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Summary. In this paper we consider a hierarchical competition model. Durrett
and Swindle have given sufficient conditions for the existence of a nontrivial
stationary distribution. Here we show that under a slightly stronger condition,
the complete convergence theorem holds and hence there is a unique nontrivial
stationary distribution.

1. Introduction

In this paper we consider Markov processes in which the state at time ¢ is
{: Z*~{0,1,2}. We think of 0= grass, 1 =bushes, and 2 =trees, and formulate
the evolution as follows: (i) 1I's and 2’s each die (i.c.,, become 0) at rate 1.
(ii) I’s (resp. 2’s) give birth at rate A; (resp. 1,). (iii) If the birth occurs at
x, the offspring is sent to a site chosen at random from {y: y—xeA"}, # =the
set of neighbors of 0. (iv) If {,(y)={,(x) then the birth is suppressed. That
is, trees can give birth onto sites occupied by bushes but not conversely. Since
2’s can replace 1’s or 0s, it should be clear that &={y:{,(y)=2} is a Markov
process. In the terminology of Liggett [10] or Durrett [4], it is the contact
process with neighborhood set A"

It is not hard to show that there is a constant ¢, so that if 1,>c, then
1’s die out. That is, if |£y]=oc0, then {,=>pu, the limit starting from all sites
=2. Here = denotes weak convergence, which in this setting is just convergence
of finite dimensional distributions. Durrett and Swindle [7] showed that the
other alternative can occur.

Theorem 1. Suppose A" ={y: ||y, <M} where ||y| ., =sup|y;|. If 1;>43>1 then
coexistence occurs for M=M (A, 4,). That is, there is a translation invariant
Stationary distribution u,, that concentrates on the configurations with infinitely
many 1’s and 2’s.
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When coexistence occurs, the process has four stationary distributions. One
is trivial p,, the pointmass on the =0 configuration. Two are not interesting:
U, i=1,2, the limit starting from all sites =i. (The limits exist since in this
case the process reduces to a one type contact process). The main result of
this paper shows that under the hypotheses of Theorem 1, u, , is the only interest-
ing stationary distribution and is the limit starting from any initial configuration
with infinitely many 1’s and 2’s. To state that result we need some notation.
Let n,={y:{,(y)=1}. Let 7, =inf{t:n,=0} and 7, =inf{t: &,=0}.

Theorem 2. Suppose N ={y:{|y|oSM}. If Ay >A3>1and M =M,(1,, 4,) then

{,=>P(1, <0, T,<00) g+ Pty =00, 7, < 00) iy
+P(ty <00,7,=00) iy + P(t; =00,7,=00) fi.

The last result, called the “complete convergence theorem”, implies that
all stationary distributions are convex combinations of ug, pyy, 4, and puq,,
or less formally, there is only one interesting stationary distribution —u,,. The
constant M, in Theorem 2 is somewhat larger than M, which is enormous.
With more work we might be able to take M, =M ,, but the interesting problem
is to show that the complete convergence theorem holds whenever there is
coexistence.

The first step in proving Theorem 2 is to give a definition of y,. Let {*#
be the process that starts with 1I’s on A4, 2’s on B, and O’s on A°N B Let

12 denote the special case in which 4=B° and B is random with distribution
Uz, let gi2={y:{}*(y)=1} and &?*={y:{{*(y)=2}. (In general, we will use 7
and ¢ to denote the set of 1’s and 2’s in the corresponding {.) Since the 2’s
are in equilibrium and the 1’s initially occupy all the other sites it should not
be surprising that for all finite sets C and D,

(2.3) t—>Pu2nC=0,E2nD=0)

is increasing. Since these probabilities determine the finite dimensional distribu-
tions, it follows that (}?=-(12. As in the case of the contact process, {i* is
a translation invariant stationary distribution and coexistence occurs if and
only if P{{1?(x)=i)>0fori=1,2.

The key to the proof of (2.3) (and to the proof of Theorem 2 itself), is duality.
Recall that when the contact process is defined on a graphical representation
then by working backwards in time we can define dual processes Er0<s<t
that have the property

(& B0 ={An+0}

(If you don’t recall this, it will be explained in Sect. 2.) In the same way we
can define dual processes #' %, 0<s <t that have the property

{240 C+0} = (A onf P40}

Notice that here B is the set of sites occupied by 2’s at time 0. One way of
thinking about this relation is that we first go forward in time to determine
the sites occupied by 2’s, then work backwards to see if 4 x {t} can be reached
by a path that avoids the set of 2’s.
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With our two dual processes defined, the proof of the complete convergence
theorem follows the same general approach as for the ordinary contact process.
For that process one begins with Griffeath’s observation that it is enough to
show that if 2 and &P are independent

P +0, 840,51 nE=0)-0

Then one uses the fact that a supercritical contact process, when viewed on
suitable length and time scales, dominates oriented percolation with parameter
p close to 1. (See Bezuidenhout and Grimmett [2] or Durrett [5] for more
details.) Here, we follow the same outline, In Sect. 2 we construct the process
on a graphical representation, define the dual processes, and prove (2.3). In
Sect. 3 we reduce the proof of Theorem 2 to showing

(34)  lim lim P(pfv4240, 70 A2 m o0, gl 2 a gl A=) =0,

r—> s>

To prove (3.4) we show in Sect. 4 that the forward and duval one processes,
when viewed on suitable length and time scales, dominate oriented percolation
with parameter p close to 1, and then in Sect. 5 use some results for oriented
percolation to show (3.4). The arguments in Sect. 4 and 5 follow the approach
of Durrett and Schonmann [6] but use a new trick to avoid the “restart”
argument.

As the reader can tell from the last sketch, much of the paper is an application
of “standard techniques”. What then is new here? The main theoretical advance
is the introduction of the dual process, which allows us to prove the existence
of the stationary distribution u,,. The dual is constructed by running the 2’s
forward in time and then working backwards to see if the 1’s can survive in
the spaces left by the 2’s. Most of the work in this paper is to adapt existing
theory to deal with this evolution in a random environment.

2. Construction and duality

We construct the process from a graphical representation that is like the usual
one for the contact process but has indices to keep track of the type of particle.
To facilitate letting M — co we will scale space by dividing by M. For each
site xeZ%/M={z/M:zeZ%, we have rate one Poisson processes U! and UZ.
At time U! we write a §; which kills a type i particle at x. Turning to the
births, for each ordered pair of neighbors (x, y), with |x—y| <1, we have
Poisson processes T}, and T2 with rates 4,/2M +1)%, and 1,/2M+1)%. At
time T}, we draw an arrow from y to x to indicate if {(y)=i and {(x)<i a
particle of type i will be born at x.

Even though there are infinitely many Poisson processes and hence no first
arrival, an idea of Harris [8] allows us to construct the process starting from
any Initial configuration. Consider a random graph in which x and y are con-
nected if there is a potential birth from x to y or from y to x before time
7. If 7 is small enough a simple argument (compare with a branching process)
shows that all the components of our random graph are finite. The evolution
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of each component can be computed separately. In this way we can construct
the process up to time 7, and iterating constructs the process for all time.

Our main tool will be two dual processes that generalize the one for the
contact process. The “two-dual” {é4",0<s<t} is obtained by asking the ques-
tion “Is there a 2 in 4 at time £?” and working backwards in time. The answer
to our question is “Yes if there is a 2 at some site in £%* at time t—s”, so
a little thought reveals that our dual should evolve as follows. If we encounter
a 6, at x at time t—s, we remove x from &4% If there is a 2-arrow from
y to some point in 4¢ at time t—s then we add y to &%%. As the verbal
description of our dual suggests, it has the property

2.1) PEA T NB+0)=P(EEnA+0)

The “one-dual” {#&#*, 0 <5<t} is obtained by asking the question “Is there
a 1in A at time t when we start with B occupied by 2’s at time 0?” To answer
this question, we first let the 2-process evolve up to time ¢, starting from B
at time 0. Then we work backwards in time to sece if there is a 1 in 4. The
first step is to discard all the points of 4 that are occupied by 2’s at time
t. The set of points that remain, A’, is the starting point for the one-dual. As
before if we encounter a J; at x at time t—s then we remove x from #& %"
If we encounter a §, at x at time t—s then we remove x if there was a 2
at x just before time ¢—s. Finally, if there is a l-arrow from y to some point
in #2®* and y is not occupied by a 2 then we add y to 425" Again it is
an immediate consequence of the definition that

22 PHEPINCHY)=PHr PN A%0).

After seeing the last definition, the reader probably has her own question:
“What is it good for?” The first answer to this is that it follows us to define
the stationary distribution called u,,, in the introduction. To construct it, let

12 be the process starting from

2
we={l o

where ¢ has distribution p,. (Two’s start in their stationary distribution, one’s
are filled in between). First we observe that if we use our convention of letting
n stand for the process of one’s, and & stand for the process of two’s the weak
limit of {, exists if

2.3) lim P(nt2n B, =0, L% N B, =0)exists
t— o

This is sufficient because all the finite dimensional distributions can be computed
from the ones just given by applying the inclusion-exclusion formula.

Proof of (2.3). Note that
P!> "By =0, nB,=0)=P(/*nB,=0)—P(;> 0By +0,{/> N B,=0)

Since the 2’s start in equilibrium P(&12 ~ B, =90) is independent of z. It suffices
then to show that p,=P(#n}2nB,+0, £1> n B, =0) is decreasing in t. Let {}> 7
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be the process that at time — T has all sites occupied by two’s, and at time

0 one’s are filled in on all vacant sites. Let #5°* 2 ~T be the one-dual of {}* T,
starting at time ¢ with B, occupied by one’s. Define p'(T)=P(#E+>2"T
+0,E1* T~ B,=0). We begin by observing that § is an absorbing state for

the dual so for s<t,
PUT) = p(T)=pi(T+(t—5))

The equality follows by constructing {}* ~T and {}* ~T~¢~% on the same graphi-
cal representation with their all 2’s configuration at the same place. The second
step is to notice

2.4 piT)—p, as T—o0.

To show this, view {}% ~T for all T on the same graphical representation. Then
using the definition of the upper invariant measure for the contact process,
it is easy to see that {52 ~7T decreases to a limit that has distribution u,. With
(2.4) established it is easy to see that g, is decreasing in ¢ because for t=s

pr—ps=lim pi(T)— lim p(T+(t—s)<0
T T o

and this gives that the limit in (2.3) exists.

3. The easy pieces

In this section we will do the easy parts of the proof of Theorem 2. We can
suppose without loss of generality that the process starts from a nonrandom
initial configuration with I’s on A, and 2’s on A4,. Let 7, =inf{t: 442 =0}
and 7, =inf{: £2=0}. Here and in what follows we omit the superscript 4,
from the two process since the initial configuration of 1’s does not affect its
evolution. Let n%, (resp. £2) denote the limits when we start with all sites =1
(resp. =2). For reasons indicated in the discussion of (2.3), it suffices to show
that for B, and B, nonempty finite subsets of Z%/M the following three results
hold.

(3.1) lim P(&> By +8)=P(£5, » By +0) P(r, =)

(3:2) lim P(n' 42 A By @)= P(n5, "B, +0) P(t, = 00,7, < 0)
t—> o0
+P(ni2 N By #0) P(r,=00,1,=00)
(3.3) Lim P42 nB 0,82 B,+0)

=Pl B, *+0,E 2B, #0) P(r; =00, 1,=00)
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(3.1) follows from the complete convergence theorem for the one-type long range
contact process. (See [2] or [5].) We claim that to prove (3.2) and (3.3) it suffices
to prove

(3.4 hm hm Pl A2, B A2 r+5 ) s A2 B Az s — () =)
(3.5) lim lim P(&5340, &7+ 0, & 0 82930 =0) =0
(3.6) ,linl s]in; P(pfA2 40, gF1 4275 £ ()
=P(nL "B, +0) P(t, =00, 7, < ©)
+ PN By %0) P(t,=00,7,=0)

(3.7) hm lim P42 0, glv A2 40, Ed3 0, EP20 35+ 0

= ST

=Pn2nB,F0,2nB,+0) P(t;, =00, 1, =00).

To check our claim, observe that if r+s=¢ and r, s20 then the probability
in (3.2) can be rewritten as

P(pi42 A By #0)= P (142 A1 4275 4 0)
_ Pl A g, A 1)
C Py Az, pBr A s 4 B i A2 B A s 2 )

(3.6) implies that the first term has the desired limit. (3.4) says the second term
converges to 0. Similarly, the probability in (3.3) is

P42 A B 0, &2 A By Q) =Pniv A2 o250, &3 0 8y +0)
and

IP(r[Al AzﬂﬁBl JAz, r+s=i=$ fs/zm fi;;;s:':@)
—P(pfoA2 40, 4B dnrtoi g, 'ﬁs/z*(b €r+sr/;s:r‘:@)l
<P(77A1 AZ:F@ AB1 Az,r—l-s:%:@’ 7’[;4"‘42('\1;]\3’ LAz, r+s @)
+P(€s/2:‘=® éB+s7;s:*=® 6s/2ﬂ ?is?gs”‘b)
(3.4) and (3.5) imply that the right hand side converges to 0, so (3.7) gives
(3.3).

We will now show that (3.5)~3.7) hold. The proof of (3.4) is the hard part
and will be done in Sects. 4 and 5.
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Proof of (3.5). This is an immediate consequence of the complete convergence
theorem for the one-type process

P(Ef3+0, 820740, &30 EP213°=0)
=P +0, 8207 +0) —P(EB N &3 +0)
=P(&1 2N By +0) P(E3+0)— P(&3,n B, +0)
— P (&% nBy#0) P(1;= 00)— P(t,= ) P(¢%, n B, +B)=0

as s — oo.
To prove (3.6) and (3.7), we need three preliminary results.

(3.8) Lemma. Given r>0 and £>0, there is a q that depends on |B,| but does
not depend on A, so that the dual #5342, will with probability at least 1—eg
not inspect any particle outside B, +[ q,q1%

Proof. The number of particles we start off with is |B,|. Each time either a
one-arrow ot a two-arrow points towards the present configuration, we must
inspect the two-dual starting from the endpoint of the arrow to seg, if it emanates
from a two at time 0. Thus, at most W, particles are to be inspected, where
W, is a branching process with birth rate A,+ /1, and death rate 0. (To get
an upper bound we ignore deaths.) Chebyshev’s inequality implies P(W,>q)
SEW,/q<e for g large enough. Starting from B,, these g particles are all con-
tained in B; +[—gq, q]%, since arrows have length (in the supremum norm) less
than or equal to 1.

(3.9) Lemma. For q and A, fixed, there exists an S such that for s=8S
P(&R(x)#E3%(x)  forsome xeBy+[—q,q]%,1,>5/2)<e
where 252 is the process that starts at time s/2 with all sites occupied by two’s,

and we write £(x)=2 if xe&,, £,(x)=0 otherwise.

Proof. The complete convergence theorem for the contact process implies
E&r=>8¢ P(1,<00)+ &2, P(1,=0).

Since we can construct the two-process starting from A4, at time 0 and £2-5/2
on the same graphical representation with &2 22 for all times t=s/2, and
disjoint pieces of the graphical representation are independent, we get

PR +LE32(x), 1> 5/2)=P(EL2(x) =0, &3 92 (x)=2,71,>5/2)
=P (x)=2,1,>5/2)— P(£*(0)=2)
=P (x)=2) P(r,>5/2)— P(¢2(x)=2)
= P(&%,(x)=2) P(t;= 00)—~ P(%(x)=2) P(t, = 0) =0
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as s goes to infinity by the complete convergence theorem for the one type
process. Thus for s large enough

P(&2(x)*# &2 (x) for some xe By + [ —4. 41% 75> 5/2)
= Y PEEWELTH) T >s2)=e

xeBy+[—4q,q1¢

The last preliminary we need is the following trivial observation.
(3.10) For all s large enough, P(s/2<1, <o0)<Ze.

Proof of (3.6). This is just a question of combining the above observations.
First

[P 4240, 07042 3£ 0)— Poy >s/2, 7042 T )| <6
by (3.10), and

(B.A1)  P(ry>s/2, 4B A2 S 0)= P(1, >5/2, 1, < 5/2, 81 0525 4. )
+P(T1 >S/2, ’C2>s/2, ﬁthl,H’S-‘-f:(b)

where as the reader can probably guess, A8 %%2:7%5 is the one-dual starting

with B, occupied at time r+s when there are no 2’s at time s/2. The first
term on the right is easy to deal with

Pty > 5/2, 13 S8/2, 17 OS5 4.0) = P(r, > 512, 1, S5/2) P O 5 4.0)
since disjoint pieces of the graphical representation are independent, and
P @52t 0)=P(470 %" +0)=P(n; 0 B, +0)

where #! is the set of 1’s at time r when initially all sites are occupied by
1’s. So letting s — oo and then r — oo

P(‘E1>S/2s ‘C2§S/25ﬁfl,(o,S/Z)‘r+s:§:0)_')P(rl=OO,T2<OO)P(U§OHB1 4:(2))

As for the second term on the right in (3.11), (3.8) and (3.9) imply that for
s=S

[P(t,>8/2,T,>58/2, AP0 427 52 0) — P(vy >5/2, 1, > 5/2, HE 3525 L) < 3¢

The last step decouples what happens after time s/2 from what happened before
and we can write

P(ty>5/2, 7, > 5/2, fE0 @ sr s L g
=P(t;>5/2,7,>5/2) P(ABZ5Dr+5 4 ()
=P(t,>5/2,7,>5/2) P(n}* 5> A B, =)
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where 512 75 is the set of 1’s in the process that starts with all 2’s at time
~—s/2 and has 1’s filled in at the vacant sites at time 0. Letting s— oo and
recalling the proof of (2.3) we see that the last quantity

= P(ty=00,7,=00) P(1;? N B, %)

Letting  — oo now gives (3.6).
Proof of (3.7). (3.8), (3.9) and (3.10) apply as before to show that for large
s

P

|P (gl A0, 4P 427050, Es 0, 827 °+0)
— Pty >5/2, 470 @D 40,1, > 572, i 0) Sde

The last step decouples what happens after time s/2 from what happened before
and we can write

P(1y>s/2, B0 25D rts g 7,552, EBrrs 4 0)
=P(B @Dt Bt £ ) Pty > 52, 1,>5/2)
=Put* 2B, %0, &% T2 A By 0) P(t, >5/2,1,>5/2)

where in the last step we have again rewritten the event in terms of the process
{}?% 752 that starts with all 2’s at time —s/2 and has s filled in on the vacant
sites at time 0. Letting s — o0, recalling the proof of (2.3), and then letting r — oo,
we get the desired limit

P(n2n By +0, 6;203244/))13(’51:00,‘62:00‘).

4. The block construction

To prove (3.4) we will show that (i) the forward and dual one processes, when
viewed on suitable length and time scales, dominate supercritical oriented site
percolation and then (i) use some results for percolation to show (3.4). In
this section we carry out (i). We begin by reviewing the block construction
of Durrett and Swindle [7] for the forward one-process and generalize it to
the one-dual. As in that paper we first define mean field (i.e., M = oo) versions
of the processes under consideration, show that when viewed on suitable length
and time scales they dominate supercritical oriented site percolation, and then
use “continuity” to show that the last conclusion holds for the processes of
interest.

To define the mean field version X, of the process of two’s &, we recall
that the contact process can be thought of as a branching random walk in
which two particles that occupy the same site coalesce to one. If we start with
a finite number of particles then the probability of a collision before some
fixed time goes to 0 as M — o so we define X, to be the branching random
walk in which

(i) Particles die at rate 1.
(ii) Particles give birth at rate A,.
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(iii) The offspring of a particle at x is sent to a y chosen uniformly from

To define the mean field version Y, of the process of one’s n, we begin by
observing that Bramson, Durrett, and Swindle [1] have shown that the upper
invariant measure y, for £ approaches a product measure with density (1, —1)/4,
as M — co. We will therefore define ¥, to be the branching random walk in
which

(i) Particles die at rate 1+4,(1,—1)/A,=4,. (I’s die when they meet §,’s or
a 2 branches onto their site.)

(ii) Particles give birth at rate 1./1,. (New 1’s are born at rate 1, but the
site to which they are sent is occupied by a 2 with probability (1, —1)/4,.)

(iii) The offspring of a particle at x is sent to a y chosen uniformly from

{yilx—ylo<1}

In the mean field version Z, for the one-dual process, we will again assume
that the two’s at cach fixed time are distributed as a product measure with
density (4, 1)/4,. The first step is to thin Z, by flipping coins with probability
(4,—1)/A, of heads to remove the sites in Z, that are occupied by 2’s. We
claim that after the initial thinning, Z, is the same branching process as Y,.
To check (ii) and (iii ) we observe that births occur at rate 4, but are suppressed
if they land on live two’s, so births occur at rate 1,/4,, and in the limit M — oo
the new particle is displaced from the parent site by an amount uniformly distrib-
uted over [—1,1]% (i) is much more subtle. Particles in Z, die when meeting
d.’s, but also when meeting 8,’s with live two’s on the other side. An occupied
site clearly encounters §,’s at rate 1 but somehat surprisingly encounters d,’s
at rate 1,. To see the second claim note that if (x,7) is not occupied by a
2 then working backwards S=inf{s: there is a J, at (x, r—s)} must occur before
T=inf{¢: there is a 2-arrow from an occupied site attacking x at time r—t}
and

P(S=s<T|S<T)=e e~ %~ Vs)(1/i,)=A, e~ %"

Since the probability we will find a two on the other side of a §, is J, is
(A, —1)/2,, the total death rate is thus 1 +(1, — 1)=4,.

Oriented site percolation. Before we proceed to the description of the block
construction, we will say a few words about oriented site percolation. For more
details, see Durrett [3]. Let

F ={(m,n)eZ*: m+neven}

and draw arrows from (m, 1) to (m— 1, n+ 1) and to (m+ 1, n+ 1). The site percola-
tion system is constructed from independent random  variables
{w(m, n):(m, n)e &, n= 0} taking values 1 with probability p and 0 with probabili-
ty 1—p. w(m, n) indicates whether the site (m, n) is open (w(m, n)=1) or closed
(w(m, n)=0). We write (m,,n,)—(m,,n,) if it is possible to get from (my,n;)
to (m,, n,) following the arrows and only passing through open sites, with (m, n,)
and (m,, n,) open as well. The cluster containing (0, 0) is C={(m, n)e.Z:(0,0)
—(m, n)}. We will call the sites in C wet and use ¥ ={m:(m,n)eC} to denote
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the set of wet sites at time n. Finally, Q_={|C|=00}={yS=*0 for all n} is
the event “percolation occurs” and p =inf{p: P,(2,)>0} is the “critical proba-
bility”.
The block construction for the forward process. We will now describe in some
detail the block construction for the one-process as done in Durrett and Swindle
[7]. We do this not only to save the reader a trip to the library, but also
because the proof for the one-dual is almost the same. Let e, =(1,0, ...,0) and
T=1I? Let B=(—2L,2L]*x [0, T], and for (m, n)e %, let ¢ (m,n)=(2mLe,,nT),
B, .=@(m, n)+B. We will say that B, , is good and set w(m,n)=1 if certain
good events happen in the graphical representation in that box. Note that the
boxes B, , are disjoint. We do this so that the w(m, n) will be independent.
Let I=[—L,L), I'=[—L+1,L—1]% and for (m,n)e % let I,,=2mLe, +1, and
I,=2mLe +1I'. We will say (m, n) is occupied if I,, contains N one’s at time
nT. The good events will be designed so that if (m,n) is occupied and B,, ,
is good then (m+1,n+1) and (m—1, n+ 1) will be occuppied.

We begin by proving the corresponding statement for the branching process
Y, with I replaced by I'. The shrinkage by one unit at the edges of I is to
leave room for the limit M — oco. Here and in what follows, X7 and Y4 will
denote the mean field processes starting with 4 occupied at time 0. The first
step is to introduce a truncation designed to make the good events independent.
Let u be chosen to satisfy u>(4,—1)/2,, and

T+ + 2, wu<i (1—p.

To see this is possible and to prepare for our use of this condition in the
next paragraph, note that (141, p)> 4, and is an equality when p=(1,—1)/4,.
Having picked p the next step is to note

(4.1) I can be chosen large enough to make the probability that X% survives
until time [ or reaches a point outside [ —1+1,1— 1] less than p.

In view of (4.1) and the choice of u we will declare a site y to be occupied
by a two at time ¢ if the two-dual starting from y at time ¢ does not die out
before it reaches the boundary of the space-time box (y,#)+[—1 11° x [0, —1].
To make events inside two disjoint boxes independent, let ¥, be the modification
of ¥, in which

(i) Particles die at rate 1 + 4, p.
(ii) Particles give birth at rate (1 —pu) 4 2
(iii) The offspring of a particle at x is sent to a y chosen uniformly from
yillx—yl,=1}.
(iv) Particles that land outside (—2L+1+1,2L—[—1)? are killed.

We shrink (—2L,2L]? by [ so that when we follow two-duals backwards we
will stay in B, ,. We shrink by 1 more to allow for the limit M — 0. Let
Y, be Y, modified so that in the first ! units of time no particles are added,
and every particle that is hit by a 6, or a two-arrow is killed. When we are
within / time units of the bottom of the box we cannot follow the two-duals
backwards for ! units of time so we take the pessimistic view that all sites
we investigate are occupied by 2’s. E]Y,| is reduced by a factor of exp( (1+2,0D
in the first [ units of time but this deficit can be made up by Y,. Let T'=T—1.
A simple calculation shows
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(4.2) L can be chosen large enough to make inf E|YfnI|z4exp((1+4,)D.
xe{—L,L}4
Fix ¢ to make 1 —&> p,, where p, is the critical value for independent oriented
site percolation.

(4.3) N can be chosen large enough to make P(YANTI,|=ZN)>1—¢/3 for all
Ac[—L, L] with |A]=N.

Sketch of proof. If N is large then with high probability there will be at least
N exp(—(1+4,))/2 particles alive at time [ In view of (4.2) the expected number
of particles in I; is at least 2N. The desired result now follows by computing
second moments and using Chebyshev’s inequality. See Sect. 3.1 of Durrett and
Swindle [7] for more details.

Finally we have to show that the last result holds for the real one-process.
Let 77, be a modification of #, in which we assume that all sites outside (—2L,2L]?
are always occupied by 2’s.

(4.4) M can be chosen large enough to make P(ft2nI|ZN,|i48~I1_|=N)
>1—c¢ for all A and B disjoint with A<[—L, L]* and N<|A|<2N.

Sketch of proof. Without loss of generality we can suppose B=A° The trick
here is to construct the real process from the mean field version. We define
a function r,, that maps a uniform distribution on [—1, 1] to a uniform on
[-1,11NZ%M and has |7y (x)—x|,<1/M for all xe[—1,1]% If U, is the
ith displacement in the mean field dual, we let 7, (U;) be the ith displacement
in the real process. We have a huge number of particles to keep track of —
the one-dual and all the two-duals of particles that branch onto it. However,
the number of particles does not depend on M, so it is casy to show that
if M is large then with high probability there is no collision (branch onto an
occupied site) and all the particles in the real one-dual and the associated two-
duals are within one unit of their analogues in the mean-field version.

(4.4) shows that if (m, n) is occupied then with probability at least 1 —e>p,,
(m—1,n+1) and (m+ 1, n+1) will both be occupied. A simple induction argu-
ment now shows that the set of occupied (m, nje.¥ dominates the set of wet
sites in oriented percolation with parameter 1—e¢. The details are spelled out
in Sect. 3.2 of Durrett and Swindle [7].

The block construction for the one-dual process. We will show that with smalf
changes, the block construction just described can be extended to the one-dual
process. We begin, as before, by considering the mean field version Z, of the
one-dual, which after the initial coin flips decimate Z, has the same distribution
as Y,. To make the events inside disjoint boxes independent we let Z, be the
modification of Z, in which

(i) Particles die at rate 1+(1+ 4, p) pt.
(ii) Particles give birth at rate (1 —u) 4.
(iii) The offspring of a particle at x is sent to a y chosen uniformly from
Dilx—y, =1}
(iv) Particles that land outside (—2L+1+ 1,2 L—1— 1)* are killed.

Here u is the number chosen earlier to satisfy pu>(1,—1)/A, and 1+(1+ A, p) u
<2(1—p). To explain the birth rate in (i), recall our discussion of the mean
field dual Z, and observe that now 2-arrows from occupied sites occur at rate
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A, u. Repeating our previous argument shows that sites occupied by 1’s
encounter J,’s at rate 1+, p and with probability u we find a 2 on the other
side.

Again when we are within [ time units of the bottom of the box, we cannot
follow the two-duals backwards for [ units of time, so we take the pessimistic
view that all the sites we investigate are occupied by 2’s. This leads us to define
Z,, which is Z, modified so that at times T"=<t<T no particles are added,
and every particle that is hit by a §, or a d, is killed.

The proof of (4.2) generalizes easily to show

(4.5) L can be chosen large enough to make [irzf L]dE |ZF AT 2 4 exp(21).

To explain the choice of the constant in (4.5), note that if we start the one-dual
with N particles, then (4.5) shows that the expected number of particles in I
at time 7" is at least 4 N exp(21). The factor exp(2}) is there because the probabili-
ty that a site will not be hit by a o, or §, in [ units of time is exp(—21I).
Computing second moments and using Chebyshev’s inequality leads as before
to

(4.6) N can be chosen large enough to make P(|ZAnT}|=N)>1—¢/3 for all
As[—L, L] with |A|=N.

Finally we have to show that the analogue of (4.6) holds for the real one-dual.
Let #%* T be the modification of the one-dual in which we decide that a site
we investigate is occupied by a 2 if the two-dual escapes from the space-time
box B, , and we do not add a site unless there is a &, there before the site
is first attacked by a 2-arrow from an occupied site. The continuity argument
used to prove (4.4) generalizes easily to show

(4.7) M can be chosen large enough to make P(|fi%*TI,|=N, |75 TnI_,|
ZN)>1—c¢ for all B[ —L, L] with N<|B|<2N.

5. Proof of (3.4)

In the last section we showed that the two processes of interest dominate oriented
site percolation with p close to 1. The first step in using this to prove (3.4)
1s to give some results that say when p is close to 1, oriented site percolation,
Wi, survives with high probability and is thick. Proofs of all the facts cited
can be found in Durrett [3]. Let y/Z (resp. ¥) denote the state at time n when
oriented percolation starts with all sites occupied (resp. x occupied).

(5.1) If I,=infy? and r,=sup ;) then ) =Yz [1,,r,] on {Yy° =0}
(5.2) If p>p. then there is a constant a(p)>0 so that

rgn—alp), Il /no—alp)as. on Q.

d
(5.3) {Lixeyz,)» X€2Z} = {1 g5 10y, x€2Z}
(5.4) Let ¢(x)=1yx+0 foraun) fOr x€2Z. ¢ is stationary and ergodic with

B¢(x)=1)=B(@,) -1 as p-1
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Let =¢/100 and pick p so that P,(22,,)>1—46/d. Having fixed p choose parame-
ters L, T, and N for the block construction so that the forward and dual one
processes dominate oriented percolation with parameter p. We call the box
4zL+T—L,L} a source for the block construction if it contains at least N
particles. The first phase of our construction is to wait long enough so that
with high probability either our processes have died out or have enough particles
to make a source for the block construction. The first step is to decide how
many particles are “enough”.

If there are K particles, then there are at least K/(4LM)* boxes 4zL+-
(—2L,2LY, zeZ% that contain at least one particle. Let {# be our process
starting with 1’s on A, 2’s everywhere clse and modified to always have 2’s
outside (—2L,2L]% Let 7 be the set of sites occupied by I's. It is easy to
see that

(5.5) inf  P(A{n[—L,L)*[ZN)>0

Ac(—2L,2L}

and hence K can be chosen large enough so that if we start with K particles
at time O then with probability > 1—¢ there will be a source at time 1.

The next step in setting up our construction is to show that if we wait
long enough then our processes will with high probability either be § or have
K particles. We start with the forward one-process. Here and in what follows
A;, A,, and B, are fixed.

(5.6) Lemma. If 6 and K are given there is a o 5o that

PO<|yiv M| <K)S6  for s2a.

Proof. Let 7,(C, D)=inf{t:n&?=0}. Tt is easy to see that there is a constant
y>0 so that P(y,(C, D)< o0)=y* whenever |C|<K. (Consider the event that
all the particles die before they give birth.) Now

P(s<ty(4;,4,)<0)ZPO<|pi | <K)y*
and the left-hand side — 0 as s — o0, so the desired result follows.
The last argument generalizes easily to show

(5.7) Lemma. If 6 and K are given there is an SZ ¢ so that

PO<|A§ " <K)<S

PO<|[f8 "< K)<S.
We do not worry about other initial configurations of 1’s because the proof
of (3.6) shows that if ¢ is large then the dual will see a collection of 2’s that

looks like ¢ or u,. The third and final step in the setup is to localize the
last two results. Let Dy = {y: | yll., =0}

(5.8) Lemma. If S is fixed then we pick Q=(4R+2) L large enough so that
P2 40,indv42n Dyl <K)<26
P8 40,08 % A Dy <K) <25
P(f§ - 1%, 5" A Dol < K) =2.
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At this point we have shown that if we wait S+ 1 units of time then our processes
will with probability at least 1—3¢ either (i) have died out or (ii) have N
particles in 4zL+[—L, L]? for some zeZ? with |z|, <R. (5.1}(5.4) guarantee
that the construction will succeed with high probability and that most of the
boxes that can be reached from the source will contain N particles. This will
enable us to conclude that when the forward and dual one processes do not
die out they both have N particles in a large number of boxes. To turn this
into an actual intersection of the two processes, we observe that if, as in the
proof of (5.5), we let {# be the process starting with 1’s on 4, 2’s on A¢, and
modified to always have 2’s outside (—2L, 2 L] then

(5.9) Lemma. There is a x>0 so that PGAnB+0)=x for all te[2T,6T] and
A, Bc[—L,L]* with |A|, |B|=N.

Having identified a positive probability of success, our next step is to pick
J large enough so that

(5.10)If X, ... X, are independent with P(X,;>0)2Z« then
PX +..+X,;>0>1-6

GAD) If ¢ (x)= 1(¢;§¢¢bforaun) then

13,( i ¢(2x)<(1—25/d)(2J+1))<5/d

=-J

To prepare for the later use of (5.11) the reader should recall §=¢/100<0.01
so 1-26=0.98.

Having finally made all our choices, it is time to prove that if r=r, and
s=54(r) (i.e., so may depend on r) then

(12) PO 0 g g =) <
We carry out the argument first for d = 1. By (5.3) we can pick n, so that
(5.13) P(l,£—-J—Rr,zJ+R)=1-26 for nzn,

Let ro=S8+1+ny T. As we remarked after (5.8) at time S+ 1 the one-dual will,
with probability >1—3¢, either (i) be empty or (ii) have N points in
4mL+[—L, L] for some integer m with |m|< R. Using (5.13), (5.1), (5.3), and
(5.11), we see that in case (ii), at time r, the dual will with probability >1—34
have N points in 4jL+[ —L, L] for 98% of the je{—2J, ...,2J}.

Fix r=r,. The reasoning in the last paragraph applies to the forward one
process but this time we cannot just set §,=S+1+ny T. We need to pick sqo(r),
which depends on r, large enough to guarantee that for times £ <r, the one-dual
will with high probability see a collection of 2’s that looks like ¢ or u,. The
proof of (3.6) shows that this is possible.

Given r=rq and s 2 5,(r), pick ny even so that r—(S+1+n, T)e[T,3T) and
pick n, even so that s—(S+1+n, T)e[T,3T). We have shown that when the
forward one process does not die out, then with probability at least 1648
there is a set G, of integers je{—J, ...,j} with |G;]=0.98(2J+1) so that at
time S+ 1+n, T there are N ones in 2jL+[— L, L]. Likewise, with probability
at least 1 —70 there is a set G, of integers je{—J, ..., J} with [G,|=0.982J + 1)
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so that at time S+ 145, T there are N ones in 2mL+4{—L, L}. (We have an
extra probability 6 that the one-dual sees a collection of 2’s that does not look
like § or u,.) Now |G; nG,|=0.96(2J +1)>J so (5.9) and (5.10) guarantee that
(5.12) (i.e., (3.4)) holds (recall 6 =¢/100).

The last argument does not work in d=2. The block construction makes
the processes grow in a strip Z x (4kL+[—2L,2L]), so if the sources for the
forward and dual one processes occur in boxes 4zL+[ —L,L]* and 4z’ L+[
—L, L)? with z, 4z, the proof given above does not guarantee an intersection.
The remedy is simple though. We pick ny, n, 2 2n, to be multiples of 4 (replacing
3 by 5 in their definition and 6 by 10 in (5.9)). We let the processes grow
in the first direction for the first ny/2 steps and then employ a modification
of the construction that interchanges the roles of the two coordinates to get
growth in the second direction. A straightforward generalization of the argu-
ments above shows that if the forward one process does not die out then with
probability 1 —66 at time S+ 1+n, T there are N ones in 4zL+[—L, L] for
98% of the ze{—J,...,J}*. (Here we use the fact that P(Q,)>1—5/d and
the errors in (5.11) have the form d8/d.) A similar statement holds for the dual
one-process and the desired conclusion follows in the same way. The extension
to d>?2 is straightforward. Further details are left to the reader.
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