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Conditioned Limit Theorems for Random Walks
with Negative Drift*

Richard Durrett
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Summary. In this paper we will solve a problem posed by Iglehart. In (1975)
he conjectured that if S, is a random walk with negative mean and finite
variance then there is a constant o so that (S, /an'/?|N>n) converges
weakly to a process which he called the Brownian excursion. It will be shown
that his conjecture is false or, more precisely, that if ES, = —a<0, ES? < oo,
and there is a slowly varying function L so that P(S,; >x)~x"9 L(x) as x— 00
then (Sp,,/nlS,>0) and (S, /n|N>n) converge weakly to nondegenerate
limits. The limit processes have sample paths which have a single jump (with
d.f. (1 —(x/a)~9)7) and are otherwise linear with slope —a. The jump occurs
at a uniformly distributed time in the first case and at t=0 in the second.

Introduction

Let X,,X,,... be independent and identically distributed random variables
which have EX,=—a<0, EX?<oco, and a distribution which is regularly
varying at oo— that is, there is a slowly varying function L so that
P(X,»>x)~x"1L(x) as x—-oo. Let S =X,+..+X, and let N
=inf{m=1:85,20}. In this paper we will obtain limit theorems for the se-
quences of stochastic processes defined by

Y, (8)=(Sq/nlS,>0) 0=:=1
and

Z,,(l')Z(S[m]/I’llN>n) 0§t§1

(here [nt] denotes the greatest integer <nt). The key to determining the limit
behavior of these processes is the following asymptotic formula for P(S,>0).
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Theorem 2.1. As n—0
P(S,>0)/nP(S,>na)—1.

From this result we get that n® P(S, >na)* -0 and see that if S, >0 then it is
because there was one jump bigger than na in the first n steps. Since the
distribution of (X,,...X,|S,>0) is exchangeable the jump occurred at a uni-
formly distributed time. Combining the last observation with the fact that
P(S, >x)~x"%L(x) leads easily to

Theorem 3.1. As n—co
(Spy/nlS,>0=J, Lysy—a
where J, . and U are independent random variables with

P, =zx)=(x/a)™® for xza

a,q=

and
P(U<Lt)=t for 0ZtZ1.

Using this result it is easy to guess what the limit theorem for (S, ,/n|N >n)
should be. The last result shows that S, >0 only if there is a jump bigger than na
in the first a steps so if we have S, >0 for all 1 <k <n then therc must have been
a large jump which occurred very early, i.e. o(n) in the sequence. The next result
shows this reasoning is correct and in fact that the jump occurs at a time which
is O(1).

Theorem 3.2. If U,=inf{j:S;_, >na} then
P(U,=jIN>n)—P{S,;>01=Zi<j}/EN
and (S;,;,y,/MIN>n)=J, —a.

The reader should note that the last result needs to be carefully formulated
so that there is weak convergence

lim (So/n|N>n)=0

n—00

while
lim lim (S, /n|N>n)=J, ,2a>0.

t10 n>

Since 6, = f(t) is continuous for =0 and for all but a countable number of
te(0, 1) this means that (S, ,/n| N >n) cannot converge weakly in D. This defect
could be remedied by embedding D in the class of compact subsets of R x [0, 1]
and using the topology which arises from Hausdorf’s metric on that space (see
Kelley (1955) p. 131) but this would not improve the result.

Finally we would like to comment on the assumptions we have used. The proof
of Theorem 2.1 relies on the assumed shape of P(X, >x) and uses the fact that
EX,<0and EX?<co. The moment assumptions can be weakened (by consider-
ing convergence Lo stable laws) but the assumption that P(X, > x)~x "% L(x) for
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some ge(0,00) is necessary for (X,/n| X, >na) to converge to a nondegenerate
limit and hence is necessary for (S}, ,/n|S,>0) and (S;,,/n|N>n) to converge to
the limits indicated above. We believe that if E(X{)?=oc0 for some p<oo and
P{X,>x} is not regularly varying as x—oo then (S;/n|S,>0) and
(Sp,/nIN>n) do not converge in distribution. This result would imply that
Iglehart’s conjecture is false when E(X [)? =00 for some p<oo, and suggest that
the results of Kao (1976) and Durrett (1977), who verified the conjecture for
distributions satisfying Cramér’s condition, are close to the best possible.

Section 2

In this section we will prove

Theorem21. If S, is a random walk with ES, <0, ES}i<oo, and
P(S;>x)~x"1L(x) then as n—0

P(S,>0)/n P(S,>na)— 1.

In the next section, which may be read before this one, we will apply this
result to obtain our conditioned limit theorems.

The proof of Theorem 2.1 will be accomplished in two steps. We will first
prove that the lim inf=1 and then in Lemma 2.3 that the lim sup<1. For the
first step we need only assume that E|S|<c0.

Lemma 2.1. Let S, be a random walk with ES, =0. If a and ¢ are positive then

e P(S_ >na)
liminf ——2———->1.
no HP(S;>n(a+s)

Proof. If we let b=a+¢ and let N* be the number of j<n with §;—S; ,>nb
then

PS,>na)z ¥ P(S,>na|N"*=k) P(N"=k). 1)

n
k=1

It follows from the definition of NJ* that
P(N™=Fk)= (Z) (1 = F(nb))* F(nby"

where F(x)=P(X, <x). If we let
G (x) = (F (x) — F(nb))/(1 — F (b))
and
H"™ (x)= (F(x) A F(nb))/F(nb)
then

P(S,>na|N"=k)=1—(G*«H™ ) (na)
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where G}* and H" , denote the kth and (n—k)th convolutions of G™ and H™.
Now a=b—¢ so

L= (G *H ) (1) Z (1= Gy (nb)) (1 — HI2 ,(—n)).

From the definition of G™ we have G}*(nb)=0 for all k=1 so the first term on
the right hand side is 1. To see that the other one converges to 1 we observe that
EX =0 so if we pick M large enough then | x dH(x)> —e. From the weak law
of large numbers we have 1 — HM(—neg)—0. From this it follows that for each
fixed k=1 ‘

liminf 1~ H™ ,(—ne)= lim 1—HY  (—ne)=1.
At this point we have shown that if k=1 then P(S,>na|N"”=k)—1 so to
complete the proof it suffices to observe that E|X,|<oo so we have
nP(X,>nb)—0 and

P(N™=1)

W ) byt e =1,
nP(X,Snb) T )T e

The reader should observe that

PN =1)

S =00 for k22
nP(X,>nb) L FE

so we cannot get a better lower bound by using more than the first term in (1).

Lemma 2.1 shows that the lim inf of the expression in Theorem 2.1 is = 1. To
prove that the limsup=<1 we need an upper bound on P(S,>0). This is
furnished by the following result which is an easily proved extension of a
theorem of Nagaev (1965).

Lemma 2.2. Let S, be a random walk with mean zero and variance one. If p=2
and ¢, E(XT)? <o then there is a constant K ,< oo such that whenever x>0 and
y is sufficiently large (that is, y>plog y>log nK ) we have

P(S,>x)=n(1-F(y))

1 -1 K )\? K P
+exp (1+(2+cp)n (p o8y yog(n p)) ) (nyp") .

If we let x=na and y=nb in Lemma 2.2 then since

log(n b)n—blog(”Kp) )2) Se

exp (1 +(2+c,)n (p

we have that if n is sufficiently large

1-F,(na)<n(l—F(nb))+3 (”Kp)”/”.

n? b?
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If we let K, =3(K ,/b?)*" then we have

. 1—F,(na) . pl—pajp
1 =Y 4K EA—
Wmsup s = Fpy = K Hmsup e

With this inequality we can easily prove

0

Lemma 2.3. Let S, be a random walk with mean zero and finite variance. If there
is a slowly varying function L so that P(X ,>x)~x"?L(x) as x »oo0 then

limsup — x> md)
e P P(X S nla—2) =

whenever a>¢&>0.

Proof. Let a>¢>0. af(a—e)>1 and g=2 so we can pick p<gq so that (p—1) a/(a
—g)>g— 1. If we do this then
pll—p)aja—c) U-pa__

li —_— =] ace ? L(n)=0

S T Fn(a—sg) aon P )
since L is slowly varying (see Feller (1971), p.277). The desired result now
follows from (7).

Combining Lemmas 1 and 3 proves Theorem 2.1.

Section 3

In this section we will apply the results of the last section to obtain limit
theorems for (S;,,/n!S,>0) and (S, ,/n|N>n). The first result is an easy con-
sequence of Theorem 2.1.

Theorem 3.1. Let S, be a random walk with mean zero, finite variance and
P(S;>x)~x"1L(x). Then for all a>0

Spi/mlS,>na)=J, 1y<,

where
P, ,>x)=(x/a)™® for xza

and
P(U=t)=t for 0Zt< 1.

Proof. We start by observing that

nP{X,>na}zP{max §,—S;,_;>na}
15jgn

nZ

2nP (X, >na}— (P{X,>na})’

and nP{X ,>na}<a""E[X,; X,>na]—-0so

P{max §;-S; ,>na}

1=j=n

nP{X,>na}

— 1.
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From the computations above it also follows that

P{N}*=1}/P{max §;—S; ;>na}-1
1<jsn
SO
P{NM=1}/P{S,>na}—1.
The next thing we want to show is

P{N"=1,8,>na}/P{S,>na}—1.

To do this we observe that if M, = max §;—S; ; then for b>a

L=jsn

P(Mn>nb|M"a:1):1—F(nb) (b)—q

Bl N
1—F(na) \a

and
P(S,>na|N"“=1,M,>nb)=1—H>  (n(a—b))

R. Durrett

where H™ | is the (n—1)th convolution of H™(x)=(F(x)A F(nb))/F(nb). From
the proof of Lemma 2.1 we have that 1 —H™ ,(n(a—b))—1 if a<b so using the

results above we have

liminf P(S,>na|N/*=1)=(b/a)*

B— 0

for all b>a. Since P {S,>na}/P {N*=1} —1 the last result implies

P(S,>na, N“=1)/P(S,>na)—1.

From this it follows that to prove Theorem 3.1 it suffices to show

(S[n.]/n|Nnna: 1):>Ja,q 1(U§.)'

Let U=inf{j: S;—S;_,>na}.
Let J3*=Sypa—Syma _ ;-

Since S,, k=1 is a random walk, U and J}* are independent. It is easy to

see that
P(U¥=k|N=1)=1/n
and
1—F(nb)
P na na: — na b —_
(J2*>nb|NM"=1)=P(J¥>nb) 1—F(ia)
o)

na na
(E]n_Ln
n’ n

Nnna=1>:>(U, Ja’q)

and consequently

Jna
( ;; 1‘U’ﬂ“§n.>|N"m:1) =Joqlwsy-
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To complete the proof we want to show that if we let
Ry=58,—J% Lypesiy
then
(R, /nIN*=1)=0.

To do this we observe that the process (Rj1<k=<n|N=1) can be con-
structed by taking a random walk which takes steps with distribution H™ and
deleting a step chosen at random. From this we see that if S7% is a random walk
which takes steps with distribution H* then on {N*=1}

sup
0st=1

Roi { xH"(dx)

n

Sl
< sup #—%ij”“(dx)

lsj=n-1

2|f xH"™(d
2

Now from Doob’s inequality (see Chung (1974), p. 116) we have that

P ( sup i—ifo""(dx) >8)
1<j<n—-1|H N
2 gyna 2
S(n—l)fx H (dx)S ES? Y
= n? =nF(na)

Since | x H*(dx)—0 this implies
(R}, /N =1)=0

and completes the proof of Theorem 3.1.
Our next goal is to compute the limiting behavior of (S, /n|N>n). Our
main result is

Theorem 3.2. Let S, be a random walk with mean —a and finite variance and let
UM=min{j:S;>na}. If there is a slowly varying function L so that
P(X,>x)~x"1L(x) as x »cc then for all j21

P(UM=j|N>n)—P(S,>01<i<j)/EN,

P(N>n)~P(X >na) Y P(S;>01<i<k)
k=1

and

Stnyvvge/MIN>n)=J,  —a.
Proof. We will begin by showing that if ¢ <a and ¢>a/2
P >n|N>n)—0.
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To do this we observe that
P(Jy¢>n, N>nsP(Jy>n,S,,>0,5,>0)
=Py >n/2,8,,>0)
Y P(S,>0[8,,=nx, Ji>n)
P(S,,=nx|Jy>n/2, S,,,>0).

To obtain an estimate for the right hand side we observe that from the proof
of Theorem 2.1 we have that if a’=a/2

"> n/2 0
PU>n/2,8,,>0) 0

gP(nc>X1>na’)

and from the proof of Theorem 3.1 we have that ¢>0

P >n/2, n(c—a'+¢)>8,,,>0)
—
P(Jy>n/2,8,,>0)

1. 2)

Now P(S,>0|S,,=nx, J;*>n) is an increasing function of x so if ¢>0
Y P(S,>0|S,,=nx, Ji>n) P(S,,=nx|Ji>n/2,8,,>0)
) SP(S,>0[S,,=n(c—a +e). J, >n)
+P(S,, >n(c—d +e)|Jy>n/2, §,,>0)
From (1) and (2) above we have that if a—c—e<c and e<c

P(S,,> —n(c—a'+8)[J::/‘2>n)_)1

gP(nc>X1>n(a——c—8))

lim P(S,,>n(c—a +e)|J; >n/2, S,,>0) -0,

n— 00

gP(nc>X1>na/)

Letting ¢=(a—¢)/2 and using the formulas above gives

PUr>n5,,>0,5,>0)  _,

A

lim sup

e gP(nc>X1>na/)gP(X1>n8)

From the proof of Lemma 2.1 we have that if b>a

liminf P(N >#n)/P(X , >nb)=1.

r— 00
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Combining this with previous inequalities gives that

limsup P(J1>n|N >n)

S P(1c>X,>na) gp(x1 >ne)
<1 =
=lim sup P(X, >nb)
] a/ —q nZ
=< limsup (E) ZP(X1>ns)=O

which proves the desired result.
Having established the preliminary result we now begin the proof of the

theorem. To prove the first statement we pick ¢ <a and write

PU¥=j, N>n)
=PS¥>01=i<j,§;—8;_y>nc, N;>n).

Now P(U=j, N>n)=P(S;>01=5i<j) P(§;—S; ,>nc)and if b>a it is
2PSF>01<i<j) P(S;—S;_;>nb) P( inf S,—S;>nb).
J=k=n

Since we have shown in the first part of the proof that

PU¥=j, N>n)/P(N>n)—1
j=1
it follows from the two estimates above that if M <

P(Un”c=j,N>n)>P(S:">0 1<i<jy(b/e)™ 3)

inf >
limin PN >7) >

n— 00

Y, P(S;>0,15i<k)
k=1

(the sum in the denominator is finite since we have from Theorem 2.1 that there

is a C<oo so that
Y P(S5,>0)

k=1

Y PS>0, 1<i<k)<
k=1

<C Y kP(X,>ka)y<owo since EX]<o).
k=1

Now if we let M1co, bla, and cta then the right hand side of (10) converges

x>

p;=P(5;>0 1§i<j)/cz P(S,>0, 1 <i<k).

=1

to

Since ) p;=1 this shows that P(U“=j|N>n)—p; which proves the first
j=1

result.
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To obtain the asymptotic formula for P(N >n) which is given in the theorem
we observe that

P(U™=1, N>n)

P(N >n)=
N>1) = B O = 1[N >n)

so if c<a<b then it follows from (10) and a similar upper bound that

lim sup PIN>n)

- M—( ) Z P(S;>0,15i<k)

and

liminf ZN>1)

oo m-( ) Z P(§;>0, 1 <i<k).

To prove the last result we begin by observing that if 4 is a bounded
measurable function from D to R

E(h(S;,yy yga/m| N >n, Ur<n)
= z E(h(S,y, /MIN>n, U=j) P(U}"=j|N>n, Uré <n)
ji=1

and from the previous section of the proof we have that (U;*| N >#) converges in
distribution so to compute the limit of the left hand side above it suffices to
consider the limit of (S, ,, ;/n|N>n, U =]) for each fixed j.

The first step in doing this is consider the distribution of (S;/n|N >j, U =)).
Fromi previous results we have that if b>a

P(S;—S8;_y>nb|U}=j)—~(b/a)™*
and it is clear that
P(N>j, Ur=j)/P(N>j—1, Ur=j)-1
so we have

P(S;,—S,_, >nb|Ur=j, N>j)—(bja) .

J

To estimate the size of S;_;/n we observe that

P(S;,_;>x)

P(S, N>j Ur=j)<
()—1>xl >]5 n .])_ P(N>])

)
(S;_1/mIN>j, U=j)=0.
Combining this with the previous result gives

(Sj/n|N>j, Ur=jy=J, ,
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To complete the proof at this point it suffices to show that
P(N>j, UM=j)/P(N>n, U=j)—1
and that if x, >x>a then
(Stnyy i/MIS;=x,n, N;>n)=x—a.

The second result follows from the obvious fact that if x,>x>a

(Spuqv/mlS;=x,n)=x—a

and
P(N;>n|S;=x,n)—1.

To prove P(N>j, U =j)~P(N>n, U=j) we use the last two facts and
observe that for all b>a

P(S;—S;_,>nb|U=j)—(b/a)™".

J
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