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Summary. We consider a system of independent random walks on Z. Let £,(x)
be the number of particles at x at time n, and let L, (x) = &,(x)} + ... + £, (%)
be the total occupation time of x by time ». In this paper we study the large
deviations of L,(0} — L,(1). The behavior we find is much different from that of
L,(0). We investigate the limiting behavior when the initial configurations has
asymptotic density 1 and when &,(x) are i.i.d Poisson mean 1, finding that the
asymptotics are different in these two cases.

1. Introduction

Consider a system of independent particles performing symmetric simple random
walks on Z. In what follows we will mostly be concerned with discrete time walks,
but in order to discuss results from the literature, we will also need to consider
continuous time systems which stay at a site for an exponential amount of time
with mean one before they jump. Let £,(x) denote the number of particles at x at
time ¢ in the continuous time system in which ¢,(x), xeZ are ii.d. Poisson with
mean 1. Cox and Griffeath (1984) showed that if A = Z is finite and we let

= (t|A])” 1] Y. &, (x)ds

0 xed

be the “mean particle density on 4 up to time ¢,” then

lim t~Y%log P(D,e(a, b)) = — inf J(x) 1)
t— xe(a, b)
where J is an explicitly given function which is independent of A.
Lee (1988) extended their result and clarified the answer by considering (in
discrete time)

D,(x)=n"" i Em(¥)
m=0
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as an element of {1:Z — [0, o0 )} (with the product topology). He proved that if the
Ey(x)xeZ are ii.d. Poisson mean 1 then

n 2logP(D,eS)~ — infI(4) (2)
AeS
where ~ means

lim sup LHS < RHS for closed sets S
liminf LHS = RHS for open sets S

10) = {J(c) if A(x)=

and

oo  otherwise .

To recover Cox and Griffeath’s result, let

= {/1:|A|" Y Ax)ela, b)}.

xed

The function J is the same since Lee showed that the I function is the same in
discrete or continuous time.
Lee’s result implies that the large deviations behavior of weighted occupation

times n
= 3 T V0E0 3)

will be the same for all ¥ with Y V(x) = ¢ > 0 (and {x: ¥(x) % 0} finite). The last

observation suggests the question: What happens when z V(x) = 0? In this paper

we will study the special case V(0) =1, V(1) = — 1, V(x ) 0 otherwise, and show
that if ¢, is a nonrandom initial configuration with
@n)~t Y &m-1 as n- o, (%)
then )
lim n ®log P(D,(0) — D,(1) > a) = — K(a) . 4

Since one of the surprises is the value of f, we invite the reader to guess the answer
before we reveal it below. Hint: 0e{2/3, 3/4, 4/5, 5/6}.

The key to the proof of (4), like most large deviations results, is an examination
of the Laplace transform of the weighted occupation time defined in (3). Since the
particles are independent,

log Eexp(AL,) Zgo ylog E, exp<v Y V(Sm)>, (5)
m=0

where E, denotes the expected value for a symmetric simple random walk §,, with
So = x. The last computation and many others below do not require

VO)=1, V()= —1, and V(x)=0 otherwise
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but for simplicity we will always restrict our attention to this special case.
(5) reduces the problem to questions about the behavior of a single particle.
The first step is to understand the central limit behavior. Suppose S, = 0 and let

W,=V(S,)+ ... +V(S,).
A result of Dobrushin (1955) (see Kesten (1962)) implies
W,/nt* =R, (6)

where ¥ is a mixture of normal distributions. Although the 1/4th power may be
surprising at first, the result is easy to understand and not hard to prove. Let
Ry=0and for k=1 let

R, =inf{m> R,_,:S,, =0}

X = Z V(Sm)

R(k—1)Em<R(k)
N, =sup{k:R, £ n}
so that W,=X,+ ... + Xy +7,
h n
where Y= Y VS,

m=R(N,)

It is well known that for all t = 0
t
P(N, £ ") - G(t) = [ 1~ 2exp(— x*/4)dx . 7
[¢]

In our special case the X;’s are i.i.d. with
P(X,=1—j)= (/2" for j=0.
These variables have mean 0 and variance 2, so

R 4+ X ) = /2B, (8)

where B, is a standard Brownian motion. A little thought reveals that the variables
in (7) and (8) are asymptotically independent, and with a little work it follows that

Eqexp(AW,/n'"*) > ¢(4) = [exp( — 22t/4)dG(z) . ©
The key to the proof of (4) is
Lemma 1. If fe€(0,1/4) and w= 0 or 1 then as n - «©
n** " togE, exp(AW,/nf) — 1%/2 . (10)
In the last result we have restricted our attention to points in the support of ¥, but

that is good enough since if x > 1

E exp(AW,/n®)=P(Ty >n) + Y P(T, =mEexp(W,_,/n*). (11)

m=1
where T, =inf{m:S, =1}. A similar formula holds for x<0. In fact
P (W,e-)=P,_,(— W,e ), so throughout the paper it is enough to prove
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things for x = 1 or x £ 0. Using some facts about simple random walk, (11) and
Lemma 1 lead easily to

Lemma 2. If (0, 1/4) and x,/n' " — y
n*~tlog E, exp(AW,/n’) — (A*/2 — 221y . (12)
Using (5) and Lemma 2 now gives
Lemma 3. If (x) holds and Be(0, 1/4) then
n% - 2log Eexp(AL,/nf) > [ (A*/2 — 22|y dy = A4 . (13)

When Lemma 3 is established standard large deviations arguments take over
(see Lemma 1 in Cox and Griffeath (1984)) to prove:

Theorem 1. If (x) holds, 3/4 <« < 2, and a > 0, then as n - o©
n=8i510g P(L, > an®) - — caS'> where ¢ = (5/4)(2/3)° .
To explain the power of n:
P(L, > an®) = P(L,/n* > an®"#) < exp(— Aan* " F)Eexp(AL,/n*). (14)

Takinga — =2 —68,ic. f= ( — a)/5, and optimizing over A gives the upper
bound.

Taking o = 1 we see that the answer to the question in (4) is 8 = 4/5. Tracing
back through the proof we see that = 1/5 in this case, and the major contribution
to the Laplace transform comes from |x| < (42/2)n%5. It is not hard to show that
with probability at least Cexp( — en*'®), all the particles at |x| < n3/° hit 0 by time
n/2 and have W, = n?/>. The event which produces L, = an must be something like
this.

The upper limit o < 2 is natural since the largest possible value of L, is about
n?. To see the reason for restriction « > 3/4 observe that under ordinary
circumstances only about n'/? particles will hit the support of V by time n and their
weighted occupation times have standard deviation n'/*. Dividing the individual
contributions by n'/4, we see P(L, > an®*) is the probability the sum of n'/2
random variables with mean 0 and standard deviation O(1) is > an'/?. The last
observation shows that o = 3/4 corresponds to the “usual” large deviations setting
while the deviations studied in Theorem 1 are enormous.

Using methods similar to the proof of Theorem 1 we can show

Theorem 2. If (x) holds then
n~12log P(L, > an®*) — — I(a)

where I(a) = sup Ja —y(A) and

W) = jdxlog(l + f P (toeds){o((1 —s)"*2) — 1})

Here ¢ is the limit in (9), and P, (r,ds) is the distribution of the time to hit O for
a Brownian motion started at x.



Large Deviations for Independent Random Walks 71

Since (%) is satisfied for almost every initial configuration when we assume
£o(x), xe Z are i.i.d Poisson with mean one , (%)

it is easy to jump to the conclusion that the large deviations behavior will be the
same under (%) and (%), but this is wrong.

Theorem 3. If (x %) holds then the conclusions of Theorem 2 hold but

Y(A) = [ dx [ P(roeds) {o((1 —5)""*4) — 1} .
0

Since log(l + u) < u for u > — 1 with strict inequality for u & 0 the new ¥ is
strictly larger than the one in Theorem 2, and the Poisson process will more easily
achieve large weighted occupation times.

Differences between the large deviations behavior under () and (x %) become
even more severe when o > 3/4.

Theorem 4. Let o > 3/4 and y = oo — 1/4. If n is large then
P(L,> n%) = exp(— 2yn’logn) .

Here and in what follows P indicates that we are assuming (xx). Since
(6t — 2)/S > a — 1/4 when « > 3/4, the lower bound in Theorem 4 shows that
enormous deviations from a Poisson initial configuration are much more likely
than from a fixed configuration. The extra boost comes from large deviations in the
initial configuration.

To prove Theorem 4 we observe that

P(6,0)=k)=e 'kl 2 exp(— 1 — klogk) .

Now if k = n” and all the particles starting at 0 have W, > 2n'/%, an event of
probability at least exp( — Cn?) by (6), we will have LY > 2n® where the superscript
0 indicates we are looking at only the contribution from particles starting at 0. By
computing second moments it is not hard to show P (L,* | > n*)— 0, where
L¥ refers to the contribution of particles from x % 0 and the result follows. Since
we have not been able to improve the lower bound in Theorem 4, we think it might
be the right order of magnitude.

The paper is organized as follows. Lemmas 1-3, which make up the proof of
Theorem 1, are proved in Sects. 2—4. In Sect. 5 we prove Theorems 2 and 3. Finally
Theorem 4 is proved in Sect. 6. We would like to thank Bruno Remillard for his
help with the proof of Lemma 1. He has proved Lemma 1 for a general V with
ZV(x)=0 and {x: V(x) & 0} finite, and solved the analogous problems for
Brownian motion.

2. Proof of Lemma 1

We begin by computing solutions of

{fx+ 1) +f(x = 1)}/2 = (coshB)e™"™ f(x), (1)
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where V(0) =1, V(1) = — 1, and V(x) = 0 otherwise. The reason for interest in
functions that satisfy (1) is that

n—1

(cosh B)V"exp< Y aV(Sm)>f(Sn),is a martingale .

m=0

If we let
e for x<0
fd = {Ae‘e("_” for x=>1 @)

then (1) holds for x £ — 1 and x = 2. When x = 0, (1) becomes
f(1) =2(cosh8)e™f(0) — f(— 1)
$0
A=(E"+e e —e?. (3)
Applying similar reasoning to the equation with x = 1 gives
Ae = +e He"A—1. 4
Plugging in the value of A4 and simplifying
(T+e e e = +e )2 -1 +e e~ 1
(L+e ) e —2+e)=(e¥ 1)
€@ -1/l +e ) =¢"—2+ ¢ %= (2sinha/2)* . (5

The right hand side is > 0. The left hand side is 0 at 8 = 0 and increases to o, so
there is a unique positive slution 6(a). The left hand side ~ 8 as 8 -0 so

@y~ —2+e )~a* as a—-0. (6)
Let a = An~%, let 6(a) be given by (5), and let f, (x) be the function defined by (2)—(5).
The martingale property implies that

-1

Ex[fn(Sn)exp </1n"’ nz V(S,,J)] = {cosh 0(in~#)}"f,(x) (7
50 "
Exl:exp<ln_” nil V(Sm)>:| = (sup/f,(y) " {cosh O(in"#)}"f,(x) . (8)

From the definition of f,, it is easy to see that as n— o

sup f,(y) = max(f,(0),£,(1) = 1. ©)

Using (6) and calculus gives 0(An"#) ~ 12072 as n— oo, cosh — 1 ~ 6%/2 as
8 — 0, and

log(cosh0(An~F) ~ 1*n" /2 asn—> . (10)

Putting it all together we have
1

lim infn*#~log E;xp(in‘" Y V(Sm)) =142 (11)

n= m=0
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To get the corresponding upper bound, let p(x,y)=1/2 if x—y =1
and 0 otherwise, let fbe a positive solution of (1), and define a transition probability
by

e f()

- T4 12
a059) = g5 P N g (12
It is easy to check that if X, is a Markov chain with transition probability 4 and
h = 0 then
S,
Ex[(cosh 0)"’exp< Z V(S,) >J;(( )) ; :|= E_h(X).
Taking h = 1/f and rearranging gives
[GXP( 2 (S, ))] J(x)(cosh )" E(1/f(X,)) . (13)
When x = 2, V(x) = 0 and f(x) = Ce %, so
g, x+ ) =e" e +e7% glx,x —1) = + 7). (14)
A similar formula holds for x £ — 1 with the probabilities reversed. This suggests
letting ¥ (x) = — xforx < 0and x — 1 for x = 1 and comparing with a chain ¥, on

{0, 1, . .. } with transition probability given by r(0, 1) = 1 and for x > 1
rx+ D=e"%e +e7% rix,x—1)=ee’ + e

(15) Lemma. If (X ,) = 0 then we can construct X, and Y, on the same space in
such a way that Yy(X,) <1+ Y, for all n.

Proof. There are several cases to consider. First if ¥, = 0 we have no choices to
make in defining the coupled process since Y, . ; = 1 with probability one. If ¥, > 0
and Y(X,)e{Y,, ¥, + 1} then X,¢{0, 1}, so the transition probabilities are equal
and we move the two in parallel, ie. Y(X,.;)— Y41 = ¥(X,) — Y,. Finally if
(x,) < Y, — 1 we allow the chains to move independently. In all three cases the
inequality is preserved and the proof is complete.

Remark. The last case in the proof is the “bad” case. If y(X,) =0and Y, = 1 the
probability of ¢(X, 1) = 1 may be > r(1, 2) so we cannot guarantee Y (X,) < ¥,.

Y, is obviously positive recurrent. Being a birth and death process, its
stationary distribution 7 satisfies

nme /e’ + e ) =nn+ 1)’ +e7% forn=1,
ie. n(n + 1) = e~ 2%n(n). The equation for n = 0 is
m(0) = n(1)e? /(e + 7 %),
so the exact formula for n(n) is a little messy. It is easy to see that

n(n) = C(H)e %% for n = 1, and (16)

CH) =< ( i 929”>_1 =e?(1 —e 29, (17
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To get our upper bound now from (13), we start Y, from its stationary
distribution 7 and observe that (15) and the definition of f in (2}5) imply that if
w=0or1

E,(AfX) S(f(1) A )7 Eexp0(Y, + 1)) . (18)
Using (16) and (17) now gives

E,exp(0(Y, + 1) £ "n(0) + C(6) i e 2%t < (1 + CO/(1 —e7%) (19)
k=1

A1+l —eP+e?—e™ )1 —e b)) <300
(13), (18), and (19) imply

E{exp(a Z V(S,n))} < f(x)(cosh 0(@)"3exp(30@)/(f(1) A1) . (20)

Letting a = An~# and observing A(a) — 0, we get an upper bound which differs by
a constant factor from the lower bound in (8), and it follows that for w =0 or 1

n—1
lim sup n*#~*log Ew[exp<in"ﬂ Y V(Sm)>:| <Ai*2. (1)
m=0

n— w0

3. Proof of Lemma 2

Lemma 2. If (0, 1/4) and x,/n' "% — y then
n" " log E, exp(AW, /n’) — (2%/2 — A*|y])* .
Proof. As remarked in the introduction P {W,e-)=P,_,(— W,e ), so we can
suppose that x, = 1 for all n. From (2.8)
-1
E. exp(AW,/n) 2 (supfn(z)) {cosh 0(An~?)}"f,(x,)
where
fu0x,) = f,(Dexp(— 0(n~F)(x, — 1)) .
(2.9), (2.6), and (2.10) imply that as n— oo supf,(z) = 1, 8(An"#) ~ 1?n~# and

logcosh(B(An"#)) ~ A*n=%#/2 .
So if x,/n' "% — y (necessarily = 0) then n*#~*logf,(x,) = 4’y and it follows that

liminfn*?~'log E, exp(AW,/n’) = (%2 — 2*y)*,

the positive part coming from the fact that (1.6) and (0, 1/4) imply
E, exp(AW,/n?) > oo .
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For the upper bound we use the approach mentioned in the introduction. To
simplify the formulas we will drop the subscript from the x. We write for x = 1

E.expGW, /i) = P(T, > n) + Y, P.(T) = m)E; exp(iWy_nfr). ®

=1

where T, = inf{m:S,, = 1}. The first term on the right is < 1. We will bound the
second by n times the largest term. To identify and bound that term we observe

P(T, =m) = P(S,,= 1) = P,(§,2x), 3)

and for # > 0
P,(S,, = x) £ e *(cosh )" .

Setting 6 = x/m
P,(S,, = x) < exp( — x*/m)(cosh(x/m)™ . {4)

Since cosh @ — 1 ~ 8%/2 as § — 0, it follows that if x/m' =24 - z then

imsupm* ~1log P, (S5, = x) < —z%/2.

So if m/n —te(0, 1] and x/n' ~%F - y then z = y/t* =2 and

limsupn**~'log P, (S, = x) £ — t! " *(x/t"2#P2 = — y?2r. (5)

n— o

From (2.20) we get
limsap n*#~log E, exp(AW, _,./nf) = (1 — £)A*/2 . (6)

Intuitively this comes from multiplying and dividing by (n — m)? in the exponential
and using Lemma 1. By using the formula quoted we do not have to exclude the
case t = 1. Adding the right hand sides of (5) and (6) gives — y2/2t + (1 — £)A%/2,
a quantity that we will call g(s). For fixed y the maximum occurs when
g =y*2t* —i*2=0, ie. t=y/4% If 0<y<A® the maximum value is
MR-y i y>2% ¢g<0 for t<1 and the maximum value is

g(1)= — y*/2 < 0. Considering the two cases and recalling that we have
P.(T; z n) £ 1 on the right hand side of (2), it should be easy to believe that if
x/n' "% — y then

Limsupn*~1log E exp(AW, /nf) < (A%/2 — 12y)* . (N

To turn the calculations above into a proof, we need to control the values for
small m. To do this we observe

ne

Y, PT, = mE exp(AW,_n/n*) < P(T, < ne) sup E,exp(iW,_,/n"). (8)
m=1

m =< ne

Symmetry and the reflection principle imply

PAT, < ng) = P(T, S ne) S 2P (5,02 ). ©)
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Using (5) and a strengthening of (6) which follows easily from (2.20),
limsupn**~! sup log E, exp(AW,_,,/nf) < 1%/2 .

n—w m=ne

So if x/n' ~%# - y then

limsupn*f 1 log[ > } £ —y*2e + A*2 (10)

n— o m=1

where the symbol inside the log is shorthand for the left hand side of (8).
To bound the rest of the sum we observe

Z <n sup Py(T; = mE (exp(AW,_n/n’)) (11

m=ne nesm=sn

Using (3), (5), (6), and the calculation which led to (7), it follows that

limsupn*#~! Iog[ y } <42 — Ayt (12)

Combining (10} and (12), and using the trivial inequality
log(x + y) < log2 + max(logx, logy) ,

it follows easily that

lim supn‘”’_llog[ Y ] S (A2 + A2yt

n— o m=1

Using (2) and (13) now completes the proof.

4. Proof of Lemma 3
Lemma 3. If &, is a nonrandom initial configuration with

2l Z as n-»> oo (%)

then )
n®#~2log Eexp(AL,/n®) > A%/4 .

Proof. From (1.5)
log Eexp(AL,/n") = 3 &,(x)log E, exp(A W, /n’) . (n

X=—-n

First we dispense with the terms that are too far out to contribute.

i — m)E, exp(iWy_/n) @

< PAT, < nysup E, exp(AWy_p/n)

m=n
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As we argued in the proof of (3.10)

lim sup n*# ! log[ sup E,exp(4 W,,A,,,/nﬂ)} =A*2. 3)

n= oo 0=m=n

For the other factor on the right in (2), we observe that if x = cn! ~?#

P (T, £n) < 2P(S, = x) £ 2P,(S, = cn' %), 4)
Using (3.5)
limsupn*®~log P(S, 2 cn' "2 < —¢?/2. (5)

If we let ¢ = 242 then it follows from (3) and (5) that if n is large

P((S, 22220 ") sup E,exp(AW,_n/n") S exp(— A*n'~*). (6)

0=m=<n

Combining (3.2), (2}, (4), and (6) we have

E. exp(AW,/n®) < 1 + 2exp( — A*n!™*F) (7
for all x = 2A%n" 7% if n is large. If we let Y denote the sum over 24%n' ™% <
|x] = n (o for outside), and use (x) it follows that

n 2 Y0 Eo(x)log Eexp(A W, /nf) 0 . ®)

To deal with Y\ = the sum over |x| < 24>n" 2/, we start by supposing

:‘lH

i Eom)—>1 and Z Z Eom) > 1. ()

m=—-n

In this case if we define measures u, by u([ — 242, 24279 = 0 and
po(A) =nP"1 ¥ Ey(x) for Ac[—24%2%], ©)
xenl™24
then p, converges weakly to u, Lebesgue measure on [ — 242, 2427. If we let
G,(y) = n*" M og Ep 124y exp(A W, /nf)
then Lemma 2 implies that G,(y,) = G(y) = (A*/2 — 2|y|)* when y, — y. To get
§ G()u(dy) - § G(y)u(dy) (10)
we use:

(11) Lemma. If measures v,=v a finite measure, |f,(y,)| < M for all y, in the
support of v,, and f,(y,) = f(y) whenever y, — y in the support of v, then

1L, (dy) > [ F(9)v(
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Proof. By dividing v, and multiplying f, by v,(R) we can suppose without loss of
generality that the v,’s are probability measures. Let X, have distribution v, and
converge a.s. to X with distribution v. Using the bounded convergence theorem, we
conclude Ef (X,) —» Ef(X).

Applying (11) proves (10) and we have

=2 Y1 £ (x)log E.exp(AW, /nf) > [ G(y)dy . (12)

—2A2

(12) and (8) give the desired result. To prove the last conclusion under the weaker
assumption (x) we observe that the sequence y, defined in (9) is tight. If p,gy = '
then (11) implies

§ Gaw ()t () = [ G(y)i'(dy) = | G(»)ps(dy)
since G( — ¥) = G(y) and (%) implies u,([ — a, a]) = 2a for a < 242

5. Proofs of Theorems 2 and 3

We start with a little notation:
F,,(X, ;L) = Ex{exp(i [4/;'/"1/4) - 1}
H,(y,, 4) = F,(y,n'?, 1)

H(y, ) = [ P,(:°eds){p((1 — 5)"* 1) — 1}
0

As with Theorem 1, it suffices to prove

lim n~"*log Eexp(4 L,/n"*) = [dylog(l + H(y, 4) {1a)
lim n='"?1log E exp(AL,/n"*) = [dyH(y, /) (1b)

where E and E indicate expected value starting from a nonrandom initial
configuration satisfying («} and starting from &,(x), xeZ iid. Poisson mean 1,
respectively.

(1.5) implies

n~12log Eexp(AL,/n'*) = n= 12y & (x)log(l + F,(x, A)) . (2a)

To compute the corresponding quantity for a Poisson initial configuration, we
observe that if 6(x) & 0 for only finitely many x

E exp(Z B(x)&o( x)) HCXp(eﬂ(x) 1).
So E exp(aL,) = [Jexp{E exp(aW,) — 1} and

n"Y21og E exp(AL,/n'*) = n"V2Y F (x, 4) . (2b)
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We turn our attention now to computing the limit of F,(x, 4). (1.11) implies

E,{exp(iWn) — 1} = ¥ P(T, = mE, {exp(iWy_o/ni’) — 1}

m=1
(1.9) and scaling implies that if m/n — t€[0, 1]
E;exp(AW,_n/n'*) > o((1 — )'*1) .
Y2 _, y then it follows from Donsker’s theorem that
P, (T, /n"?eds)y= P (1 €ds) .
Combining (3)—(5) and using (4.11) it follows that if y, — y then

H(y,, )= H(y, 4) .

If n > o0 and x,/n

1/2

Y &o(x)—2c and if y, > y we have
x| cn'l?

log(1 + H,(y,,A)) = log(l + H(y, 4)) .

The limit is symmetric, so the argument at the end of Section 4 implies

(%) guarantees n~

A
n~l2 N Eo(x)log(l + Fu(x, )~ | dylog(l + H(y, %)) .
x| < An'? -4

A similar but easier argument shows

A
ntro Y Fx A [ dyH(p 2.
X< Anti? —A

To control the contribution from outside we use:
(8) Lemma. Fix Ay, > 0. There is a constant K(1y) < oo so that
[Fo(x, )| £ K(A)P(Ty =m) for AZ7,.
Proof. For |A| £ 4y, E;exp(AW,/n*/*) is smaller than
E,exp(io W,/n''%) + E,exp( — ko W,/n') = o(do) + o( — 4o)
so K(A,) = sup sup E exp(AW,/n'"*) < oo. From (3) we get

TS A

|F,(x, )] = i |P(T, = m)E, {exp(AW,_,/n*'*) — 1}]

and the proof is complete.
Using (8) now gives
nm2 N L) IF0 N S KT Y Eo()PUT; £ n)

1/2

x> An x > An'/?

<MY ERPS, 2 )

x > An'/?

<KDY, 0, Py(S, = mn?)

m=A

(3)

G

(6)

(7a)

(7b)

©)
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where 7,, = Eo(mn'? + 1)+ ... + &((m + 1)n'/?). () implies that there is
aC<oo with (1) + ... + & (1) £ ClLson, < C(m+ 1)n'/?, and it follows that

T G A S 2K S Clm o+ DR (S, 2 mn™) . (10
x> Anl/? m=A
Forn = 1,

Py(S, 2 mn'?) < Py(S, = (m — )n'?) < B/(m — 1)*
where B = sup E(S,/n*)* < oo . Using this in (10) gives
lim supn™ 2 3 E()IF,(x, A =0. (11

A-w nz1 x| > An'?

Since log(l + u) < u, and &,(x) = 1 satisfies (), the last result implies

im supn 2 T E(olog(l + IF, (6 A =0, (12a)
A-w nzl x| > Ant?
im supn='? Y |F,(, Al =0, (12b)
A-c0 nz i |x| > Ar'??

and the proofs are complete.

6. Proof of Theorem 4

By remarks in the introduction the proof of Theorem 4 will be complete when we
show that if o > 3/4 then P |L| > n*)—0, where L, is the contribution of the
particles starting from x #+ 0. To prove this it suffices to show E(L," )> < 4 + Bn.
For then the result follows from Chebyshev’s inequality

P\(an# | > n“) < E‘Lf {Z/nZa < (A + Bn)/n3/2 50,

To compute E|L,"|*, we begin with the first and second moments of
W,=V{Ss)+ ... +V(S,).

Eo Wawe1 = Z PO(SZm - 0) - PO(S2m+1 = 1)

m=0

i 5-2m 2m _y-Gmey) 2m+ 1
m=0 m m
" 2m 1 2m+ 1
2-2m
Jgo [n1}( 2 nl+'1>

Since Eq Wayt2 = EqWan+1 + Py(Sau+2 = 0), it follows that E, W, = O for all k. To

estimate the size of this quantity observe that E, W, = — E, ¥, and define
a stopping time by N = inf{m = 1:§, = 1}. Then

Il

HV

EWzE[ Y V(S,,,)} S PN = mE, Waen %2,

m<NAn m=1
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since the second term is negative, and if we replace N An by N in the first we get 2.
To extend the bound to x < 0 we observe

0L EW,= Y P(T,=mEqW,_, <2P(T,<n) 1)

m=1
For the second moment we observe that (1.9) implies that for all 4

Eo(exp(AW,/n'*) » ¢(}) < oo,
SO sup Eq {exp(W,/n**) + exp(— W,/n"*)} < o .

“Dominated convergence” gives Ey(W,/n'*)? » E(X)?* and it follows that
E W2 < Cn'l? . 2

Our next step in computing the moments of L,” is to look at L¥ the
contribution of the particles starting at x. For this we need

(3) Lemma. Let X,,X,,...be iid with mean p and variance o?, and let
Y,=X,+ ... +X,. If N is independent of the sequence EYy = uEN and

Var(Yy) = ¢2EN + p?Var(N) .
Proof. By conditioning on the value of N we see E((Yy — uN)(uN — uEN)) = 0,so0
E(Yy — UEN)? = E(Yy — uN)* + p?E(N — EN)? .
Using (3) gives EL; = E_W, and
Var(Ly) = Var, (W,) + (E,W,)* = E,(W}) .
To compute the last quantity we observe that if x < 0

EW2) = Y. PTy = mEg(W2,) < CniP (T, < 1) @

m=1
by (2). Putting things together
EL} = — E,W,e[ —2,0]

Var(LY)SYEW2=2Y EW2<2Cn'? Y P(T,<n)

x<0 x=0

<4Cn*? Y Py(S, = x) £4Cn'2E,|S,| £ Cn.

xz0

So E(L,” )* £ 4+ C'n and the proof is complete.
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