1. INTEGRALS IN POLAR COORDINATES.

We let
P:R? - R?
be defined by
P(r,0) = (rcos,rsin) for (r,0) € R2.
Suppose 0 < Ry < Ry < o0 and 0 < Og < ©1 < 27 and let
A={(r0): Ro<r <Ry and Oy <0 <06}

Suppose
f:P[A]—-R
and f is Riemann integrable over P[A].
Suppose M, N are positive integers,

Ry=rg<m<---<ry=R and ©p=60<60, < ---<6y=0;.
Suppose as well that
ri_lgpigri, izl,...,M, and Hj_1§¢j§9j, j:L...,N.
Let
M N M N
S="3"foP(pi,¢;)pi(ri —rio1)(0; — 0, 1) ZZ f o P(pi, 6;)piArea(B; ;)
i=1 j=1 =1 j—1
where we have set
Bi’j:[ri,l,ri]x[ﬂj,l,ﬁj] fOI‘i:L...,Mal’ldj:17...,N.

Then S is a Riemann sum for

/ / f(rcos,rsinf)rdrdd
A

provided A > (r,0) — f(rcosf,rsinf)r is Riemann integrable. We now show that
this is indeed the case and that

(1) / ” f(x,y)d:rdy://Af(TCOSO,rsiné))r,drdH.
Let Ny
Z (pi, 0;))Area(P[B; ;]).

.P”qz

It is a relative simple matter to show that as the diameter of the sets P[B; ;] tends
to zero that T approaches
// f(@,y) dedy.
PlA]
A simple calculation yields

Area(P[B; j]) = (r“ + %(n— — ml)) Area(B; ;)

so that
M N 1
S T ZZf pz; 1 —Ti,1)+§(7’i —ri,l))Area(Bi’j)
=1 j=1
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the absolute value of which does not exceed

3
§M. ma M(ri —1r;_1)Area(A)

i=1,...,

where M is an upper bound for |f| on P[A]. It follows that f o P is Riemann
integrable over A and (1) holds.

Definition 1.1. Suppose X and Y are sets, f: X — Y and A C X. We say f is
one-one on A if

a1 € A, az € A and f(a1) = f(az) = f(a1) = f(ag).

By a relatively simple approximation argument one use (1) to prove the following
theorem.

Theorem 1.1. Suppose A C R? and P restricted to A is one-one. Suppose f is
Riemann integrable over P[A]. The f o P is Riemann integrable over A and

/ f(x,y)dxdy://f(rcos@,rsinﬁ)r,drd&.
P[A] A



