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Suppose {X,, n =0} are random variables such that for normalizing constants a, >0, b,, n =0
we have Y, (*) = (X{n.;— b.)/a. => Y(-)in D(0,»). Then a, and b, must vary in specific ways
and the process Y possesses a scaling property. If {N,} are positive integer valued random
variables we discuss when Yy, => Y and Y= (Xn,.1— b.)/a. => Y’. Results given subsume
random index limit theorems for convergence to Brownian motion, stable processes and extremal

processes.
weak convergence extremal process
random indices regular variation
stable process mixing
Brownian motion

1. Introduction

The main question we consider is the following: If there is a functional limit
theorem for a sequence of random variables (rv’s) {X,, n =0} then how is the
convergence affected when the indices are rv’s.

To state the question precisely we introduce the following:

Basic Assumption. For some a, >0, b, n=1, Y,:=(X..,— b.)/a. converges
weakly ‘as a sequence of ranuom elements of D = D(0,*) — the space of right
continuous functions with finite left limits at each t >0 — to a process Y € D
which has a nondegenerate distribution at each ¢ > 0.

For what follows, Y, ==> Y denotes weak convergence in the metric space
D(0,%) which means Y, =3> Y in D{r,s] for each 0 <r <s < which are not

* Richard Durrett was supcrted by an NSF Graduate Fellowship at Stanford University. Present
address: Mathematics Department, University of California, Los Angeles.

** S.I. Resnick was supported initially by NSF Grant MPS74-21416 and then by NSF Grant
OIP75-14513 while on leave from Stanford University. The hospitality of CSIRQO, Division of
Mathematics and Statistics, Canberra and the Department of Statistics, SGS, Australian National
University is gratefully acknowledged. Present address: Statistics Department, Colorado State Univer-
sity, Fort Collins, CO, US.A.



214 R.T. Durreit, S.I. Resnick

fixed discontinuities of the limit Y. (See [1, 7].) Observe that the convergence we
have postulated is the usual one encountered in the convergence of random walks
to stable processes (see [1, 23, 24]) and partial maxima to extremal processes (see
[28, 29, or 31]). .

In Section 2 we show that under the basic assumption the norming constants a,
and b, must vary in specific ways and ¥ must be stochastically continuous. These
results owe much to Lamperti (1962) and Weissman (1975). Our contribution is that
stochastic continuity of the limit is now a conclusion rather than an assumption.

In Section 3 we discuss some conditions for the convergence of Yy, and
Y .= (Xi~..1— ba)/a. which apply when the sequences {X.,} and {N,} are indepen-
dent or dependent. Of interest here is that no special properties of Y are needed to
prove the resuits beyond those obtained from the basic assumption so that many
random index limit theorems can be obtained as special cases. Section 4 deals with
the convergence of Yx,(1). Such results have been of interest in estimation theory
using random sample sizes. We also give a counterexample to a conjecture of
Mogyorédi and Guiasu.

2. Consequences of the basic assum.ption

Theorem 1. If the basic asiumption holds, then for each s >0 the following two
limits exist:

Eli_l'.lg a(..,llan = (S) > O, (a)

lim (b~ ba)/a = B(5) (b)

and satisfy
{Y (st); >0} = {a(s) Y () + B(s); t >0}. ©)

Furthermore, for some constant h one of the following possibilities holds
(i) a(s)=s" p>0, B(s)=h(s* —1);
(i) a(s)=1, B(s)=hlogs;
(ii)) a(s)=s°% p <0, B(s)=h(1-s").

Proof. Let T ={t>0:P[Y(t) # Y(¢t — )] = 0}. From [1], p. 124, (0,)— T is count-
able. Pick 1, s > 0 so that ¢, st € T. Using Theorem 5.5 of [1] gives that if s, — s,
(Xtnsa1 = Birsa) @) => Y (2),
(Xinsw1 = ba)lan == Y(st).

Now by the convergence to types theorem there exist a(s)>0 and B(s) which
satisfy (a), (b), and



Weak convergence with random indices 215

Y(st) = a(s)Y(t)+ B(s)
so that

a(st)Y(1)+ B(st) = a(s)a(:)Y(1)+ a(s)B(t)+ B(s)

(where we have assumed for convenience 1 € T). Therefore for ¢, st € T,

a(st) = a(s)a(t),
B(st) = a(s)B(r) + B(s)

for which (i), (ii), (iii) are the only measurable solutions with a(1)=1.

To show equality of the finite dimensional distributions in (c) it suffices to repeat
the above procedure using a multivariate analogue of the convergence to types
theorem. See for example [3], p. 148.

Examples of the convergence described in (i) are weak convergence to stable
laws of index 1/p (0<1l/p <2, p#1) or to the extremal prccess generated by
®,, (x)=exp{ — x~"?}, x >0. The variation in (iii) arises in weak convergence to
the extremal process generated by ¥, (x)=exp{—(—x)"}, x <0, =1, x >0.
Finally situation (ii) arises when the limit Y is an extremal process generated by
A(x)=exp{— e} and also (as pointed out to us by L. de Haan) in connection with
weak convergence to a stable law of index 1 as follows: If £,, n =1 are iid rv’s in the
domain of attraction of a stable law of index 1, set X, = 2., & /n. Then there exist
a., b, varying as described in (ii) such that (X.,- b, )/a. => Y.

Theorem 2. If [X,, n =0] satisfies the basic assumption, then Y is stochastically
continuous.

Proof. If u € T, then for each £ >0
lim P[|Y(s)— Y(u)|>¢e]=0.

From Theorem 1, {Y(s7),r >0} - {a(s)Y(1)-- B(s),7>0}. If : >0 is chosen
arbitrarily and s = t/u then lciting v’ = v/s gives

lim P[|Y(v)- Y(1)|>¢] = lim P[| Y (s0"} - Y(su)|> e].

Since (Y(sv’, Y(su)) = (a(s)Y(v')+ B(s), a(s) Y(u) + B(s)), the above equals

lim P[| Y(0') = Y(u)| > e /a(s)] =0

(recall u € T). Therefore Y is left stochastically continous at ¢ and since right
stochastic continuity follows from Y being a.s. right continuous the proof is
complete.
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3. Functional limit theorems with random indices

Throughout this section we assume the basic assumption holds. We will be
concerned with conditions that guarantee

YN.. :'$ Y, (1)
Yi=(Xing—bn)a. =Y’ (2)

where {N,} are integer valued random variables. The first step is the following:

Theorem 3. If (Y., N./n) => (Y,N) with PO<N<w)=1, then Y,=>
Y(N:) and Yy, = [Y(N -)— B(N))/a(N).

Proof. Fort>0and f€ D let ¢(f,t)=f(¢t -) € D. ¢ is continuous on D X R so by
the continuous mapping theorem (5.1 in [1]), Y.= ¢(Y,, N./n) => ¢(Y,N)=
Y(N-).

To prove the second result, note that the mapping ¢'(f, t) = (f(¢ - ), t) is continu-
ous so that

(Y., N./n)=y'(Y., N./n) => ¢'(Y,N)=(Y(N ), N).

Applying the theorem for sequences of continuous mappings (Theorem 5.5 in [1])
with

U (fx)=f(") a‘:;,+ (b" ;"blx"]) an

/ alnx]
and the fact that the convergences in (a) and (b) of Theorem 1 are uniform gives

_Gn v, b.— by, Y(N-)-B(N)
YN.J - aN,. Y + N,. $ a(N)

It is easy to construct examples to show that in Theorem 3 if Y and N are
dependent, it is not necessarily true that (Y(N - )— B(N))/a(N) = Y. However this
is true in the independence case by Theorem 1. To get general sufficient conditions
for independence of N and Y we need (cf. [1, 12, 13, 21]):

Definition. Suppose {V,.; n = 0} are random elements of a metric space S defined
on ({2, # P). The sequence V, is R-mixing if for some V, P{V, & IE} =
P{V €} for all E € # such that P(E)>0.

The reason for using this p.operty can be seen in the following characterization

(1, 21]):

Lemma 1. If V, => V, then V, is R-mixing if and only if for any sequence of

random elements Z, of a metric space S' such that Z, —> 7 we have (Va, Z2,) =>
(V.Z) where V and Z are independent.
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From this lemma we can immediately conclude:

Theorem 4. If Y, is R-mixing and N,/n——> N with PO<N <x)=1i, then
Yv, = Yand Y,=> a(N)Y + B(N).

Pljoof. From Theorem 4 and Lemma 1, Yr, = [Y(N :)—- B(N))/a(N) where Y
and N are independent, so by Theorem 1 the limit has the same law as Y. The
second statement follows from the calculations in Theorem 3.

It is easy to show that if {X,,; n == 0} has a trivial tail o-field then Y, is R -mixing.
(See [2], p. 45.) Using the Hewitt-Savage zero—-one law now gives the conclusions of
Theorem 4 for random walks and partial maxima of iid rv’s. For examples of
dependent sequences for which the mixing propertv can be verified and Theorem 4
applied, see [21].

Minor modifications of these methods allow onc 0 quickly prove variants where

either P[N = 0] >0 or N,/c. —> N and c, are constants not asymptotic to n. See
{19, 20].

4. Convergence of Yy, (1)

To complete our study, we will derive conditions for the convergence of Yy, (1).
In general this will require additional hypotheses since the convergence of
processes discussed above occurs in D(0,) and so we only have convergence of
one-dimensional distributions for times at which the limit process Y(N-) is
continuous in probability.

Theorem 5. If Y.(1) = Y and
(1) No/n—— N with PO<N <®)=1,
(2) Y.(1) is R-mixing with respect to o(N), that is, for each A such that
PINE A}>0
P{Y.(1)€-|[Ne A}>P{YE"},
(3) if Anc = MaXm-ni<nc| Ym (1) = Yo (1)], then
lim sup limsup P{4,.>¢ | NeB}=0.

c—0 B:P{NEB}>0 n—sx

Note that we do not suppose the basic assumption holds so we cannot apply the
continuous mapping theorem as we did in Theorems 3 and 4. We can prove
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Theorem 5 however by using computations from the proof of the continuous
mapping theorem as a substitute for applying the result.

Proof. Given &, >0. Choose s > 1 so large that PIN € [1/s,s]} < e. Let m be a
positive integer and let 8 = (s — 1/s)/m (so that § >0 if m — ®) and t, = 1/s + k8,
k=0,...,mIf Yo,(1)<x, NE'l/s,s] and [N,/n — N|<§, then &, < N <4 for
some k and Y., (1) < x + n unless the oscillation of Y. (1) when nt-.< m < nt.,
is > 7. Therefore

P[Yn,(1)<x]<e+P[|N,/n~N|>8] 1)
+ 2 Pl S N<t, Yiuy(l)<x +7) @)
k=1
+ 2 Pl <sN<t, max |Yu()= Yi()>n]. 3)
k= nig—2SMEntk+q

Using the three hypotheses to evaluate the limits of the correspondingly
numbered terms above we obtain that

lim limsup (1) =0,
PP T el

lim limsup (3') =0,

840 n-—so
lim (2)=P[N€ [1/s s]IPlY <x + 7]
if x + m is a continuity point. Therefore for all points x

limsup P[ Yy, (1)< x]<P[Y <x].

n-+w

A related lower bound is derived similarly and the proof is complete.

Mogyorddi (1967) and Guiasu (1971) have conjectured that for Theorem 5 it was
sufficient that (3) hold with B = (0, ») (this is Anscombe’s condition). The example

given below shows this is not true. [Note: There is also a counterexample due to
Richter (1965).]

Example. Let U,Z,, Z,,... be independent r.v.’s such that U has a uniform
disiribution on (0, 1) and for each n =1, Z, has a normal distribution with mean
zero and variance one. Let Y, = n 227, Z,, let I(w) = {[2"U(w)]+ 1,1 < n < x},
and let Y,=Y,l.qn.

It is easy to see that Y, is R-mixing and converges to a normal distribution. To
do this, observe that if P(E)>0 then for cach a<b

|P{Y.€E [a, b}| E} - P{Y. €E[a,b]| E}| < P{Y.# Y.}/P(E)



Weak convergence with random indices 219

and by construction the right-hand side goes to 0. A similar argument shows that if
ne = MAXjm-nj<nc|] Y= Y|, then for all £ >0

lim limsup P{4.,. > ¢} =0

clo n—x

so that Anscombe’s condition is satisfied. However it is easy to sce that the
conclusion of Theorem 5 is false: if N, =[2"U+1], then N,/2" -2 U bui
Yi,=>0. -~
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