Mathematics 103.07 Test One October 5, 2006

I have neither given nor received aid in the completion of this test.
Signature:

To get full credit you must show enough work to convince me that you know what you are
doing!

The average on this test was 90.81 and the standard deviation was 23,27.
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1. (a) (10 pts.) Find an equation for the plane in R?® containing the three points (1,0,1), (0,1,1),(1,1,0).
(b) (5 pts.) Calculate the area of the triangle in R? with vertices (1,0, 1), (0,1,1),(1,1,0).

Solution. Let xo = (1,0,1), x; = (0,1,1) and x2 = (1,1,0). Let a = x; — x¢9 = (—1,1,0) and let
b =x3 —x¢ = (0,1,—1). We have

axb=(-i+j)x(j-k =-k—-j—i=-(1,1,1).
An equation for the plane is thus
(x—xp)e(axb)=0 or z+y+z=2

(Could’ve guessed it, right?) and the area of the triangle is

2. Let P, be the plane which is the solution set of the equation x + 2y + 3z = 4 and let P, be the plane
which is the solution set of the equation 2x +y + 2z = —2.

1



(a) (10 pts). Exhibit a parametric representation for the line which is the intersection of P; and Ps.
(b) (5 pts.) Calculate the cosine of the angle between P; and P.

Solution. n; = (1,2,3) and ny = (2,1,1) are normals to P; and P» respectively. So a velocity vector v
for the line of intersection (assuming it’s not empty) is

n; X ng = (71,5, 73)
Let’s look for a point (xg,yo,20) in Py N Py with zg = 0. This gives xg 4+ 2yo = 4 and 2z¢ + yo = —2 the
unique solution of which is zo = —8/3,yo = 10/3. Thus
1
x(t) = 5(~8,10,0) +(-1,5,-3), t€R,

is a parametric representation for the line. The cosine of the angle between P, and P is

n; eno 7

nif[nof — VI4V6

3. (a) (10 pts.) Does
zy3

li —_—

() (0,0) T8+
exist? (Hint: Consider what happens on the lines y = muz.)
Solution. Let f(z,y) = 28 for (z,y) # (0,0). We have

z4+y4

z(mz)® om?
4+ (mx)t 1+ md’

fz,mz) =

x # 0.

Since this changes as m changes the limit does not exist.
(b) (10 pts) Does
sin zy?
im
(,9)—(0,0) 22 + y?

exist? (Hint: How large is 2y? relative to 22 + y? when x and y are small?)

Solution. Let r = y/22 + y2. We have |zy?| < r3 which implies

sin r3 3

s 2
STy S —- =T, (xay) 7é 07

x2+y2

r2

<

so the limit exists (and is 0).

4. (15 pts.) Let (z(t),y(t),2(t)) = (t,t3,¢3) for t # 0. Calculate the velocity, speed, acceleration and
curvature.

Solution. Let x(t) = (z(t),y(t), 2(t)), t # 0. We have

v(t) = x(t) = (1,2t,3t%);

o(t) = [v()] = /1 + 46 + 9¢;

a(t) = v(t) = (0,2,6t);
lv(t) xa(t)]  |(6t%,—6t,2)| 36t + 36t2 + 4

t) = = .
) == gy (1 + 42+ 932~ \| (1 + 42 + 9t4)®
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5. (10 pts.) Find an equation for the tangent plane to the graph of f(z,y) = zy? at (1,2,4).
Solution. If ¢ = f(a,b) the formula for the equation of the tangent plane to the graph at (a,b,c) is

_ ., of of
z=c+ a—x(a,b)(x —a)+ a—y(a,b)(y —b).

In this case % = y? and % = 2zy which at (1,2) are 4 and 4, respectively, so we get

z=44+4(x—-1)+4(y—2) =4+ 4y — 8.

6. (10 pts.) Let f(z,y,2) = zyz + 22 for (z,9,2) € R3, let u = %(17 1,1) and let a = (1,2, 3). Calculate

the directional derivative

Dy f(a).

Solution. We have Vf(x,y, z) = (yz, 2z, 2y + 2z) which at (1,2, 3) is (6,3,8) so

1 17
Dyf(a)=Vf(a)eu=(6,3,8)e —(1,1,1) = —.
f(a) =Vf(a) (6,3,8) \/3( ) 7
7. (10 pts.) Calculate
D0 P
owoyo2 YV
Solution. We have (changing the order to make it really easy)
9 0 9 9% 0 0 , 0% 0

- 2:777 = — =
Ox Oy 022 (z+y)2 022 0x Oy (z+y)2 922 9z~ 0

8. (20 pts.) Let f(x,y) =2y —y and let C = {(x,y) : 0 <z < 4 —¢?}. Find the maximum and minimum
values of f on C' and find the points in C' at which f assumes these values.

Solution. The C comes in four pieces: the interior Cp; the right edge C; = {(4 — t2,t) : =2 < t < 2}; the
left edge {(0,t) : —2 < t < 2}; and the vertices C3 = {(0, 2), (0, —2)}.

We have % =y and g—y =z — 1 so the unique critical point is (1,0) which is a point of Cy at which f
equals 0.

On C; we look for ¢t € (—2,2) such that

d d
0=—f4—t*t)=—3t—t°=3(1—¢
Lra-rpn=1 (1-)
which gives ¢ = &1 which gives the points (3,1) and (3, —1) at which f is 2 and —2, respectively.
On Cy we look t € (—2,2) such that

which never happens.

On the points (0,2), (0, —2) of C3 the function f takes on the values —2 and 2, respectively.

We infer that the maximum value of f is 2 which is taken on precisely at the points (3,1) and (0, —2)
and the minimum value is —2 which is taken on precisely at (3, —1) and (0, 2).

The remaining problems are more difficult.



9. (a) (15 pts.) Suppose a and b are two nonzero vectors in R? and let
A={xeR?:xxa=hb}.

I tell you A is either a line or is empty. Give necessary and sufficient conditions for A to be a line and,
in this case, give a parametric representation of this line. (Don’t blindly write down equations. Think
geometrically.)

Solution. Case One. aeb # 0. Were x € A we would have
0O=ae(xxa)=aeb#0
which is impossible. Thus, in this case, A is empty.
Case Two. aeb = 0. In this case, the vectors a,b,a x b are nonzero and mutually perpendicular. It
follows that (a x b) X a is nonzero and parallel to b, say

(axb)xa=db

for some nonzero scalar 9.
Given x in R? there are scalars o, 3,7 such that x = aa + 8b + y(a x b) so

xxa=p(bxa)+vy((axb)xa)=pg6(bxa)+dyb.

Thus x € A if and only if § = 0 and ¢y = 1 which is to say that

1
x:g(axb)—l—aa, aeR.

(b) (15 pts.) Let
P={yeR3®: y=xx(1,1,0) 4 (0,-2,1) for some vector x in R3}.
I tell you that P is a plane and ask you write an equation for it.

Since you know I'm right, let’s work backwards. First of all, xg = (0,—2,1) € P (let x = 0. Moreover,
if y € P then (y —x¢) @ (1,1,0) = 0 so, with n = (1,1, 0), we have

Pc{y:(y—xo)en=0}
in particular, if y = (x,y, z) then y € P if and only if
T+y=-2
So there’s your equation. (It’s not too hard to show
P={y:(y—xo)en=0}
just let x = tt + uu, t,u € R, where t and u are nonparallel vectors perpendicular to n.)

10. Suppose w, z are functions of u,v defined near (u,v) = (0,0);
w(0,0) =1 and 2(0,0)=—1;

and
WP+ uw?+22=0 and wd+2°=0.
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(a) (15 pts.) Calculate w,,, wy, 2y, 2, at (0,0).
Solution. Differentiating with respect to u we obtain
2u + 2ww, + 222, =0 and  3ww, + 32%2, =0

which at (u,v) = (0,0) gives
2w, — 22, =0 and 3w, +3z,=0

which implies w,, and z, are both 0 at (0,0).
Differentiating with respect to v, we obtain

20 + 2ww, + 22z, =0 and 3w2wv + 3z2,zv =0

which at (u,v) = (0,0) give
2w, — 22, =0 and 3w, + 32z, =0

which implies w, and z, are both 0 at (0,0
(b) (30 pts.) Calculate Wy, Wy, Woys Zuus Zuvs 2ov 3t (0,0).
Solution. We have established that
(1) U+ wwy + 22, =0 and  w?w, + 2%z, = 0.
Differentiating (1) with respect to u we get
1+ wZ + WWyyq + 23 + 224w =0 and 2ww3 + w2wuu + 2223 + zzzuu =0

which at (u,v) = (0,0) gives
1+ Wyy — 2Zuw =0 and wyy + 24y =0
which gives

1 1
Wyu = *5 and Zuu = 5 at (U,U) = (0? O)

Differentiating (1) with respect to v we get
Wy + Wyy + 202y + 2200 = 0 and  2Wwpwy + W2 Wy + 22202y + 22240 = 0

which at (u,v) = (0,0) gives

Wyy — Zuv = 0 and Wyy + Zuy = 0

which gives
Zuw =0 and wy, =0 at (u,v) = (0,0).

We have established that
(2) V4 wwy + 22y =0 and  ww, + 2%z, = 0.
Differentiating (2) with respect to v we obtain
1+ wg + WWyy + zg + 22y, =0 and wag + wavv + 2225 + ZQZM)

which at (u,v) = (0,0) gives
14+ Wyy — 200 =0 and  wyy + 240 =0
so, finally,

1 1
Wy = =5 and  zy, = 3 at (u,v) = (0,0).

That’s all folks!



