Green’s Theorem.

Suppose
(1)
r:fa,b] x[0,1] — R?

is one to one and continuously differentiable and
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where x,y are such that r(s,t) = (z(s,t),y(s,t));
(2)
F=Pi+ Qj

is a continuously differentiable vector field defined on D where D is the range of r and

(3) C is the closed curve in R? obtained by applying r to the boundary of [a,b] x [0,1] traversed in
the counterclockwise sense: First apply r to the points (s,0) as s increases from a to b; then apply r to the
points (b, t) as ¢ increases from 0 to 1; then apply r to the points (s,1) as s decreases from b to a; finally,
apply r to the points (a,t) as t decreases from 1 to 0.

Then

(4) //DQx_PydAz/CF.Tds(z/dex+Qdy.)

Remark. The argument we give will also work to give Stokes’ Theorem, but more computation is required.
Try it and see what I mean.

Proof. Let L be the right hand side of (4) let R be the left hand side of (4). Set
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and set )
i dy s=b
I, = /0 P(x(S,t))g(s,t) + Q(x(s,t))a(s,t”s:a dt.
Note that
R=1 - 1.
Using the Fundamental Theorem of Calculus we obtain
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9 Oz Ay
I = /O /a s [P(x(s,t))g(s,t) +Q(x(s,1)) 5 (s, £)] ds dt.
Now
[sz + st]t = Pxﬂ?tﬂ?s + Pyytl"s + Pﬂ?st + Qxxtys + nytys + stt
and

[th + Qyt]s = Pyrgxy + Pyysxt + Prss + Qxxsyt + nysyt + Qyts-
Using the equality of mixed partial derivatives and the fact that ff fol = fol f; we find that

R= [ /[ o Q5. 05(5.0) = Py, 0] o, D) = s 1] A
a,b]x[0,1
The proof may now be completed using the change of variables formula for double integrals. O
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