1. DIFFERENTIABILITY, DIFFERENTIALS, LINEAR APPROXIMATION AND ALL
THAT STUFF.

Suppose n is a positive integer, A C R",
f:A—R
and a € A.

Definition 1.1. We say f is differentiable at a if there exists a vector w € R”

such that
o o 00— () — (x—a)ew]

x—a |x — a‘

The vector w is immediately seen to be unique; it is called the gradient of f
at a and is written

Vi(a).
If we let
A(x) = f(a)+ (x—a)eVf(a) and e(x)=f(x)—A(x)
for x € A we find that (1) is equivalent to
2) lim 123 _
x—a |x — a
One calls the function A the standard affine approximation to f at a. The
difference e = f — A is the error in using A to approximate f.

Theorem 1.1. Suppose for some r > 0 the function f has partial derivatives on
ANU(a,r) which are continuous at a. Then f is differentiable at a and

Vf(a) = (aax]z(a),...,aii(a)> .

Proof. We’ll do the case n = 2; it will be obvious how to handle the general case.
Let a = (a,b) and suppose (z,y) € ANU((a,b),r). We consider the case a < x
and b < y and leave to the reader the simple task of dealing with the other cases.

Let 9 9
w— (ag‘i(am 8‘5(@)) -

Suppose (x,y) € ANU((a,b),r). Applying the Mean Value Theorem twice we
obtain & € (a,z) and 7 € (b,y) such that
f(x7y) - f(a7b) = [f(l‘,b) - f(a'7b)] + [f(xvy) - f($7b)]
0 0
~ e -+ G @b

oy of
= a—x(a,b)(x —a)+ Fy(a’b)(y —b)

+ (gi(g,b) - gim,b)) (z—a) + (gjye(x,n) - Z(mb)) (y—1b)

=we ((z,y) = (a,b)) + p(z,y)
where we have set

o) = (Fhen - Fan) @-a+ (Fen-Fan)w-n.
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Since

. af af . af af
lim —(z,y) = =—(a,b) and lim —(z,y) = =(a,b
(z,y)— (a,b) 6x( v) 89:( ) (2,y)— (a,b) 8y( v) 8y( )
we find that
W@y = @) = (@) — (@ b) ew]
(@) —(a.b) |(z,y) = (a,b)]|
so that f is differentiable at (a,b) and V f(a,b) = w. O

Definition 1.2. Suppose f is differentiable at a. Then the differential
df (a)
of f at a is the function from R"™ into R such that
df(a)(v) =veVf(a).
Remark 1.1. It follows immediately that if f is differentiable at a then
o 69— (@) + @) —a)l

x—a |x — a

This is the essence of Section 13.6 in the book

2. FURTHER ANALYSIS OF THE ERRROR.

Suppose A C R?,
f:A—=R
and (a,b), € int A. Suppose (z,y) is such that
S={(1-t)(a,b) +t(z,y):0<t <1} Cint A

and that the first partial derivatives of f exist and are differentiable at each point
of S.

Let
0] 0]
Alw,y) = Flab) + @b =) + F @b -b).
How big is
et 0% f u? 0% f 0% f v?
Q(xvyvua 'U) = @(‘rvy)? + 8x8y<x’y)uv + +87y2($7y)?

Using the Lagrange form of the remainder and the Chain Rule (See if you can carry
this out after we study the Chair Rule!) one find that There is ¢ € [0, 1] such that

flz,y) — A(z,y) = Qla+t(x —a),b+t(y —b),x —a,y — b).



