1. THE GENERAL TRANSFORMATION FORMULA.

Theorem 1.1. Suppose

(i) k and n are integers and 1 < k < mn;
(ii) A is a closed and bounded subset of R¥;
(iii) F: A — R™ and
(a) F is one-one;
(b) F has a continuously differentiable extension to an open set containing

A

)

(iv) g: F[A] — R and g is continuous.

Then
/ g:/(goF)JF
F[A] A

JF(x)
is the square root of the sum of the squares of the determinants of the (}) k by k
submatrices of the n by k matrix whose (i, 7) entry is

8]«Fi(x), i:17...,n7 j:1,7k‘

where, for each x € A,

Remark 1.1. In Math 103 we deal with the following cases:
k=1, n=1,2,3;
k=2, n=23;
k=3, n=3;
Definition 1.1. A subset T of R™ is a k-dimensional simplex if there are
V0, V1, .oy Vi,

the vertices of T, such that T is the set of sums

k
> e
i=0
corresponding to ¢; with 0 < ¢; <l and ), c¢; = 1. We let
1Al
be the square root of the determinant of the k by k matrix whose (i, 7) entry is
(Vi —vo) e (v; — Vo).
One easily verifies that this number is independent of the ordering of the vertices
and that
I|T||x < (diam T)".
For example, if £k = 1 then
Ty = [vi = vo| and JF(z) = [F'|(x);
if k=2 and n = 2 then
[IT)|2 = |[vi — Vo, V2 — vo]| and JF(x) = |[01F, O=F]|(x);
if k=2 and n = 3 then

[IT|l2 = |(vi — vo) X (va —vg)| and JF(x)=|01F x 0:F|(x)
1



and if k = 3 and n = 3 then
[IT)|s = |[v1 — Vo, V2 — vo,v3 — vo]| and JF(x) = |[0:F, F, 03F]|(x).

Suppose A, F and g are as above. The integral

[ 9
F[A]

is defined as follows. Suppose 7 is a triangulation of a subset of the domain of F
which includes A and each of whose simplices of which intersect A. For each T' € T
let

Tr

be the simplex, possibly degenerate, in R™ whose vertices are the points F(v) where
v is a vertex of T'. For each T' € 7T let

r

be a point of T'N A.
Suppose
0<d<1.

Then among triangulations 7 as above with

T

mip (c11|z|m|1|kT)k =0

the sums

> 9(F(&r)) [ Tellx

TeT
converge to

/ g as maxdiamT — 0.
F[A] TeT

The basic ingredient in the proof of the above integration formula is Inverse
Function Theorem and the fact that ifa € A, 0 < § < 1 and T is a simplex in R¥
such that

[Tk
T CdmnF d ——/——= >4
mn an (diam T)k —

then
|[T[r

Tk

— JF(a) as diamT — 0.

2. INVARIANCE UNDER REPARAMETERIZATION.

Theorem 2.1. Suppose
(i) k and n are integers and 1 < k < n;

(ii) A;, i =1,2, are a closed and bounded subset of R¥;

(iii) F;: A — R", i = 1,2, and
(a) F; is one-one;
(b) F; has a continuously differentiable extension to an open set containing

A;

(c) FiAi] = B = F3[As;

(iv) g: B — R and g is continuous.



Then

/g:/ g, =172

The proof reduced to the product rule for determinants.



