to obtain the existence of the
limit for minn}¥/t. To show that the two limits are equal it is enough to prove that
(maxn — minn)/t — 0 in probability as ¢ — co. Observe that if we follow the
genealogy of the particle at maxn}¥ back in time and go back in time N generations
then we will necessarily reach a particle that is not in n}¥ (at time t), and that is thus to
the left of minnY. If we call X; the position of this particle and let N; be the number
of branchings in the system up to time ¢, then clearly maxnY — X, < SN N~ | Bl
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Thus for any € > 0 we have that

T>€

]P’(‘ max 7" — minn¥
t

>€> S]P’(]RZ-|>\/iforsomeNt—NSiSN)+1N\/g

:1—IP(|R1|§\/£>N+1 — o

%>E t—o0

The monotone coupling introduced above allows to deduce that ay is non-decreasing.
On the other hand, in the case N = 1 we have that n{(1) is simply a random walk
jumping at rate 1 whose jump distribution is that of Ry V 0. Therefore E(n}(1)) = bt
with b = fooo xzp(x)dx > 0, and thus ay > a3 =b >0 for all N > 1. ]

To prove parts (b) and (c) of Theorem 2 we will work with the discrete time version
of the shifted process: AN = (AN(1),...,AN(N)) with

N, N, N
An (7) =1 (7) = m (V).
Proposition 3.1. AY is a positive recurrent Harris chain.

Proof. Following Athreya and Ney (1978), in order to show that AY is Harris recurrent
we need to show that there is a set A C Xy such that

(1) P5(74 < 00) = 1 for all £ € Xy, where 74 = inf{n > 0: ALY € A}.

(ii) There exists a probability measure ¢ on A, a A > 0 and a k € N so that PS(AY €
B) > A\¢(B) for all £ € A and all B C A.

To achieve this, choose some L > 0 so that 6 = p((0, L)) > 0 and let
A={{eXn:&()—&(i+1)e(0,L)fori=1,...,N—1and {(N) =0}.

Then for any initial condition Aév € Xy we can get to A in N — 1 steps via the
following path: at time 1 we choose to branch the rightmost particle (the one at A)(1),
which happens with probability N~!) and send the newborn particle to a location
z1 € (AY(1), A1) + L) (which happens with probability at least §). Next we branch
the particle at z; and send the newborn particle to a location z9 € (21,21 + L) (which
happens with probability at least §/N). If we continue this for N — 1 steps we will end
up with a configuration in A, and thus

(31) PEAY, € 4) > (;)N

The bound is independent of the initial condition &, so by the Borel-Cantelli Lemma it
follows that (i) holds. Moreover, if B C A is of the form B = {& € Xn: (i) —&(i+1) €
B; C (0,L)fori=1,...,N — 1 and {(IN) = 0}, then the preceding argument implies

that
By)---p(By_1)
NN-1 ,

so by taking A = N~N*! and ¢ to be the normalized Lebesgue measure on the first
N — 1 coordinates of the configurations in A, we deduce that (ii) also holds.

PN, e B) > !
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To check that AY is positive recurrent it is enough to check that SUPgexy E&(74) <
oo. This follows from (3.1) and the strong Markov property by writing

(i+1)N-1
ES(ra)=> Pi(ra>n) < N-1+> Y P(ra>n)
n>1 i>1  n=iN
5\ N-1 g N\ V-1
<N-1 N -1 1—1( = =(N-1)( —
SN 1 >Z[ (%) ] w-n(§) <o
for any & € Xp. O

Proof of Theorem 2(b). The result now follows from Proposition 3.1. The fact that A
is positive recurrent implies that the invariant measure whose existence is assured by
the Harris recurrence is finite. The absolute continuity of uy is a direct consequence of
Theorem 2(c), which we prove below, together with the fact that if the initial condition
for A} is absolutely continuous, then so is the distribution of the process at all times. [

Proof of Theorem 2(c). Let A C X and k = N — 1 be the objects which we found
satisfy (i) and (ii) in the proof of Proposition 3.1. It is enough to prove the result
along the k subsequences of the form (Aévm+j)m>0 with 0 < j < k. Moreover, using
the Markov property at time j we see that it is enough to prove the result along the
subsequence (A{fm)mm, which is an aperiodic recurrent Harris chain. The result for
this subsequence follows from Theorem 4.1(ii) in Athreya and Ney (1978) as long as we
have that supg P¢(74 > ¢) < 1 for some ¢ > 0, where 74 is the hitting time of A. This

follows easily from the estimate in (3.1) (which is uniform in &). O

4 Proof of Theorem 4

Recall that in this part we are assuming that p (and hence its tail distribution R)
has exponential decay and, consequently, that the moment generating function of p,
o(0) = [ e’ p(x)dz, is finite for § € (—O,0) (see (1.2) and (1.7)). Before getting
started with the proof of Theorem 4 we need to prove the claim we implicitly made in
(1.6).

Lemma 4.1.

where a is the asymptotic speed defined in Theorem 3. Moreover, letting \* € (0,0) be
the number such that ¢(N*)/\* = a, we have that ¢'(\*) = a, ¢(N)/A is strictly convex
on (0,0) and the sign of ¢'(N) — ¢(N)/\ equals that of X — \*.

Proof. Define ¢(\) = ¢(\)/A for X € (0, \*). A little calculus shows that c(\) is strictly

convex:

C”()\) _ ¢//(/\) . 2¢/()\) + 2¢(/\) — i /OO [(}\x _ 1)2 + 1)] e’\xp(x) dr > 0.

A A2 A3 3

—0o0

It is clear that ¢(\) — oo as A — 0. On the other hand, (1.4) implies ¢(A\) — oo as
A — O— as well. Thus the minimum of ¢ is attained at some A* € (0,0), and we have
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d(N*) =0, or ¢'(\*) = ¢(A*)/A*, which will give the second claim in the lemma once
we show that c¢(A\*) = a.

Recalling the characterization of a given after (1.5), we need to show that
sup [9e(\*) — 6(8)] = 0.
0>0
This is easy: using the definition of ¢ we get
sup [0c(A") — @(0)] = Ae(X") — ¢(A") =0,
>

while for all § > 0
Oc(N*) — ¢(8) < 0c(f) — ¢(6) = 0.

Finally, to get the last claim in the lemma recall that ¢/(A\*) = 0 and ¢ is convex, so

¢(N)

s - 2 — )
is negative for A € (0, \*) and positive for A € (\*, 9). O
Recall (see (1.8)) that
k(x) = d)(/\)\)e)‘xR(m).

As we explained in Section 1.3 the proof of Theorem 4 will depend on looking for
positive solutions to the equation (1.9). We will actually consider a slightly more general
equation:

(4.1) U(x) = /0 TUWk(r —y)dy Va0,

where we look for a non-decreasing solution U, continuous except at the origin, with
U(z) =0 for all z < 0. In Spitzer’s terminology, a solution U with these properties is a
P*-solution of (4.1). When lim,_,., U(z) = 1 we call U a P-solution, and think of it as
the distribution function of a non-negative random variable. The following summarizes
the two results of Spitzer that we will need.

Theorem 4.2 (Theorems 2 and 4 in Spitzer (1957)).

(a) If [* xk(z)ds < O then there is a unique (up to multiplicative constant) P*-
solution of (4.1).

(b) If [% xk(z)dz < O then there is a unique P-solution of (4.1) which can be 0b-
tained as the limit U(x) = lim, oo Un(z) of the iterative procedure defined by
Unt1(z) = [° Un(y)k(z — y) dy starting with an arbitrary continuous Uy corre-
sponding to the distribution function of a non-negative random variable.

(¢) If [ ak(x)dx >0 then (4.1) has no P-solution.

Repeating the arguments we used to show that F'(¢,z) had a density (see (2.19)) we
see that if U is a P*-solution of (4.1) then there is a non-negative function u such that
U(z) = [ u(y) dy. Again repeating previous arguments (see the first part of the proof
of Theorem 1), we deduce that u satisfies (1.9), while obviously u(z) = 0 for z < 0.
u is continuous except possibly at the origin by the dominated convergence theorem
thanks to the fact that k is continuous. Multiplying u(x) by e’ will allow us to obtain
a solution for (TW) with the desired properties.
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Proof of Theorem 4. Let ¢ > a and take A € (0, A*] such that ¢(\)/A = c as above. The
uniqueness of the solutions of (TW) in this case follows from Theorem 4.2(a). In fact, if
wy and wy are two solutions of (TW) then u;(z) = e*w;(x) solves (1.9) for i = 1,2, and
thus the functions U;(x fo u;(y) dy are P*-solutions of (4.1), and they are continuous
because the wu; are locally integrable. Hence Uj(z) = AUs(z) for all x € R and some
A > 0, which implies that wy(x) = Awy(z) for all x € R. Integrating this relation we

get A =1 and uniqueness follows.

To show existence we start by integrating by parts to obtain

/Zxk(x) dr — gb()\/\) /er”R(az) de — ¢(1>\) /Z <x — /1\> M p(x) da.

Thus the sign of [*°_zk(x) dx is the same as that of ¢'(X) — ¢(X)/A. This last quantity
is strictly negative for A € (0, \*) and vanishes for A = A* by Lemma 4.1.

If ¢ > a, then A < A\* and thus Theorem 4.2(b) provides us with a P-solution of (4.1)
to which, by the discussion preceding this proof, we can associate a continuous (except
at the origin) function wu satisfying (1.9) and corresponding to the density of a non-
negative random variable. Now let A = f > e~y (x) dr which is clearly finite (actually
A < 1). Define w(z) = A~te ™ u(x). Then w is the density of a non-negative random
variable and it is easy to check that it satisfies (TW1) with ¢ = ¢(A\)/A. The random
variable w obviously satisfies (TW2), (TW3) and (TW4) as well, it is continuous except
possibly at the origin because so is u and, by definition, fooo Mw(z)dr = A7 < co.
The last thing left to show in this case is that w is differentiable (except at the origin),
but this follows easily from writing, for = > 0,

wia) =7 [ w) | imz) dedy = [ [Tutnls - dy i

and using the fact that the integrand above is continuous. This establishes (a) in the
case ¢ > a.

The equality fooo eMw(z)dr = A™' < oo obtained above gives the first claim in

(b). To prove the second claim in (b) we may obviously assume that X € (A, \*). Let
W(z) = [°w(y)dy. It is not hard to check that W satisfies

1 o0
= [Cwora-pdy vazo
Then if A = sup,>g exxW(x) < 0o we have that
L[~ My A [* 3 Ao\
- c/ W (y)ee eV R(x — y) dy < c/ ARz - yydy = 22,

c A

Taking supremum in z > 0 and recalling that ¢ = ¢(\)/\ the above says that

A< PN Ay

PRRIOY

and since A > 0 this says that #(A\)/X > ¢(N\)/A. But Lemma 4.1 implies exactly the
opposite for A < A < A*. This is a contradiction, and thus A = oo, which finishes the
proof of (b).
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The case ¢ = a is similar so we will skip some details. Now we have A = \* and
thus [%_ xk(z) dz = 0. Theorem 4.2(a) provides us now with a P*-solution of (TW) to
which corresponds a function u which is the density of a measure supported on [0, c0)
and which satisfies (1.9 Let A= f > =A%y (x) dz. We need this quantity to be finite,
so that w(z) = A7 le ™ %u(x) is a contlnuous probablhty densrcy ThlS follows from
Theorem 6.2 of Engibaryan (1996), which assures that U(x fo y)dy < Cz for
some C' > 0, and integration by parts:

A / e NTu() dr = lim e (z) — U(0) + A / N (2) da
0 0

T—r00

o0
< C')\*/ e Ny dr < oo.
0

It is easy again to verify that w satisfies (TW), and its differentiability follows from the
same reasons as above. Hence we have established (a) for the case ¢ = a. Clearly

(4.2) /Ox e Vuw(y)dy = A /Ox u(y) dy = O(x)

which is the second claim in (c). The first and third claims in (c¢) follow from two
other consequences of the cited result in Engibaryan (1996), namely that U(z) — oo as
x — oo and that U is subadditive. For the third claim use the first of these properties
of U and the first equality in (4.2), while for the first one integrate by parts to get

e)‘*x/ w(y)dy:/ e_’\*(y_x)u(y)dy:/ e Nz + 2) dz
T x 0

= lim e N *U(z 4 2) — U(x) +/ Ne MU (x4 2)dz
0

Z—00

< -U(z) +/ Ne U (x) + U(2)] dz < 0/ Ne N2 dy = AQ
0 0

We are only left showing (d), that is, that there are no solutions of (TW) when
¢ < a. We start by observing that if w were a solution then the above arguments would
imply that w is differentiable on the positive axis, and thus if we set fo(z) = w(x) in
(FB) we get v(t) = ct. Therefore, to show the non-existence of solutions for ¢ < a it is
enough to show that, given any € > 0 and any f supported on [0, c0), there is a 7' > 0
such that the solution (f(t,z),7(t)) of (FB) satisfies

(4.3) Y(T) > (a—e)T.

Recall the definition of the process 74 in the proof of Proposition 2.1, which corre-
sponded to the deterministic measure valued limit of the branching random walk 7}V,
and observe that we can run this process started with any initial measure (not necessar-
ily an absolutely continuous one). Moreover, (2.4) still holds in this case by Theorem
5.3 of Fournier and Méléard (2004). Consider a copy of 7 started with a unit mass at 0
and let F(t,z) = 0y([x,00)). For T > 0 we define x7 > 0 to be such that F(T, yr) = 1.

Applying (2.4) to v(y) = 1yc[z,00), We see that F(t,z) satisfies (FB1') for all z € R.
Now consider a copy of v; started at the product measure vy defined by fo. Then
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(F(t,x),v(t)) satisfies (FB’) and, since ~ is strictly increasing, it satisfies (FB1’) for
x=~(T) and all t € [0,T). We deduce that

5 (FAT) = Fta(1) = [ (Flty) = F(t.9) oo (T) - ) dy
for all t € [0,T). Since F(0,z) f fo(y)dy and 1/7\(0 x) = lg<o, we have that

F(0,z) > F(0,z) for all # and thus the above equation implies that

F(t,y(T)) > F(t,y(T))

for all t € [0,T). Now F(t, ) is clearly continuous in ¢, while

¥(T) Y (T) .

f(ty) dy < / Ft.v) dy

F(T,~(T)) = F(t,(T)) = F(t,~(t)) — F(t,~(T)) = / o
Y (¢

)

/ dy—>0
Y(t

thanks to the continuity of . Therefore the inequality also holds for ¢ = T, which gives
1= F(T,(T)) > F(T,v(T)), whence

xr < y(T).
To finish the proof of (4.3) we need to show that
(4.4) xt > (a—¢e)T

for large enough T'. Observe that 7; (which we recall is started with 7y = dp), corresponds
to the mean measure of the branching random walk &} (started with just one particle
located at the origin). This can be made precise by writing down the formula for the

generator of ¢! and applying it to functions of the form & +— (£, ) = Zi]i(f) w(&(7)),
where N (&) is the number of particles in the branching random walk configuration &, to
deduce that after taking expectations the resulting equation is the same as (2.4). We
leave the details to the reader, and instead only state that the above implies that

(4.5) vr([eT, 00)) = E(&7([cT, 20)))

for every ¢, where &4 ([cT, o)) denotes the number of particles in the branching random
walk to the right of ¢T" at time T'. On the other hand it is well known that

E(&r([cT, o0))) = eTP(Sy > ¢T)

where S; is defined as in (1.5) (see for instance the third equation in the proof of
Proposition 1.1.21 in Liggett (1999)), and thus (1.5) implies that

1 1
Th_r)réo T log(E(&7([cT,00)))) = A(c) + 1.
Since A is strictly decreasing on [0,00) and A(a) = —1 we deduce that

. 1
Th—I};o T log (E(&7([cT, 0)))) >0 for all 0 < ¢ < a.
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This together with (4.5) implies that
Pr(((a —e)T,00)) > 1

for large enough 7T'. Therefore (4.4) holds and the proof is complete. O
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