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Correlation Lengths for Oriented Percolation
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Oriented percolation has two correlation lengths, one in the “space” and one in
the “time” direction. In this paper we define these quantities for the two-dimen-
sional model in terms of the exponential decay of suitably chosen quantities,
and study the relationship between the various definitions. The definitions are
used in a companion paper to prove inequalities between critical exponents.
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1. INTRODUCTION

We begin by describing the model under consideration. Let % =
{(m,n)eZ* m+n is even} and make & into a graph by drawing an
oriented arc from each ze ¥ to z+ (1, 1) and to z+ (—1, 1). Each arc, also
called a bond, is independently open with probability p and closed with
probability 1 — p. An open bond indicates that flow is allowed in the direc-
tion of the orientation. With this in mind, we write x — y (and say y can
be reached from x) if there is an open path from x to y, ie., there is a
sequence of sites in %, x= x4, X{,.., X, = J, s0 that for each m <n the arc
from x,,_, to x,, 1s open.
Thinking of the vertical direction as time, we set

Ef={j. forsomeieA,(i0)-(j,n)}

&4 is a set-valued Markov process often referred to as the “discrete time
contact process.” The superscript 4 denotes the initial state, ie., £f = A4.
Let

' =inf{n: & = &}
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be the time at which the process dies out, i.e., reaches the absorbing state
. Let
p.=inf{p: P(r1° = o0)> 0}

where 7° is short for 1. Let
C0= {(x9 n): (0’ O) - (X, }’l)}

be the cluster of the origin. It is easy to see that {|Cyl=00}={t"= w0},
where |Cy| =the number of sites in C,. So the definition of p_ given above
coincides with the usual one for oriented bond percolation. See ref. 4 for
more details.

We will now begin to define our correlation lengths. We need one for
the time and one for the space direction. Following the practice in the
physics literature, we will call these parallel (||} and perpendicular (). For
each correlation length we need a definition for the subcritical (p < p,) and
supercritical (p> p.) regimes. To formulate our definitions, we need an
argument which appears many times in the literature and is commonly
known as “supermultiplicativity.” Suppose A, are events with

P(4,,,)=P(4,) P(4,)
If we let a,= ~log P(A,), then
Ay mSay,+ay,
An easy argument (see ref. 4, p. 1017) shows

a,/n— inf a,,/m

me 1
and if we use y to denote the right-hand side then
P4,)<e ™ for all n
Definition 1. Since |£% =1 on &2+ ¢, it follows easily that
P’=n+m|t°=2m)=P(:°=n)

so “supermultiplicativity” implies that

)= lim | = ~log P> | (11)

exists for all p. For more details see p. 1017 of ref. 4, where it is shown that
y{p)>0for p<p,. Let L (p)=1/y,(p) for p<p,. We use L instead of
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the traditional ¢ for correlation length, since we use that letter for the
contact process.

Definition 2. Let r®=sup &2 and R®=sup{r’: n>0}. By consider-
ing the state of the process when it first reaches [n, c0), we see

P(R°=n+m|R°>=n)=P(R°>m)

so “supermultiplicativity” implies that

) .(p)= lim [— ~log P(R°>n)} (12)

"= o0

exists for all p. The limit is positive for p < p, because

P(R°=n)< P(r°=n)

{In order to reach [n, o), the process must live for » units of time.} Let
L (p)=1/y.(p)for p< p.. To see the relationship between (1.1) and (1.2),
let H!={(i, j): j=n} and H; = {(i, j): i=n}, and observe that

{(°=n}={Con HI# )}
{Ro2n}={ConH}#J}

Definition 3A. The traditional way to extend Definition1 to
P> p.1s to look at

¥ (p)= lim [—%IogP(n<r°< oo)} (1.3)

and let L;(p)=1/y,(p)- This time we cannot use “supermultiplicativity”
and it is not so easy to prove that the limit exists. This was done in ref. 11
using ideas from ref. 2. In this paper we will prove the existence of the limit
by relating it to a second definition in terms of the dual percolation system
introduced in refs. 3, 9, and 10.

Following ref. 5, we define a dual graph by letting ¥* = {(m, n)e Z*:
m+n is odd} and drawing oriented bonds from (m, n) to (m—1,n+1)
and to (m— 1, n—1). Define the new bonds to be open (resp. closed) if the
bonds that they cross on the original graph are closed (resp. open). We
complete the dual by drawing bonds which are always open from (m, n) to
(m+1,n+1) and to (m+1,n—1). This corresponds to the fact that on
the original graph the bonds from (m,n) to (m+1,n—1) and to
(m—1,n—1) are open with probability 0.



968 Durrett et al.

To see that the dual is a natural object, suppose that C, is finite, let
D= {(x, y): |x]+|y| <1} with the boundary oriented in a counterclock-
wise fashion, and let

W= ) x+D

xe C(0)

If we add up the boundaries of the squares in the union allowing oppositely
directed segments to cancel, then the result is a family of open paths on the
dual. The one which is the boundary of the unbounded component of W*
is usually called the contour associated with the finite cluster C,. See
Section 10 of ref. 4 for more details.

In what follows we will need several facts, such as the following: C, is
finite if and only if there is a dual path from (1,0)to (—1,0) in Rx [0, co).
This fact and the others we will use below are not hard to prove using
ideas in the last paragraph. If C,, is finite, the contour contains such a path.
To prove the other direction, suppose that the dual path = is self-avoiding
and observe that when a path from the origin first crosses = that bond is
closed. A complete account can be found in Section 2 of ref. 5. Therefore,
when such facts are needed below we will just say that they come from
“planar graph duality.”

Definition 3B. Returning to our main subject, we let
) 1
yi(p)= lim [~ Zlog P((m, 0) & (m, 2n))] (1.4)

where x * y means there is a dual path from x to y, and let Li(p)=
l/yﬁ (p) for p> p.. “Supermultiplicativity” implies that the limit exists. In
Section 2 we will show

V|L(P)=2)'|L|)(P)>O (1.5)

Remark. In the companion paper,'”) we introduce a third definition
L (p), which is the analogue of the definition in terms of sponge crossings
for oriented percolation.

We turn now to definitions for the perpendicular correlation length.

Definition 4A. By analogy with Definitions 1, 2, and 3A, we can

set

v (p)= lim [——%logP(ROZn, r°<oo)} (1.6)

- O
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and let L (p)=1/y (p). Using the “duplication trick” in ref. 2, one can
show that the limit exists, but the proof is tedious, so we omit it. The
absence of a superscript here (and in Definition 3A) indicates that we
consider this to be the natural definition.

Definition 4B. As in the case of Definition 3A, there is a second
definition in terms of the dual process which is easier to work with. Let

1

y2(p)= lim [—El%logP((l,O)’i‘-»(~2m+1,0))] (1.7)

and let LY(p)=1/y,(p) for p> p,. As in Definition 3B, “supermultipli-
cativity” implies that y2(p) exists. If we notice that (—2m+1,0) % (1, 2m)
has probability 1, it follows that y7(p)=>7(p)>0. In Section 3 we will
show that, for any d >0, there are ¢, Ce (0, o) so that

cexp[—(2+8)y2n]<P(R°2n, <o)< Cn+ 1) exp(—y2n)  (1.8)
Using the fact that the limit in (1.7) exists, this implies

Y)Y <yi(p)<2y2(p)  for p>p, (1.9)

Readers (or authors) of ref. 2 might ask if the last two inequalities can be
replaced by a single equality. This seems difficult to prove and might even
be false.

Definition 4C. It is known (see ref 4, Section 8) that if we start
the contact process with all sites occupied, then, as 7 — o0, £3Z converges
in distribution to a limit which has the same distribution as 5= {xe€2Z:

t¥= o0}, t being short for t1*). Let #(y)=1if yey and 0 otherwise, and
Cov(n(0), n(x))=P(0, xen)— P(0en) P(xen)

which is >0 by Harris’ inequality. In Section 4 we will show that, for any
0 >0, there is a constant C >0 so that

Cexp[—(2+0) 72 x] < Cov(n(0), n(x))<exp(—yZx)  (1.10)

Tightening up the bounds in (1.8) and (1.10) to remove the factor of 2
difference between the exponents seems a difficult problem. Indeed, we do
not have a good feeling for which (if any) of the inequalities is sharp.

In the above discussion we have been careful to point out that the
correlation lengths are all known to be finite when p# p,. In ref. 6 it is
shown that they all diverge as p approaches p, and bounds on the

822/55/5-6-8
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associated critical exponents are given. In the case of Definition 2 we can
show that if v, exists, then it is at least 4/7, which is greater than the mean
field value 1/2.

2. THE PROOF OF y|(p) =2y{j(p)
We begin by observing that “supermultiplicativity” implies that

n— oD

o= lim [ = g PU0LO) % (1, ~20)in [-aa] xR} | 2

exists. A simple argument of Chayes and Chayes (see ref. 5, Lemma 2)
implies
v = tm 37, (2.2)

We give the proof, since it is short and we will need two related results
below.

Proof of (2.2). First observe that a — yﬁ’,a is decreasing. Let 4, ,=
{(1,0) % (1, —2n) in [ —a,a] xR}, let >0, and pick n large enough so
that

With » fixed,
P(4, )= lim P(4,,)

“Supermultiplicativity” implies
P(An.a) < exp( _)}ﬁazn)
Combining the last three equations gives
yh+0= lim yp,
which proves the desired result.
For the next result recall that if r, =sup &} ~*-J then there is a
constant «{p) so that r,/n— a(p) a.s. as n > oo, and p,=inf{p: a(p)>0}.

See ref. 4, Section 3 for a proof. In Section 11 of that paper it was shown
that if p> p,., then

0,-2,

1
lim [—;10gP{r,,<0}]=y|’>0 (2.3)

n— o
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We did not mention this definition in the introduction because
Yi =7 (2.4)

Proof. To prove that the limits in (1.4) and (2.3} are equal, it suffices
to consider what happens when n =2m. Planar graph duality implies

(Fam <k} ={(1,0) % (k+1,2m)in Rx [0, 2m]} (2.5)

from which it follows immediately that y{ >y7. To prove the opposite
inequality, let a be an odd positive integer and let

A,=1{(a,0)5 (a,2m)in [0, 2a] x R}
B,={(Qa—1,2m)% (2a—2,2m—1)%5 (2a—3,2m)--- 5 (1, 2m)}

Since we can always go (1,0) % (2, 1) % (3,0)--- % (2a— 1, 0), it follows
from (2.5) that

{Fyn<0} 24, nB,
For large m
P(A,,)zexp[— (], +0)2m]
and we always have
P(B,)=(1—p)?
Using Harris' inequality now gives
P(ry,<0)=P(4,,) P(B,,)

SO

m — o

1
lim sup <~ ﬁlog P{erSO}) S}‘ﬁ,u+5

Since 6 >0 and a < oo are arbitrary, the desired result follows from (2.2)
and the proof is complete.

Lemma. Forp>p,,

‘ 1
lim [~ 5-log P(Oéfgn,10=2n)}=2yﬁ (2.6)

n-— o0
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Proof. Planar graph duality implies that on {0e &5, t°=2n} there
are dual paths from (1,0) to (0,2r+1) and from (0,2r+1) to (—1,0)
which only have (0, 27+ 1) in common. Noting that (—1,0)% (0, —1)
and (0, —1) % (1,0) have probability 1 and using the van den Berg-
Kesten inequality gives

P(0el,, 1°=2n) < P{(0, —1) % (0, 21+ 1)} P{(0, 2n + 1) % (0, — 1)}

The two events on the right-hand side have the same probability by
symmetry, so it follows from “supermultiplicativity” that

P(0e&l,, 1 =2n)<exp[—2y](2n+2)]
and we have shown

1
lim inf(— 2—log P{0e&), r°=2n}>>2yﬁ
n

n~— oo

To prove the opposite inequality, let a be an odd positive integer and
let

E,=4,nB,nC,nD,

Since (L)% (21)% (3,0)--% (3¢+2,0) and (—3a-2,0)%
(—=3a—1,1)% (—3a,0) % ... % (—1, 0) have probability 1, planar graph
duality implies

{0e89,,1°=2n}oE,

(See Fig. 1.) Independence of events in disjoint regions of the plane and
Harris’ inequality give

P(Ey=P(4,nB,nC,)P(D,)>P(4,) P(B,) P(C,) P(D,)
If 6>0 and » is large,
P(4,), P(B,) zexp[ — (1], +9) 2n]

For all n
P(C,)= (1= p)*+*
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To handle D, we observe that “supermultiplicativity” implies

v = lim [— 2inlog P{(0,0)—(0,2n)in (—k, k) x R}] (2.7)

exists for 1 <k < o0, and the argument which leads to (2.2) implies

Vo = lim 3, (2.8)

To show y,. =0, we observe that Harris’ inequality and symmetry imply

P{(0,0)—(0,2n)} > P{(0,0) > [0, 0c0) x {2n} } P([0, c0) x {0} — (0, 2n)}
> (P{E)# DH2Y 2 [P(2,,)27

where Q= {¢0 # & for all m}.

Combining the observations in the last paragraph, we see that if » is
large,

P(D,)zexp[—(y,+90) 2n]
so

. 1
lim sup — Zlog P(E,) <2y 4+ 7.+

H— O

Since 6 >0 and a< oo are arbitrary, it follows from (2.8) that we have
proved the desired result.
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Lemma. Forp>p,

n— 00

lim [— %log P(rozn)J=2y|D (2.9)

Proof. Note that P(1°=n)> P(0 e £°, °=n). Equation (2.6) implies

1
lim sup l:— o log P(1°= 2n)] <2yf

H— 0

To extend the result to odd times, observe that
P{xe°, &, ={x+1})=(p/1—p)P{xell, °=n}  (2.10)

since if we take an outcome in {xe&?,:®=n} and change the state of
(x,n) = (x+1,n+ 1) from closed to open, then we have xe &, and ¢, =
{x+1}. Taking x=0 and » an even integer, we have

P(10=n+1)2(1—p)2P(§2+1= {1})
> p(1—p) P(0€ll, " =n)

SO

1
lim sup [— ~log P(z°= n)} <2yy

n—

To prove the opposite inequality, we need to consider
Ermi={y (x,m)>(y,n)}
Translation invariance in time and space gives
P(E5 " ={0) =P, ={-x—1})
>(p/l—p) P(xel,, 1°=n)
by (2.10) and reflection symmetry. Another use of (2.10) now give
P&+, =1{0})=(p/1—p)y P(xe &), 1=n)’

The fact that £ < { —n,.., n} implies

max P(xeé% 1°=n)>
|x|<n ( én ) 2n—|—1

P(1°=n)

So we have
P(ES, ,={0},7°=2n+2)=(p/2n+1)* P(z°=n)?
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or

2n+1 \
L P0€E, T =2n42)"

P(r’=n)<
and the proof of (2.9) is complete.
The last step is to show the following.

Lemma. Forp>p,

l
lim [——logP(n<r°<oo)}=2yfl’ (2.11)
n

n— 0

Proof. Since P(n<t’< o)z P(t°=n), hall of the result is an
immediate consequence of (2.9). To prove the other half, observe that (2.9)
implies that if 6 >0, then for m = my(d),

P(z’ =m) <exp[ —(2y] — d)m]

Summing the geometric series from m=rn to oo gives the desired result,
since ¢ is arbitrary. [Sticklers for detail should note that (2.3) and (2.4)
imply y)) >0.]

3. THE PROOF OF y° <y, €2¢°

In this section we will prove (1.8). Half of the proof is easy because the
work has already been done. An immediate consequence of Lemma 4 in
ref. 5 is the following.

Suppose p > p,.. There is a constant C so that if m >0, then

P(LO)S {—m+ 1} xR)KC(m+1)exp(—y~im) (3.1)
Planar graph duality and symmetry imply
PR°>n1°<0)<P({n+1} xRS (-1,0)=P(1,0) 5 {—n—1} xR)

from which it follows that y, >y%.
To prove the other inequality, we have to do a little work. As in
Section 2, we begin by observing that “supermultiplicativity” implies that

y? .= lim |:~ ilog P{(1,0)5 (=2n+1,0)in Rx [—a, a]}} (3.2)

n— 0

exists, and the Chayes’ argument implies

pP = lim y7, (3.3)

a— &
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Next define r? to be the rightmost site at time ¢ in the process starting
from {0}, i.e., ro=sup &o. Let /0=inf &Y. From ref. 4, Section 3, we know
that

rPmn—a and 1%n- —a as. on{t’=o0} (3.4)

and a(p)>0if p>p.. Let £>0, t=(m/a)(1 +¢), '=Rx[1, 7+ 2a], and
let

{m<rP<m(l+2e)}
(195 —m(1+2¢))
{(m(14+2e)+2a,14+a) 5 (—m(l +2¢)—2a,t+a)in I}

A
B
C

A look at Fig. 2 shows
P(R°>n,1°<0)>P(4n BN C)=P(An B)P(C)

by the independence of events based on disjoint regions of the plane. (3.4)
implies that when m is large, P(4 n B) > P(t° = o0)/2. Relation (3.1) and
translation invariance imply

P(C)Zexp[ —2(1 +&)(y7 , + ) 2m]

for large m. Since 6, e>0 and a < oo are arbitrary, the proof is complete.

4. BOUNDS ON Cov{n(0). n(x))

In this section we will prove (1.10). We will prove the second
inequality first. It is based on ideas in ref. 2. Let C(x) denote the set of sites
which can be reached from (x, 0). Then
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Cov(n(0), n(x))=P(:° < o0, 1" < ) — P(t° < o0) P(t* < o)
=P(t°< o0, ¥ < o0, C(0) N C(x)= &)
~ P(1° < 0) P(1¥ < 00)

+ P(z° < o0, 15 < o0, C(0) A C(x) # &) (4.1)

On {t°< o, t¥< oo, C(0) N C(x)= &} there are two disjoint sets of bonds
which determine {t°< oo} and {t*<coo}. [Readers who worry that the
two dead clusters could share some boundary bonds should note that the
closed bonds which block percolation from 0 must begin in C(0).] Since
the events in question are decreasing, an application of the van den Berg-
Kesten inequality gives

P(t°< o0, 18 < 00, CO)N C(x)= F)< P(1" < o0) P(1* < )
and we have
Cov(n(0), n(x)) < P(1° < o0, t¥ < 00, C(0) N C(x) # &)
Planar graph duality implies that the last probability is bounded above by
P((x+1,0) % (—1,0)) <exp(—y7x)

by “supermultiplicativity,” so we have proved half of (4.1).
To prove the other inequality, notice that if % is the collection of
finite sets of sites and 4 < #, then

Cov(n(0), n(xN=P(1°< ) P(1* =)~ P(t’ < 0, t¥= )

= Y P(C(0)=S8){P(t*=o0)— P((x, 0) percolates in S)}

SeF

= Y P(C(0)=S) P((x, 0) only percolates through )

SeF
= P(C(0)e %) min P((x, 0) only percolates through S)
Se¥
(4.2)
The next step is to choose a good %. Let v =(x/2x)(1 4+ 2¢) and

G={S: |S <o, P(C(0)=S)>0and S [x/2, o) {1} # )

From the proof of (1.8) it follows that if 6 >0,

P(C(0)e¥)=cexp[— (72 +8)x] (4.3)
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To force (x, 0) to percolate through Se ¥, we let
p=x4 (x/2)(1+ 3¢)
A=x—(x2)(1 —&)=x/2—¢ex/2
A={ri<p, II<i}
I'=[x2—ap+alx[t,1+2a]
B={(p+tat+a)S (x2—a,t+a)inl}
C = {process starting with /% occupied at time 7 percolates }

See Fig. 3 for help with the definitions. To make B and C independent, we
wanlt x large enough so that x¢/2 > 3a. From the definitions above it should
be clear that if Se %, then

P((x, 0) only percolates through S) > P(A) P(B) P(C) (44)
Relation (3.4) implies that P(4) > P(t° = 0 )/2 for large x. One has P(C) =
P(1°= o). As for the other term, observe that if 6 >0 and x is large,
P(B)zexp{—(y? ,+0)[x(1 +¢)+2al} >exp[— (37 ,+0)(1 +4¢/3)x]

since we chose x so that xg/2 = 3a. Combining (4.2)—(4.4) with the bounds
on P(A), P(B), and P(C) just derived gives

Cov(n(0), n(x)) = ¢"exp[ — (v , +6)(2 + 4¢/3) x]

7+2a

Fig. 3
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Since the last result holds for large x whenever ¢ 6 >0 and a < oo, the
desired lower bound follows from (3.3).
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