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Summary. Reaction—diffusion processes were introduced by Nicolis and
Prigogine, and Haken. Existence theorems have been established for most
models, but not much is known about ergodic properties. In this paper we study
a class of models which have a reversible measure. We show that the stationary
distribution is unique and is the limit starting from any initial distribution.

1. Introduction

We need some notation to describe our model. Let Z* be the d dimensional integer
lattice, Z, = the nonnegative integers, and X = {n: Z? > Z, }. The reaction dif-
fusion processes considered in this paper are continuous time Markov processes
with state space X that evolve in the following way:

(i) at rate B(n(x)) a particle is born at x,

(ii) at rate d(n(x)) a particle at x dies,

(iif) at rate n(x) p(x, y) a particle jumps from x to y. Here p(x, y) is the transition
probability of an irreducible symmetric random walk on Z¢ with p(x, x) = 0.

The formal generator is:

Qf () =3 (ﬂ(n(X)) [f(n+e) —fn]+6n)Lf(n—e) — f(m)]

+ Y0P X) [f(n + e, —e,) — f(n)]> - (1.1)

Here the sums are over all x and y in Z9 and e,e X has e,(x) = 1 and e,(y) =0
for y + x.
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visiting the Nankai Institute for Mathematics, Tianjin, People’s Republic of China
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Mathematical Sciences Institute at Cornell University
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In the cases we will consider

k+1

Blx) = i b;x s(xy= 3 ¢;xt
j=o =1

where x/) = x(x — 1) ... (x — j + 1), the coefficients b; and c; are nonnegative,
k=1, and ¢,., > 0. Three concrete examples are:

1. Schlogl’s first model. k = 1.
2. Schldgl’s second model. k =2, b, =0, ¢, =0.
3. Autocatalytic reaction. k = 1, by =0, ¢; =0.

Here the coefficients not mentioned are assumed to be >0.

Reaction-diffusion systems have been studied extensively in the physics liter-
ature, but only recently have been studied by probabilists. The first step in their
analysis was to construct the process. Since we have supposed that the transition
probability is symmetric, it follows from results in Liggett (1973) that there is a
positive function p(x) on Z¢ and a finite M so that

Y p(x, ) p(y) < Mp(x) forall xez?, and (1.1
¥y

Y p(x) < 0. (1.2)

In what follows we fix a p with these properties and let

Xo={neX:lnll =) nx) pkx) < o} .

The construction of the process on X, which we will denote by #,, can be found in
Chen (1985, or 1986b, or 1987). If we let E, denote expected value for the process
starting from 5, = #, then Theorem 1.1 in Chen (1985) implies that the semigroup

P.f(n) = E, f(n,) defined on functions f with |f(n) — f(OI £ c(f)In — (Il has
generator Q and the following Feller property:

[P fn) — P SOl = c(f) lm = Lllexp(yt) (1.3)

where y is a constant which is independent of f Precise statements and further
properties can be found in the paper cited.

With the existence of the process established, it becomes natural to ask about its
stationary distributions and asymptotic behavior as t —+ co. It has been known for a
long time (see e.g. Janssen (1974)) that if

(B) thereisa A >0 sothat b;=Ac;y; for 0<j<k,

then v, the product measure in which each coordinate has a Poisson distribution
with mean 4, is a stationary (and reversible} distribution for the process, The main
result of this paper is:

Theorem. Assume (A), (B), and by > 0. Then v is the only stationary distribution and
is the limit starting from any initial distribution.
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If by =0 then d,, the pointmass on the configuration 5(x) =0, is also a
stationary distribution. Shiga (1988) (see pp. 350-351) has conjectured that if (B)
holds for the autocatalytic reaction (Example 3 above), then 5, =v whenever
P(no=0)=0. (¢, = by/A = 0 s0 an isolated particle cannot die.) Our techniques
allow us to conclude that in this case the only translation invariant stationary
distributions are convex combinations of d, and v (see the remark at the end of
Sect. 3), but we have not been able to prove Shiga’s conjecture. (After the original
version of this paper was written, Mountford (1989) proved this conjecture under a
first moment assumption on p(x, y).)

It would be interesting to know whether uniqueness of the stationary distribu-
tion always holds when (A) holds and b, > 0. Neuhauser (1988, 1990) has shown
that if the particles jump from x to y at rate ex(x)p(x, y) then uniqueness holds for
& < &, (depending on f and 4, but not on p). By rescaling time one can, of course,
reformulate her theorem for ¢ = 1. In general the condition on § and J that results
is somewhat complicated, but in the case of Schlogl’s first model it is very simple:
b, < ¢,. Intuitively, when b; < ¢, the process with b, = 0 is subcritical, so the
influence of the initial configuration disappears.

The rest of the paper is devoted to the proof of our theorem. In Sect. 2 we will
show that if (A) holds it is possible to define the process starting from 77, = cc. Since
the process is attractive (see (2.2)), using ideas of Holley (1972) we see that the
limiting distribution of 7, exists. Call it ji. A similar and easier argument shows that
if we let 77, denote the process starting from 7, = 0 then the limiting distribution of
1, exists. “Call it p. Attractiveness implies that for any initial distribution #, we can
construct #,, 17,, ‘and 1, on the same space with 1:(x) < n,(x) £ i7,(x). To prove our
theorem then, it suffices to show that 7=y Let I be the set of stationary
distributions (invariant measures), and let S be the set of translation invariant
measures. Since i, pe S, it suffices to show [I n §| = 1. This is done in Sects 3 and 4
using the free energy technique developed in Holley (1971), and Holley and Stroock
(1977). See Sect. IV.5 of Liggett (1985).

2. Implosion, Construction of & and p

The first word in the title of the section refers to the fact that here we will show that
it is possible to start the process from #y(x)= oo, and when we do this,
E(n,(x)*) < oo for all £ > 0. At the end of the section we will use the last conclusion
with k =1 to construct the stationary distributions g and g mentioned in the
introduction. Let " denote the process starting from #,(x) = .

(2.1) Lemma. For m < n < o0, we can construct n;* and n} on the same space in
such a way that " < n} for all t = 0.

Proof. We use the obvious coupling. At sites with #7*(x) < #7(x) we allow the births
and deaths to occur independently. When #}"(x) = #(x) the births and deaths occur
simultaneously. Finally, we move a particle from x to y in both processes at rate

#™(x) p(x, y} and in the second process only at rate (" (x) — #™(x)) p(x, y). Further
details are left to the reader.
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(2.2) Remark. From the proof just given it should be clear that if n(x) < {(x) then
we can construct #, and {, with these initial configurations so that #,(x) < {,(x) for
all x and ¢, i.e. the process is attractive.

Lemma (2.1) implies that #} increases to a limit as n Too. To prove that the limit
is not = oo we will prove:

(2.3) Lemma. Let E" indicate expected value for the process with n(x) = n. There is
a decreasing function ¢(t) on [0, o0} which is independent of n and finite for all £ > 0
so that

E',(x) £ @(t) forall ¢=0.
Proof. We begin by computing formally, i.e. we will assume that all moments are
finite etc., and at the end we will give the additional arguments needed to make our

computations rigorous. To simplify the expressions we drop the superscript n from
the expected value.

d
g Enx)) = E {ﬁ(m(x)) — 6(n,(x)) = m(x) + X () p(y, X)} : (2.4)

Since Y p(y, x) = 1, the last two terms cancel by translation invariance. Now,
y

a ) k+1 ‘
Bx)=3 b;x) and o(x)= ) ¢;x",
=0 j=1

J

$O

k+1 . k
B(x) —d(x)= ) a;x? Zay+ ( Y Iaj|>x" — Cpa XY for xeZ.

Jj=0 j=1

Setting a = ap, b= ) |a;], and ¢ = ¢, gives a differential inequality:
1Sj<k
d
ar En(x)<a+ bE(”’t(x)k) - CE(m(X)kH) (2.5)

where a, b, ¢ > 0. If k > 1 we write k = 1/k + (k> — 1)/k and use Hélder’s inequal-
ity with p = k and g = k/(k — 1) to get

E(n,(x)*) £ (En,(x)) M (En(x)*THE D% (26)
Now let f(u, v) = a + bu**v*~ D% — ¢, and compute

of k-1
k

k k
= - bt 1% <0 if us< (—c—> v. 2.7)
v

bk — 1)

Taking u = En,(x), we see that f(u,v) is decreasing in v for v = (En,(x))*?,
provided that u = b(k — 1)/ck. Since

E(n,()*"") Z (En,(e))* ™ (2.8)
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it follows that as long as En,(x) = b(k — 1)/ck

%Em(X) < a + b(En, ()" (En,(x)* " )*7 D — cE((x)* )

= f(En(x), En,(x)* ) < f(En,(x), (En,(x))**)
=a + bEn,(x) — cE(n,(x)**1). 2.9
Writing u(f) = En,(x) gives
W(t) £ a+ bu@®)® — cu(®)**' whenever u(t) = b(k — 1)/ck . (2.10)

All of the analysis since (2.5) has been for the case k > 1. When k =1, (2.5)
and (2.10) are the same so (2.10) is true for all k. Let u, be the largest root of
0=a+bx*—cx**!, and to prepare for a later proof let o« =k+ 1. 1If
u(t) = uq (which is = (b/c) = b(k — 1)/ck) for all 1[0, T'] then

T

[ (a+ bu(®)* — cu(@y)y "W (®)dt 2 T. (2.11)

0
Let rxy= | (@a+b*—cw) 'dv<0 for x=uy+1.

up+1

If « > 1 then I'(x) decreases to a finite limit I'(c0) as x T co. Substituting the
definition of I' into (2.10) now gives

FTw(T)—TwO) =T ffult)=u,+1 forall te[0,T]. (2.12)

Since the left-hand side can be at most —I'(c0) we conclude that u(t) < uy + 1 for
some t £ —I'(o0). Since a + bv* — cv* < 0 when v = uy + 1, (2.10) implies that u(t)
cannot rise above u, + 1 once it falls below it.

The last observation and (2.12) combine to give the desired conclusion, so it
remains to show that all the computations are justified. To avoid the problems that
come from unboundedness, we consider a system in which there can be at most m
particles per site and a particle which jumps onto a site with m particles disappears.
If we call this process #,(x) then results in Chapter 1 of Liggett (1985) imply

d
7 B(x) = E{(ﬁ(ﬁt(x)) + X 2)p(y, x)) 1,09 < m — 0(7(x)) — ﬁz(x)} - 24)

Since 7,(x) < m there is no question about the existence of moments and repeating
the proof above leads to an upper bound on u(t) = E#,(x) that is independent of the
truncation level. Observing that Chen’s construction implies P(#,(x) %+ #,(x)) = 0
as m — oo and using the monotone convergence theorem gives the desired result.

For computations in Sects 3 and 4, it is important to obtain a similar estimate
on the higher moments.

(2.13) Lemma. Let E” indicate expected value for the process with n(x) = n. There
is a decreasing function ¢,(t) on [0, c0) which is independent of n and finite for all
t > 0 so that

E™"(n,(x)™) < @) forall t=0.
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Proof. The computations we are about to do can be justified by an argu-
ment similar to the one given at the end of the last proof, so we will leave those
details to the reader. As before we will drop the superscript n on the E. Let
A0 =(x+ 1)" — x™

d
5 Enx)") = E {(ﬁ(m(X)) + Y n(»p(y X)> A, (1,(x))

y

— (6(1,(x)) + 1. (x)) A1 (x) — 1)} (2.14)

We use the fact that — n,(x)4,,(7,(x) — 1} £ 0 to drop that term. To deal with
the sum over y we observe that using Holder’s inequality with p=j+ 1 and
g =1{(j+ 1)/j shows

E(Ut()’)ﬂz(x)j) = E(”z(y)j+1)1/(j+1)E(’7t(x)j+1)j/(j+1) = E(’h(o)jﬂ)

by translation invariance. Using the last inequality in (2.14) and applying the
reasoning used to convert (2.4} into (2.5) gives

LB ™) £ a4 DEGLG™ ) = e 2.15)

where a, b, ¢ > 0. Writing m + k — 1 = m/k + (k* + km — m — k)/k and using
Hoélder’s inequality with p = k and g = k/(k — 1) gives

E(n,(x)"**™1) £ E(n,(x)")*E (g, (c)™ )% D% (2.16)

Combining (2.15)-(2.16) with (2.7), using E(n,(x)™"*) = E(n,(x)™)™*¥/™ and
writing u(t) = E(y,(x)™) gives

W(t) < a+ bu(t)m T UM — cy()m M when u(t) 2 cp i (217

where c,, , is a constant that depends on m and k. « = (m + k)/m > 1 so the rest of
the argument is the same as before.

Turning to the question of existence of stationary distributions, we observe that
Lemma (2.1) implies that #} increases to a limit #,° as n — co, and from Lemma
(2.3) it follows that E #7°(x) < ¢(1) < o0, so Fubini’s theorem implies that #{" € X,
with probability 1. Let (e X, and let { denote the process starting from

2(x} = {(x) A n. By (2.2) we can construct {7 and #; on the same space in such a
way that {7(x) £ #7(x) for all t. {1.3) implies that as n — o0, {{ = {,, the process
starting from {, = {, so we have

n? and {; can be constructed on the same space with #9°(x) = {;(x). (2.18)

Applying the last conclusion to the process 7, starting from 7, = #{°, we see that
fl, and a copy of #; can be constructed on the same space with 7,(x) = 7, (x).
Iterating shows that if f is a bounded monotone function then

lim Ef(#,) exists ,

n—=wo
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and from this it follows easily that #, => a limit we call i (Here = denotes weak
convergence, which in this setting is convergence of finite dimensional distribu-
tions.) Since P, is Feller, a standard result (see Liggett (1985), Prop. 1.8) implies that
fi is a stationary distribution. A similar and easier argument shows that if we let #,
denote the process starting from n =0 then n=a limit u that is a stationary
distribution.

3. Free Energy Compuiations

Let v be the product measure in which each marginal has a Poisson distribution
with mean A. The aim of this section is to show

Theorem. Let uelnS then p=v.
To begin the proof, let [—n,n]* = {zeZ% —n <z <n}, let X(4)= 2%, and
let X,=X([—nn]). I {eX(4), let A, ={m n(x)=1(x) for xed}, let

() = u(4;), and let f () = 1 on A;, 0 on A;. We begin our proof with what may
be a puzzling observation: If ueI then

0= ;jﬂ(dn)ﬂf;(rl)][logu(i) —logv(0)], 3.1)

where the sum is over all {eX,,. (3.1) is trivial to verify, since

0= (u@dnQfH) foral (L

To explain why we want to look at this quantity, and to show the reader that
our proof will not suddenly self-destruct if a minus sign is wrong somewhere, we
will now give an abstract description of the proof. Suppose we have a system in
which n — #n + v at rate c(v, #) where v is a vector in which only finitely many
components are nonzero. In the example under consideration we have

v c(v, 1)
€, Bn(x))
—e, o(n(x))

ex_ey ﬂ(y)p(y,X)

Ignoring boundary terms (i.e. summing only over v for which the support of v is
contained in [ —n, n]?), we have

fudn) Qf =Y Lew, E~v) (& —v)—c(v, ()]

Mulitiplying by log u(£), summing over &, and changing variables { = & — v and
{ = & in the two parts of the sum gives

; § udn) Qf(m)log u(() = ; 2, D uOlogu(€ + v)/u(C) -
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Subtracting the corresponding expression with log v({) gives

_ pC+v) Q)
;ju(dn)ﬂfg(n)[logu@) —logv({)] —EC:;C(U, O u)log WO YC+0)

Symmetrizing, the right hand side becomes

C+v) WO
WO W+

If v is a reversible measure, which it is in our application, c(v,n)v(y)
=c(— v, + v)v(n + v) and using (3.1) we have

1 u)  p+v) pC+v) vl
2;EC(U,C)V(C){V(C) v(C+v)}10g AR boundary terms .

The key feature of the left hand side is that it is a sum of terms which all have the
same sign ((s — t)log(t/s) < 0), so if we can conclude that the sum is 0, then all the
terms in the sum are, and g = v. To show that the sum is 0 we prove that if it is not
then the left hand side ~ Cn? but the right hand side = o(n?).

We will now compute the right hand side of (3.1). This involves a lot of algebra.

%;Z {c(v, (@) — e( —v,{ + v)p(l + v)}log &

We will prove in Sect. 4 that all the sums are absolutely convergent. Let Zi denote
a sum over xe[ —n,n]*and Y. ° a sum over x ¢ [ —n, n]° (i is for in, o for out.) To

X
split the expression into a more manageable size we will treat separately the terms
that correspond to births and deaths and the ones involving motion of particles.

[ @ nu(dn) = (3.22) + (3.2b)

Y B =D — e) — BLE) Q) + 0((x) + DulC + ex) — (L)) u()]

(3.2a)
Y pee ) + D + ex — ) = L()p())
+ 3 00y {C0x) + D + e0) — L))
FEOT P06 ) 3 R(HE — e x ko) =l x k) (3.2b)

Here { — e, x ke X([ —n,n]* U {x}) =~ e, on [—n,n]? and = k at x. Multi-
plying (3.2a) by log u({), summing over {, using

Y BE(x) — D) u(C = e)logu(C) = Y, BU(x)) ul)logu(l + &),
; ;
and making a similar change of variables in the fourth term converts (3.2a) into

Zi Y ABCEN) 1) = 6C0) + (€ + ex)} log(ulC + e )/u@)) . (33a)
ER
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To deal with (3.2b) we notice that changing variables { = ¢ +e,and { = + e,
{€x) + Dl + e, — ey) — {x)u(@) } log u(0)
= (E(x) + Du(¢ + elogu(C + e,) — (E(x) + Du(C + e,)logu(l + ey)

With similar changes of variables in the second two sums we can rewrite (3.2b) as

Y Z"; P, W) + Dl + ex)log u(l + e, )il + e5)
+y Z";p(x, ML) Q) log u(C — e)/u?)

+ Z"Z‘;p(x, y) i ku x k)log u(C + e,)/u(0) (3.3b)
X y k=0

Here and below Olog0 =0, e.g., in the second term the summand is 0 when

{x) =

To compute the second term in (3.1) we observe that by almost the same
computation which led to (3.3a) and (3.3b)

i Q (i uldn)log v(0) =
_ Zi; {BEONHO) — SEE) + DA + e.)} ogh(C + e )v(D))

FXE'T Pl D) + DA +e)logv(E + v + )

X

+yY'y° ; p(x, ML) (@) log vl — e )v()

x

LT T p000) 5, Kl x klogv(C + )0 (34

X

By (3.1), we have (3.3a) + (3.3b) — (34) =0, so

o - Mlt+e) O
0= X T BEDH) 5(C(x)+1m<c+ex)}log( 0 Hx))

. sl +e) v+ e
+ LT € + 1)u(§+ex)log( o) e +ey)>

o =) v(0)
R R I )l°g< Ta) v(c—ex)>

ogi > wl+e) v
27X ) Xk ka)log< 0 V(C+e)> (3.5)

x y k=0

Using reversibility B({(x))v({) = ({(x) + 1)v({ + e,) in the first sum and using

W) = [T {e  E90an
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in the last three gives

i WO pCte)), (C+e) O
°=§§ﬂ“<x>”@{v<c> v(c+ex)}'°g( a0 v(c+ex)>

. pll+e) {(y)+1
+Y ; Zg) p(x, Y(X) + Du(C + e,) log <u(C Te) [+ 1)

p—e) 7 )
RO o

LYY by, y)C(X)#(C)IOg(
x vy ¢

] i 0 : 1
+2°8 Vo) 3 ku(l x ky)log (F(Cﬂé)e)ﬁ(y); )

Rearranging now and using symmetry p(x, y) = p(y, x) in the second sum gives

Y D)+ Y'Y Dy(x, y) =R, 3.7)

WO O+ e\, (el+e) v
M) 1 .
X) =L ACe O ( O W+ ex)> °g< W0 WO+ ex>>
1
D, (x,y)= pryZ{(C(x Yu( + ey)

#( + e)(lx) + 1))
uC+e)ln+ 1)
)

. i (4 ﬂ(c_ex i
=2 2 pe ) L)l ( u(@) C(x))

0 i wl +e) y) +1
+; ? p(x, y)gk;) ku(¢ x kx)10g< O 7 )

(3.6)

where

— ) + Du +e)} 10g<

The summands in D and D’ have the form (s — ) log (s/t) =2 0, so they are
nonnegative. A second crucial property is

(3.8) Lemma. If m < n and x, ye[—m, m]* then 0 < D,,(x) £ D,(x) and
0= D,(x,y) = Dy(x, ) -

Proof. (s, t) = (s — t)log(s/t) i1s convex and homogeneous of degree one so it is
subadditive. The result now follows from the fact that if xe[ —m, m]? and ¢e X,
then

(E(x)+ Du(é +ex) = > )+ DuC + &)
teXm,{=¢on[~m, m]4
and two similar identities.
If D, (x) % O for some x and n, (3.8) and translation invariance imply that the left
hand side of (3.7)is = An for large n. To rule out this possibility we will show that
R,, which only involves terms across the boundary, is = o(n’). There are four
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terms to estimate. Since —x log x < e~ ! for x > 0.
—ZC(X () log pu(€)/m(C — e, )<e—1ZC(X)u(C—e ). (3:9)
Throwing away a negative term
Z{: L)) log (4/L(x)) = (log 4) ; {x)u@) - (3.10)
Using log a = 2a*?( — a2 log a™'/?) < a'/?,

S 3 kul x k) log u(C + ex)/u(0) <
[4 k=0

liA

TS ku( x k)Pl x k)u(C + €)@}
IpN

1/2

A

9] 1/2 ©
; ; u(lxk )> (;k;) u(& x k(@ + ex)/M(C)>

(E*{(y)*)? (3.11)

Again throwing away a negative term

IA

ZkZO k(€ x kyylog (L(x) + 1)/ = E*(L(y)log ({(x) + 1)) . (3.12)
R
The results in Sect. 4 will show that the right-hand sides of (3.9)—(3.12) are finite so

using symmetry again

R,2CY Y p(x,y).

X

To estimate the double sum we let ¢ > 0, pick K so that > p(0,x) <e¢, and
observe x>k

Y'Y pxy) S @n+ 1fe + |[—nn) = [—(n = K), (1 — K)].

Since the second term is o(n?) and ¢ is arbitrary, we have shown that R, = o(n?) and
it follows from the last observation that D,(x) = O for all x and n. When S(y) > 0
for all y = 0 the last conclusion implies that for all n

HEONVE) = € + e ) +e,) forall (eX([—nn]’),
and it follows that y = v.
Remark. 1If $(0) = 0 but B(y) > 0 for y > 0, then we only get
HOWE) = p + eV + e,) for all e X([—n,n]?) with {(x) > 0.
Now R, = o(n®) also implies D/(x, y) = 0 for all x, y. Using this and recalling
V(€ + eVl +e,)) = () + DAL x) + 1)

gives the result we claimed in the introduction: p = 65, + (1 — 8)v.



24 W.-D. Ding et al.
4. Finiteness Lemmas

In this section we complete the proof by proving some results that show that all the
sums which appear in the last section are absolutely convergent. Inspecting the
terms that appear in the proof, we see that the worst one is

%NC(X) + Du(l + e;) log u(l) ,

which appears when we go from (3.2a) to (3.3a). The first step in bounding this is to
write

log u({) = log u({ + e,) + log u(Q)/u(l + e;) .

To bound the second term we imitate {3.9)

— 200+ Dul + e log u(C + e)/ul) s et Y 0(L(x) + Du() <o
; ¢

by results in Sect. 2. To bound the first term we need to show

Y ()" u(n) log u(n) < oo .

To do this we begin by-proving
(4.1) Lemma. Let p; be a probability density on Z,. For any 6 > 0 and a 2 0,

Zj“"pj < oo implies — Zj“pj logp; < o0 .
J J

Proof. Let ¢=6/(a+1). Let r=(1+¢)fe and s=1+¢ so re>1 and
1/r + 1/s = 1. We begin by observing that —p; log p; = — p;log(j°p;) + ep;log j.
Since

g 14 1
logj= [xtdx< c[ox"tdx << j°,
1 01 0
the second term is trivial to deal with. To bound the first we observe
— p;log(jop;) = (G°p) " — r(j°py)"" log ((4°p)*'")}/i*

< r(jopp)tte it

since —x log x < 1/e for 0 < x < 1. Using the last result and Holder’s inequality

we get
1/s 1/r

— 2J%p;log(j’p;) Sre” ' Y j*(jpy) it Sre” ! (Zj““p,) (Zj"‘) ;
i j j j
and the proof is complete.

(42) Lemma. Let u be a probability measure on X (A) = (Z, )% where A is a
finite subset of Z. For each xe A let u, denote the distribution of n(x). Then for
ea=0and 6 >0

Y i uj)< oo forall xeA
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implies — 3 {xru) logu(l) < o,
4

where the second sum is over all {e X(A).

Proof. Let F: (Z_.)*— Z . be any function that is 1 — 1, onto, and has

F(x) <F(y) when ) x;<) y.

ieA icA
If we let Fn={xe(Z+)":2xi§n}
ieA
and A,,={xe(Z+)": Y xi=n},
icA
then IO, | S F(x)Z|I,] for xed,.

To compute | I, notice that if £ = | A| then mapping (X;, ..., X)) = (51, . .., S¢)
where s, = (1 + x;)+ ... + (1 + x;) shows

n+<¢
I, =1{(sy, ..., 8,) 1<sl...<s/§n+/}l=< y )

SO
VS Fx) S+ ¢) for xed,. (4.3)

To get from the last inequality to the desired conclusion, observe that if u* is the
distribution of F({) then changing variables k = F({) and using (4.3) gives

2 k(“”)//,u*(k) - Z F(c)(a+5)//'u(4’) < ZC: </ + ZA C(x))z () <0,
3 ¢ *e

by hypothesis since

(I’ + ZC(X))OC S (1 + max (X)) =Y (L + L))y

Using (4.1) and (4.3) now gives

00 >(£1) Y K ¥ (k) log u* () 2 Y, (z C(X))zu(é) log u(0) .
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