1. THE EQUALITY OF MIXED PARTIAL DERIVATIVES.

Theorem 1.1. Suppose A C R? and
f:A—-R.
Suppose (a,b) is an interior point of A near which the partial derivatives

of of
dx’ dy
exist. Suppose, in addition, that
o*f  0°f
Oxdy’ Oyox
exist near (a,b) and are continuous at (a,b). Then
0 f 0 f
0xdy (a,0) = 8y8x(

a,b).

Proof. Let
S(z,y) = f(z,y) — f(z,b) — f(a,y) + f(a,b) for (z,y) € A.
Let
A(z,y) = f(z,y) — fla,y) andlet B(z,y) = f(z,y) — f(z,b) for (z,y) € A.
By the Mean Value Theorem,

S(9) = Alz,y) — Alw,b) = 9 (z,ma)(y D)
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for some 74 strictly between b and y and some €4 strictly between a and x; thus

. S(x,y) O*f
lim =
(zy)—(ad) (x —a)(y—0b)  O0zdy

(a,b).
Again by the Mean Value Theorem,

Sta,y) = Bla,y) - Bla.y) = 0 (€, v)(w — o

0 0
= 5%(53’9) - 87‘5(6571))
82
= ng(ﬁB,nB)(x —a)(y—b)

for some £p strictly between a and x and some 74 strictly between b and y; thus

. S(x,y) o f
lim =
(zy)—(ab) (x —a)(y—0b)  Oydx

(a,b).
O

Remark 1.1. It turns out there is are at least two more versions of this Theorem
with different hypotheses but the same conclusion. They each have their merits.



