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AN INFINITE PARTICLE SYSTEM WITH
ADDITIVE INTERACTIONS

RICHARD DURRETT ,* University of California, Los Angeles

Abstract

The models under consideration are a class of infinite particle systems which
can be written as a superposition of branching random walks. This paper gives
some results about the limiting behavior of the number of particles in a
compact set as t—oo and also gives both sufficient and necessary conditions for
the existence of a non-trivial translation-invariant stationary distribution.

INFINITE PARTICLE SYSTEM: RANDOM WALK: BRANCHING PROCESS: POINT PROCESS

1. Introduction

In this paper we shall study a class of Markov processes whose state at each
time is a countable (or finite) subset of R®. The evolution of these processes
may be, informally, described by the following rules. If n, is the state at time ¢
then

(i) for any xen, P{x¢n...}=s+o(s),

(ii) there is a non-negative measurable function b such that for any open set
G withGNn, =Y

PG 2t=s( T |
xen, G

P{n,.. NG contains two points} = o(s).

b(x,y) dy)+0(S)

In the terminology of Holley and Stroock (1978) what we have described is a
birth and death process in which the death rate for particles is one (indepen-
dent of the configuration) and the birth rate at y when the state is n is given by
Yen b(x, y). In this paper we shall prove some results about the limiting
behavior of n, as t — o« and we shall use these results to give both sufficient and
necessary conditions for the existence of a non-trivial translation-invariant
stationary distribution. For most of the results given below we shall assume
that the process is spatially homogeneous, that is, b(x, y) = b(0, y —x). In some
cases, however, we can obtain conclusions under the weaker assumption that
{b(x, y) dy =B <o where B is a constant (independent of x). We shall always
assume that the second condition is satisfied.
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356 RICHARD DURRETT

The key to our analysis is the observation that if the process starts with a
finite number of particles then m,(K), the number of points in n, N K, has the
same distribution as the corresponding quantity in a particle system which
operates according to the following rules:

(i) all particles have exponential lifetimes with mean 1/(8 +1),

(ii) each particle at its death gives birth to 0 or 2 particles with probabilities
1/(B+1) and B/(B+1),

(iii) if there are two particles born as a result of a death at x then one is
placed at x and the other at a random location y with distribution ~b(x, y),

(iv) all the random variables and events in (i), (i) and (iii) are independent.

It is easy to check that the description given above defines a unique process
when the initial configuration is finite (see Athreya and Ney (1972), p. 105)
and that this process makes transitions at the rates indicated above. From this
construction it is apparent that starting from a finite initial configuration
{X1,...,X,} the process has the same distribution as a superposition of n
independent processes which begin with one point at x;.

Intuitively this should also be true for initial configurations which are infinite.
To guarantee this we shall define the infinite particle system by the following
construction. Let {(n}, t=0), x € R} be a collection of independent copies of
the process with n§={x}. To define the process starting from an initial
configuration & we let nf=J, . m}.

The construction above shows that the process is additive in the sense of
Harris (1978). Our process is a special type of additive process—it has
independent components. The last property is crucial for our analysis. Our
approach will be to first determine the behavior of the individual n} and then
consider the infinite particle system as a superposition of the ny. The results we
have obtained are summarized below.

To describe these results we have to introduce some notation. Let P* and P*
be the probability laws of the process 7 and n¢ and let E* and E¢ be the
corresponding expectations. If A is a probability distribution on the space of
configurations (this is described in Section 2) then we define a probability law
P* and an expectation E* by P*(A)=fA(d¢)P*(A). This is the probability law
of the process starting from an initial distribution A.

The first step in analyzing the infinite particle system is to determine the
mean number of particles in a compact set. In Section 3 we compute that

oo

(1.1) EnK)=e" Y, # b (x, K)

n=0 "¢-

where b, (x, K) = dyb(x, y)b, _,(y, K) and by(x, K) = 1x(x). With this result it is
easy to determine the behavior of the process when B <1. If £ is an initial
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An infinite particle system with additive interactions 357

configuration with
sup j £(dx)B™"b,(x, A)=C<os,

i.e. if the density of particles is bounded in an appropriate sense, then
E*n(A)=Ce'® P, If B<1 this implies 1,(A) converges to 0 in probability.
The same conclusion holds for all compact sets K if b(x, y) =b(0, y —x) and the
initial distribution is a translation-invariant point process with finite intensity.

The results given above show that the process ‘dies out’ when 8 <1. In the
case 3>1 we have the opposite behavior. If we let |n,| =n,(R?) then for each
x€R?|n}| is a Markov branching process which evolves according to a
probability law which is independent of x. It is known (see Athreya and Ney
(1972), p. 111, p. 106) that as t — © e~ ®~P* |n* converges almost surely to a
limit W, which has P{W, >0}=P{n}# & for all t}=1—-(1AB") (see Athreya
and Ney (1972), p. 112, p. 7).

This suggests that if the initial configuration £ has enough particles then for
all open sets G ,(G) — = in P* probability. To prove results of this type we
need to know the particles are distributed in space at time t. To obtain this
information we shall suppose that the process is spatially homogeneous, that is,
there is a function b defined on R? such that b(x, y) = b(y —x). In this case the
function B~ 'b(x, y) and its iterates are transition probabilities for a random
walk and the processes {n}, t =0} are supercritical branching random walks.

These processes have been studied in various settings by Ney (1965),
Kharmalov (1968), Joffe and Moncayo (1973), Asmussen and Kaplan (1976),
Kaplan and Asmussen (1976), and others. Unfortunately none of their results
supply the information we need to study the infinite particle system so in
Section 4 we prove the following local limit theorem for Markovian supercriti-
cal random walks.

Theorem 4.1. Suppose (|y|’b(y)dy <~ and [yb(y)dy=0. If h>0 and
x/t*—x then as t—

1.2 2By 7P x, +[0, k1) —> he(x) W,

in P° probability. Here ¢ is a d-dimensional normal density with mean 0 and
covariance matrix Y, =(2B)"'f y;y;b(y) dy and W, is the almost sure limit of
e—(B_l)tlngl-

The reader should note that the limit result in Theorem 4.1 is the one we
should get if the particle locations were independent. That is, if 717 is the point
process which is constructed by assigning the particles alive at time t indepen-
dent locations with distribution e *®~PEn%(-) then (1.2) holds with n replaced
by 7.
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358 RICHARD DURRETT

In Section 5 we use Theorem 4.1 to give conditions on the initial configura-
tion which guarantee that starting from m, n,(G) converges to « in probability
for all open sets G. The main result is the following.

Theorem 5.1. Suppose {|y|>b(y) dy <o and let v=(2B)"'f yb(y) dy. If for
some C<x

lim n((— C, C]*t'?—vt)=
t—>0

then for all open sets G t¥?¢~®"V'5.(G) converges to = in P™ probability.

In the special case v=0 the condition above becomes |n| = an obvious
necessary condition for 1,(G)—« in probability. Another consequence of this
result is the following theorem.

Theorem 5.2. If A is a translation-invariant distribution with A({n:n#Q}) =
1 then for all 6<B—1 and all open sets Ge n,(G) converges to © in P*
probability.

For this result we do not need the assumption {|y|*b(y) dy <o but having
omitted this assumption we must weaken the conclusion.

In Sections 6, 7 and 8 we consider the case 8 =1, again under the assump-
tion that b(x, y) = b(0, y —x). Under this assumption if the initial distribution is
a translation-invariant point process with intensity A then the distribution of
the process at any time t is translation invariant and has intensity Ae® ™", This
suggests that in the case 8 =1 (and only in this case) it is possible to have a
non-trivial translation-invariant stationary distribution.

In Section 6 we show that if the random walk which takes steps according to
the density b°(y)=3[b(y)+b(—y)] is transient then there is a non-trivial
stationary distribution which is translation invariant. Using results of Debes,
Kerstan, Liemant and Matthes (1970) we can then identify all the translation-
invariant stationary distributions with finite intensity, and give conditions on
the initial distribution A which guarantee that starting from A m, converges in
distribution as t—. The condition which is sufficient for convergence is
satisfied by all translation-invariant point processes with finite intensity.

In Sections 7 and 8 we discuss what happens when the random walk
generated by the density b° is recurrent. It is natural to conjecture that in this
case there are no non-trivial translation-invariant stationary distributions with
finite intensity, but I have only been able to prove this for one-dimensional
processes with |y|b(y)dy<e and for two-dimensional processes with
§lyI?b(y) dy <et. The proofs of these results are based on a simple necessary
and sufficient condition for the existence of translation-invariant stationary

T After this paper was prepared the author learned that this conjecture has been proved by
Kallenberg (1977) using different methods.
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An infinite particle system with additive interactions 359

distributions which is due to Liemant. To check that this condition is not
satisfied we use the weak law of large numbers when d = 1 and the local central
limit theorem when d =2.

The conclusions in the last three sections are related to those obtained by
Sawyer (1976) and Fleischman (1978) for processes which they call branching
random fields. In these models particles move according to Brownian motion,
live for an exponential amount of time and then die giving birth to n offspring
with probability p,. In their formulation they allow the offspring to be intro-
duced into the state according to a distribution q,(x, dy,, - - -, dy,) on (R*)"
when the particle dies at x but for most of their conclusions they require all the
offspring to be born at the point where the parent died. Under this assumption
they proved that the conclusions of Theorems 6.1 and 8.5 hold for branching
random fields (see Sawyer (1976), Theorem 4.2 and Fleischman (1978),
Theorem 4.1). Their techniques of proof are different however because they
can rely on the explicit formulas available for branching Brownian motions.

It is likely that the results we have stated above can be extended to the
general branching random fields defined by Sawyer. The results should be the
same in the subcritical and supercritical cases but in the critical case the
conclusions of Sections 7 and 8 will require the additional assumption that
p1# 1. The case p, =1 corresponds to particles undergoing independent mo-
tions. In this case it is known that the d-dimensional Poisson process is
invariant in any d =1 (see Doob (1953)) and that starting from a translation-
invariant distribution A with finite intensity, m, converges in distribution to a
mixture of Poisson processes (see Stone (1968), Matthes (1972)).

2. Preliminaries

In this section we shall give some definitions and prove some preliminary
results which will be needed in Sections 3-8. The first of these results concerns
the description of the process. The construction described in the introduction
gives us (for almost every w) a mapping from [0, «) to the countable subsets of
R“. To be able to discuss the distribution of the process at time ¢t we need to
introduce a suitable o-algebra on the state space. To do this we need some
definitions:

Let M be the set of all measures w on R* which have w(A)e{0,1,- -, o}
for all Borel sets A.

We endow M with the topology of weak convergence. That is w, — p in M
if and only if lim inf,_,.. u,(G)= r(G) for all open sets G < R®.

Let M be the Borel subsets of M. M is also the smallest o-algebra such that
for each Borel set A the mapping u— n(A) is M-measurable.
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360 RICHARD DURRETT

Let L be the collection of countable subsets of R%. Let w:L—>M be the
mapping which has (wl)(A)=|ANI|. Let £={r'A: A ecM}.

It is easy to see that if I, [, L and I, # I, then «l, # wl, (consider I,—1I,, |, —
l,= R%). From this it follows that the measure spaces (L, ¥) and (M, M) are
isomorphic, and so we may define the distribution of m, as a probability
measure on either space. Following the traditional practice we will define the
probability measure on (M, /(). In what follows we shall use the terminology
which has become associated with probability measures on (M, 4() (see Daley
and Vere-Jones (1972)). The reader should note that although we shall call the
distributions point processes we do not require a priori that the probability
measure be concentrated on M’ ={u e M : u(K) < for all compact sets K}.

Having defined the distributions of the process the next notion which we
need to introduce is the transition semigroup: if A is a distribution on (M, #()
let AT, be the distribution on (M, #) which has

AT (mA)= j A(dE)P(nicA) forall AeX.
M

If the distribution of m, is A then AT, is the distribution of n,..,.

For some of the results of Sections 6 and 7 we need to know that the
semigroup T, has the Feller property. To show this we observe that n; Lx+m?
so if &, is a sequence of elements of M which converge to £ then we can
construct a sequence of random variables 7;,n=1 on a probability space in
such a way that 747 £ n% and 77 converges almost surely to a limit 7;° which has
the same distribution as n{. This shows that if G is an open subset of M,
£—P(nfe G) is a lower semicontinuous function.

From this it follows easily that if A, converges weakly to A (as a sequence of
probability measures on M) then

liminf A, T,(G)=AT,(G).

This shows the mapping A— AT, is continuous and hence that T, has the Feller
property.

It is easy to show that the transition semigroup has other desirable
properties—e.g. for ‘nice’ A, t— AT, is continuous—but we shall not pursue
this here. The rest of this section is devoted to proving a result about a special
class of distributions.

We begin by stating two definitions. A probability measure A on (L, %) is
translation invariant if for all Borel sets A< L A(A)=A(x+A). Here x+ A =
{x+&:écA}cL and x+&é={x+y:yecél=R% A probability measure A on
(M, M) is said to be translation invariant if the measure Ao is.

In words, a distribution A is translation invariant if its probability law is
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An infinite particle system with additive interactions 361

spatially homogeneous. The mean measure m(A)=[A(dn)n(A) of a
translation-invariant distribution is translation invariant and hence a constant
times Lebesgue measure. This constant is called the intensity of the point
process.

Theorem 2.1. If A is a translation-invariant point process with finite intensity
then there is a function vy defined on M which has the following property:
n{x:0=x=n*)
[ Adam [REZZEERD_ |0

1702 d

whenever n* is a sequence of points in Z¢ which have nt —o for all 1=i=d.
Furthermore A({n:vy(n)>0})=A({n:n# ).

Remark. In what follows we shall refer to y as the asymptotic density for the
point process.

Proof. The first result is an immediate consequence of the following mul-
tiparameter ergodic theorem which is due to Dunford (1951):
Let N={1,2,---}, let {X,,je N%} be an array of random variables and

define the shift 6, by
X

]‘l,...,jh‘..,J'd(ei(!))=th.“’]'i+1,..A’jd((!)).

Suppose that X ... 1 is integrable and that for each 1=i=d {X;, je N’} and
{X;°6, je N*} have the same distribution.

If n* is a sequence of elements of N* with n¥—w for 1=i=d then
S,«/(nknk% - - - n%) converges in L.

(This statement of the result can be found in Smythe (1976) where an
extension to multiparameter subadditive processes is proved.)

To prove the second result we observe that from the ergodic theorem v is
invariant under each shift so

E*n([0, 11%); y(n)>0]= E*[n"*n([0, n]*); y(n)>0]
= E*ly(n); 7(m)>01- [ Atdn) ln~“n(0, n) = v(ml

Letting n—oo gives
ENn((0, 11; v(m)> 01 = [ Atdn)y(n) = E[n((0, 11}
Since A is translation invariant this shows A({n:vy(n) =0, n# J})=0.

3. B<1

In this section we shall assume 8 <1 and obtain conditions which imply that
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362 RICHARD DURRETT

starting from an initial configuration £, n,(K) converges to 0 in probability for
each compact K< 8.

If there is initially one particle present Z(t) =|n%| is a Markov branching
process. In this case E |nY|=e'®"" (see Athreya and Ney (1972), (4), p. 108)
so P{ni|=1}—0 as t—». To obtain the corresponding results for initial
configurations which are infinite we need to know how the particles are
distributed in space. To do this we need some notation. Let

ma K) =31 +1 [ 87%b(x y) dy

K

3.1)
and m,,,(x,K)= J m,(x, dy)m(y,K) for n=1.

m, (x, K) is the fraction of the nth generation that will be born in K when the
process starts with one particle at x. To compute E*n,(K) we observe that
e *®*Vm(B+1)"/n! is the probability that there are exactly n arrivals before ¢
in a Poisson process with rate 8+ 1, and (2B/B +1)" is the expected size of the
nth generation so

(3.2) Eni(0)= Y, e £ 0pym, (x K).
n=0 .

For a more detailed derivation of this result see Ney (1965).
For some of our later results it is convenient to express En’(K) directly in
terms of b. To do this we let

bo(x, K) =1 (x)
(3.3 and b,(x,K)= j b(x,y)b,_i(y,A)dy for n=1
and note that from (3.1) if p,(x, K) =B7"b,(x, K) then

m,(x, K)=2"" i (7) pi(x, K).

i=0

Substituting this into (3.2) gives

En,(K)'—e t(B+1) z (tB) 20(;‘) p]_(x’ K)

3.4

From this formula we can obtain conditions which guarantee P*{n,(K) <}=
1 for B < and that P*{n,(K)=0}—1 for B <1. These conclusions are both
obtained from the observation that if the initial configuration is £ and A is a
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Borel subset of R¢ then

Bnf(4)=E [ é@om:(a)
(3.5)

=e" 20 % I &(dx)pa(x, A).

From this equality we see that if the set A has sup, | &(dx)p,(x, A)=C<»
then En%(A)= Ce'® . From this it follows that if B <, n,(A) < P* almost
surely and if B8 <1 P*{n,(A)=1}— 0.

A similar argument, which we shall now give, shows that if b(x, y) = b(y —x)
then the same conclusion holds for all compact sets K when the initial
distribution A is translation invariant and has finite intensity A. In this case it
follows from (3.5) that

@) =e T B [ Aag) [ el@np, s )= e* A K]

and hence that n,(K) <o P* almost surely if B <, and P*{n,(K)=1}— 0.
By using the inequality E*n,(K)= Ce'®" in a slightly different manner we
can improve the results stated above in the case 8 <1. To do this we observe

o

E“L 1n.(K) dt=L E*n,(K) dtéCJ; eV dt <o,

Since the lifetimes are independent of the configuration this implies that with
P* probability 1, n,(K) =0 for t=t,(w). It follows from this that for A almost
every ¢ the same statement has P* probability 1.

4. Supercritical branching random walks

In this section we shall assume > 1, and obtain a limit law for the number
of particles in an open set G at time t when the system is initiated by one
particle located at zero. In other words we shall prove a local limit theorem for
a Markovian supercritical branching random walk. The proof of this result is
based on the one given in Kaplan and Asmussen (1976). With some effort the
proof given below can be extended to show the same conclusion holds for
age-dependent branching processes.

Theorem 4.1. Suppose |y|*b(y)dy<w and [yb(y)dy=0. If h>0 and
x/t'?—x € R? then

(2Bt)¥2e=® V% x, +(0, h)*)— hip(x)W

in probability. Here ¢ is the density of a normal random vector with mean 0 and
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364 RICHARD DURRETT

covariance matrix Y; =(2B)7'f y;y;b(y) dy and W is the almost sure limit of
e ).

Remark. The rest of the section is devoted to the proof of this result and
may be omitted without loss of continuity.

Proof. Let K, =x,+(0,h)’. Let s<t and let m,,(y, K) be the number of
particles in K at time ¢ with an ancestor at y at time s. With this definition we
can write

n(K)= Y m,.(y K).

YEmM,

Now the random variables n,,(y, K,) are independent, so letting m(t, x, K) =
E*n,(K) we can write

(2B)*?e”® V' (K)— h?®(x)W = A, + B, ,+C,
where

A, =(2B)2e D Y [, (v, K)—m(t—s, y, K)],

YEmM,
B, =e ® ) [(2B)¥?e™® 2 Om(1—s, y, K)— h*®(x)],
yEN,

C, = h*®(x)(e™® " In,| - W).

To prove Theorem: 4.1 we shall show that if t—o and s(t) =t* with 0<p<1
then A B and C,, converge to zero in probability.

The last term is the easiest to deal with. Since s(t) =t° and p >0, s(t)—>x as
t—o and so e”®"*®q . converges almost surely to W, the random variable
described in the statement of the theorem. From this it is immediate that
Ciy—0.

To estimate A,, we observe that the random variables n,,(y, K,) are inde-
pendent and, conditional on yen,, n,,(y, K;) has the same distribution as
N-s(K;). Now

En:—s(Kt) = m(t -5y Kt)

and from Formula (5) (Athreya and Ney (1972), p. 109) there is a constant
C < such that

Eln?_(K)PSE nL_ s Cexe0e

so it follows from the central limit theorem that A, ,—O0 in probability
whenever t%2e~®~Ds®2_0, This condition holds if B>1 and s(t)=t" with
p>0.

To show B, ,—0 we shall need an estimate for Z,(t), the number
of particles alive at time ¢t who are members of the nth generation. For this we

This content downloaded from 152.3.102.242 on Thu, 11 Jun 2015 19:45:58 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

An infinite particle system with additive interactions 365

shall use the following result which is due to Samuels (1971) (see relation (16),
p- 665).

Lemma 4.2. If (a,—2Bt)/t">*— —x and (b, —2Bt)/t">*—> then

E(e‘“"l)t Z Z"(t)—e_‘B_‘)'Z(t))2—>O

n=a,

where
Z@n)= Y Z.(0=|n}.

In words most of the population at time ¢ are from generations n in the
interval [a, b,].

Lemma 4.3. If y/t"*—0 and K,=x,+(0, h)* with x|/t'>— x then
(2B1)*2e®V'm(1, y, K})— he(x)
where ¢ is a normal density with mean 0 and covariance 3.

Proof. Let a,=2Bt=b, be such that (b, —a,)/t—0, (a, —2Bt)/tY>*— — and
(b,—2Bt)/t"*—> o,

(2B1)¥?e~®P'm(t, y,, K)) = (2Bt) e E 1" i m,(y,, K)DEZ, (1)

n=0
b,
Ze @V Y (2B80)¥2m, (y,, K)EZ,(t).

Since a,/t and b/t converge to 23, and m, (0, ) is the distribution of the sum of
n independent random variables with distribution m,(0, -) it follows from the
local central limit theorem (see Stone (1965), Theorem 1) that the above
b,
~@(x)hle® > Y EZ (1)

n=a,

Applying Lemma 4.2 now gives the above
~ @(x)h?e  ®"EZ(t) = o(x)h?.

To complete the proof we have to show that
e®0 Y (2B0)¥*m,(y, K)EZ,(t)—0.
n¢la,b.]

The sum over n>b, is easy to estimate. Since b, =28t

e~ ® 0 Y (280)%2m, (y, K)EZ,(t)=e ®™ Y n?m,(y, K)EZ,(t).

n>b, n>b,

This content downloaded from 152.3.102.242 on Thu, 11 Jun 2015 19:45:58 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

366 RICHARD DURRETT

From the local central limit theorem there is a C <o such that

sup n%?m,(z, (0, h)*)=C.

nz

From this it follows that the sum over n>b, is

=Ce ® ™ Y EZ.(1)

n>b,

which converges to 0 by Lemma 4.2.
The sum over n<a, requires more care. Let 8§ <(B—1)/2log(2B/B+1)

eV Y (2B)*?m, (v, KDEZ, (1) = ((2B1)*?e™® 0" ® "%} EZ,(1).

n=3at n=at

Now

Lezo= 3 (-5 (L 55

(2B \[{_B+1]"_28 2B
=(3+1) [1 28 ] _B—lex"(’abg(pﬂ))'
Since & <(B—1)/(2log (2B/(B +1))) this shows that

e-(B—l)t/2 Z EZ”(I)—)O

n=at

and hence that the sum over n = 8t converges to 0.
It is now routine to show the last remaining piece converges to 0.

e ® Y (280)*m,(y, K)EZ, (1)

St=n=a,

St=n=a,

2B\ ~e-x Y n*’m,(y, K)EZ,(1)
=\3 e

which converges to 0 by the same argument used for the sum over n>b,.
The proof of Lemma 4.3 is now complete. To finish the proof of Theorem
4.1 it remains to show the following

Lemma 4.4. If s(t)=t° with p<1 then B, ,—0 in probability.

Proof. Pick g, —0 so that (s(t)/t)"*/e,—0. From the local central limit
theorem there is a constant C <o such that

l(2Bt)*e~®~'m(t,y, (0, h)})|=C

for all t=0, ye R% From this it follows that

B, e 7" I ndy)[(2B)**e™ TV P m(t—s, y, K) — @(x)h*]

yl<tZe,
+e OOy :ly|= e HC(tlt —5)*.
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Since e ® V*1? converges in probability to W< it follows from Lemma
4.3 that the first term converges to 0. To estimate the second term we observe
that e"®"*EZ(s)=1 so

e“B‘l)‘En‘s)({y:ly|>t1/28:})§(e—(ﬁ_l)s Z EZ"(s))

n>(2B+1)s

+ sup  m,(0,{y:|y|>1"%¢}).

n=(2g+1)s

From Lemma 4.2 the first term converges to 0. To estimate the second we
observe that from the central limit theorem, if we let

sup m,, (0, {y : |y|>xn""?}) = c(x)

then c(x)=1 and c(x) | 0 as x 1 . From this we get

sup  m,(0,{y:|y|>t"e}) = c(e(t/s(2B+1))"?)

nsQ2B+1)s

so if s =t°, p <1 it follows from the choice of ¢, that the right side converges to
0 as t—. This completes the proof of Lemma 4.4 and Theorem 4.1.

5. 8>1

In this section we shall assume 8>1 and obtain limit theorems for the
number of particles in an open set G < R* when the process starts from an
infinite initial configuration. The first result is an easy consequence of Theorem
4.1.

Theorem 5.1. Suppose [|y|’b(y) dy <oo. If {yb(y)dy=0 and £ is a con-
figuration with |¢£|=c then for all open sets G,t¥?e ® V5 (G)—>x in P*
probability. If § yb(y) dy = Bv then the same conclusion holds if for some C <

lim £([(—C, C1t"?—vt) =0,

Proof. 1t suffices to prove the result for sets of the form G =x +(0, h)?. If we
let no,(y, G) be the number of points in G at time ¢t with an ancestor at y at
time O then we have

1(G)= Y. o.(y, G)

yeEE

and the mq,(y, G) are independent random variables. Now if for each y we
define W, to be the almost sure limit of e~ ®~"'n, (y, G) then from Theorem
4.1

(2B)"2e” V', (y, G)— @(0)h*W,.

This content downloaded from 152.3.102.242 on Thu, 11 Jun 2015 19:45:58 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

368 RICHARD DURRETT

Since the W, are independent and identically distributed random variables with
P{W, >0}>0 it follows that t¥2¢~® Vi, (G)—>c.

The second conclusion is proved in a similar way. If we let J, =
[-C, CTt'>— vt then

'fh(G)é Z "Io,:(y, G)

ye&nd,

From Theorem 4.1 (generalized to v# 0) we have that if y,€J, and t—»>»

d
lim inf P((280% ¢ ® V"m0, (y, G) > W, (_inf _p(x))=1.
t—> x€[~c, c
Since the random variables W, are independent and P(W, >0)>0 it follows
from this that if |£NJ,|—c then for all M <o

P4(t%%e BV (K)= M)—0.
which completes the proof.

Theorem 5.1 can be generalized in two ways: (a) the restriction
{lyl*b(y) dy <o may be removed and (b) in the case v# 0 we can weaken the
condition lim,_,, £([(— C, C]%*—vt) =,

To extend Theorem 5.1 to the case f|y|>b(y) dy == we observe that if
§ b(y) dy >1 then there is a bounded set B such that | b(y)15(y) dy>1. Let 5,
be the particle system associated with the birth rate b(y)1g(y). Since
b(y)15(y)=b(y) it is easy to see that for each x ; and n} can be constructed
on the same probability space so that 7;(K)=n;(K) for all t, K. Once this is
done if we take for each x € R? an independent copy of the process (17, 1Y)
then we can obtain a pair of processes in which 75(K)=n%K) for all initial
configurations &.

Using this observation we can obtain the following result.

Theorem 5.2. If A is a translation-invariant distribution with A({n :n#Q}) =
1 then for all §<B—1 and all open sets G, e *n,(G) converges to « in P*
probability.

Proof. For each §<f—1 there is a compact set K such that Bgx =
[b()1g(y)dy>1+0. If #=B%"§yb(y)1k(y)dy then from Theorem 2.1 and
the fact that A is translation invariant it follows that for all y >0

liminf PM¢: £([— 1, 1112 — 91)/t42 > y} = PA{m s y(n) > y/2}
so £([—1,1]%Y>—dt)—>o0 in P* probability. It now follows easily from the

proof of the second conclusion of Theorem 5.1 that for all open sets
G, e *1,(G) converges to © in P* probability.

This content downloaded from 152.3.102.242 on Thu, 11 Jun 2015 19:45:58 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

An infinite particle system with additive interactions 369

Theorem 5.2 gives a fairly complete description of what occurs when the
system starts from an initial distribution which is translation invariant. For
individual configurations or non-translation-invariant initial distributions it is
difficult to state a definitive result. For a given function b with | b(y) dy>1
there are many sets K with the property that §b(y)lx(y)dy>1. Since
J yb(y)1k(y) dy may take on different values for different sets K this leads
through Theorem 5.1 to a variety of sufficient conditions for m,(G)—>.
Combining all the possibilities gives the following result.

Theorem 5.3. Let ¥ ={f yb(y)1x(y)dy:fb(y)1x(y)dy>1}. If 0¥ and
|n| = or more generally, if for some C<x, ve¥V

lim n([—-C, C1*Jt—it) =

then n,(K)—x in P™ probability.

Remark. In the case 0¥ the condition |n| == is clearly also necessary. If
0¢¥, however, the condition is probably far from the best possible. I have not
been able to determine a general necessary condition for n,(G)—>~ in P
probability.

6. B =1, the transient case

In this section we shall show that if 8 =1 and the random walk which has
steps with distribution b°(y)=3[b(y)+b(—y)] is transient then there is a
non-trivial stationary distribution. Once we have done this we can use results
of Debes, Kerstan, Liemant and Matthes (1970) to (i) show that for every p =0
there is exactly one ergodic translation-invariant stationary distribution with
intensity p and (ii) give a sufficient condition for AT, to converge.

To prove the existence of a stationary distribution we consider what happens
when the initial configuration is a Poisson process X with intensity 1. In this
case if A; and A, are open sets then

6.1 E*n(A) = [ dxm(t % A)
where m(t,x, A))=e Yo _o (t"/n)b,(x, A,) and

6.2) v Ex["h (ADn(A)—n (A NAY]=w(t, ALAY)

where

Wit Ar A2 = [ dx L ds [ m(t=s, % a)Kaly, m(s, -, A, m(s, -, A7)
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and

Ko, 8) =3[0 [0, 28(2) d2 +83) [0y, 21721 |

The first formula is a consequence of results obtained in Section 3. The second
formula can be obtained by a similar argument which counts the locations of
pairs of particles. The details are spelled out in Sawyer (1976) (see (I11.4)—(I1.7),
p. 686-7).

When b(x, y) = b(y —x) these formulas can be simplified considerably. In this
case

oo

63)  E*nf(A)= j dxm(t,x, A)=e~ ¥ ?tﬁ j dxb,(x, A)=|Al.

n=0 -
Using Formula (6.3) the expression for w(t, A;, A,) may be rewritten as

3 Lt ds J dym(s,y, A,) j b(z—y)m(s, z, A,) dz
(6.4

+% Lt ds I dym(s, y, Ay) j b(z—y)m(s, z, A,) dz.

Since m(s, y, B)=0 for all s,y, B it follows from (6.4) (or from (6.2)) that
E*n,(A?) increases as t increases. The next result gives a necessary and
sufficient condition for the limit to be finite.

Theorem 6.1. Let A be a bounded open set. sup,-o E*n,(A) < if and only if
the (discrete time) random walk which takes steps with distribution b°(y)=
[b(y)+b(—y))/2 is transient.

Proof. Consider the first integral in (6.4) above. By making the substitution
v =z —y and interchanging the order of integration we can rewrite the expres-
sion as

t
1 [ aobiw) [ s [ aymis,y. Apms,y, 40-0)
From formula (3.3) we can write

(605) m(s, Y, A) =e”* 1{yeA} + J mo(S, Y, Z) dZ.

A

Using formula (6.5) we can write

I dym(s, y, AYm(s, y, A,—v)=e >*|A;N(A,— )|

+e* j dy j dz,my(s, y, z,)+e”* j
A 'Ax—v

1 A1

dz, J dymy(s, y, z,)
As—v

+j‘ dz, I dz, Idymo(s, Y, Z)m(s, y, 25).
A 'As—v

1
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It is easy to see that the integral from s =0 to « of the sum of the first three
terms in the last expression

=3|A1N(A—y)|+A | +]|Ay—v| <o
so E*7,(A)* 1 « if and only if

(6.6) j-: ds J'A

Let S, be the sum of n independent random variables with distribution given
by b(y) and N, be an independent Poisson random variable with mean s. It is
easy to see that for any set B

de [ de [ dymots, v, zomols, 2=
'Ay—v

1

j mo(s, y, z) dz=P{y+Sy € B,N, = 1}.
B

If we let mq(s, x, y)=mq(s, y,x) and S,, N, be random variables which are
independent of S,, N; and have the same distribution then we can rewrite the
expression in (6.6) as

J'ds j dz, j dzz[dym()(s,zl,y)mo(s,y,zz)
A 'Ay,—v

0 1

= J; ds j dz,P{z,+Sy,—Sn:€A,—v, N, =1, N, = 1}.
A,
The last expression is finite if and only if the random walk generated by
b°(y) =[b(y)+b(—y))/2 is transient so the proof is complete.

Using Theorem 6.1 we can now prove the first result mentioned in this
section.

Theorem 6.2. If the random walk generated by b°(y) is transient then for each
t >0 there is a non-trivial solution of AT, = A which is translation invariant.

Proof. Let t>0 and define a measure on (M, /) by

H(A)== Y #T,.(A).

n m=1
From Theorem 6.1 we have that if K is bounded
6.7) sup E*n,.(K)>=C <,
m=1
This implies that
sup [ &, (dm)m(K)? <o
n=1

and hence that &, has a subsequence &,, which converges weakly to a limit Z..
(see Jagers (1974), p. 209).
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It is easy to see that %, is translation invariant. To check that Z.T,=%..
observe that

%n’Tt = %n + nﬁl(%r(nﬁ-l)t_%)

so from (6.7) %, T, > Z... Now %, = Z.. and from results in Section 2 T, has
the Feller property, so it follows that Z.T, = %..

To complete the proof we have to show that ¥, is not the trivial point
process. To do this we observe that if K is a bounded set and C is a positive
integer

|| n,dm- [ a0 2.(am)|

(6.8) < H n(K)%(dn)—j (K)%..(dn)
n(K)=C} M(K)=C}
2
+Z sup [ <y, am).

From (6.3) we have that { n(K)%,(dn)=|K| for all n=1 so letting n— in the
expression above gives

| 1K1 [ mzam| =2 sup [ m(K7s .
Since this holds for all C, § n(K)%..(dn)=|K| and so ¥.. is not the trivial point
process.

Now that we have shown that solutions of AT, = A exist we can use results of
Debes, Kerstan, Liemant and Matthes, which were proved for clustering
operations on point processes, to characterize the class of translation-invariant
stationary solutions of AT, = A which have finite intensity. From Theorems 4.3
and 4.4 in Matthes (1972) we get the following result.

Theorem 6.3. For every t>0 and p=0 there is exactly one ergodic
translation-invariant point process A% , with intensity p which is stationary for T,.
The distributions A% ,, p=0 form a semigroup, that is, if p,, p, =0 then A%, .,
is the distribution of a superposition of two independent point processes with
distributions A%, and A% .

‘With this result it is easy to show that the family of stationary distributions is
independent of t. To do this we observe that for all n=0 A%-._ is an ergodic
translation-invariant point process with A%-. T, =A%-._, so A%, =A%  and
we have shown

(6.9) A%, T,,-=A%, forall m,nz0.

From (6.9) AT T, has intensity p for each t, so from the definition of =, it
follows that A% {&:t— m¢ is right-continuous}= 1. Using (6.9) again we can
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conclude that for all t=0 AY T, =A%, and hence A% , = A% . This shows that
there is one family of ergodic point processes which are stationary for all t =0.

From the work of Debes et al. (1970), pp. 241, 213, 199, we can also obtain
a convergence theorem.

Theorem 6.4. If A is a point process with an asymptotic density y(n) which
has § y(n)A(dn) < then for all t>0

ATm:j A% oy Aldn).

From this result and Theorem 2.1 we can conclude that if AT,=A and A is
translation invariant with finite intensity then A is representable as a mixture of
the AX.

7. 8=1,d=1

In this section we shall show that when B =1 there are no non-trivial
translation-invariant stationary distributions for the one-dimensional model
when [ |y|b(y) dy <. The proof of this result is based on the following result
which is due to Liemant (see Matthes (1972), Theorem 4.3).

Theorem 7.1. The equation AT,=A has a non-trivial translation-invariant
solution A with finite intensity if and only if for some compact set K

(7.1) :gfl j P{n;(K)>0} dx >0.

Proof. We shall first show the condition is necessary. To do this we observe
that if A has mean measure Adx then A § P{n}(K)>0}dx is the expected
number of particles at time 0 which have offspring in K at time nt. Since

(1.2) PAm (K)> 01 A [ Pmi(K)>0} d
it follows that if AT, =A
P*n(K)>0} = inf P*{n,,(K)>0}=0.
n=1
Since this holds for all compact sets K, the only translation-invariant solution
of AT, = A with finite intensity is concentrated on the empty configuration.
To prove the converse we have to construct a translation-invariant equilib-

rium. Let ¥ be a Poisson point in R? with intensity 1 and let

1 n
%, = - m; 2T,
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For each compact set K | n(K)¥,.(dn)=|K|<x so it follows from Jagers
(1974), p. 209 that there is a subsequence of ¥, which converges weakly to a
limit %...

It is easy to see that ¥, is translation invariant. A proof given in Section 6
shows that X, T, =Z.. so to complete the proof we have to show that . is not
the trivial point process. To do this we observe that the number of particles
alive at time O which have offspring in K at time mt has a Poisson distribution
with mean | P{n}: (K)>0} dx so

FT,({m:m(K)= 0 =exp ( - [ Plni(5)> 0} ).
From this if follows that

&, (i m(K) = Oy =n™" mZ exp (- [ Pimiutk)>0} dx)

so if (7.1) holds
Z({n:n(K)=0)=sup Z,({n:n(K)=0P <1

and this completes the proof.
As a consequence of the proof given above we have the following result.

Corollary 7.2. Let € be a Poisson process with intensity 1 and suppose that for
every compact set K ZT,,{n:n(K)>0})—0 as n—>x. Then the equation
AT, = A does not have a non-trivial translation-invariant solution.

Using Theorem 7.1 it is easy to show that there are no non-trivial
translation-invariant stationary distributions when d =1 and | |y|b(y) dy <ce.

Theorem 7.3. If d=1 and | |y| b(y) dy < then for every compact set K
lim I P{n3(K)>0}dx =0.
t—>c0

Proof. It suffices to show that the result holds for all intervals of the form
[—a,a], a>0. Let v=[yb(y)dy and I, =[(v—2¢)t, (v +2¢)t]

[ Pnza0> 0 ax - j

(7.3) +P{nf’¢®}jl P{nXK)>0|n:#Q} dxéj Eni(K) dx +4&tP{n} # Q}.

<
(o T

From formula (3.4)

P{n*(K)> 0} dx

o tn
Eni(K)= Y e = b.(x, K).
n=0 n:

This content downloaded from 152.3.102.242 on Thu, 11 Jun 2015 19:45:58 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

An infinite particle system with additive interactions 375

If we let S, be the sum of n independent random variables with distribution
b(y) and N, is an independent Poisson random variable with mean ¢t then

(7.4) Eni(K)=P{x+Sy €K}

SO

(—v—2e)t

(—v—2e)t
J En;(K) dx=j P{-x—a=Sy=—-x+a}dx.

'—o0

If a<et and x=(—v—2¢)t then —x—a=(v+e¢)t so if t>ale
(—v—2e)t
I En3(K) dx =2aP{Sy, = (v+¢)t}.

Now from the weak law of large numbers N/t converges in probability to 1 and
S./n converges in probability to v so Sy/t converges in probability to » and
P{Sy, = (v+¢€)t}—0. By a similar argument the integral over ((—v+2¢)t,»)
converges to 0 and so

J En}(K) dx—0.
I‘!:.l

Now from Athreya and Ney (1972), p. 113, tP{n°+# &}—2 as t— so from
formula (7.3) it follows that

lim sup j P{n¥(K)>0}dx =8¢

for all £ >0 which completes the proof.

Remark. The proof given above also shows that the same conclusion holds if
the weak law of large numbers holds for the density b in the form S, /n
converges to v in probability. This condition implies that the weak law of large
numbers holds for the density b° in the form So/n— 0, and this implies that the
random walk which takes step according to b° is recurrent. No two of these
conditions are equivalent.

8. 8=1,d=2

In this section we shall show that when B=1 there are no non-trivial
translation-invariant stationary distributions for the two-dimensional model
when | |y[?b(y) dy <. To simplify the cumbersome expressions below we shall
suppose also that | yb(y) dy =0 and that the determinant of the covariance
matrix % of b(y) is 1 and leave it to the reader to check that the same proof
works if v and 3 < are arbitrary.

The method of proof is to show that if A is a translation-invariant point
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process with intensity 1 and A is a bounded open set with [dA|=0 then

. logt A{ 8m n,(A) } —n
1 1 ) >hp=
@1 t_u,rolo 8w logt (A ¢

for all h>0. To see that this implies the desired result observe that if ¥ is a
Poisson process then from (6.3) E*n,(A)=|A| and from (8.1)

lim inf E*[n,(A); m,(A)=8(log t)/87]=|A| j e dh
t—>© 'S

for each 8 >0 so for each C <

lim sup E*[n,(A); n,(A)=C]=0.

Using Corollary 7.2 now shows that if (8.1) holds then there are no non-trivial
translation-invariant stationary distributions.

The rest of this section will be devoted to proving (8.1). To do this we shall
begin by computing the moments of 1,(A) in a branching random walk.

Theorem 8.1. If A is a bounded open set with |0A|=0 then

kAl

E*[n,(A)] = F

lim ——E
—o (log t)< 71
Proof. The proof is by induction. For k =1 the statement says

lim tm(y, x, A)=|A|2=w

which is a consequence of (3.3) and the fact that nb,(x, A)—|A|/27.
Suppose now that k =2 and that the statement holds for j<k. To prove that
the result also holds for k we will use the following formula.

Lemma 8.2. Forall k=1
x k . ].
E*[nA)=m(, x, A)+Idzb(z) Z 5( ) L ds I m(t—s, x, dy)

X E’n,(A)YE *n,(A)<.
This result is a special case of a formula derived in Appendix 1 of Fleischman
(1978). The argument given there is an extension of the one given by Sawyer in
the case k =2 (see Sawyer (1976), Appendix II).

To simplify the computations below it is desirable to reduce the size of
expression (8.2). To do this we observe that if k=2, tm(t, x, A)/(log t)* *—0,
so we can evaluate the limit of tE*n,(A)"/(log t)** by deriving an asymptotic
formula for

I ds(log s)<2 I m(t—s, x, dy)
2

(8.2)

E’n,(A) E** " q (A)*
(log sy~ (logs)<* *
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To obtain the desired formula we shall show the following.

Lemma 8.3. Let ky(t,y, A) and k,(t,y, A) be functions which have the
following three properties:

(@) lim,_..[dyk(t,y, A)=1;
(ii) there are some normal probability densities ¢; such that tk(t,y, A)—
@i (y) whenever y,/t'?
(iii) there are constants B,, C; << such that, for all y € R*

-y

t=1

sup j m(t—s,y,dz)k(s, z, A)=B;

t=s=1

and
Sup Skl' (sy Y, A)é Ci'

s=1

Let ze R? and let | be a positive integer. If we define
jt, x, A)= L ds(log s)'* I m(t—s, x, dy)k,(s, y, A)k,(s,y+z, A)
D
for t=2 then it follows that

(a) lim,_.. { dxj(t, x, A)/(log t)' =17 § @1 (u)@,(u) du;
(b) if x,/t"*>—x then

lim 1, x, A)/(og & =1 0(x) [ @:(0)es(0) do

where ¢(x)=lim,_,.. tm(t, x,, [0, 1]%);
and
(c) there are constants B,, Co<® such that, for all x € R¢

sup j dxj(t, x, A)/(log t)! =B,
t=2

sup I t—sm(t—s, x, dy)[j(s, y, A)/(log s)' 1= B,

t=s=2
and sup,., t[j(t, x, A)/(log t)']= C,.
Proof. Let ze R and let

v

I v)= | dstog )™ j m(t—s, x, dy)ks(s, y, Akas, y +2, A)

u

J(u,v)= I dxIi(u, v) = j ds(log s)'™ I dyki(s, y, A)ky(s, y +z, A).

u
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By hypothesis § dyk,(s, y, A)ky(s,y +2z, A)=B,;C,s ' so if e =2t}

(8.3) J.(te,)=B,C, J. ds(log s)'~'s ' = B,C,1 [(log t)* — (log te)'].
From (8.3) it follows that if loge/logt—0 then (log(t,)/logt)'—1 and
J.(te,, t)/(log t)' —O0.

To trim off the other end we pick s, 1« such that s/(logt)'—0. From the
observation above we have

(8.4 J(2,5)= J; “ds(log s)"'s'B,C, =B, C,s,(log s,)" !

so under our choice of s, J,(2, s,)/(log t)! — 0.
Let K be an increasing function of s which has lim,_,. K, =«. Let D, =
{y:ly|=K,;s"?}. Under assumption (iii) we have

Gog 0™ [ " dstogs)7's™ [ dyk(s , Adskals, y +2,4)
(8.5) : :

ssup [ dykits v, MG
DS

S=s,

It follows from (i) and (ii) that the right-hand side of (8.5) converges to 0 as
t— so the main contribution to J,(s,, te,) comes from integrating over the sets
D,. To evaluate this piece of the integral we observe that

s L ki(s,y, A)ky(s,y+z, A)dy = j sky(s, us'’?, A)sk,(s, us*’*+z, A) du
X s~'2D,

so it follows from (i) and (ii) that there are K 1 o« which increase to o slowly
enough so that

s[ Ky Aats y+24) dy=> [ e1(wes(w) du

From this it follows that

te, -1
lim J ds-ggg;)— J dyki(s, y, A)sk,(s, y+2z, A)
(8.6) T D,

~ [ iwr0a0 dus

Combining formulas (8.3)—(8.6) now proves conclusion (a).
To prove (b) we observe that from hypothesis (iii)

2B, for s=t/2

_ =
J;) tm(t S, x’ dy)kl(s7 y, A) = {2(:1 fOI' s ; t/2
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so if ¢ =2¢"! then by the argument given for (8.3)
(8.7) tL(te, t)=2(B,+ C,)C,l [(log t)' —(log te)'].

From (8.7) it follows that if log €/logt—0 then tI (te, t)/(log t)' —0. In the
same way we can conclude that if s/(logt)'—0 then

8.8 lim tL,(2, s,)/(log t)! = 0.

Let K, 1 and D, ={y:|y|=K,;s"?}. It follows from the local central limit
theorem and hypotheses (i)—(iii) that if 8 >0 then

(log 1) j * ds(log s j it —s, x, dy)ks(s, y, A)ska(s, y +2, A)
(8.9 s D3

_.(log ts,)' .
= '\—)8 f .
l (logt C, for t sufficiently large

So again the main contribution comes from the integral over D,.
To evaluate the other integral we observe that if s =te, then D, has radius
K;s'?=K, (te,)"? so if t7 2K, (te,)">*—0 then it follows from (8.6) and the

local central limit theorem that whenever x/t>—x,

lim (log t)™* Jm' ds(logs)''s™! J tm(t—s, x,, dy)
8.100 S D,
Xka(s,, A)skals, y +2, A) = 0(x) [ ox(eoatu) du

where ¢(x)=lim,_., tm(t, x,, [0, 1]%).

Combining formulas (8.7)—(8.10) proves conclusion (b).

To complete the proof of the lemma we have to show that the conclusions in
(iii) hold. To prove the first we observe that

J dxj(t, x, A)/(log t)"

=(logt)™ L ds(logs) " 's™! I dyk(s, y, A)sky(s,y +z, A)=B,C,17%.
To prove the second we write

I (t—=s)m(t—s, w, dx)j(t, x, A) = J: du(log u)'™* I t—sm(t—s, w, dx)

X I m(s—u, x, dy)k,(u, y, A)k,(u, y +z, A).

Since t —s=t—u over the range of integration this shows

j (t—s)m(t—s, w, dx)j(t, x, A)/(log t)' =B, C,1™ ",

This content downloaded from 152.3.102.242 on Thu, 11 Jun 2015 19:45:58 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp
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To prove the third inequality we observe that from the proof of (8.7)
tj(t, x, A)/(log t)) =2(B,+ C,)C,l".
The proof of Lemma 8.3 is now complete. To finish the proof of Theorem
8.1 it suffices to show that the indicated constants arise when Lemma 8.3 is

applied to formula (8.2)

Let
. t  E[n(A)
v =lim

s (log )t |AF

We have already shown that v, = 1/2#. From Lemmas 8.2 and 8.3 ((a) and (b))
it follows that for k=2

1 k—1

U = 2(k=1) i; (l]() @(0)27v; 27w, /4w =4(k1— 1) ,:;1 (f) Uik

and so

U 1 kot

B Y 2 Dk
kl4(k—1) 5 j k—j

Substituting u, =4*"'(2m)*v/k! in the last formula gives
1 k—1

U = '(k__“‘ﬁ i; Uty ;.

Since u,;=1 it follows that u, =1 for all k and hence that v, = k!/4“"'(2x) .
This completes the proof of Theorem 8.1.

The next result gives an asymptotic formula for the moments of n,(A) in the
infinite-particle system.

Theorem 8.4. If A is a translation-invariant initial distribution with intensity
1 then

(8.11) lim (log 1) “E*[n,(A)]* = k!|A[*/(8m)< .
t—>o0
Proof. Under the hypothesis on A, E*n,(A)={dxm(t, x, A)=|A| so the

result holds trivially when k =1.
To obtain the result for k =2 we will use the results of Lemma 8.3. If k =2

EM{A)P= Y E[ni(A)nI(A)]

x,yeé&

When x#y, n7(A) and n}(A) are independent so
E[n{(A)F = | &@oEmm:A)F+ [ e@oEnza) [ e@nEnza)

- [ &@otEni AT
and EA[n(A)F =] dxE[mi(A)F +1-] dx[Eni(A)F.

This content downloaded from 152.3.102.242 on Thu, 11 Jun 2015 19:45:58 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

An infinite particle system with additive interactions 381
From the proof of Lemma 8.3 there is a constant C such that
(logt)™* j dx[En*(A)F=C(ogt)™* j dxEni(A)=C|A|(logt)™".
This implies

E[n’f(A)]z.

EA[TI: (A)]2 =lim j dx log s

t—o0 1 t t—oo
From conclusion (a) of Lemma 8.3 it now follows that

E'a@F_ | 1 . 24F
87

m (logt) ‘2m2)
To prove the result for k=3 we observe that by a similar argument
E*m,(A)]_ . E[ni(A)]
—_le—_hm d Mo k-1
t—e (lOogt) {0 (logt)
so it follows from Theorem 8.1 and conclusions (a) and (b) of Lemma 8.3 that
E*[n,(A)] k!A[«
e = (2q7) .
- (log t)<! @m) 4712y~

This completes the proof of Theorem 8.4.

Having derived an asymptotic formula for the moments of n,(A) the next
step in proving (8.1) is to use Theorems 8.1 and 8.4 to show the following.

Theorem 8.5. For all 6>0

(8.12) lim g_l%g_t_) (1—E* exp (—8mbn,(A)/|A|log t)) = 6/(6 +1)

t—>c0

(813)  lim9&¢

8 1 —E"exp (—8mon,(A)/|A|log ) = 6/(8+1).

Proof. We shall only prove the second result since it is the one which is
needed to complete the derivation of (8.1). The idea of the proof is simple: if 6
is ‘sufficiently small’ then

6)

(= . Al k
! E*[n.(A)]

E*exp (—Om(A)=1+ 3,
k=1

and so

o _0 kEA . A k
(log t)E*[1—exp (— 6m,(A)/log t)]=—k;( k!) (lcfzt()k_)ll .

Now as t— each term in the sum above converges to (—0)* |A|*/(8m) .
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This suggests that as t—x

lggtEA[l_eXp(:li_qﬁncfg(?_)ﬂ _Z( 0)" = 1+0

To prove this statement we have to prove that the sum and limit may be
interchanged. To do this we observe that it follows from (8.2) that for all
|6| <8m/|A| there is a constant C, <o such that

0 E[n.(A)]" _ c
k! (logt)y<? = °

This shows that the convergence in (8.13) occurs for all 8 € (—8/|A|, 87/|A)).
To complete the proof we have to show that the convergence occurs for
0 =8/|A|. To do this we let

¢.(0) = (log t)E*[1—exp (— 6n,(A)/log t)]

for all complex 6 with Re 6>0. The functions ¢,(6) are analytic on the right
half-plane and have |¢,(6)|=1 when Re 6>0. It now follows from Vitali’s
theorem (see Hille (1962), Theorem 15.3.1) that ¢,(6) — 6/(0 + 1) for all 8 with
Re 6§ >0. This shows that formula (8.13) is valid.

Using formulas (8.12) and (8.13) we can now show that for all h>0

forall k=1.

. tlogt { 87 m,(A) } n
(8.14) lm = P gt a] =
. logt { 87 m(A) }
1 lim 28! pA nA)
.15 hm e P liogt (4] "

To do this let X, =8wn,(A)/|A|logt, F,(h) = P{X, = h}. By Fubini’s theorem

oo X' oo
j (1—e™®™)dFE,(h)=E L 0 e ®dy= L 0 e P{X, >y} dy
0

SO
limj ek l;’gtp{x >h}dh=6"lim l°g o (1=E*e™)=1/(6+1).
t—x JO
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