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Summary. Durrett (1984) proved the existence of an invariant measure for the
critical and supercritical contact process seen from the right edge. Galves and
Presutti (1987) proved, in the supercritical case, that the invariant measure was
unique, and convergence to it held starting in any semi-infinite initial state. We
prove the same for the critical contact process. We also prove that the process
starting with one particle, conditioned to survive until time t, converges to the
unique invariant measure as t - 0.

1. Introduction

We consider the one dimensional contact process £,, a Markov process with state
space {0, 1}4, where Z = the integers. For xeZ, &,(x) = 1 means that site x is
occupied by a particle at time ¢, and &,(x) = 0 means that site x is vacant at time ¢.
The contact process evolves according to the following rules:

() if &,0x) = 1 then lim - P(&,..(x) = 0]&) = 1
s—=0

s .1
(i) if £,(x) = 0, then lmé S PCs(x) = 11¢) = A&(x — 1) + lx + 1)),
where 4 > 0 is a parameter. Liggett (1985) and Durrett (1988) are good references
for background on the contact process.

For ne{0, 1}# let {7 denote the process with initial state 7, and let * denote the
configuration which has a single particle located at the origin. Let

lnl= 2 n(x)

xeZ
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be the number of occupied sites and let
t* =inf{t > 0:|£}| = 0}

be the extinction time starting from a single occupied site. There is a critical value
A.€(0, oo ) defined by
A =1nf{A > 0:P(t* = 0) >0} .

Although relatively little is known about the critical case, it has recently been
shown (see Bezuidenhout and Grimmett 1989) that the critical contact process dies
out, i.e., that P(t* = o0 ) =0for 1 = 4,.

To introduce the process seen from the right edge define

r(n) =sup{xeZ:n(x) = 1},
X ={ne{0,1}%n]= oo, r(n) < w0},
X = {neX:r(n) = 0},
and let S: X — X be the mapping given by

Sn(x) =n(x +r(n)).

In words, r(#) is the rightmost particle of configuration #, and S shifts # so that the
rightmost particle is at 0. We are interested in the process S&7, which is the contact
process seen from the right edge.

Durrett (1984) proved, for the critical and supercritical cases, that S7 has an
invariant measure which concentrates on X. Schonmann (1987) showed that in the
subcritical case S¢, does not admit an invariant measure. In both of these papers
the discrete time version of the model, oriented percoiation, was considered. Andjel
et al. (1989) treat a class of continuous time models which includes the contact
process. Galves and Presutti (1987) showed that in the supercritical case the
invariant measure is unique, and that for any n e X, Sy7 converges in law as t — o0
to this invariant measure. In addition, they proved a central limit theorem type
result for the position of the right edge r(z,). See Kuczek (1990) for a nice proof of
this in the discrete time setting.

Our first result is that the Galves-Presutti result (concerning the process seen
from the right edge) holds true in the critical case. Here and in what follows we
suppose 4 = 4.

Theorem 1. There is a unique invariant measure [ for SC,. For every neX, S&
converges in law to fi as t » 0.

The proof of this result relies on some ideas from a construction in Galves and
Presutti (1987) and an estimate for the tail of t* due to Durrett (1988):

(1.1) lim /tP(t*>t)= + o .

t—= o0
We remark that if ji, denotes the invariant measure for S&, with parameter 4, then
fi, is continuous on [ 4., o). To see this, first note that S¢, is a Feller process on X.
Next, it follows from Proposition 1.2.14 of Liggett (1986) that if i, = ¥ on {0, 1 }2as
A—dg= A and ¥V (X)= 1, then ¥ is invariant for S&,. Uniqueness then implies
¥ = fi;, at Ag. To show ¥7(X) = 1 we use an inequality from Andjel et al. {1989):

A —afl)

d(4; ) =
Pl =750
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x=—1i

_ 0
Here Ai,j={neX: Y n(x)<j},oc(/1);0and

p(j)=(1—e ") Lexp(d —24)).

Thus V(4; ;) £ 40/ip;,(j). and letting i - oo and then j— oo completes the
argument.
Our second result is

Theorem 2. Let v, be the distribution of S&¥ conditioned on {t* >t}. Then v,
converges in law to i as t — 0.

Our work gives some new information about the critical contact process not
seen from the right edge:

Corollary. (i) For L < o,

lim P(|&¥| < Llt*>¢t)=0.
t—
(i)) For s < o
. Pt*>t+y)
lim —— =1
o0  PE*>1)
In view of (1.1), the last result should not be surprising.

Theorem 1 is proved in Sect. 2, and Theorem 2 is proved in Sect. 3. We complete
this section by giving Harris’ graphical construction of the contact process. For
each x, ye Z such that [x — y| =1 let {SP¥,n 2 1} be the points of a Poisson
process with rate A, and let { U}, n = 1} be the points of a Poisson process with rate
1. Assume the Poisson processes are independent of each other, and let 2 be the
collection

'@:{(Sﬁ‘y)ngly(Ui)ngl’ X,y,ZEZ}-

We call £ a percolation substructure. For (x, s} and (y,t)e Z x [0, o0 ], with s < ¢,
say that there is a path from (x, s) to (y, t) in £ if there is a sequence of times
{u;},up=s<u; <...<u,=t, and a sequence of sites {z;}, zo = x, 2, = ),
|z, —z;_4| =1, such thatfori=1,..., n,

(i) u; = S§-+* for some k

(i) no Ug~telu_1,u).

For ne{0,1}? and s < ¢ define £I"* by setting E*(y) = 1 if there is a path from
(x, s) to (y, t) in & for some x such that n(x) = 1, and &7*(y) = 0 otherwise. Then
&P is a version of &,, and we will use & to denote &7+°.

2. Proof of Theorem 1

We begin by using an idea of Galves and Presutti to construct another version of
the contact process on #. Define the sequence {7}, k = 0} by T, = 0 and
T,=if{t > T_;:|&T =0}, k=1.

For e X define the process &7 by the following prescription: for te[T,_,, T;) and
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(=&, | let A
Gr=g5T 4 p(0).

(For a configuration s and an integer x definey + x by (5 + x) () =#{y — x).) In
words, at the times T,_, we shift the configuration { = E’}k_l so that its rightmost
particle is at the origin, then use 2 to obtain ST+~ 1, and then shift back by r({).
Thus &7 is a version of the contact process starting from #, and hence SE&7 is a
version of the contact process seen from the right edge. Note thatif te[T),_,, T),
and |&*Te-1| > L, then for all ne X, SEN(x) = SE* T-1(x) for all xe[—L,0].
Finally, fori= 1let 1, = 7, — T,_, and let :

N(1) = 'Zl Lir,sg -

The {;} form an iid. sequence, and the distribution of 7, is the same as that of T*.
Fix L <o, ke X, and define C = {ne X:n(x) = x(x), xe[ —L,0]}. Forany 5
and ' in X
P(s€1eC) — P(SE'eC)| = P(3xe[—L, 01, SE1(x) + SE'(x)) .
Using the coupling property in our construction of 5,, this last expression is no

larger than
P(|&r ol < L)

The fact that Ety = oo implies ¢t — Ty, conver ges in probability to co, so the
desired result would follow if we could show

P(|&¥| < Lit*>5) >0 ass— .

The reader can see from Corollary 1 that this is true, but we do not know how to
show this directly. Instead, we show convergence to 0 along a subsequence, which is
easy to do and good enough to prove Theorem 1. The first step is to observe that if
P(|&F| < Lit* > t) = ¢ too often then P(t* > t) would go to zero exponentially
fast, which would contradict (1.1).

Lemma 1. For any L< o there is a 6=0(L)>0 such that if
P({E¥| < L|t* > t) = ¢ then

P(t*>t+ 1)
P(t* > 1)

Proof. Since the probability that a particle dies in unit time and is not reinfected by
a neighbor is at least (1 — e™1)e™ %%, it follows that

Pr*<t+ 1|t* >1, 'éz*| SD)2[(1l—e Ve 2+ )l=5.
By hypothesis, P(|(f| < L|t* > 1) Z ¢, thus

P(e*<t+1|t*>t)Z P* <t + 1] & < Lo* > OP(|E¥| < L|t* > t) = J¢ .
O

<1-—96¢.

Lemma 2. For every L < o0 there exists a sequence of integers j, 7 oo such that

lim P(|&k Tvm| S L)=0.

H— 0
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Proof. Let e(t) = (log(l +¢t))~! and let f(t) = P(|&}| £ L|t* > t). Define the
deterministic set
A={s>0:f(s)>e(s)}
and the random set
B={r>0r—Ty,cA}.
Let
a(n)y=sup{k:3 t,...,(,eAN[0,n],t;—t;_, 21for2<i<k}

and let b(n) be the number of integers in B [0, n].
The first ingredient in the proof is an upper bound on a(n). If ¢, . . ., £, are as
in the definition of a(n), then

P(t* > n) S P(t* > 1) < mﬁ(:) Pt* >t |c* >t ).
Since m — e(m) is decreasing it follows from Lemma 1 that
P(t* > n) < (1 — de(n))y"™-1,
With this inequality and (1.1) a little algebra shows
K
e?(n)

where K denotes a positive finite constant whose value is unimportant.
The next ingredient is

2.1 a(n) £

2n

To see this notice that for any ¢ > 0 the sequence t; = 1, A (n + &) has the same
number of renewals in [0, n] as does the 7; sequence. Letting T, =1t} + - - + 1),
and using Wald’s equation at the stopping time N(n) + 1 gives

E(N(n) + DE(t; A (n+¢))=ETyu+ SETym +n+e<2n+e¢.

Rearranging and letting ¢ — 0 gives (2.2). Since (1.1) implies E(t; A n)/ ﬁ — 00,

(2.3) EN(n) < ./n
for large n.
A little thought reveals that b(n) < (N(n) + 1}a(n) a.s., so (2.1) and (2.3) imply
N
<
(2.4) Eb(n) < Kez(n)

for large n. On the other hand,
Eb(n) > gmin{P(jeB):ggj <n}.
By combining this fact with (2.4) we can find integers j, such that j,e[%, n] and

(2.5) P(j,eB) < %Eb(n)ao.
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It remains to show that for this sequence j,, P(] 3 * Tvim| < L) > 0. To do this,
note that

(2.6) P(|&% Tvun| < L) < P(j,eB) + P(j,¢B, |cF Tvm| S L) .

The second term on the right side above equals

@) § % PULEBNGY) =mE5 S LT eds).
0

m2

Given that N(j,) = mand T,, = s, j, ¢ Bis just j, — s¢ A, and the distribution of £ ¥:°
is the same as that of ¥ __ conditioned on {t* > j, — s}. Thus,
PUE5 1= L, ju ¢ BIT,, = 5, N(j,) = m)
= I{J'n—s¢A}P(lé;";~s| é L|T* > jn - S) é e(jn - S)

by the definition of A. This implies that (2.7) is no larger than

Jn

jl z e(.jf: - S)P(N(}u) = m, TmEdS) -

o mz0
Fix 0 < k < j, and break the above integral into two integrals, one over [0, j, — k]
and the other over [ j, — k. j,]. Since e(t) is decreasing, we easily bound these two

int Isb
integrals by e(k) + P(J, — Ty S k)

for any positive k. But E(t,) = o0, so t — Ty, converges in probability to infinity.
Thus for any k < oo
lim P(j&f; ™im| < L) < e(k) .

Letting k — co completes the proof. LI

Proof of Theorem 1. Fix L < oo, let j, be the sequence constructed in Lemma 2,
let Lcef, and define C = {neX:n(x)=x(x),xe[—L,0]}. For any » and #’
in X

\P(SE1,€C) — P(SEY € C)| < P(Axe[ L, 01, S8, (x) + SE(x) .
Using the coupling property in our construction of &, this last expression is no

larger than
P(|&x Tham| S L.

From Lemma 2 it now follows that

(2.8) lim sup |P(SE" eC) — P(SET eC)[=0.

n=>w 1,1
Suppose now that { and {’ are in X and ¢t > j,. By the Markov property,
P(SéeC) = [ P(SE_,; edn)P(SEL eC).

1= jn Jn

Since a similar decomposition holds for P(SE5 e C), (2.8) implies

(2.9) lim sup |P(SEeC)— P(SE eC)[=0.
t—= oo [, {'eX
Finally, we use the fact that there is an invariant measure j for S¢,. Invariance
of fi and (2.9) imply ~
|P(S¢;eC) — @(C)| -0
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as t—oo. Since this is true for any cylinder event C we have proved
Theorem 1. [

3. Proof of Theorem 2

Recall that /i is the unique invariant measure for S, that concentrates on X, andv,
is the law of £ conditioned on {7* > t}. Fixe > 0, L < o0, and k€ X and let C be
the cylinder event C = {#€X: n(x) = x(x) for all xe[ — L, 0]}. We will construct
an initial configuration 7€ X and a version of the contact process #7 such that

(3.1) |P(Sn1eC) —v(C)] < 2.

Since by Theorem 1 Sy} converges in law to i as ¢t — oo, this is enough to prove
Theorem 2.

Our construction begins with a collection {£;,i >0} of iid. percolation
substructures,

Po={(SeDhz1s (Ui dus1, % 9, 2€Z} .

Let x; be a decreasing sequence of integers with x, = 0, and let k; be any sequence
of positive integers such that

(3.2) (i1 —ki=y) = (5 + k) > L.

Let ¢ denote the contact process defined using the percolation substructure #,,
starting with a single particle at x;. Note that the £} are independent, and each S&iis
a version of S&F. Using I(&) to denote the leftmost position of a particle in ¢, define

Gi={r(¢h<x;+k and I(&)>x;,—k, forall ¢>0}

and
G - ﬂ Gi .
i=0

On G; the process ¢! lives entirely in the space-time region [x; — k;, x; + k;]
x [0, oc]. Since the critical process dies out we can make P(G;) close to one by
choosing k; large. Thus a simple Borel-Cantelli argument shows that there are
sequences x; and k; satisfying (3.2) such that

P(G)>1—c¢.

Having fixed the x; and k; we now define a percolation substructure 2 in terms
of the #,. For x > xo — ko let

Sypr=S53. Ui=Uig
and for i =z 1 and xe(x; — k;, x;_; — k;_ ] let
Spr=Sp, Ui=Ul.

We take 2 to be the collection of these Poisson processes. Let 1, denote the contact
process constructed using # and let  be the configuration with particles located
precisely at the points x;.

In order to prove (3.1) we compare 7 with the &}. The idea is that the particles x;
are so far apart that #7 is essentially the same as the union of the &£, so Sy should
be the same (locally) as S¢! where i is the smallest i such that £ is still alive at time ¢.
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Thus, the law of S#" should be the same as the law of S& conditioned on ¢éf being
alive at time ¢, i.c. v,. To make this precise define

K, =inf{i 2 0:|&]| > 0}
and
(=8¢ on (K,=ij.

Observe that on G, for all t and x, ,(x) = 1 if and only if £(x) = 1 for exactly one i.
Thus, on G, Syl(x) = {,(x) for —L <x <0, so

(3.3) P(SnleC,G)= P((,eC,G).

Now

(3.4) P((,eC)= Z P(K,=1i8¢eC).
iz 0

Since the ! are constructed using the independent £,
P(S¢ieCIK, = i) = P(S&eCl &l > 0) = v(C) .
This fact and (3.4) imply P({,eC) = v,(C). Using this with (3.3) we obtain
|P(SnieC) —v(C)| = 2P(G°) £ 2¢.

This proves (3.1), so we are done.
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